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Preface

With this book, we aim to bring the recent advances in nonlinear optics to the
attention of the scientific community and present the reader with the bright
spectrum of optics at the frontiers of research. 

The eleven selected chapters in the book are authored by twenty-eight authors from
ten different countries: Greece, Turkey, China, Romania, Brazil, Russia, India, 
Cameroon, Germany, and Italy.

Each chapter in this book is independent and self-contained, providing a contem-
porary overview of the methodology and approach used in theoretical and applied 
sciences. The reference list at the end of each chapter provides the reader with a
selected list of journal papers, books, and conference proceedings. 

The chapters can be summarized as follows: 

In the first chapter, the two-dimensional nonlocal nonlinear Schrödinger model is
studied and the connection between water waves and nonlinear optics is discussed. 

In the second and third chapters, the derivative nonlinear Schrödinger equation
(DNLS) with vanishing boundary conditions is studied using a novel approach in
inverse scattering transform (IST). Based upon this new inverse scattering trans-
form method, different kinds of soliton solutions such as the light/dark soliton, the
pure soliton, and the mixed breather type are found for the derivative nonlinear
Schrödinger equation with non-vanishing boundary conditions.

In the fourth chapter, the existence of magnetic solitons in atomic spinor
Bose-Einstein condensates confined in an optical lattice are demonstrated. 

The fifth chapter reviews the development of the Q-switched solid-state lasers, 
which are obtained using flash and diode pumping schemes based on active and 
passive Q-switchers. 

In the sixth chapter, the laser cladding process is reported by proposing a
semi-analytical model. The cladding process for different input powers and 
various laser beam velocities is studied. 

In the seventh chapter, the main foundations for the conception, design, and the
projection of optical sensors that explore the effects of nonlinear and quantum
optics are presented. 

In the eighth chapter, the digital sorting technique of vortex spectra is constructed. 
A new approach for measuring vortex spectra based on digital analyzing high-order
intensity moments of complex beams is introduced. 

In the ninth chapter, the main foundations of optical switches are reviewed and the
design and fabrication of nonlinear optical switches are discussed from different
aspects of the current technology. 
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In the tenth chapter, the evolution of light beams in a cubic-quintic-septic-nonical 
medium is investigated. As the model equation, an extended form of the well-known 
nonlinear Schrödinger equation is taken into account. By using a special ansatz, 
exact analytical solutions describing bright/dark and kink solitons are constructed. 

In the last chapter, the authors investigated the modulational instability (MI) in 
Kerr media, induced by cross-phase modulation of two optical beams in nonlinear 
fiber including the effect of higher-order dispersion.

This book is intended to reach researchers, scientists, and postgraduate students in 
academia, as well as in industry, to give impressions and suggestions on a variety 
of topics and is published as an open access book in order to increase the impact of 
the contained information.

Dr. İlkay Bakırtaş and Dr. Nalan Antar
Department of Mathematics,

Istanbul Technical University,
Istanbul, Turkey

Chapter 1

Water Waves and Light: Two
Unlikely Partners
Georgios N. Koutsokostas,Theodoros P. Horikis,
Dimitrios J. Frantzeskakis, Nalan Antar and İlkay Bakırtaş

Abstract

We study a generic model governing optical beam propagation in media featur-
ing a nonlocal nonlinear response, namely a two-dimensional defocusing nonlocal
nonlinear Schrödinger (NLS) model. Using a framework of multiscale expansions,
the NLS model is reduced first to a bidirectional model, namely a Boussinesq or a
Benney-Luke-type equation, and then to the unidirectional Kadomtsev-Petviashvili
(KP) equation – both in Cartesian and cylindrical geometry. All the above models
arise in the description of shallow water waves, and their solutions are used for the
construction of relevant soliton solutions of the nonlocal NLS. Thus, the connection
between water wave and nonlinear optics models suggests that patterns of water
may indeed exist in light. We show that the NLS model supports intricate patterns
that emerge from interactions between soliton stripes, as well as lump and ring
solitons, similarly to the situation occurring in shallow water.

Keywords: Kadomtsev-Petviashvili equation, nonlocal nonlinear Schrödinger
equation, line solitons, soliton interactions, lump solitons, patterns of light

1. Introduction

For many decades, solitons, namely robust localized waveforms that propagate
undistorted in nonlinear dispersive media, have been a topic of particular interest in
physics [1, 2] and applied mathematics [3, 4]. These waveforms have a variety of
fascinating properties that should be mentioned: due to their particle-like nature,
solitons collide elastically, thus preserving their shape after the collision process. In
some cases, as e.g. in shallow water, line soliton collisions give rise to the emergence
of various wave patterns, including X-, H-, or Y-shaped waves, as well as other,
even more complicated, waveforms – see, e.g., Ref. [5] for a set of remarkable
examples and observations. Such patterns can be described by multidimensional
line soliton solutions of the Kadomtsev-Petviashvili II (KPII) equation, a variant of
the KP equation [6] with negative dispersion – as is the case of water waves with
small surface tension. In particular, the KP equation can be expressed as:

∂

∂x
∂u
∂t

þ 6u
∂u
∂x

þ ∂
3u
∂x3

� �
þ 3σ

∂
2u
∂y2

¼ 0, (1)

where σ ¼ �1: for σ ¼ þ1 (negative dispersion/small surface tension) Eq. (1) is a
KPII, while for σ ¼ �1 (positive dispersion/large surface tension) Eq. (1) is a KPI.
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We should mention that both versions of the KP belong to the – rather
limited – class of completely integrable equations in 2þ 1ð Þ-dimensions [3].

Important to the collision-induced emergence of different types of wave pat-
terns in shallow water is the fact that quasi (line) solitons of the KPII are stable.
Furthermore, of paramount importance is the effect of soliton resonances [7–10],
whereby two (or more) colliding solitons resonate under certain conditions, thus
creating novel stable structures. It is, thus, not surprising that the collision dynam-
ics of many robust solitons, can give rise to a wealth of complex wave patterns
[11–16] (see also [1]).

The above discussion motivates the following question: can solitons, similar to
those governed by the KPII equation and feature rich collision dynamics (as in
shallow water waves), be also predicted – and, possibly, observed – in nonlinear
optics? In this context, key model is the nonlinear Schrödinger (NLS) equation,
which is known to support soliton solutions (see, e.g., Ref. [17] and references
therein). As was shown some time ago [18], the 2þ 1ð Þ-dimensional defocusing
NLS can be asymptotically reduced to the KPI equation, which allows one to
approximate dark soliton stripes of the NLS as line solitons of KPI; then, the fact
that line KPI solitons are unstable [3], can be used to investigate the transverse
instability of dark solitons [18–20]. On the other hand, as was recently shown [21],
the presence of nonlocality introduces an effective surface tension in the system.
Then, in the case where the surface tension is small – corresponding to the case of
strong nonlocality – it can be shown that the nonlocal NLS model can be asymptoti-
cally reduced to a KPII equation. This result allows for the derivation of approximate
stable line soliton solutions of the nonlocal NLS, which behave similarly to the stable
line solitons of KPII, i.e., they undergo elastic collisions and form patterns similar to
those observed in shallow water.

The scope of this work is to review the above ideas and present a variety of
soliton solutions and their dynamics in the framework of a defocusing nonlocal NLS
model. These solutions stem from the soliton solutions of KP models, which are
derived from the nonlocal NLS via a two-step multiscale expansion method. We
show that, similarly to the water wave case, the nonlocal NLS can also support
complicated wave patterns, arising from “complex interactions” between two or
more antidark soliton stripes that are supported in the strong nonlocality regime. In
addition, we present other soliton solutions, namely dark lumps (pertinent to the
KPI equation), as well as ring dark and antidark solitons (pertinent to the cylindrical
KP (cKP), alias Johnson’s Equation [22, 23]). In particular, a summary of our main
results, as well as the organization of this work, are as follows.

First, in Section 2, we introduce the nonlocal NLS model, present its continuous-
wave (cw) solution, and study its stability. Then, we perform a two-step multiscale
analysis. First, at an intermediate stage, we derive a Boussinesq – or a Benney-Luke
(BL) [24] – type equation, which is a long-wave, multi-dimensional and bi-
directional, shallow water wave model. Then, from the Boussinesq/BL-type equa-
tion, we derive its far field, pertinent to the long time behavior, which is the KP
equation, both in Cartesian and in cylindrical geometry. The reduction to the KP
model allows us to construct approximate soliton solutions of the nonlocal NLS,
which are presented in Section 3. In the strong nonlocality regime, we derive
antidark soliton stripes, satisfying an effective KPII equation, which are shown to
form patterns similar to those observed in shallow water; these include X-, Y, and
H-shaped waveforms, as well as other complicated patterns arising from resonant
interactions between more than two solitons. We also present dark lump solitons, as
well as ring dark and antidark soliton solutions of the NLS, which are numerically
found to propagate undistorted in the framework of the NLS model. Finally, in
Section 4, we briefly discuss the conclusions of this work.

2

Nonlinear Optics - From Solitons to Similaritons

2. Nonlocal NLS and multiscale analysis

2.1 Introduction of the model and linear regime

The model under consideration is a two-dimensional (2D) defocusing NLS, with
a nonlocal nonlinearity, which is expressed in the following dimensionless form:

iut þ 1
2
Δu� nu ¼ 0, (2)

dΔn� nþ uj j2 ¼ 0: (3)

where subscripts denote partial derivatives, u∈, n∈,

Δ � ∂
2
x þ ∂

2
y, or Δ � 1

r
∂r r∂rð Þ þ 1

r2
∂
2
θ, (4)

is the Laplacian in Cartesian or polar coordinates respectively, while the param-
eter d∈þ measures the degree of nonlocality (see below). The above system finds
a number of physical applications. For instance, in the context of optics, this model
describes the evolution of the complex electric field envelope u, via a nonlinear
wave equation in the paraxial regime, coupled with a diffusion-type equation for
the nonlinear correction to the refractive index n depending on the intensity I ¼ uj j2
(in this case, t represents the propagation coordinate) [25, 26]. In this context, the
system (2)–(3) has been used to model experiments on liquid solutions exhibiting
thermal nonlinearities [27, 28]. In addition, it has also been used in studies of
plasmas (in this case, n represents the relative electron temperature perturbation)
[29, 30], as well as in nematic liquid crystals (in this case, n is the optically induced
angle perturbation) [31, 32].

As mentioned above, parameter d represents the degree of nonlocality: for d ¼ 0,
one recovers the local limit, whereby the system (2)–(3) reduces to the defocusing 2D
NLS equation with a local cubic (Kerr-type) nonlinearity:

iut þ 1
2
Δu� uj j2u ¼ 0, (5)

while for d 6¼ 0, Eqs. (2) and (3) feature a spatially nonlocal nonlinearity. Notice
that in our perturbative analytical approach below, d will be treated as a free
parameter, of order O 1ð Þ, thus allowing the model to acquire an arbitrary degree of
nonlocality.

Our analytical approach relies on the analysis of the hydrodynamic form of the
model. This can be derived upon using the Madelung transformation:

u ¼ u0
ffiffiffi
ρ

p
exp iϕð Þ, (6)

where u0 is a complex constant, while the unknown real functions ρ and ϕ
denote the amplitude and phase of the field u, respectively. Substituting into
Eqs. (2) and (3), we obtain the following hydrodynamical system of equations:

ϕt þ nþ 1
2

∇ϕð Þ2 � 1
2
ρ�1=2Δρ1=2 ¼ 0, (7)

ρt þ ∇ � ρ∇ϕð Þ ¼ 0, (8)
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a number of physical applications. For instance, in the context of optics, this model
describes the evolution of the complex electric field envelope u, via a nonlinear
wave equation in the paraxial regime, coupled with a diffusion-type equation for
the nonlinear correction to the refractive index n depending on the intensity I ¼ uj j2
(in this case, t represents the propagation coordinate) [25, 26]. In this context, the
system (2)–(3) has been used to model experiments on liquid solutions exhibiting
thermal nonlinearities [27, 28]. In addition, it has also been used in studies of
plasmas (in this case, n represents the relative electron temperature perturbation)
[29, 30], as well as in nematic liquid crystals (in this case, n is the optically induced
angle perturbation) [31, 32].

As mentioned above, parameter d represents the degree of nonlocality: for d ¼ 0,
one recovers the local limit, whereby the system (2)–(3) reduces to the defocusing 2D
NLS equation with a local cubic (Kerr-type) nonlinearity:

iut þ 1
2
Δu� uj j2u ¼ 0, (5)

while for d 6¼ 0, Eqs. (2) and (3) feature a spatially nonlocal nonlinearity. Notice
that in our perturbative analytical approach below, d will be treated as a free
parameter, of order O 1ð Þ, thus allowing the model to acquire an arbitrary degree of
nonlocality.

Our analytical approach relies on the analysis of the hydrodynamic form of the
model. This can be derived upon using the Madelung transformation:

u ¼ u0
ffiffiffi
ρ

p
exp iϕð Þ, (6)

where u0 is a complex constant, while the unknown real functions ρ and ϕ
denote the amplitude and phase of the field u, respectively. Substituting into
Eqs. (2) and (3), we obtain the following hydrodynamical system of equations:

ϕt þ nþ 1
2

∇ϕð Þ2 � 1
2
ρ�1=2Δρ1=2 ¼ 0, (7)

ρt þ ∇ � ρ∇ϕð Þ ¼ 0, (8)
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dΔn� nþ u0j j2ρ ¼ 0, (9)

where ∇ � ∂x, ∂y
� �

or ∇ � ∂r, 1r ∂θ
� �

is the gradient operator in Cartesian or in
polar coordinates respectively.

The simplest, non trivial, solution of Eqs. (2) and (3) is of the form:

ρ ¼ 1, ϕ ¼ � u0j j2t, n ¼ u0j j2, (10)

which corresponds to the continuous wave (cw) solution u ¼ u0 exp ð�i u0j j2tÞ
and the constant function n ¼ u0j j2. This solution will serve as a “pedestal”, on top
of which we will seek nonlinear excitations, namely solitons. It is thus necessary to
investigate whether the solution (7) is modulationally stable. This can be done upon
introducing to Eqs. (7)–(9) the following perturbation ansatz:

ρ ¼ 1þ ε~ρ, ϕ ¼ � u0j j2tþ ε~ϕ, n ¼ u0j j2 þ ε~n, (11)

where 0< ε≪ 1 is a formal small parameter. This way, we obtain, at O εð Þ, the
following linear system:

~ϕt þ ~n� 1
4
Δ~ρ ¼ 0, (12)

~ρt þ Δ~ϕ ¼ 0, (13)

dΔ~n� ~nþ u0j j2~ρ ¼ 0: (14)

The above system can straightforwardly be decoupled as follows: solving
Eq. (12) for ~n, as well as Eq. (13) for Δ~ϕ, and substituting back in Eq. (13), the
following linear equation for ~ρ is obtained:

~ρtt � u0j j2Δ~ρ� dΔ~ρtt þ
1
4

1� dΔð ÞΔ2~ρ ¼ 0: (15)

Since the above solution is linear we can examine its stability in first order by
examining the dispersion relation of plane wave solutions, i.e., ∝ exp i k � r� ωtð Þ½ �,
of wavenumber k ¼ kkk and frequency ω (here, e.g., in Cartesian geometry,
r ¼ x, yð Þ and k ¼ kx, ky

� �
). Then, it can readily be found that these plane waves are

characterized by the following dispersion relation:

ω2 ¼ u0j j2k2
1þ dk2

þ 1
4
k4: (16)

From the above equation we can obtain the following information. First, it is
observed that ω∈ ∀k∈, which indicates that the steady-state solution is
modulationally stable. This result is important since, below, we will seek for soliton
solutions on top of the stable cw background (7). Second, in the long-wavelength
limit, such that dk2 ≪ 1, Eq. (16) can be reduced to the following Bogoliubov-type
dispersion relation:

ω2 ≈ k2C2 þ 1
4
αk4, (17)
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where

C2 ¼ u0j j2, (18)

is the squared “speed of sound”, namely the velocity of linear waves propagating
on top of the cw solution. In addition, parameter α is given by:

α ¼ 1� 4d u0j j2, (19)

and plays the role of an effective surface tension for our original system. Indeed,
as discussed in Ref. [21], this can be inferred by the fact that Eq. (17) is reminiscent
of the dispersion relation for shallow water waves [4]:

ω2 ≈ k2c20 þ
1
3

3T̂ � 1
� �

c20h
2k4: (20)

Here, c20 ¼ gh is the velocity (g is the acceleration of gravity and h the depth of
water at rest), while T̂ ¼ T= ρgh2

� �
, where ρ is the density and T the surface tension.

Comparing Eqs. (17) and (20), one can identify the correspondence: 3T̂ ! 4d u0j j2,
which indeed suggests that a surface tension analogue in our problem is ∝ d u0j j2,
depending on the nonlocality parameter d and the cw intensity u0j j2.

Obviously, regarding the magnitude of the effective surface tension, one may
identify the following two regimes:

• α<0 ) 4d u0j j2 > 1: weak surface tension – strong nonlocality (for fixed u0j j2),

• α>0 ) 4d u0j j2 < 1: strong surface tension – weak nonlocality (for fixed u0j j2).

Below it will be shown that these two regimes correspond, respectively, to a KP-
II and a KP-I equation, with the former giving rise to complex interactions of line
solitons (that we will study in detail).

2.2 The nonlinear regime – asymptotic analysis

2.2.1 The intermediate stage – Bousinesq/Benney-Luke equation

We now proceed by analyzing the fully nonlinear regime. We start by seeking
solutions of Eqs. (7)–(9) in the form of the following asymptotic expansions:

ρ ¼ 1þ ερ1 þ ε2ρ2 þ⋯, (21)

ϕ ¼ � u0j j2tþ ε1=2Φ (22)

n ¼ u0j j2 þ εn1 þ ε2n2 þ⋯, (23)

where 0< ε≪ 1 is a formal small parameter and the unknown functions ρ j, Φ
and n j (j ¼ 1, 2, … ) depend on the following stretched variables:

X ¼ ε1=2x, Y ¼ ε1=2y, T ¼ ε1=2t, (24)

R ¼ ε1=2r, θ ¼ θ, T ¼ ε1=2t, (25)
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and the constant function n ¼ u0j j2. This solution will serve as a “pedestal”, on top
of which we will seek nonlinear excitations, namely solitons. It is thus necessary to
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where 0< ε≪ 1 is a formal small parameter. This way, we obtain, at O εð Þ, the
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). Then, it can readily be found that these plane waves are

characterized by the following dispersion relation:

ω2 ¼ u0j j2k2
1þ dk2

þ 1
4
k4: (16)

From the above equation we can obtain the following information. First, it is
observed that ω∈ ∀k∈, which indicates that the steady-state solution is
modulationally stable. This result is important since, below, we will seek for soliton
solutions on top of the stable cw background (7). Second, in the long-wavelength
limit, such that dk2 ≪ 1, Eq. (16) can be reduced to the following Bogoliubov-type
dispersion relation:

ω2 ≈ k2C2 þ 1
4
αk4, (17)
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where

C2 ¼ u0j j2, (18)

is the squared “speed of sound”, namely the velocity of linear waves propagating
on top of the cw solution. In addition, parameter α is given by:

α ¼ 1� 4d u0j j2, (19)

and plays the role of an effective surface tension for our original system. Indeed,
as discussed in Ref. [21], this can be inferred by the fact that Eq. (17) is reminiscent
of the dispersion relation for shallow water waves [4]:

ω2 ≈ k2c20 þ
1
3

3T̂ � 1
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c20h
2k4: (20)

Here, c20 ¼ gh is the velocity (g is the acceleration of gravity and h the depth of
water at rest), while T̂ ¼ T= ρgh2

� �
, where ρ is the density and T the surface tension.

Comparing Eqs. (17) and (20), one can identify the correspondence: 3T̂ ! 4d u0j j2,
which indeed suggests that a surface tension analogue in our problem is ∝ d u0j j2,
depending on the nonlocality parameter d and the cw intensity u0j j2.

Obviously, regarding the magnitude of the effective surface tension, one may
identify the following two regimes:

• α<0 ) 4d u0j j2 > 1: weak surface tension – strong nonlocality (for fixed u0j j2),

• α>0 ) 4d u0j j2 < 1: strong surface tension – weak nonlocality (for fixed u0j j2).

Below it will be shown that these two regimes correspond, respectively, to a KP-
II and a KP-I equation, with the former giving rise to complex interactions of line
solitons (that we will study in detail).

2.2 The nonlinear regime – asymptotic analysis

2.2.1 The intermediate stage – Bousinesq/Benney-Luke equation

We now proceed by analyzing the fully nonlinear regime. We start by seeking
solutions of Eqs. (7)–(9) in the form of the following asymptotic expansions:

ρ ¼ 1þ ερ1 þ ε2ρ2 þ⋯, (21)

ϕ ¼ � u0j j2tþ ε1=2Φ (22)

n ¼ u0j j2 þ εn1 þ ε2n2 þ⋯, (23)

where 0< ε≪ 1 is a formal small parameter and the unknown functions ρ j, Φ
and n j (j ¼ 1, 2, … ) depend on the following stretched variables:

X ¼ ε1=2x, Y ¼ ε1=2y, T ¼ ε1=2t, (24)

R ¼ ε1=2r, θ ¼ θ, T ¼ ε1=2t, (25)

5

Water Waves and Light: Two Unlikely Partners
DOI: http://dx.doi.org/10.5772/intechopen.95431



for the Cartesian and polar geometry, respectively (the angular coordinate θ in
the polar geometry remains unchanged). By substituting the expansions (21)–(23)
into Eqs. (7)–(9), and equating terms of the same order in ε, we obtain the follow-
ing results. First, Eq. (13), at O ε3=2

� �
and O ε5=2

� �
, yields:

ρ1T þ ~ΔΦ ¼ 0, ρ2T þ ~∇ � ρ1~∇Φ
� � ¼ 0: (26)

Furthermore, Eq. (14) at O εð Þ and O ε2ð Þ leads to the equations:

n1 ¼ u0j j2ρ1, d~Δn1 � n2 þ u0j j2ρ2 ¼ 0, (27)

which connect the amplitudes ρ1,2 and n1,2 with the phase Φ; note that, here,

~Δ � ∂
2
X þ ∂

2
Y , ~∇ � ∂X, ∂Yð Þ, or ~Δ � 1

R
∂R R∂Rð Þ þ 1

R2 ∂
2
θ, ~∇ � ∂R,

1
R
∂θ

� �
, (28)

in Cartesian and polar coordinates, respectively. In addition, Eq. (14) yields:

ΦT þ n1 þ ε
1
2
∂T ~∇Φ
� �2 þ n2 � 1

4
~Δρ1

� �
¼ O ε2

� �
: (29)

To this end, combining Eq. (29) with Eqs. (26) and (27), yields the following
biderectional nonlinear dispersive wave equation for Φ:

ΦTT � C2 ~ΔΦþ ε
1
4
α~Δ2Φþ 1

2
∂T ~∇Φ
� �2 þ ~∇ � ΦT ~∇Φ

� �� �
¼ O ε2

� �
, (30)

where C2 is the squared speed of sound given by Eq. (18) and the parameter α is
given by Eq. (19). Here it is worth observing the following. First, at the leading-order
in ε, Eq. (30) is the standard second-order wave equation, while at order O εð Þ, the
linear part of Eq. (30) corresponds to the dispersion relation (16) for the small-
amplitude linear waves of Eqs. (2) and (3) propagating on top of the steady state with
∣u∣ ¼ ∣u0∣ and n ¼ u0j j2. The full Eq. (30), incorporates fourth-order dispersion and
quadratic nonlinear terms, resembling the Boussinesq and Benney-Luke [24] equa-
tions. These models, are used to describe bidirectional shallow water waves, in the
framework of small-amplitude and long-wave approximations [4].

2.2.2 Long-time behavior – KP equation

Using a multiscale expansion method, similar to the one employed in the water
wave problem [4], we now derive the KP equation, which is obtained under the
additional assumptions of quasi-two-dimensionality and unidirectional propagation.
In particular, we introduce the asymptotic expansion:

Φ ¼ Φ0 þ εΦ1 þ⋯, (31)

where the unknown functions Φℓ (ℓ ¼ 0, 1, … ) depend on the variables:

χ ¼ X � CT, ~χ ¼ X þ CT, Y ¼ ε1=2Y, T ¼ εT, (32)

ϱ ¼ R� CT, ~ϱ ¼ Rþ CT, Θ ¼ ε�1=2θ, T ¼ εT, (33)

for the Cartesian and polar geometry, respectively. Substituting the expansion
(31) into Eq. (30), at the leading-order in ε, we obtain the equations:
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Φ0χ~χ ¼ 0, (34)

Φ0ϱ~ϱ ¼ 0, (35)

in Cartesian and polar coordinates respectively. The above equations imply that
Φ0 can be expressed as a superposition of two waves. In the Cartesian geometry,

these waves are a right-going one, Φ Rð Þ
0 , which depends on χ, and a left-going one,

Φ Lð Þ
0 , depending on ~χ. Similarly, in the polar case, Φ0 can be expressed as superpo-

sition of a radially expanding wave (depending on ϱ), and a radially contracting one
(depending on ~ϱ). Thus, the solutions of Eqs. (34) and (35) read:

Φ0 ¼ Φ Rð Þ
0 χ,Y, Tð Þ þΦ Lð Þ

0 ~χ,Y, Tð Þ, (36)

Φ0 ¼ Φ Rð Þ
0 ϱ,Θ, Tð Þ þΦ Lð Þ

0 ~ϱ,Θ, Tð Þ: (37)

In addition, at order O εð Þ, we obtain the following equations:

4C2Φ1χ~χ ¼  �C Φ Rð Þ
0χχΦ

Lð Þ
0~χ �Φ Rð Þ

0χ Φ
Lð Þ
0~χ~χ

� �

þ ∂χ �2CΦ Rð Þ
0T þ α

4
Φ Rð Þ

0χχχ �
3C
2
Φ Rð Þ2

0χ

� �
� C2Φ Rð Þ

0YY

� �

þ ∂~χ 2CΦ Lð Þ
0T þ α

4
Φ Lð Þ

0~χ~χ~χ þ
3C
2
Φ Lð Þ2

0~~χ

� �
� C2Φ Lð Þ

0YY

� �
,

(38)

for the Cartesian geometry, and

4C2Φ1ϱ~ϱ ¼  �C Φ Rð Þ
0ϱϱΦ

Lð Þ
0~ϱ �Φ Rð Þ

0ϱ Φ
Lð Þ
0~ϱ~ϱ

� �

þ ∂ρ �2CΦ Rð Þ
0T þ α

4
Φ Rð Þ

0ϱϱϱ �
3C
2
Φ Rð Þ2

0ϱ � C
T
Φ Rð Þ

0~ϱ

� �
� 1
T 2 Φ

Rð Þ
0ΘΘ

� �

þ ∂~ϱ 2CΦ Lð Þ
0T þ α

4
Φ Lð Þ

0~ϱ~ϱ~ϱ þ
3C
2
Φ Lð Þ2

0~ϱ � C
T
Φ Lð Þ

0~ϱ

� �
� 1
T 2 Φ

Rð Þ
0ΘΘ

� �
,

(39)

for the polar geometry. Here, it is important to observe the following. Once
Eq. (38) is integrated in χ or ~χ [and, similarly, Eq. (39) in ϱ or ~ϱ], secular terms arise:
the secular therms are those in the square brackets in the right-hand side, because
are functions of χ or ~χ (ϱ or ~ϱ in polar) alone, not both. Removal of these secular

terms leads to two uncoupled nonlinear evolution equations for Φ Rð Þ
0 and Φ Lð Þ

0 in
both geometries. Furthermore, using the equation ΦT ¼ �n1 (i.e., the linear part of
Eq. (29), together with Eqs. (26) and (27), it is found that the amplitude ρ1 can also
be decomposed to a left- and a right-going wave; this means that

ρ1 ¼ ρ Rð Þ
1 þ ρ Lð Þ

1 ,

with the fields ρ Rð Þ
1 and ρ Lð Þ

1 satisfying a pair of two uncoupled KP equations.
In the Cartesian geometry, the KP equations are of the form:

∂χ ρ Rð Þ
1T � α

8C
ρ Rð Þ
1χχχ þ

3C
2
ρ Rð Þ
1 ρ Rð Þ

1χ

� �
þ C

2
ρ Rð Þ
1YY ¼ 0, (40)

∂~χ ρ Lð Þ
1T þ α

8C
ρ Lð Þ
1~χ~χ~χ �

3C
2
ρ Lð Þ
1 ρ Lð Þ

1~χ

� �
� C

2
ρ Lð Þ
1YY ¼ 0, (41)
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for the Cartesian and polar geometry, respectively (the angular coordinate θ in
the polar geometry remains unchanged). By substituting the expansions (21)–(23)
into Eqs. (7)–(9), and equating terms of the same order in ε, we obtain the follow-
ing results. First, Eq. (13), at O ε3=2

� �
and O ε5=2

� �
, yields:

ρ1T þ ~ΔΦ ¼ 0, ρ2T þ ~∇ � ρ1~∇Φ
� � ¼ 0: (26)

Furthermore, Eq. (14) at O εð Þ and O ε2ð Þ leads to the equations:

n1 ¼ u0j j2ρ1, d~Δn1 � n2 þ u0j j2ρ2 ¼ 0, (27)

which connect the amplitudes ρ1,2 and n1,2 with the phase Φ; note that, here,

~Δ � ∂
2
X þ ∂

2
Y , ~∇ � ∂X, ∂Yð Þ, or ~Δ � 1

R
∂R R∂Rð Þ þ 1

R2 ∂
2
θ, ~∇ � ∂R,

1
R
∂θ

� �
, (28)

in Cartesian and polar coordinates, respectively. In addition, Eq. (14) yields:

ΦT þ n1 þ ε
1
2
∂T ~∇Φ
� �2 þ n2 � 1

4
~Δρ1

� �
¼ O ε2

� �
: (29)

To this end, combining Eq. (29) with Eqs. (26) and (27), yields the following
biderectional nonlinear dispersive wave equation for Φ:

ΦTT � C2 ~ΔΦþ ε
1
4
α~Δ2Φþ 1

2
∂T ~∇Φ
� �2 þ ~∇ � ΦT ~∇Φ

� �� �
¼ O ε2

� �
, (30)

where C2 is the squared speed of sound given by Eq. (18) and the parameter α is
given by Eq. (19). Here it is worth observing the following. First, at the leading-order
in ε, Eq. (30) is the standard second-order wave equation, while at order O εð Þ, the
linear part of Eq. (30) corresponds to the dispersion relation (16) for the small-
amplitude linear waves of Eqs. (2) and (3) propagating on top of the steady state with
∣u∣ ¼ ∣u0∣ and n ¼ u0j j2. The full Eq. (30), incorporates fourth-order dispersion and
quadratic nonlinear terms, resembling the Boussinesq and Benney-Luke [24] equa-
tions. These models, are used to describe bidirectional shallow water waves, in the
framework of small-amplitude and long-wave approximations [4].

2.2.2 Long-time behavior – KP equation

Using a multiscale expansion method, similar to the one employed in the water
wave problem [4], we now derive the KP equation, which is obtained under the
additional assumptions of quasi-two-dimensionality and unidirectional propagation.
In particular, we introduce the asymptotic expansion:

Φ ¼ Φ0 þ εΦ1 þ⋯, (31)

where the unknown functions Φℓ (ℓ ¼ 0, 1, … ) depend on the variables:

χ ¼ X � CT, ~χ ¼ X þ CT, Y ¼ ε1=2Y, T ¼ εT, (32)

ϱ ¼ R� CT, ~ϱ ¼ Rþ CT, Θ ¼ ε�1=2θ, T ¼ εT, (33)

for the Cartesian and polar geometry, respectively. Substituting the expansion
(31) into Eq. (30), at the leading-order in ε, we obtain the equations:
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Φ0χ~χ ¼ 0, (34)

Φ0ϱ~ϱ ¼ 0, (35)

in Cartesian and polar coordinates respectively. The above equations imply that
Φ0 can be expressed as a superposition of two waves. In the Cartesian geometry,

these waves are a right-going one, Φ Rð Þ
0 , which depends on χ, and a left-going one,

Φ Lð Þ
0 , depending on ~χ. Similarly, in the polar case, Φ0 can be expressed as superpo-

sition of a radially expanding wave (depending on ϱ), and a radially contracting one
(depending on ~ϱ). Thus, the solutions of Eqs. (34) and (35) read:

Φ0 ¼ Φ Rð Þ
0 χ,Y, Tð Þ þΦ Lð Þ

0 ~χ,Y, Tð Þ, (36)

Φ0 ¼ Φ Rð Þ
0 ϱ,Θ, Tð Þ þΦ Lð Þ

0 ~ϱ,Θ, Tð Þ: (37)

In addition, at order O εð Þ, we obtain the following equations:

4C2Φ1χ~χ ¼  �C Φ Rð Þ
0χχΦ

Lð Þ
0~χ �Φ Rð Þ

0χ Φ
Lð Þ
0~χ~χ

� �

þ ∂χ �2CΦ Rð Þ
0T þ α

4
Φ Rð Þ

0χχχ �
3C
2
Φ Rð Þ2

0χ

� �
� C2Φ Rð Þ

0YY

� �

þ ∂~χ 2CΦ Lð Þ
0T þ α

4
Φ Lð Þ

0~χ~χ~χ þ
3C
2
Φ Lð Þ2

0~~χ

� �
� C2Φ Lð Þ

0YY

� �
,

(38)

for the Cartesian geometry, and

4C2Φ1ϱ~ϱ ¼  �C Φ Rð Þ
0ϱϱΦ

Lð Þ
0~ϱ �Φ Rð Þ

0ϱ Φ
Lð Þ
0~ϱ~ϱ

� �

þ ∂ρ �2CΦ Rð Þ
0T þ α

4
Φ Rð Þ

0ϱϱϱ �
3C
2
Φ Rð Þ2

0ϱ � C
T
Φ Rð Þ

0~ϱ

� �
� 1
T 2 Φ

Rð Þ
0ΘΘ

� �

þ ∂~ϱ 2CΦ Lð Þ
0T þ α

4
Φ Lð Þ

0~ϱ~ϱ~ϱ þ
3C
2
Φ Lð Þ2

0~ϱ � C
T
Φ Lð Þ

0~ϱ

� �
� 1
T 2 Φ

Rð Þ
0ΘΘ

� �
,

(39)

for the polar geometry. Here, it is important to observe the following. Once
Eq. (38) is integrated in χ or ~χ [and, similarly, Eq. (39) in ϱ or ~ϱ], secular terms arise:
the secular therms are those in the square brackets in the right-hand side, because
are functions of χ or ~χ (ϱ or ~ϱ in polar) alone, not both. Removal of these secular
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1 satisfying a pair of two uncoupled KP equations.
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∂χ ρ Rð Þ
1T � α

8C
ρ Rð Þ
1χχχ þ

3C
2
ρ Rð Þ
1 ρ Rð Þ

1χ

� �
þ C

2
ρ Rð Þ
1YY ¼ 0, (40)

∂~χ ρ Lð Þ
1T þ α

8C
ρ Lð Þ
1~χ~χ~χ �

3C
2
ρ Lð Þ
1 ρ Lð Þ

1~χ

� �
� C

2
ρ Lð Þ
1YY ¼ 0, (41)
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while in the polar geometry, the relevant equations take the form of the so-called
cylindrical KP (cKP), or Johnson’s equations (see Refs. [22, 23]):

∂ϱ ρ Rð Þ
1T � α

8C
ρ Rð Þ
1ϱϱϱ þ

3C
2
ρ Rð Þ
1 ρ Rð Þ

1χ þ 1
2T

ρ Rð Þ
1

� �
þ 1
2CT 2 ρ

Rð Þ
1ΘΘ ¼ 0, (42)

∂~ϱ ρ Lð Þ
1T þ α

8C
ρ Lð Þ
1~ϱ~ϱ~ϱ �

3C
2
ρ Lð Þ
1 ρ Lð Þ

1~ϱ � 1
2T

ρ Lð Þ
1

� �
� 1
2CT 2 ρ

Lð Þ
1ΘΘ ¼ 0: (43)

2.2.3 Versions of the KP equations

It is now convenient to further simplify the equations above, namely the KP and
the cKP equations, in order to express them in their standard form [4]. We consider
right-going waves in the Cartesian geometry, and radially expanding ones in the
polar geometry, and introduce the following transformations,

Y↦

ffiffiffiffiffiffiffiffi
3∣α∣
4C2

r
Y, Θ !

ffiffiffiffiffiffiffiffi
3∣α∣
4

r
Θ, T ↦ � α

8C
T , ρ Rð Þ

1 ¼ � α

2C2 U, (44)

which cast the respective KP and cKP equations into the following form:

∂X UT þ 6UUX þ UXXXð Þ þ 3σ2UYY ¼ 0, (45)

∂ϱ UT þ 6UUϱ þUϱϱϱ þ 1
2T

U
� �

þ 3σ2

T 2 UΘΘ ¼ 0: (46)

Here, the parameter σ2 is defined as:

σ2 ¼ � sgn α ¼ sgn 4d u0j j2 � 1
� �

: (47)

It is now clear that, in the Cartesian case, Eq. (45) includes both versions of the
KP equation, KPI and KPII [33]. Indeed, for σ2 ¼ 1 ) α<0, i.e., for u0j j2 > 1= 4dð Þ or
d> 1= 4ju0jð Þ2, Eq. (45) is a KPII equation; this corresponds to a small effective
surface tension. On the other hand, for σ2 ¼ �1 ) α>0, i.e., u0j j2 < 1= 4dð Þ or
d< 1= 4ju0jð Þ2, Eq. (45) is a KPI equation; this corresponds to the case of large
effective surface tension (see end of Section 2.1 and discussion below).

In other words, for a fixed degree of nonlocality d, a larger (smaller) background
amplitude ∣u0∣, as defined by the sign of α, corresponds to KPII (KPI); similarly, for
a fixed background amplitude ∣u0∣, a strong (weak) nonlocality, as defined by the
above regimes of d, corresponds to KPII (KPI). Notice that in the local limit of d ¼ 0,
the asymptotic analysis leads only to the KPI model, in which line solitons are
unstable; this fact was used to better understand self-focusing and transverse insta-
bility of plane dark solitons of the defocusing NLS Equation [19, 20]. Notably, the
same parameter α can also been shown to distinguish solutions in 1D [34] and
radially symmetric [35] systems; a similar case, pertinent to the polar geometry, will
be considered below.

Once again, it is important to highlight the fact that the existence of these
regimes resembles the situation occurring in shallow water. In this context, weak
surface tension corresponds to σ2 ¼ 1 in Eq. (45) (i.e., KPII), while strong surface
tension is pertinent to σ2 ¼ �1 (i.e., KPI). Thus, there exists an immediate connec-
tion between the original problem with the one of shallow water waves: relatively
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large (small) background amplitude or nonlocality corresponds to weak (strong)
surface tension, leading to KPII (KPI).

3. Approximate soliton solutions

We now employ the results of the above analysis and construct the solution of
our original problem. This can be done as follows. Once a solution of Eq. (45)
[or (46)] is known, an approximate solution of Eqs. (2) and (3) has the form:

u≈ u0 1� ε
α

2 u0j j2 U
 !1=2

exp �i u0j j2tþ i
2
αε�1=2

ðT
0
UdT 0

� �
, (48)

n≈ u0j j2 � 1
2
εαU: (49)

It is important to note that Eq. (48) describes two different types of solitons,
namely dark and antidark ones. Indeed, for α<0, i.e., for solutions satisfying the
KPII equation (corresponding to the strong nonlocality regime) the solution (48) has
the form of a hump on top of the cw background and is, thus, an antidark soliton. On
the other hand, for α>0, i.e., for solutions satisfying the KPI equation
(corresponding to the weak nonlocality regime) the solution (48) has the form of a
dip on top of the cw background and is, thus, a dark soliton. Note that in the local
limit, with d ¼ 0, it turns out that α ¼ 1 and the solutions have always the form of
dark solitons. In other words, antidark solitons are only supported by a sufficiently
strong nonlocality.

Below, we will use known solutions of the KP and cKP equations and present
corresponding solutions of the nonlocal NLS. In addition, we will perform direct
numerical simulations to examine the evolution and – in some cases – the interac-
tion dynamics of the approximate soliton solutions (48).

3.1 Antidark stripe solitons and their interactions

We start with the Cartesian geometry and consider, in particular, the simplest
soliton solutions of the KP equation, the so-called line solitons. Specifically, the one-
line soliton solution of Eq. (45), traveling at an angle to the Y-axis, reads [33]:

U X ,Y, Tð Þ ¼ 2κ2sech2 Zð Þ,
Z � κ X þ λY � κ2 þ 3λ2

� �
T þ δ

� �
,

(50)

where κ, λ and δ are free parameters. We are particularly interested in the case
where the corresponding solution of the NLS takes the form of an antidark soliton,
with U obeying the KPII equation: since, in this case, line solitons are stable, we may
expect that their interactions will give rise to patterns resembling those observed in
shallow water [5]. An example of such an antidark soliton is ahown in Figure 1, for
t ¼ 0. For this example, the following parameter values were used: u0 ¼ 1 and d ¼
1=

ffiffiffi
3

p
(leading to α ¼ �1=3<0), as well as κ ¼ λ ¼ 1, δ ¼ 0, and ε ¼ 0:2. These

values will also be used below.
In what follows, we choose line solitons with specific parameters, so that their

angle during interaction will determine the type of pattern. In the simulations, we
evolve the initial configuration up to t ¼ 600, so that solitons have enough time to
interact and generate interesting interaction patterns. In all cases, the numerical
integration of Eqs. (2) and (3) is performed via a high-accuracy pseudo-spectral
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We now employ the results of the above analysis and construct the solution of
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It is important to note that Eq. (48) describes two different types of solitons,
namely dark and antidark ones. Indeed, for α<0, i.e., for solutions satisfying the
KPII equation (corresponding to the strong nonlocality regime) the solution (48) has
the form of a hump on top of the cw background and is, thus, an antidark soliton. On
the other hand, for α>0, i.e., for solutions satisfying the KPI equation
(corresponding to the weak nonlocality regime) the solution (48) has the form of a
dip on top of the cw background and is, thus, a dark soliton. Note that in the local
limit, with d ¼ 0, it turns out that α ¼ 1 and the solutions have always the form of
dark solitons. In other words, antidark solitons are only supported by a sufficiently
strong nonlocality.

Below, we will use known solutions of the KP and cKP equations and present
corresponding solutions of the nonlocal NLS. In addition, we will perform direct
numerical simulations to examine the evolution and – in some cases – the interac-
tion dynamics of the approximate soliton solutions (48).

3.1 Antidark stripe solitons and their interactions

We start with the Cartesian geometry and consider, in particular, the simplest
soliton solutions of the KP equation, the so-called line solitons. Specifically, the one-
line soliton solution of Eq. (45), traveling at an angle to the Y-axis, reads [33]:
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where κ, λ and δ are free parameters. We are particularly interested in the case
where the corresponding solution of the NLS takes the form of an antidark soliton,
with U obeying the KPII equation: since, in this case, line solitons are stable, we may
expect that their interactions will give rise to patterns resembling those observed in
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(leading to α ¼ �1=3<0), as well as κ ¼ λ ¼ 1, δ ¼ 0, and ε ¼ 0:2. These

values will also be used below.
In what follows, we choose line solitons with specific parameters, so that their

angle during interaction will determine the type of pattern. In the simulations, we
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interact and generate interesting interaction patterns. In all cases, the numerical
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method in space and fourth-order in time. To adjust to the periodic boundary
conditions, the scheme requires we place the solutions on top of a wide super-
Gaussian background that decays at infinity and makes the initial condition peri-
odic. As it will be seen below, interacting antidark NLS solitons follow closely the
KP dynamics, giving rise to patterns that are usually observed in water.

We start with the interaction of two solitons, and express the two-line soliton
solution of KPII as follows:

U X ,Y, Tð Þ ¼ 2∂2X lnF X ,Y, Tð Þ,
F � 1þ exp Z1ð Þ þ exp Z2ð Þ þ exp Z1 þ Z2 þ A12ð Þ,

exp A12ð Þ ¼ κ1 � κ2ð Þ2 � λ1 � λ2ð Þ2
κ1 þ κ2ð Þ2 � λ1 � λ2ð Þ2 ,

(51)

with Zi � κi X þ λiY � κ2i þ 3λ2i
� �

T þ δi
� �

.
We first focus on interacting line solitons that form Y- and X-shaped wave-

forms, and proceed with more complex ones later in the text. In Figure 2, we show
a typical Y-shaped pattern, whereby the resonant two-soliton interaction gives rise
to the emergence of one soliton, with its maximum height being four times that of
the incoming solitons (this resonant Y-shaped solution was originally found by

Figure 1.
A typical single antidark soliton solution of the nonlocal NLS (u x, y, 0ð Þ), with κ ¼ λ ¼ 1, δ ¼ 0; other
parameter values are: u0 ¼ C ¼ 1, d ¼ 1=

ffiffiffi
3

p
, and ε ¼ 0:2.

Figure 2.
A typical Y-type interaction, u x, y, 0ð Þ, whereby out of two incoming colliding solitons, a single line soliton
emerges. Parameter values are: κ1 ¼ κ2=2 ¼ 1=2, λ1 ¼ 3λ2 ¼ 3=4.
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Miles [7, 8]). This feature is clearly observed in the figure. Parameter values in this
case are: κ1 ¼ κ2=2 ¼ 1=2, λ1 ¼ 3λ2 ¼ 3=4 (and for all cases, also pertaining to X-type
interactions below, δ1 ¼ δ2 ¼ 0).

Next, we proceed with the X-type interactions, which can be discriminated
according to the resulting “stem”: an interaction with a short stem (Figure 3-left), an
interaction with a long stem where the stem height is higher than the incoming line
solitons (Figure 3-middle and right respectively).

In the same category falls an X-type interaction with a long stem, with the stem
height being lower than the tallest incoming line soliton, which we refer to here as
an H-interaction. A typical such interaction is given in Figure 4, and parameter
values: κ1 ¼ κ2=2 ¼ 1=2, λ1 ¼ 1=2� 10�7, and λ2 ¼ 0.

An immediate generalization of the above is a three-wave interaction, where
now

F ¼ 1þ
X

1≤ i≤ 3

eηi þ
X

1≤ i< j≤ 3

eηiþη jþAij þ eη1þη2þη3þA12þA13þA23 , (52)

and

exp Aij
� � ¼ κi � κ j

� �2 � λi � λ j
� �2

κi þ κ j
� �2 � λi � λ j

� �2 , (53)

so that the resulting interaction is as in Figure 5, for t ¼ 200. Here,
κ1 ¼ 1, κ2 ¼ 2, κ3 ¼ 3, λ1 ¼ λ2=2 ¼ λ3=5 ¼ �1=3 and, as before, δ1 ¼ δ2 ¼ δ3 ¼ 0.

Figure 3.
X-type interactions, u x, y, 0ð Þ, with: κ1 ¼ κ2 ¼ 1=2, λ1 ¼ �λ2 ¼ �2=3 (left), κ1 ¼ κ2 ¼ 1=2, λ1 ¼
1=4� 0:01, λ2 ¼ 3=4 (middle), κ1 ¼ κ2 ¼ 1=2, λ1 ¼ 1=2, λ2 ¼ �1=2� 10�10 (right). Observe that the
length of the stem is increased from left to right (see also text).

Figure 4.
An H-type interaction, u x, y, 0ð Þ, with κ1 ¼ κ2=2 ¼ 1=2, λ1 ¼ 1=2� 10�7, λ2 ¼ 0.
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More intricate structures may still form whose mathematical description is more
complex. Such novel weblike structures for the KP equation, termed N-in M-out,
have been found using Wronskian methods [11, 13, 15] and the so-called τ-function.
We illustrate the basic construction of these solitons but do not go into further
detail as this is beyond the scope of this work. The most convenient way to write the
line soliton solutions of the KPII system is through the Wronskian, or τ-function,
which replaces the F function above. Now, the solutions of the KPII equation are
written in a similar manner as above, as

U X ,Y, Tð Þ ¼ 2∂2X ln τ X ,Y, Tð Þ, (54)

where this new τ-function represents the Wronskian determinant

τ X ,Y, Tð Þ ¼

f 1 f 2 ⋯ f N

f 01 f 02 ⋯ f 0N

⋮ ⋮ ⋯ ⋮

f N�1ð Þ
1 f N�1ð Þ

2 ⋯ f N�1ð Þ
N

0
BBBBBB@

1
CCCCCCA
: (55)

Here superscripts denote differentiation with respect to X, and the set of f n
functions constitute the set of linearly independent solutions of the system:

fY ¼ fXX , f T ¼ fXXX : (56)

In particular, for line solitons these are defined as:

f n X ,Y, Tð Þ ¼
XM
m¼1

anmeθm , n ¼ 1, 2, … ,N, (57)

where θm ¼ kmX þ k2mY þ k3mT þ θ0m with distinct real parameters km ‘s with
the property: k1 < k2 <⋯< kM. The parameters θ0m are real constants. Importantly,
the coefficients anm define an N �M matrix of rank N, due to the linear indepen-
dence of the functions f n, such that anm≕Að Þ. Below we provide two examples, and
their evolution for a 2–2 and 3–3 interaction (see Figures 6 and 7, respectively).

Figure 5.
A 2–3 wave interaction, u x, y, 0ð Þ, with κ1 ¼ 1, κ2 ¼ 2, κ3 ¼ 3, λ1 ¼ λ2=2 ¼ λ3=5 ¼ �1=3
and δ1 ¼ δ2 ¼ δ3 ¼ 0.
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We start with a 2–2 interaction, by defining the matrix A, such that

A ¼ 1 0 �1 �1

0 1 1 1

� �
, (58)

and the relative real parameters k1 ¼ �1, k2 ¼ 0, k3 ¼ 1 and k4 ¼ 2
corresponding to the relative θmj4m¼1. Then, the evolution of this interaction is
depicted in Figure 6.

Similarly, for a 3–3 wave interaction one has:

A ¼
1 0 �1 �1 0 2

0 1 2 1 0 �1

0 0 0 0 1 1

0
B@

1
CA, (59)

and k1 ¼ �1, k2 ¼ �1=2, k3 ¼ 0, k4 ¼ 1=2, k5 ¼ 1 and k6 ¼ 3=2 to produce the
following interaction pattern of Figure 7.

It is important to note here that the matrices A for the 2–2 and 3–3 solitons, are
not arbitrarily chosen. The N �N maximal minors of A must be non-negative in
order for the KP solution q to be regular for all X, Y and T. In the literature, such
matrices are called totally non-negative matrices.

3.2 Dark lump solitons

So far, we have focused on structures obeying the effective KPII equation. These
structures, namely the antidark stripe solitons, are quasi one-dimensional (1D)
states, which are stable. The respective states that satisfy the effective KPI equation,
namely dark stripe solitons, are expected to be transversely unstable – see, e.g., Ref.
[36] for a stability analysis of KP line solitons.

Figure 6.
A typical 2–2 wave evolution for t ¼ 0 (left), t ¼ 200 (middle) and t ¼ 400 (right). All figures refer to the
variable u x, y, tð Þ.

Figure 7.
A typical 3–3 wave evolution, for t ¼ 0 (left), t ¼ 400 (middle), and t ¼ 600 (right). All figures refer to the
variable u x, y, tð Þ.
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τ X ,Y, Tð Þ ¼

f 1 f 2 ⋯ f N

f 01 f 02 ⋯ f 0N

⋮ ⋮ ⋯ ⋮

f N�1ð Þ
1 f N�1ð Þ

2 ⋯ f N�1ð Þ
N

0
BBBBBB@

1
CCCCCCA
: (55)

Here superscripts denote differentiation with respect to X, and the set of f n
functions constitute the set of linearly independent solutions of the system:

fY ¼ fXX , f T ¼ fXXX : (56)

In particular, for line solitons these are defined as:

f n X ,Y, Tð Þ ¼
XM
m¼1

anmeθm , n ¼ 1, 2, … ,N, (57)
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Figure 5.
A 2–3 wave interaction, u x, y, 0ð Þ, with κ1 ¼ 1, κ2 ¼ 2, κ3 ¼ 3, λ1 ¼ λ2=2 ¼ λ3=5 ¼ �1=3
and δ1 ¼ δ2 ¼ δ3 ¼ 0.
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We start with a 2–2 interaction, by defining the matrix A, such that

A ¼ 1 0 �1 �1

0 1 1 1

� �
, (58)
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0 0 0 0 1 1

0
B@

1
CA, (59)
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Nevertheless, the KPI equation, that corresponds to the weakly nonlocal regime,
supports stable, purely 2D, soliton states known as lumps. These solitons are weakly
localized, namely they decay algebraically as ∣x∣, ∣y∣ ! ∞. The respective solitons of
the nonlocal NLS, which are of the dark type, i.e., they have the form of dark lumps,
can be effectively described as solutions of Eq. (45) for the field U:

U X ,Y, Tð Þ ¼ 16
16q2η2 � 4 ξ� 2kηð Þ2 þ 1=q2

16q2η2 þ 4 ξ� 2kηð Þ2 þ 1=q2
h i2 ,

ξ ¼ X � 12 k2 þ q2
� �

T , η ¼ Y � 12kT ,

(60)

where q and k are free real parameters. Notice that solutions of this type have
not yet been observed in water due to the fact that the surface tension is small.

Similarly to the case of antidark stripe solitons, once Eq. (60) is substituted into
Eq. (48) gives rise to the approximate dark lump soliton of the nonlocal NLS. Using
the relevant analytical expression, it is straightforward to prepare the
corresponding initial condition by setting t ¼ 0, and numerically integrate Eqs. (2)
and (3) to examine the evolution of dark lumps. In Figure 8, shown is the result of
such a simulation for the dark lump; for this simulation, we have used the parame-
ter values u0 ¼ 1, d ¼ 1=5 (so that α ¼ 1=5>0, corresponding to dark soliton
states), as well as k ¼ 0 and q ¼ 1. It can readily be observed that the dark lump
solitons propagate undistorted up to t ¼ 20, which is the “numerical horizon” for
this particular simulation. This result indicates that, similarly to antidark stripe
solitons, dark lumps can also be supported by the nonlocal NLS system.

3.3 Ring dark and antidark solitons

We now turn our attention to the cKP Eq. (46), and focus on radially symmetric
solutions that do not depend on Θ. In such a case, Eq. (46) reduces to a quasi-1D
equation, namely the cylindrical Korteweg-de Vries (cKdV), which is also a

Figure 8.
A typical dark lump solution, at t ¼ 0, with k ¼ 0, q ¼ 1 (top panel) and its evolution for t ¼ 0, 10 and 20.
The initial condition shown in the top panel is given by Eq. (60).
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completely integrable model. The cKdV is a generic equation that can been used to
describe cylindrical solitons in shallow water, plasmas, etc. [1]. As was shown in
Ref. [37], the cKdV equation admits an exact soliton solution which, in the frame-
work of Eq. (46), can be expressed as follows:

U ϱ, Tð Þ ¼ ϱ

12T
þ 2κ2

T
sech2 8κ3ffiffiffiffi

T
p þ κϱffiffiffiffi

T
p þ ϱ0

� �
(61)

where η and ϱ0 are free parameters of the soliton. It is clear that Eq. (61) has the
form of a sech2-pulse on top of a rational background. A clearer picture regarding
the structure of the cKdV equation, can be obtained by means of an asymptotic
asymptotic analysis [38, 39]. Indeed, as shown in these works, to leading-order, in
the regime ∣T ∣≫ ∣ϱ∣, the primary wave U ϱ, Tð Þ, decays to zero at both upstream and
downstream infinity. The primary wave has a form similar to that of Eq. (50), but
with the following change of variables: X ↦ ϱ and δ↦ ϱ0. However, there is a very
important difference: κ now becomes a slowly-varying function of T , due to the
presence of the term U= 2Tð Þ in the cKdV. Following the analysis of [38, 39], and
using the original coordinates, it can be concluded that:

κ2 ¼ κ20
t0
t

� �2=3
, (62)

where κ20 is a constant setting the solitary wave amplitude at t ¼ t0. We can
know express an approximate solution of Eqs. (2) and (3), for the polar chase, and
for the primary solitary wave. This is of the form of Eq. (48), with the soliton
amplitude and velocity varying as t�2=3, and the width varying as t1=3, as follows
from Eqs. (50) and (62).

Notice that this approximate solution is a ring-shaped solitary wave, on top of
cw background, which can be either dark (for α>0) or anti-dark (for α<0).
Notice, also that ring dark solitons were predicted to occur in optical media
exhibiting either Kerr [40] or non-Kerr [41] nonlinearities, and were later observed
in experiments [42]. On the other hand, ring anti-dark solitons were only predicted
to occur in non-Kerr – e.g., saturable media [41, 43]. This picture is complemented
by this analysis, according to which a relatively strong [i.e., d> 1=4ju0jð Þ2] nonlocal
nonlinearity can also support ring anti-dark solitary waves.

As in the Cartesian case, we have performed direct numerical simulations to
examine the evolution of ring-shaped solitons in the nonlocal NLS model. First, in
Figure 9, shown are 3D plots depicting the profiles of the ring dark solitons and ring
antidark solitons. Here, we use d ¼ 1=5 for the dark soliton (α>0) and d ¼ 1=3 for

Figure 9.
(Color online) typical ring dark (left) and anti-dark (right) solitons.
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completely integrable model. The cKdV is a generic equation that can been used to
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Ref. [37], the cKdV equation admits an exact soliton solution which, in the frame-
work of Eq. (46), can be expressed as follows:
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where η and ϱ0 are free parameters of the soliton. It is clear that Eq. (61) has the
form of a sech2-pulse on top of a rational background. A clearer picture regarding
the structure of the cKdV equation, can be obtained by means of an asymptotic
asymptotic analysis [38, 39]. Indeed, as shown in these works, to leading-order, in
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the antidark (α<0), while the rest of the parameters are set equal to unity except
ε ¼ 0:2 as before. Furthermore, both solitons have an initial radius of r 0ð Þ ¼ 10.

In addition, in Figure 10, we show the evolution of the ring solitons depicted in
Figure 9. Once again, it is observed, that both types of ring solitons propagate
undistorted up to end of the simulation (t ¼ 10), which indicates that these states
are also supported by the nonlocal NLS.

4. Conclusions and discussion

In conclusion, we have studied a 2D defocusing NLS model with a spatially
nonlocal nonlinearity. The considered model is relevant to optical beam propagation
in a variety of physical settings, including thermal media, plasmas, and nematic
liquid crystals. We have analytically treated this nonlocal NLS by means of a two-
stage multiscale analysis. This led to a Boussinesq/Benney-Luke-type equation, and
a KP equation (in both Cartesian and polar geometries), which are models arising in
the context of shallow water waves. This analysis revealed that the nonlocal NLS is
characterized by an effective surface tension, which is related to the degree of
nonlocality: small (large) effective surface tension corresponds to the strong
(weak) nonlocality regime, whereby the asymptotic reduction leads to a KPII (KPI)
equation.

Apart from the type of KP (KPII or KPI), the effective surface tension also
controls the type of soliton: antidark (dark) solitons on top (off) the cw pedestal can
only be formed in the strong (weak) nonlocality regime. We have thus found a
number of different soliton states that can be supported by the nonlocal NLS. These
include antidark stripe solitons, dark lump solitons, as well as ring dark and
antidark solitons (in the polar case). We also used numerical simulations to examine
the existence, evolution, as well as interaction dynamics. For the latter, we focused
on the case of antidark solitons, which were shown to form a plethora of patterns
coming out of their collisions. These include Y-, X-, H-shaped waveforms, as well as
more complicated patterns involving more than two solitons; all these, have been
observed in shallow water [5], a fact that highlights the deeper connection between
water waves and light! In addition, we examined, by means of direct simulations,
the existence and propagation of other soliton states, namely dark lump solitons, as

Figure 10.
(Color online) the evolution of the dark (top) and anti-dark (bottom) ring solitons of Figure 9.
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well as ring dark and antidark solitons. We found that all these states do exist in the
framework of the nonlocal NLS, and can propagate undistorted up to times set by
the simulations.

At this point, it is also relevant to comment on the possibility of observing the
predicted patterns in real experiments. In that regard, first we consider the case of
antidark solitons. The observation of these states took place some time ago, as it was
first reported in Ref. [44]; this fact indicates that the necessary experimental setting
is already available. As concerns the experimental set up needed for the observation
of the Y-, X- and H-waves and other related patterns, it may be similar to that of
Ref. [44]. In particular, one may employ at first a cw laser beam, which is split into
two parts via a beam-splitter. One branch goes through a cavity system to form a
pulse (as happens in typical pulsed lasers); this pulse branch undergoes phase-
engineering, i.e., passes through a phase mask so that the characteristic phase jump
of the antidark soliton is inscribed. Then, the cw and the phase-engineered pulse are
incoherently coupled inside the nonlocal medium, e.g., a nematic liquid crystal. This
process forms one antidark soliton, as in Ref. [44]. To observe the Y-, X- or H-
patterns predicted above, two such antidark solitons have to be combined inside the
crystal. The angle between the two incident beams, which should be appropriately
chosen so that a specific pattern be formed, can be controlled by a rotating mirror in
one of the branches of the beam-splitter.

As concerns the possibility of the experimental observation of the other soliton
states that were predicted by our analysis, we note the following. First, regarding
the weakly localized dark lump solitons, they can be experimentally observed as
follows. In a real experiment, it is straightforward to create a dark soliton by using,
e.g., a proper phase mask (see, e.g., the review [45] and references therein); this can
also be done even in the case of ring dark solitons [46]. Such structures are prone to
the transverse modulational instability in 2D, and are known to decay into vortices
[45]. However, as was predicted in Ref. [19], sufficiently weak gray solitons can
decay to dark lumps satisfying an effective KPI equation. This result suggests that,
to observe dark lumps, one only need to embed a shallow dark soliton (like the ones
we considered herein) into a 2D space, e.g., in a planar waveguide; then, the
transverse instability will set in, and dark lump solitons will emerge. Finally,
regarding the ring solitons, as mentioned above, they have already been observed in
a variety of experiments (see, e.g., Ref. [46] and the review [45]) and, thus they can
readily be created, e.g., in thermal media or in nematic liquid crystals. Thus, a
variety of patterns that can be observed in water may also emerge in optics.

The obtained results relied on the formal reduction of the nonlocal NLS model to
the KP (cKP) equation. It would be interesting to investigate if other types of
nonlocality, arising, e.g., in the context of chromium Bose-Einstein condensates
[47], or in defocusing colloidal media [48] can support relevant soliton states. Such
studies are in progress and pertinent results will be presented elsewhere.
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well as ring dark and antidark solitons. We found that all these states do exist in the
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of the Y-, X- and H-waves and other related patterns, it may be similar to that of
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two parts via a beam-splitter. One branch goes through a cavity system to form a
pulse (as happens in typical pulsed lasers); this pulse branch undergoes phase-
engineering, i.e., passes through a phase mask so that the characteristic phase jump
of the antidark soliton is inscribed. Then, the cw and the phase-engineered pulse are
incoherently coupled inside the nonlocal medium, e.g., a nematic liquid crystal. This
process forms one antidark soliton, as in Ref. [44]. To observe the Y-, X- or H-
patterns predicted above, two such antidark solitons have to be combined inside the
crystal. The angle between the two incident beams, which should be appropriately
chosen so that a specific pattern be formed, can be controlled by a rotating mirror in
one of the branches of the beam-splitter.

As concerns the possibility of the experimental observation of the other soliton
states that were predicted by our analysis, we note the following. First, regarding
the weakly localized dark lump solitons, they can be experimentally observed as
follows. In a real experiment, it is straightforward to create a dark soliton by using,
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Chapter 2

Soliton and Rogue-Wave Solutions
of Derivative Nonlinear
Schrödinger Equation - Part 1
Zhou Guo-Quan

Abstract

Based upon different methods such as a newly revised version of inverse
scattering transform, Marchenko formalism, and Hirota’s bilinear derivative trans-
form, this chapter aims to study and solve the derivative nonlinear Schrödinger
(DNLS for brevity) equation under vanishing boundary condition (VBC for
brevity). The explicit one-soliton and multi-soliton solutions had been derived by
some algebra techniques for the VBC case. Meanwhile, the asymptotic behaviors of
those multi-soliton solutions had been analyzed and discussed in detail.

Keywords: soliton, nonlinear equation, derivative nonlinear Schrödinger equation,
inverse scattering transform, Zakharov-Shabat equation, Marchenko formalism,
Hirota’s bilinear derivative transform, rogue wave

1. Introduction

Derivative nonlinear Schrödinger (DNLS for brevity) equation is one of the
several rare kinds of integrable nonlinear models. Research of DNLS equation has
not only mathematic interest and significance, but also important physical applica-
tion background. It was first found that the Alfven waves in space plasma [1–3] can
be modeled with DNLS equation. The modified nonlinear Schrödinger (MNLS for
brevity) equation, which is used to describe the sub-picosecond pulses in single
mode optical fibers [4–6], is actually a transformed version of DNLS equation.
The weak nonlinear electromagnetic waves in ferromagnetic, anti-ferromagnetic, or
dielectric systems [5–9] under external magnetic fields can also be modeled by
DNLS equation.

Although DNLS equation is similar to NLS equation in form, it does not belong
to the famous AKNS hierarchy at all. As is well known, a nonlinear integrable
equation can be transformed to a pair of Lax equation satisfied by its Jost functions,
the original nonlinear equation is only the compatibility condition of the Lax pair,
that is, the so-called zero-curvature condition. Another fact had been found by
some scholars that those nonlinear integrable equations which have the same first
operator of the Lax pair belong to the same hierarchy and can deal with the same
inverse scattering transform (IST for brevity). As a matter of fact, the DNLS
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equation has a squared spectral parameter of λ2 in the first operator of its Lax pair,
while the famous NLS equation, one typical example in AKNS hierarchy, has a
spectral parameter of λ. Thus, the IST of the DNLS equation is greatly different
from that of the NLS equation which is familiar to us. In a word, it deserves us to
demonstrate several different approaches of solving it as a typical integrable
nonlinear equation.

In this chapter, we will solve the DNLS equation under two kinds of boundary
condition, that is, the vanishing boundary condition (VBC for brevity) and the non-
vanishing boundary condition (NVBC for brevity), by means of three different
methods – the revised IST method, the Marchenko formalism, and the Hirota’s
bilinear derivative method. Meanwhile, we will search for different types of special
soliton solution to the DNLS equation, such as the light/dark solitons, the pure
solitons, the breather-type solitons, and the rogue wave solution, in one- or multi-
soliton form.

2. An N-soliton solution to the DNLS equation based on a revised
inverse scattering transform

For the VBC case of DNLS equation, which is just the concerned theme of the
section, some attempts and progress have been made to solve the DNLS equation.
Since Kaup and Newell proposed an IST with a revision in their pioneer works
[10, 11], one-soliton solution was firstly attained and several versions of raw or
explicit multi-soliton solutions were also obtained by means of different
approaches [12–20]. Huang and Chen have got a N� soliton solution by means of
Darboux transformation [15]. Steudel has derived a formula for N� soliton
solution in terms of Vandermonde-like determinants by means of Bäcklund trans-
formation [13]; but just as Chen points out in Ref. [16], Steudel’s multi-soliton
solution is difficult to demonstrate collisions among solitons and still has a too
complicate form to be used in the soliton perturbation theory of DNLS equation,
although it can easily generate compute pictures. Since the integral kernel in
Zakharov-Shabat (Z-S for brevity) equation does not tend to zero in the limit of
spectral parameter λ with λj j ! ∞, the contribution of the path integral along the
big circle (the out contour) is also nonvanishing, the usual procedure to perform
inverse scattering transform encounters difficulty and is invalid. Kaup thus
proposed a revised IST by multiplying an additional weighing factor before the
Jost solution E x, λð Þ, so that it tends to zero as ∣λ∣ ! ∞, thus the modified Z-S
kernel should lead to vanishing contribution of the integral along the big circle of
Cauchy contour. Though the one-soliton solution has been found by the obtained
Z-S equation of their IST, it is very difficult to derive directly its multi-soliton
solution by their IST due to the existence of a complicated phase factor which is
related to the solution itself [11]. We thus consider proposing a new revised IST to
avoid the excessive complexity. Our N-soliton solution obviously has a standard
multi-soliton form. It can be easily used to discuss its asymptotic behaviors and
then develop its direct perturbation theory. On the other hand, in solving Z-S
equation for DNLS with VBC, unavoidably we will encounter a problem of
calculating determinant det IþQ1Q2ð Þ, for two N � N matrices Q1 and Q2, where
I is a N � N identity matrix. Our work also shows Binet-Cauchy formula and some
other linear algebra techniques, (Appendices A.1–4 in Part 2), play important
roles in the whole process, and actually also effective for some other nonlinear
integrable models [21].
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2.1 The revised inverse scattering transform and the Zakharov-Shabat equation
for DNLS equation with VBC

2.1.1 The fundamental concepts for the IST theory of DNLS equation

DNLS equation for the one-dimension wave function u x, tð Þ is usually
expressed as

iut þ uxx þ i uj j2u
� �

x
¼ 0 (1)

with VBC, where the subscripts stand for partial derivative. Eq. (1) is also called
Kaup-Newell (KN for brevity) equation. Its Lax pair is given by

L ¼ �iλ2σ3 þ λU,U ¼ 0 u
�u 0

� �
(2)

and

M ¼ �i2λ4σ3 þ 2λ3U � iλ2U2σ3 � λ �U3 þ iUxσ3
� �

(3)

where λ is a spectral parameter, and σ3 is the third one of Pauli matrices σ1, σ2, σ3,
and a bar over a letter, (e.g., u in (2)), represents complex conjugate. The first Lax
equation is

∂x f x, λð Þ ¼ L x, λð Þf x, λð Þ (4)

In the limit of ∣x∣ ! ∞, u ! 0, and

L ! L0 ¼ �iλ2σ3;  M ! M0 ¼ �i2λ4σ3 (5)

The free Jost solution is a 2� 2 matrix.

E x, λð Þ ¼ e�iλ2xσ3 ;E•1 x, λð Þ ¼ 1

0

� �
e�iλ2x,E•2 x, λð Þ ¼ 0

1

� �
eiλ

2x (6)

The Jost solutions of (4) are defined by their asymptotic behaviors as x ! �∞.

Ψ x, λð Þ ¼ ~ψ x, λð Þ,ψ x, λð Þð Þ ! E x, λð Þ, as x ! ∞ (7)

Φ x, λð Þ ¼ ϕ x, λð Þ, ~ϕ x, λð Þ� �! E x, λð Þ, as x ! �∞ (8)

where ψ x, λð Þ ¼ ψ1 x, λð Þ,ψ2 x, λð Þð ÞT, ~ψ x, λð Þ ¼ ~ψ1 x, λð Þ, ~ψ2 x, λð Þð ÞT, etc., and
superscript “T” represents transposing of a matrix here and afterwards.

Since the first Lax equation of DNLS is similar to that of NLS, there are some
similar properties of the Jost solutions. The monodromy matrix T λð Þ is defined as

Φ x, λð Þ ¼ Ψ x, λð Þ T λð Þ, (9)

where

T λð Þ ¼ a t, λð Þ �~b t, λð Þ
b t, λð Þ ~a t, λð Þ

 !
(10)
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It is easy to find from (2) and (9) that

σ2 L λ
� �

σ2 ¼ L λð Þ, σ2 T λ
� �

σ2 ¼ T λð Þ (11)

σ2 Ψ x, λ
� �

σ2 ¼ Ψ x, λð Þ, σ2 Φ x, λ
� �

σ2 ¼ Φ x, λð Þ (12)

and

σ3Ψ x, λð Þσ3 ¼ Ψ x,�λð Þ, σ3Φ x, λð Þσ3 ¼ Φ x,�λð Þ (13)

σ3L λð Þσ3 ¼ L �λð Þ, σ3T λð Þσ3 ¼ T �λð Þ (14)

Then we can get the following reduction relation and symmetry properties

iσ2ψ x, λ
� � ¼ ~ψ x, λð Þ (15)

�iσ2φ x, λ
� � ¼ ~φ x, λð Þ (16)

~a λ
� � ¼ a λð Þ; ~b λ

� � ¼ b λð Þ (17)

and

ψ x,�λð Þ ¼ �σ3ψ x, λð Þ (18)

~ψ x,�λð Þ ¼ σ3~ψ x, λð Þ (19)

a �λð Þ ¼ a λð Þ;  b �λð Þ ¼ �b λð Þ
~a �λð Þ ¼ ~a λð Þ;  ~b �λð Þ ¼ �~b λð Þ (20)

2.1.2 Relation between Jost functions and the solutions to the DNLS equation

The asymptotic behaviors of the Jost solutions in the limit of ∣λ∣ ! ∞ can be
obtained by simple derivation. Let υ ¼ υ1, υ2ð ÞT � ~ψ x, λð Þ; Eq. (4) can be
rewritten as

υ1x þ iλ2υ1 ¼ λuυ2, υ2x � iλ2υ2 ¼ �λuυ1 (21)

Then we have

υ1xx � ux υ1x þ iλ2υ1
� �

=uþ λ4υ1 þ λ2 uj j2υ1 ¼ 0 (22)

In the limit ∣λ∣ ! ∞, we assume ~ψ1 x, λð Þ ¼ e�iλ2xþg, substituting it into Eq. (22),
then we have

�iλ2 þ gx
� �2 þ gxx � uxgx=uþ λ4 þ λ2 uj j2 ¼ 0 (23)

In the limit ∣λ∣ ! ∞, gx can be expanded as series of λ�2� � j
, j ¼ 1, 2,⋯.

igx � μ ¼ μ0 þ μ2 2λ2
� ��1 þ⋯ (24)

and

μ0 ¼ uj j2=2, μ2 ¼ �iuxu=2� uj j4=4,⋯ (25)
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Eq. (21) leads to gxυ1 ¼ λuυ2. Considering (25), in the limit of λj j ! ∞, we find a
useful formula

u ¼ i2 lim
∣λ∣!∞

λ~ψ2 x, λð Þ=~ψ1 x, λð Þ (26)

which expresses the conjugate of solution u in terms of the Jost solutions as
λj j ! ∞.

On the other hand, the zeros of a λð Þ appear in pairs and can be designed by λn,
n ¼ 1, 2,⋯,N in the I quadrant, and λnþN ¼ �λn in the III quadrant. The discrete
part of a λð Þ is [21–23].

a λð Þ ¼
YN
n¼1

λ2 � λ2n

λ2 � λ2n
•
λ2n
λ2n

(27)

where a 0ð Þ ¼ 1. It comes from our consideration of the fact that, from the sum
of two Cauchy integrals

ln a λð Þ
λ

þ 0 ¼ 1
2πi

ð

Γ
dλ0

ln a λ0ð Þ~a λ0ð Þ
λ0 λ0 � λð Þ ,Γ ¼ 0,∞ð Þ∪ i∞, i0ð Þ∪ 0,�∞ð Þ∪ �i∞, i0ð Þ,

in order to maintain that ln a λð Þ ! 0, as λ ! 0, and ln a λð Þ is finite as λj j ! ∞,

we then have to introduce a factor λ
2
n=λ

2
n in (27). At the zeros of a λð Þ, we have

ϕ x, λnð Þ ¼ bnψ x, λnð Þ, _a �λnð Þ ¼ � _a λnð Þ, bnþN ¼ �bn (28)

Due to μ0 6¼ 0 in (24) and (25), the Jost solutions do not tend to free Jost
solutions E x, λð Þ in the limit of ∣λ∣ ! ∞. This is their most typical property which
means that the usual procedure of constructing the equation of IST by a Cauchy
contour integral must be invalid and abortive, thus a newly revised procedure to
derive a suitable IST and the corresponding Z-S equation is proposed in our group.

2.1.3 The revised IST and Zakharov-Shabat equation for DNLS equation with VBC

The 2 � 1 column function Θ x, λð Þ can be introduced as usual

Θ x, λð Þ ¼ ϕ x, λð Þ=a λð Þ, as λ in I, III quadrants:

~ψ x, λð Þ, as λ in II, IV quadrants:

�
(29)

An alternative form of IST equation is proposed as

1
λ2

Θ1 x, λð Þ � E11ðx, λÞf geiλ2x ¼ 1
2πi

ð

Γ
dλ0

1
λ0 � λ

1

λ02
Θ1 x, λ0ð Þ � E11ðx, λ0Þf geiλ02x (30)

Because in the limit of λj j ! ∞, lim
∣λ∣!∞

eiλ
2x ¼ 0,

as
x>0, Im λ2 >0, λ in the I, III quadrantsð Þ,
x<0, Im λ2 <0, λ in the II, IV quadrantsð Þ,

(
then the integral path Γ should

be chosen as shown in Figure 1, where the radius of big circle tends to infinite,
while the radius of small circle tends to zero. And the factor λ�2 is introduced to
ensure the contribution of the integral along the big arc is vanishing. Meanwhile,

27

Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrödinger Equation - Part 1
DOI: http://dx.doi.org/10.5772/intechopen.93438



Eq. (21) leads to gxυ1 ¼ λuυ2. Considering (25), in the limit of λj j ! ∞, we find a
useful formula

u ¼ i2 lim
∣λ∣!∞

λ~ψ2 x, λð Þ=~ψ1 x, λð Þ (26)

which expresses the conjugate of solution u in terms of the Jost solutions as
λj j ! ∞.

On the other hand, the zeros of a λð Þ appear in pairs and can be designed by λn,
n ¼ 1, 2,⋯,N in the I quadrant, and λnþN ¼ �λn in the III quadrant. The discrete
part of a λð Þ is [21–23].

a λð Þ ¼
YN
n¼1

λ2 � λ2n

λ2 � λ2n
•
λ2n
λ2n

(27)

where a 0ð Þ ¼ 1. It comes from our consideration of the fact that, from the sum
of two Cauchy integrals

ln a λð Þ
λ

þ 0 ¼ 1
2πi

ð

Γ
dλ0

ln a λ0ð Þ~a λ0ð Þ
λ0 λ0 � λð Þ ,Γ ¼ 0,∞ð Þ∪ i∞, i0ð Þ∪ 0,�∞ð Þ∪ �i∞, i0ð Þ,

in order to maintain that ln a λð Þ ! 0, as λ ! 0, and ln a λð Þ is finite as λj j ! ∞,

we then have to introduce a factor λ
2
n=λ

2
n in (27). At the zeros of a λð Þ, we have

ϕ x, λnð Þ ¼ bnψ x, λnð Þ, _a �λnð Þ ¼ � _a λnð Þ, bnþN ¼ �bn (28)

Due to μ0 6¼ 0 in (24) and (25), the Jost solutions do not tend to free Jost
solutions E x, λð Þ in the limit of ∣λ∣ ! ∞. This is their most typical property which
means that the usual procedure of constructing the equation of IST by a Cauchy
contour integral must be invalid and abortive, thus a newly revised procedure to
derive a suitable IST and the corresponding Z-S equation is proposed in our group.

2.1.3 The revised IST and Zakharov-Shabat equation for DNLS equation with VBC

The 2 � 1 column function Θ x, λð Þ can be introduced as usual

Θ x, λð Þ ¼ ϕ x, λð Þ=a λð Þ, as λ in I, III quadrants:

~ψ x, λð Þ, as λ in II, IV quadrants:

�
(29)

An alternative form of IST equation is proposed as

1
λ2

Θ1 x, λð Þ � E11ðx, λÞf geiλ2x ¼ 1
2πi

ð

Γ
dλ0

1
λ0 � λ

1

λ02
Θ1 x, λ0ð Þ � E11ðx, λ0Þf geiλ02x (30)

Because in the limit of λj j ! ∞, lim
∣λ∣!∞

eiλ
2x ¼ 0,

as
x>0, Im λ2 >0, λ in the I, III quadrantsð Þ,
x<0, Im λ2 <0, λ in the II, IV quadrantsð Þ,

(
then the integral path Γ should

be chosen as shown in Figure 1, where the radius of big circle tends to infinite,
while the radius of small circle tends to zero. And the factor λ�2 is introduced to
ensure the contribution of the integral along the big arc is vanishing. Meanwhile,

27

Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrödinger Equation - Part 1
DOI: http://dx.doi.org/10.5772/intechopen.93438



our modification produces no new poles since Lax operator L ! 0, as λ ! 0. In the
reflectionless case, the revised IST equation gives

~ψ1 x, λð Þ ¼ e�iλ2x þ
X2N
n¼1

1
λ2n

λ2

λ� λn

bn
_a λnð Þψ1 x, λnð Þeiλ2nxe�iλ2x (31)

where _a λnð Þ ¼ da λð Þ=dλjλ¼λn
. Similarly, an alternative form of IST equation is

proposed as follows:

1
λ

Θ2 x, λð Þf geiλ2x ¼ 1
2πi

ð

Γ
dλ0

1
λ0 � λ

1
λ0

Θ2 x, λ0ð Þf geiλ02x (32)

where a factor λ�1 is introduced for the same reason as λ�2 in Eq. (30). Then in
the reflectionless case, we can attain

~ψ2 x, λð Þ ¼
X2N
n¼1

1
λn

λ

λ� λn

bn
_a λnð Þψ2 x, λnð Þeiλ2nxe�iλ2x (33)

Taking the symmetry and reduction relation (18) and (28) into consideration,
from (31) and (33), we can obtain the revised Zakharov-Shabat equation for DNLS
equation with VBC, that is,

~ψ1 x, λð Þ ¼ e�iλ2x þ
XN
n¼1

2λ2

λn λ2 � λ2n
� � bn

_a λnð Þψ1 x1, λnð Þeiλ2nxe�iλ2x (34)

~ψ2 x, λð Þ ¼
XN
n¼1

2λ
λ2 � λ2n

bn
_a λnð Þψ2 xs, λnð Þeiλ2nxe�iλ2x (35)

2.2 The raw expression of N-soliton solution

Substituting Eqs. (34) and (35) into formula (26), we thus attain the N-soliton
solution

uN ¼ �i2UN=VN (36)

Figure 1.
The integral path for IST of the DNLS.

28

Nonlinear Optics - From Solitons to Similaritons

where

UN ¼
XN
n¼1

2bn
_a λnð Þψ2 x, λnð Þeiλ2nx (37)

VN ¼ 1þ
XN
n¼1

2bn
λn _a λnð Þψ1 x, λnð Þeiλ2nx (38)

Let λ ¼ λm, m = 1, 2,… , N, respectively, in Eqs. (34) and (35), and make use of
the symmetry and reduction relation (15), we can attain

ψ2 x, λmð Þ ¼ e�iλ2mx þ
XN
n¼1

2λ2m
λn λ2m � λ2n

� � cnψ1 x, λnð Þeiλ2nxe�iλ2mx (39)

ψ1 x, λmð Þ ¼ �
XN
n¼1

2λ2m
λ2m � λ2n

cnψ2 x, λnð Þeiλ2nxe�iλ2mx;  m ¼ 1, 2,… ,N: (40)

where cn ¼ bn= _a λnð Þ. We also define

f n ¼
ffiffiffiffiffiffiffi
2cn

p
eiλ

2
nx, w j

� �
n ¼

ffiffiffiffiffiffiffi
2cn

p
ψ j λnð Þ j ¼ 1, 2; and n ¼ 1, 2,…N: (41)

B1ð Þmn ¼ f m
λ2m

λ2m � λ2n

� �
λn

f n, B2ð Þmn ¼ f m
λm

λ
2
m � λ2n

f n;m, n ¼ 1, 2,… ,N (42)

W1 ¼ w1ð Þ1; w1ð Þ2;⋯; w1ð ÞN
� �T,W2 ¼ w2ð Þ1; w2ð Þ2;⋯; w2ð ÞN

� �T,
F ¼ f 1; f 2;⋯; f N

� �T,G ¼ f 1=λ1; f 2=λ2;⋯; f N=λN
� �T (43)

where superscript “T” represents transposition of a matrix. Then Eqs. (39) and
(40) can be rewritten as

w2ð Þm ¼ f m þ
XN
n¼1

B1ð Þmn w1ð Þn (44)

w1ð Þm ¼ �
XN
n¼1

B2ð Þmn w2ð Þn (45)

where m = 1, 2,… , N. They can be rewritten in a more compact matrix form.

W2 ¼ F þ B1 �W1 (46)

W1 ¼ �B2 �W2 (47)

Then

W2 ¼ I þ B1B2
� ��1F (48)

W1 ¼ �B2 I þ B1B2
� ��1F (49)

where I is the N � N identity matrix. On the other hand, from (37) and (38),
we know
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UN ¼
XN
n¼1

f nw2n ¼ FTW2 (50)

VN ¼ 1þ
XN
n¼1

f n=λn
� �

w1n ¼ 1þGTW1 (51)

Substituting Eqs. (48), (49) into (50) and (51) and then substituting (50) and
(51) into formula (36), we thus attain

uN ¼ �i2
FTW2

1þ GTW1
¼ �i2

FT I þ B1B2
� ��1

F

1� GTB2 I þ B1B2
� ��1

F

¼ �i2
det I þ B1B2 þ FFT� �� det I þ B1B2

� �

det I þ B1 � FGT� �
B2

� � � det I þ B1B2
� �

det I þ B1B2
� � � �2i

A �D
D

2

(52)

where

A � det I þ B1B2 þ FFT� �� det I þ B1B2
� �

(53)

D � det I þ B1B2
� �

(54)

In the subsequent chapter, we will prove that

det I þ B1 � FGT� �
B2

� � ¼ det I þ B1B2
� �

(55)

It is obvious that formula (52) has the usual standard form of soliton solution.
Here in formula (52), some algebra techniques have been used and can be found in
Appendix A.1 in Part 2.

2.3 Explicit expression of N-soliton solution

2.3.1 Verification of standard form for the N-soliton solution

We only need to prove that Eq. (55) holds. Firstly, we define N � Nmatrices P1,
P2, Q1, Q2, respectively, as

P1ð Þnm � B1 � FGT� �
nm ¼ f n

λm

λ2n � λ2m
fm; P2ð Þmn � B2

� �
mn ¼ f m

λm

λ2m � λ2n
f n (56)

Q1ð Þnm � B1
� �

nm ¼ f n
λ2n

λ2n � λ2m

fm
λm

 !
; Q2ð Þmn � B2ð Þmn ¼ f m

λm

λ2m � λ2n
f n (57)

Then

D ¼ det I þ Q1Q2ð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

Dr n1; n2;⋯nrð Þ

¼ 1þ
XN
r¼1

X
1≤ n1 <⋯< nr ≤N

X
1≤m1 <⋯<mr ≤N

Q1 n1; n2;⋯nr;m1;m2;⋯;mrð ÞQ2 m1;m2;⋯mr; n1; n2⋯; nrð Þ

(58)
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where Q1 n1, n2,⋯nr;m1,m2,⋯,mrð Þ denotes a minor, which is the determinant
of a submatrix of Q1 consisting of elements belonging to not only rows (n1, n2,… ,
nr) but also columns (m1,m2,… , mr). Here use is made of Binet-Cauchy formula in
the Appendices A.2–4 in Part 2. Then

Q1 n1, n2,⋯nr;m1,m2,⋯,mrð ÞQ2 m1,m2,⋯mr; n1, n2⋯, nrð Þ

¼ Q
n,m

f nfm
λ2n � λ

2
m

λ2n
λm

Y
n< n0,m<m0

λ2n � λ2n0
� �

λ2m0 � λ2m
� �Y

m, n

fm f n
λ
2
m � λ2n

λm
Y

n< n0,m<m0
λ
2
m � λ2m0

� �
λ2n0 � λ2n
� �

¼ �1ð ÞrQ
m, n

λ2n f
2
n f

2
m

λ2n � λ2m

� �2
Y

n< n0,m<m0
λ2n � λ2n0
� �2

λ2m � λ2m0
� �2

(59)

where

n, n0 ∈ n1, n2,⋯, nrf g,m,m0 ∈ m1,m2,⋯,mrf g (60)

Similarly,

P1 n1, n2,⋯, nr;m1,m2,⋯,mrð ÞP2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ

¼ �1ð Þr
Y
n,m

f
2
n f

2
mλ

2
m

λ
2
n � λ2m

� �2
Y

n< n0,m<m0
λ2m � λ2m0
� �2

λ2n � λ2n0
� �2

(61)

where

n, n0 ∈ n1; n2;⋯; nrf g;m,m0 ∈ m1;m2;⋯;mrf g, and
det I þ B1 � FGT� �

B2
� � ¼ det I þ P1P2ð Þ

¼ 1þ
XN
r¼1

X
1≤ n1 <⋯< nr ≤N

X
1≤m1 <⋯<mr ≤N

P1 n1;⋯; nr;m1;⋯;mrð ÞP2 m1;⋯;mr; n1;⋯; nrð Þ

(62)

It is easy to find a kind of permutation symmetry existed between expressions
(59) and (61), that is,

P1 n1,⋯, nr;m1,⋯,mrð ÞP2 m1,⋯,mr; n1,⋯, nrð Þ
¼ Q1 m1,⋯,mr; n1,⋯, nrð ÞQ2 n1,⋯, nr;m1,⋯,mrð Þ (63)

Comparing (58) with (62) and making use of (63), we thus complete verifica-
tion of Eq. (55). The soliton solution is surely of a typical form as that in NLS
equation and can be expressed as formula (52).

2.3.2 Introduction of time evolution function

The time evolution factor of the scattering data can be introduced by standard
procedure [21]. Due to the fact that the second Lax operator M ! �i2λ4σ3 in the
limit of ∣x∣ ! ∞, it is easy to derive the time dependence of scattering date.

dλn=dt ¼ 0, da λnð Þ=dt ¼ 0; cn tð Þ ¼ cn0ei4λ
4
nt, cn0 ¼ bn0= _a λnð Þ, bn tð Þ ¼ bn0ei4λ

4
nt

(64)
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4
nt

(64)
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Then the typical soliton arguments θn and φn can be defined according to

f 2n ¼ 2cn0ei2λ
2
nxei4λ

4
nt � 2cn0e�θn eiφn (65)

where λ � μn þ iνn, and θn ¼ 4μnνn xþ 4 μ2n � ν2n
� �

t
� � ¼ 4κn x� Vntð Þ;

φn ¼ 2 μ2n � ν2n
� �

xþ 4 μ2n � ν2n
� �2 � 16μ2nν

2
n

h i
� t

Vn ¼ �4 μ2n � ν2n
� �

, κn ¼ 4μnνn (66)

2.3.3 Calculation of determinant of D and A

Substituting expression (64) and (65) into formula (59) and then into (58),
we have

Q1 n1; n2;⋯; nr;m1;m2;⋯;mrð ÞQ2 m1;m2;⋯;mr; n1; n2;⋯; nrð Þ

¼ �1ð Þr
Y
n,m

2cnð Þ 2cmð Þe�θn eiφn e�θme�iφm
λ2n

λ2n � λ2m

� �2
Y

n< n0,m<m0
λ2n � λ2n0
� �2

λ2m � λ2m0

� �2

(67)

with n, n0 ∈ n1, n2,⋯, nrf g and m,m0 ∈ m1,m2,⋯,mrf g. Where use is made of
Binet-Cauchy formula which is numerated in Appendix A. 3–4 in Part 2.
Substituting expression (67) into formula (58) thus complete the calculation of
determinant D.

About the calculation of the most complicate determinant A in (52), we
introduce a N�(N + 1) matrix Ω1 and a (N + 1) � N matrix Ω2 defined as

Ω1ð Þnm ¼ B1
� �

nm ¼ Q1ð Þnm, Ω1ð Þn0 ¼ f n,
Ω2ð Þmn ¼ B2ð Þmn ¼ Q2ð Þmn, Ω2ð Þ0n ¼ f n

(68)

with n,m ¼ 1, 2,⋯,N. We thus have

det I þ B1B2 þ FFT� � ¼ det I þ Ω1Ω2ð Þ

¼ 1þ
XN
r¼1

X
1≤ n1 <⋯< nr ≤N

X
0≤m1 <⋯<mr ≤N

Ω1 n1; n2;⋯; nr;m1;m2;⋯;mrð ÞΩ2 m1;m2;⋯;mr; n1; n2;⋯; nrð Þ

(69)

The above summation obviously can be decomposed into two parts: one is
extended to m1 = 0, the other is extended to m1 ≥ 1. Subtracted from (69), the part
that is extended to m1 ≥ 1, the remaining parts of (69) is just A in (52) (with m1 ¼ 0
and m2 ≥ 1). Due to (68), we thus have

A ¼ det I þΩ1Ω2ð Þ � det I þ Q1Q2ð Þ

¼
XN
r¼1

X
1≤ n1 <⋯< nr ≤N

X
1≤m2 <⋯<mr ≤N

Ar n1; n2;⋯; nr;0;m2;⋯;mrð Þ

¼
XN
r¼1

XN
1≤ n1 < n2 < nr ≤N

X
1≤m2 <m3 <⋯<mr ≤N

Ω1 n1; n2;⋯; nr;0;m2;⋯;mrð ÞΩ2 0;m2;⋯;mr; n1; n2;⋯; nrð Þ

(70)

with
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Ω1 n1, n2,⋯, nr; 0,m2,⋯,mrð ÞΩ2 0,m2,⋯,mr; n1, n2,⋯, nrð Þ

¼ �1ð Þr�1
Y
n,m

f 2n f
2
mλ

2
m

λ2n � λ2m

� �2
Y

n<n0,m<m0
λ2n � λ2n0
� �2

λ2m � λ2m0
� �2

¼ �1ð Þr�1
Y
n,m

2cnð Þ 2cmð Þe�θn eiφn e�θme�iφm
λ2m

λ2n � λ2m

� �2
Y

n< n0,m<m0
λ2n � λ2n0
� �2

λ2m � λ2m0
� �2

(71)

Here n, n0 ∈ n1, n2,⋯, nrf g and especially m,m0 ∈ m2,⋯,mrf g, which completes
the calculation of determinant A in formula (52). Substituting the explicit expres-
sions of D, D, and A into (52), we finally attain the explicit expression of N-soliton
solution to the DNLS equation under VBC and reflectionless case, based upon a
newly revised IST technique.

An interesting conclusion is found that, besides a permitted well-known con-
stant global phase factor, there is also an undetermined constant complex parameter
bn0 before each of the typical soliton factor e�θn eiφn , (n = 1,2,… , N). It can be
absorbed into e�θn eiφn by redefinition of soliton center and its initial phase factor.
This kind of arbitrariness is in correspondence with the unfixed initial conditions of
the DNLS equation.

2.4 The typical examples for one- and two-soliton solutions

We give two concrete examples – the one- and two-soliton solutions as illustra-
tions of the general explicit soliton solution.

In the case of one-soliton solution, N = 1, λ2 ¼ �λ1, λ1 ¼ ρ1eiβ1 ¼ μ1 þ iν1, and

A1 ¼ Ω1 n1 ¼ 1;m1 ¼ 0ð ÞΩ2 m1 ¼ 0; n1 ¼ 1ð Þ ¼ f 21 (72)

D1 ¼ Q1 n1 ¼ 1;m1 ¼ 1ð ÞQ2 m1 ¼ 1; n2 ¼ 1ð Þ ¼ 1� f 1
�� ��4λ21= λ21 � λ21

� �2
(73)

f 21 ¼ 2c10ei2λ
2
1xei4λ

4
1 t; c10 ¼ b10= _a λ1ð Þ; b10 ¼ e4μ1ν1x10eiα10 ; b10ei2λ

2
1xei4λ

4
1 t � e�θ1eiφ1 ;

θ1 ¼ 4μ1ν1 x� x10 þ 4 μ21 � ν21
� �

t
� �

;φ1 ¼ 2 μ21 � ν21
� �

xþ 4 μ21 � ν21
� �2 � 16μ1ν

2
1

h i
tþ α10

(74)

It is different slightly from the definition in (66) for that here b10 has been
absorbed into the soliton center and initial phase. Then

A1 ¼ λ1 λ21 � λ21

� �
e�θ1eiφ1=λ

2
1 ¼ i2ρ1 sin 2β1e

i3β1e�θ1eiφ1

D1 ¼ 1�
λ21 � λ21

���
���
2

λ1j j2
λ21

λ21 � λ21

� �2 e�2θ1 ¼ 1þ ei2β1e�2θ1

and

u1 x, tð Þ ¼ �i2A1D1=D
2
1 ¼

4ρ1 sin 2β1ei3β1 1þ e�i2β1e�2θ1
� �

1þ ei2β1e�2θ1ð Þ2 e�θ1eiφ1 (75)
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¼ �1ð Þr�1
Y
n,m

f 2n f
2
mλ

2
m
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� �2
Y
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λ2n � λ2n0
� �2

λ2m � λ2m0
� �2

¼ �1ð Þr�1
Y
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Y
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(71)

Here n, n0 ∈ n1, n2,⋯, nrf g and especially m,m0 ∈ m2,⋯,mrf g, which completes
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An interesting conclusion is found that, besides a permitted well-known con-
stant global phase factor, there is also an undetermined constant complex parameter
bn0 before each of the typical soliton factor e�θn eiφn , (n = 1,2,… , N). It can be
absorbed into e�θn eiφn by redefinition of soliton center and its initial phase factor.
This kind of arbitrariness is in correspondence with the unfixed initial conditions of
the DNLS equation.

2.4 The typical examples for one- and two-soliton solutions

We give two concrete examples – the one- and two-soliton solutions as illustra-
tions of the general explicit soliton solution.

In the case of one-soliton solution, N = 1, λ2 ¼ �λ1, λ1 ¼ ρ1eiβ1 ¼ μ1 þ iν1, and

A1 ¼ Ω1 n1 ¼ 1;m1 ¼ 0ð ÞΩ2 m1 ¼ 0; n1 ¼ 1ð Þ ¼ f 21 (72)

D1 ¼ Q1 n1 ¼ 1;m1 ¼ 1ð ÞQ2 m1 ¼ 1; n2 ¼ 1ð Þ ¼ 1� f 1
�� ��4λ21= λ21 � λ21

� �2
(73)

f 21 ¼ 2c10ei2λ
2
1xei4λ

4
1 t; c10 ¼ b10= _a λ1ð Þ; b10 ¼ e4μ1ν1x10eiα10 ; b10ei2λ

2
1xei4λ

4
1 t � e�θ1eiφ1 ;

θ1 ¼ 4μ1ν1 x� x10 þ 4 μ21 � ν21
� �

t
� �

;φ1 ¼ 2 μ21 � ν21
� �

xþ 4 μ21 � ν21
� �2 � 16μ1ν

2
1

h i
tþ α10

(74)

It is different slightly from the definition in (66) for that here b10 has been
absorbed into the soliton center and initial phase. Then

A1 ¼ λ1 λ21 � λ21

� �
e�θ1eiφ1=λ

2
1 ¼ i2ρ1 sin 2β1e

i3β1e�θ1eiφ1

D1 ¼ 1�
λ21 � λ21

���
���
2

λ1j j2
λ21

λ21 � λ21

� �2 e�2θ1 ¼ 1þ ei2β1e�2θ1

and

u1 x, tð Þ ¼ �i2A1D1=D
2
1 ¼

4ρ1 sin 2β1ei3β1 1þ e�i2β1e�2θ1
� �

1þ ei2β1e�2θ1ð Þ2 e�θ1eiφ1 (75)
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The complex conjugate of one-soliton solution u1 x, tð Þ in (75) is u1 x, tð Þ, which is
just in conformity with that gotten from pure Marchenko formalism [24] (see the
next section), up to a permitted global constant phase factor. In the case of two-
soliton solution, N = 2, λ3 ¼ �λ1, λ4 ¼ �λ2 and

λ1 ¼ ρ1e
iβ1 ¼ μ1 þ iν1; λ2 ¼ ρ2e

iβ2 ¼ μ2 þ iν2 (76)

c10 ¼ b10
_a λ1ð Þ ¼ b10

λ21 � λ21
2λ1

� λ
2
1 � λ22
λ21 � λ22

� λ
2
1

λ21
� λ

2
2

λ22

c20 ¼ b20
_a λ2ð Þ ¼ b20

λ22 � λ2
2λ2

� λ
2
2 � λ21
λ22 � λ21

� λ
2
1

λ21
� λ

2
2

λ22

(77)

f 2j ¼ 2c j0e
i2λ2jxei4λ

4
jt, j ¼ 1, 2 C:f : 1:62ð Þð Þ, b j0e

i2λ2jxþi4λ4jt � e�θ j eiφ j , j ¼ 1, 2 (78)

where θ j ¼ 4μ jν j x� x j0 þ 4 μ2j � ν2j

� �
t

h i

φ j ¼ 2 μ2j � ν2j

� �
xþ 4 μ2j � ν2j

� �2
� 16μ2jν

2
j

� �
� tþ α j0 (79)

and b j0 is absorbed into the soliton center and the initial phase by

b j0 ¼ e4μ jν jx j0eiα j0 ; j ¼ 1, 2 (80)

And we get

A2 ¼
X

n1 ¼ 1, 2

m1 ¼ 0

Ω1 n1;0ð ÞΩ2 0; n1ð Þ þ
X

n1 ¼ 1, n2 ¼ 2

m1 ¼ 0,m2 ¼ 1, 2

Ω1 n1; n2;0;m2ð ÞΩ2 0;m2; n1; n2ð Þ

¼ Ω1 1;0ð ÞΩ2 0; 1ð Þ þΩ1 2;0ð ÞΩ2 0; 2ð Þ þ Ω1 1; 2;0; 1ð ÞΩ2 0; 1; 1; 2ð Þ þΩ1 1; 2;0; 2ð ÞΩ2 0; 2; 1; 2ð Þ

¼ f 21 þ f 22 � f 1
�� ��4f 22

λ21 � λ22
� �2

λ21

λ21 � λ21

� �2
λ21 � λ22

� �2 � f 2
�� ��4f 21

λ21 � λ22
� �2

λ22

λ22 � λ21

� �2
λ22 � λ22

� �2

¼ λ1 1� e�i4β1
� � λ21 � λ22

λ21 � λ22
ei4 β1þβ2ð Þe�θ1eiφ1 þ λ2 1� e�i4β2

� � λ21 � λ22
λ21 � λ22

ei4 β1þβ2ð Þe�θ2eiφ2

þ λ1 1� e�i4β1
� �

e�i2β2
λ21 � λ22

λ21 � λ22
e�θ2�iφ2 þ λ2 1� e�i4β2

� �
e�i2β1

λ21 � λ22

λ21 � λ22
e�θ1�iφ1

" #
•e� θ1þθ2ð Þei φ1þφ2ð Þei4 β1þβ2ð Þ

¼ i2
λ21 � λ22
λ21 � λ22

�����

�����½ρ1 sin 2β1e
i φ�αð Þei 3β1þ4β2ð Þe�θ1þiφ1 þ ρ2 sin 2β2e�i φþαð Þei 4β1þ3β2ð Þe�θ2þiϕ2

þρ1 sin 2β1e�i φ�αð Þei 3β1þ2β2ð Þe�2θ2�θ1 � eiϕ1 þ ρ2 sin 2β2ei φþαð Þei 2β1þ3β2ð Þe�2θ1�θ2 � eiϕ2 � (81)

where

φ ¼ arg λ21 � λ22

� �
¼ arctan ρ21 sin 2β1 þ ρ22 sin 2β2

� �
= ρ21 cos 2β1 � ρ22 cos 2β2
� �

α ¼ arg λ21 � λ22
� � ¼ arctan ρ21 sin 2β1 � ρ22 sin 2β2

� �
= ρ21 cos 2β1 � ρ22 cos 2β2
� �

(82)

and
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D2 ¼ 1þ
X2
r¼1

X
1≤ n1 < n2 ≤ 2

X
1≤m1 <m2 ≤ 2

Q1 n1;⋯; nr;m1;⋯;mrð ÞQ2 m1;⋯;mr; n1;⋯; nrð Þ

¼ 1þQ1 n1 ¼ 1;m1 ¼ 1ð ÞQ2 m1 ¼ 1; n1 ¼ 1ð Þ þ Q1 n1 ¼ 1;m1 ¼ 2ð ÞQ2 m1 ¼ 2; n1 ¼ 1ð Þ
þQ1 n1 ¼ 2;m1 ¼ 1ð ÞQ2 m1 ¼ 1; n1 ¼ 2ð Þ þQ1 n1 ¼ 2;m1 ¼ 2ð ÞQ2 m1 ¼ 2; n1 ¼ 2ð Þ
þQ1 n1 ¼ 1; n1 ¼ 2;m1 ¼ 1;m2 ¼ 2ð ÞQ2 m1 ¼ 1;m2 ¼ 2; n1 ¼ 1; n2 ¼ 2ð Þ

¼ 1� f 1
�� ��4 λ21

λ21 � λ21

� �2 � f 2
�� ��4 λ22

λ22 � λ22

� �2 � f 21f
2
2

λ21

λ21 � λ22

� �2 � f 21 f
2
2

λ22

λ21 � λ22

� �2

þ f 1f 2
�� ��4 �

λ21λ
2
2 λ21 � λ22

� �2
λ21 � λ22
� �2

λ21 � λ21

� �2
λ21 � λ22

� �2
λ22 � λ21

� �2
λ22 � λ22

� �2

(83)

D2 ¼ 1þ λ21 � λ22
λ21 � λ22

�����

�����
2

e�i2β1e�2θ1 þ e�i2β2e�2θ2
� �

þ 1� λ21 � λ22
λ21 � λ22

�����

�����
2

0
@

1
Ae� θ1þθ2ð Þe�i β1þβ2ð Þ ρ1

ρ2
ei φ2�φ1ð Þ þ ρ2

ρ1
ei φ1�φ2ð Þ

� �

þ e�i2 β1þβ2ð Þe�2 θ1þθ2ð Þ

(84)

where

λ21 � λ22
λ21 � λ22

�����

�����
2

¼ ρ1=ρ2 � ρ2=ρ1ð Þ2 þ 4 sin 2 β1 þ β2ð Þ
ρ1=ρ2 � ρ2=ρ1ð Þ2 þ 4 sin 2 β1 � β2ð Þ (85)

Substituting (81) and (84) into formula (52), we thus get the two-soliton solu-
tion to the DNLS equation with VBC

u2 ¼ �i2A2D2=D
2
2 (86)

Once again we find that, up to a permitted global constant phase factor, the
above two-soliton solution is equivalent to that gotten in Ref. [23, 24], verifying the
validity of our formula of N-soliton solution and the reliability of those linear
algebra techniques. As a matter of fact, a general and strict demonstration of our
revised IST for DNLS equation with VBC has been given in one paper by use of
Liouville theorem [25].

2.5 The asymptotic behaviors of N-soliton solution

The complex conjugate of expression (52) gives the explicit expression of
N-soliton solution as

uN ¼ i2ANDN=D2
N (87)

Without the loss of generality, for λn ¼ μn þ ivn,Vn ¼ �4 μ2n � v2n
� �

,
n ¼ 1, 2,⋯,N, we assume V1 <V2 <⋯<Vn <⋯VN and define the n’th vicinity area
as Γn : x� xno � Vnt � 0, n ¼ 1:2,⋯,Nð Þ.

As t ! �∞, N vicinity areas Γn, n ¼ 1, 2… ,N, queue up in a descending series

ΓN,ΓN�1,⋯,Γ1 (88)

and in the vicinity of Γn, we have (note that κ j >0)
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D2 ¼ 1þ
X2
r¼1

X
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X
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λ22 � λ22

� �2 � f 21f
2
2

λ21

λ21 � λ22

� �2 � f 21 f
2
2

λ22

λ21 � λ22

� �2

þ f 1f 2
�� ��4 �

λ21λ
2
2 λ21 � λ22

� �2
λ21 � λ22
� �2

λ21 � λ21

� �2
λ21 � λ22

� �2
λ22 � λ21

� �2
λ22 � λ22

� �2
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D2 ¼ 1þ λ21 � λ22
λ21 � λ22

�����

�����
2

e�i2β1e�2θ1 þ e�i2β2e�2θ2
� �

þ 1� λ21 � λ22
λ21 � λ22

�����

�����
2

0
@

1
Ae� θ1þθ2ð Þe�i β1þβ2ð Þ ρ1

ρ2
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� �
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λ21 � λ22

�����

�����
2
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above two-soliton solution is equivalent to that gotten in Ref. [23, 24], verifying the
validity of our formula of N-soliton solution and the reliability of those linear
algebra techniques. As a matter of fact, a general and strict demonstration of our
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Liouville theorem [25].

2.5 The asymptotic behaviors of N-soliton solution

The complex conjugate of expression (52) gives the explicit expression of
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Without the loss of generality, for λn ¼ μn þ ivn,Vn ¼ �4 μ2n � v2n
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,
n ¼ 1, 2,⋯,N, we assume V1 <V2 <⋯<Vn <⋯VN and define the n’th vicinity area
as Γn : x� xno � Vnt � 0, n ¼ 1:2,⋯,Nð Þ.
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and in the vicinity of Γn, we have (note that κ j >0)
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θ j ¼ 4κ j x� x j0 � V jt
� �! þ∞, for j>n

�∞, for j<n

n
(89)

Here the complex constant 2cn0 in expression (65) has been absorbed into
e�θn eiφn by redefinition of the soliton center xn0 and the initial phase αn0.

Introducing a typical factor Fn ¼ �e�2θn= λ2n � λ2n

� �2
>0,  n ¼ 1, 2,⋯,N; then

Dn 1, 2,⋯, nð Þ ¼
Yn
j¼1

λ2jF j

Y
l<m

λ2l � λ2m

λ2l � λ
2
m

�����

�����
4

(90)

where l,m∈ 1, 2,⋯, nf g. Thus

D≃Dn�1 1, 2,⋯, n� 1ð Þ þDn 1, 2,⋯, nð Þ ¼ 1þ λ2nFn

Yn�1

j¼1

λ2j � λ2n

λ2j � λ
2
n

������

������

40
@

1
ADn�1 1, 2,⋯, n� 1ð Þ

(91)

and

A≃An 1, 2,⋯, n; 0, 1, 2,⋯n� 1ð Þ ¼ Dn�1e�θn e�iφn
Yn�1

j¼1

λ2j � λ2n

� �2

λ2j � λ2n

� �2 ei4β j (92)

In the vicinity of Γn,

u x, tð Þ ¼ i2AD=D2 ≃ u1 θn þ Δθ �ð Þ
n ,φn þ Δφ �ð Þ

n

� �
(93)

Here

Δθ �ð Þ
n ¼ 2

Xn�1

j¼1

ln
λ2j � λ2n

λ2j � λ2n

�����

�����

2

(94)

Δφ �ð Þ
n ¼ �

Xn�1

j¼1

arg
λ2j � λ2n

� �2

λ2j � λ2n

� �2

2
64

3
75þ 4β j

8><
>:

9>=
>;

¼ 2
Xn�1

j¼1

arg λ2j � λ2n

� �
� arg λ2j � λ2n

� �
� 2β j

h i
(95)

then

uN ≃
XN
n¼1

u1 θn þ Δθ �ð Þ
n ,φn þ Δφ �ð Þ

n

� �
(96)

Each u1 θn,φnð Þ, (1, 2,⋯, n) is a one-soliton solution characterized by one
parameter λn, moving along the positive direction of the x-axis, queuing up in a
series with descending order number n as in series (88). As t ! ∞, in the vicinity of
Γn, we have (note that κ j >0)
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θ j ¼ 4κ j x� x j0 � V jt
� �! �∞, for j> n

þ∞, for j< n

n
D≃DN�n nþ 1, nþ 2,⋯,Nð Þ þDN�nþ1 n, nþ 1,⋯,Nð Þ

¼ 1þ λ2nFn
QN

j¼nþ1

λ2j�λ2n

λ2j�λ
2
n

����
����
4

 !
DN�n nþ 1, nþ 2,⋯,Nð Þ (97)

A≃AN�nþ1 n, nþ 1,⋯,N; 0, nþ 1, nþ 2,⋯,Nð Þ

¼ DN�n nþ 1, nþ 2,⋯,Nð Þe�θn e�iφn
YN
j¼nþ1

λ2j � λ2n

� �2

λ2j � λ2n

� �2
λ2j

λ
2
j

, (98)

So as t ! ∞, in the vicinity of Γn,

u ¼ i2AD=D2 ≃ u1 θn þ Δθ þð Þ
n ,φn þ Δφ þð Þ

n

� �
(99)

Δθ þð Þ
n ¼ 2

XN
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ln
λ2j � λ2n

λ2j � λ2n

�����

�����

2

(100)

Δφ þð Þ
n ¼ �

XN
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arg
λ2j � λ2n

� �2

λ2j � λ2n

� �2

2
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3
75þ 4β j

8><
>:

9>=
>;
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XN
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arg λ2j � λ2n

� �
� arg λ2j � λ2n

� �
� 2β j

h i
, (101)

then as t ! ∞,

uN ≃
XN
n¼1

u1 θn þ Δθ þð Þ
n ,φn þ Δφ þð Þ

n

� �
(102)

That is to say, the N-soliton solution can be viewed as N well-separated exact
one- solitons, queuing up in a series with ascending order number n: Γ1,Γ2,⋯,ΓN:
In the course going from t ! �∞ to t ! ∞, the n’th one-soliton overtakes the
solitons from the first to n� 1’th and is overtaken by the solitons from nþ 1’th to
N’th. In the meantime, due to collisions, the n’th soliton got a total forward shift
Δθ �ð Þ

n =κn from exceeding those slower soliton from the first to n� 1’th, and got a
total backward shift Δθ þð Þ

n =κn from being exceeded by those faster solitons from
nþ 1’th to N’th, and just equals to the summation of shifts due to each collision
between two solitons, together with a total phase shift Δφn, that is,

Δxn ¼ Δθ þð Þ
n � Δθ �ð Þ

n

�� ��=κn (103)

Δφn ¼ Δφ þð Þ
n � Δφ �ð Þ

n (104)

2.6 N-soliton solution to MNLS equation

Finally, we indicate that the exact N-soliton solution to the DNLS equation can
be converted to that of MNLS equation by a gauge-like transformation. A nonlinear
Schrödinger equation including the nonlinear dispersion term expressed as
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i∂tυþ ∂xxυþ iα∂x υj j2υ
� �

þ 2β υj j2υ ¼ 0 (105)

is also integrable [23] and called modified nonlinear Schrödinger (MNLS for
brevity) equation. It is well known that MNLS equation well describes transmission
of femtosecond pulses in optical fibers [4–6] and is related to DNLS equation by a
gauge-like transformation [23] formulated as

υ x, tð Þ ¼ u X,Tð Þei2ρXþi4ρ2T (106)

with x ¼ α�1 X þ 4ρTð Þ, t ¼ α�2T; X ¼ αx� 4βt, T ¼ α2t; ρ ¼ βα�2. Using a
method that is analogous to reference [16], and applying above gauge-like trans-
formation to Eq. (105), the MNLS equation with VBC can be transformed into
DNLS equation with VBC.

i∂Tuþ ∂XXuþ i∂X uj j2u
� �

¼ 0 (107)

with u ¼ u X,Tð Þ. So according to (106), the N-soliton solution to MNLS
equation can also be attained by a gauge-like transformation from that of DNLS
equation.

The N-soliton solution to the DNLS equation with VBC has been derived by
means of a IST considered anew and some special linear algebra techniques. The
one- and two-soliton solutions have been given as two typical examples in illustra-
tion of the general formula of the N-soliton solution. It is found to be perfectly in
agreement with that gotten in the following section based on a pure Marchenko
formalism or Hirota’s Bilinear derivative transformation [24, 26, 27]. The demon-
stration of the revised IST considered anew for DNLS equation with VBC has also
been given by use of Liouville theorem [25].

The newly revised IST technique for DNLS equation with VBC supplies
substantial foundation for its direct perturbation theory.

3. A simple method to derive and solve Marchenko equation for DNLS
equation

Gel’fand-Levitan-Marchenko (GLM for brevity) equations can be viewed as
an integral-transformed version of IST for those integrable nonlinear equations
[21, 24, 28].

In this section, a simple method is used to derive and solve Marchenko equation
(or GLM equation) for DNLS E with VBC [28]. Firstly, starting from the first Lax
equation, we derive two conditions to be satisfied by the kernel matrix N x, yð Þ of
GLM by applying the Lax operator ∂x � L upon the integral representation of Jost
function for DNLSE. Secondly, based on Lax equation, a strict demonstration has
been given for the validness of Marchenko formalism. At last, the Marchenko
formalism is determined by choosing a suitable F xþ yð Þ and G xþ yð Þ, and their
relation (135) has been constructed. The one and multi-soliton solution in the
reflectionless case is attained based upon a pure Marchenko formalism by avoiding
direct use of inverse scattering data and verified by using direct substitution
method with Mathematica.
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3.1 The lax pair and its Jost functions of DNLS equation

DNLS equation is usual expressed as

iut þ uxx þ i uj j2u
� �

x
¼ 0 (108)

with vanishing boundary, ∣x∣ ! ∞, u ! 0. Here the subscript denotes partial
derivative. Its Lax pair is given by

L ¼ �iλ2σ3 þ λU,U ¼
0 u

�u 0

 !
(109)

M ¼ �i2λ4σ3 þ 2λ3U � iλ2U2σ3 � λ �U3 þ iUxσ3
� �

(110)

The first Lax equation is

∂xf x, λð Þ ¼ L x, λð Þf x, λð Þ (111)

In the case of ∣x∣ ! ∞, u ! 0, L ! L0 ¼ �iλ2σ3, the free Jost solution is

E x, λð Þ ¼ e�iλ2xσ3 ,E•1 x, λð Þ ¼ 1

0

� �
e�iλ2x;E•2 x, λð Þ ¼ 0

1

� �
eiλ

2x (112)

where λ2 is a real squared parameter, E x, λð Þ expresses two independent
solutions with two components. The Jost solutions of (4) are defined by their
asymptotic properties at x ! �∞,

Ψ x, λð Þ ¼ ~ψ x, λð Þ,ψ x, λð Þð Þ ! E x, λð Þ, as x ! ∞ (113)

Φ x, λð Þ ¼ φ x, λð Þ, ~φ x, λð Þð Þ ! E x, λð Þ, as x ! �∞ (114)

3.2 The integral representation of Jost function

As usual, we introduce the integral representation,

Ψ x, λð Þ ¼ E x, λð Þ þ
ð∞
x
dy λ2Nd x, yð Þ þ λNo x, yÞð gE y, λð Þ�

(115)

where the superscripts d and o mean the diagonal and off-diagonal elements,
respectively. According to the conventional operation in IST, the time variable is
suppressed temporarily. Here

Nd x, yð Þ ¼ N x, yð Þ11 0

0 N x, yð Þ22

� �
, No x, yð Þ ¼ 0 N x, yð Þ12

N x, yð Þ21 0

� �

Due to the symmetry of the first Lax operator λ2 �iσ3ð Þ11 ¼ λ2 �iσ3ð Þ22 and
λU21 ¼ �λU12, the kernel matrix N x, yð Þ of the integral representation of Jost
function should have the same symmetry as follows:

λ2Nd x, yð Þ11 ¼ λ2Nd x, yð Þ22; λNo x, yð Þ21 ¼ �λNo x, yð Þ12 (116)
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Substitute Eq. (115) into the first Lax Eq. (111). By simply partial integration, we
have the following terms:

∂x � Lf gE x, λð Þ ¼ � L� L0ð ÞE x, λð Þ ¼ �λU xð ÞE x, λð Þ (117)

∂x
Ð∞
x dy λ2Nd x; yð Þ þ λNoðx; yÞ� �

E y; λð Þ
¼ � λ2Nd x; xð Þ þ λNoðx; xÞ� �

E x; λð Þ þ Ð∞x dy λ2Nd
x x; yð Þ þ λNo

xðx; yÞ
� �

E y; λð Þ
(118)

� �iλ2σ3
� �Ð

xdy λ2Nd x; yð Þ þ λN∘ðx; yÞ� �
E y; λð Þ ¼ �Ðxdyσ3 λ2Nd x; yð Þ þ λNoðx; yÞ� �

σ3E0 y; λð Þ
¼ σ3 λ2Nd x; xð Þ þ λNoðx; xÞ� �

σ3E x; λð Þ þ Ð∞x dyσ3 λ2Nd
y x; yð Þ þ λNo

yðx; yÞ
h i

σ3E y; λð Þ
(119)

and

�λU xð Þ Ð∞x dy λ2Nd x; yð Þ� �
E y; λð Þ ¼ � Ð∞x dyλU xð ÞNd x; yð Þiσ3E0 y; λð Þ

¼ iλU xð ÞNd x; xð Þσ3E x; λð Þ þ i
Ð∞
x dyλU xð ÞNd

y x; yð Þσ3E y; λð Þ (120)

Use is made of that �iλ2σ3E y, λð Þ ¼ E0 y, λð Þ, then

�λU xð Þ
ð∞
x
dyNo x, yð Þ � �

ð∞
x
dyλU xð ÞNo x, yð Þ (121)

According to equation ∂x � Lð ÞΨ x, λð Þ ¼ 0, adding up the l.h.s. and r.h.s.,
respectively, of Eq. (117)–(120), (121). We obtain two equations involving with
terms λ2 and λ outside of the integral

Ð
dy⋯ as follows:

λ2 : �Nd x, xð Þ þ σ3Nd x, xð Þσ3 ¼ 0 (122)

λ1 : �U xð Þ �No x, xð Þ þ σ3No x, xð Þσ3 þ iU xð ÞNd x, xð Þσ3 ¼ 0 (123)

Or

U12 ¼ u xð Þ ¼ �2
N12 x, xð Þ

1þ iN11 x, xð Þ , (124)

and the equations in the integral
Ð
dy Sf g ¼ 0, where Sf g is equal to

λ2Nd
x x, yð Þ þ λNo

xðx, yÞ
� �þ σ3 λ2Nd

y x, yð Þ þ λNo
yðx, yÞ

h i
σ3 � λU xð Þ �iNd

y x, yð Þσ3 þ λNoðx, yÞ
h i

¼ 0

(125)

Therefore, Eq. (125) gives two conditions to be satisfied by the kernel matrix
N x, yð Þ in the integral representation of Jost solution

λ2 terms : A x, yð Þ � Nd
x x, yð Þ þ σ3Nd

y x, yð Þσ3 � U xð ÞNo x, yð Þ ¼ 0 (126)

λ1 terms : B x, yð Þ � No
x x, yð Þ þ σ3No

y x, yð Þσ3 þ iU xð ÞNd
y x, yð Þσ3 ¼ 0 (127)

Since (122) is an identity, Eq. (123) or (124) gives the solution U xð Þ or u xð Þ in
terms of N(x,x), thus the first Lax equation gives two conditions (126) and (127)
which should be satisfied by the integral kernel N(x,y). Note that the time variable
of u xð Þ in (124) is suppressed temporarily.
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3.3 Marchenko equation for DNLSE and its demonstration

In Eq. (115), the Nd x, yð Þ andNo x, yð Þ appear in different manner, we assume the
form of Marchenko equation for DNLSE with VBC is

Nd x, yð Þ þ
ð∞
x
dzNo x, zð ÞF zþ yð Þ ¼ 0 (128)

No x, yð Þ þ F xþ yð Þ þ
ð∞
x
dzNd x, zð ÞG zþ yð Þ ¼ 0 (129)

where F xþ yð Þ is only with off-diagonal terms. G xþ yð Þ is considered as another
function with only off-diagonal terms. We notice that the Marchenko equation
needn’t involve obviously the function of spectral parameter λ.

We now show the kernel N x, yð Þ determined by (128) and (129) indeed satisfy
the conditions (126) and (127) as long as we choose a suitable form of expression for
G xþ yð Þ.

Making partial derivation in (128) with respect to x and y, respectively,
we obtain

Nd
x x, yð Þ �No x, xð ÞF xþ yð Þ þ

ð∞
x
dzNo

x x, zð ÞF zþ yð Þ ¼ 0 (130)

Nd
y x, yð Þ þ

ð∞
x
dzNo x, zð ÞF0 zþ yð Þ ¼ 0 (131)

By partial integrating, Eq. (131) becomes

Nd
y x, yð Þ �No x, xð ÞF xþ yð Þ �

ð∞
x
dzNo

z x, zð ÞF zþ yð Þ ¼ 0 (132)

Use is made of the fact that F0 zþ yð Þ = Fy zþ yð Þ ¼ Fz zþ yð Þ in (131). Making a
weighing summation as follows:

l:h:s: of 20ð Þf g þ σ3 l:h:s: of 22ð Þf gσ3 �U xð Þ � l:h:s: of 19ð Þf g ¼ 0

We find

Nd
x x; yð Þ þ σ3Nd

y x; yð Þσ3 �U xð ÞNo x; yð Þ �No x; xð ÞF xþ yð Þ � σ3No x; xð ÞF xþ yð Þσ3 �U xð ÞF xþ yð Þ
þ Ð∞x dz No

x x; zð ÞF zþ yð Þ � σ3No
zðx; zÞF zþ yð Þσ3 �U xð ÞNdðx; zÞG zþ yð Þ� � ¼ 0

(133)

Since F xð Þ is off-diagonal, F xð Þσ3 ¼ �σ3F xð Þ. Thus the terms involving with
F xþ yð Þ outside of integral are equal to �iU xð ÞNd x, xð Þσ3F xþ yð Þ by use of
Eq. (123). Then (133) can be rewritten as

A x; yð Þ � iU xð ÞNd x; xð Þσ3F xþ yð Þ
þ Ð∞x dz B x; zð ÞF zþ yð Þ � iU xð ÞNd

z x; zð Þσ3F zþ yð Þ � U xð ÞNd x; zð ÞG zþ yð Þ� � ¼ 0

(134)

If we choose

G zþ yð Þ ¼ iσ3F0 zþ yð Þ, (135)
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then

iU xð ÞNd x, xð Þσ3F xþ yð Þ þ
ð∞
z
dz iU xð ÞNd

z x, zÞσ3F zþ yð Þ þU xð ÞNd x, zÞiσ3F0 zþ yð Þð g ¼ 0
��

(136)

Thus, Eq. (134) becomes

A x, yð Þ þ
ð∞
x
dzB x, zð ÞF zþ yð Þ ¼ 0 (137)

Now substituting (135) into (129), we find

No x, yð Þ þ F xþ yð Þ þ
ð∞
x
dzNd x, zð Þiσ3F0 zþ yð Þ ¼ 0 (138)

Making partial derivation with respect to x and y, respectively, on the l.h.s. of
Eq. (138), we have

No
x x, yð Þ þ F0 xþ yð Þ �Nd x, xð Þiσ3F0 xþ yð Þ þ

ð∞
x
dzNd

x x, zð Þiσ3F0 zþ yð Þ ¼ 0

(139)

No
y x, yð Þ þ F0 xþ yð Þ þ

ð∞
x
dzNd x, zð Þiσ3F00 zþ yð Þ ¼ 0 (140)

or

No
y x, yð Þ þ F0 xþ yð Þ �Nd x, xð Þiσ3F0 xþ yð Þ �

ð∞
x
dzNd

z x, xð Þiσ3F0 zþ yð Þ ¼ 0

(141)

Now we make a weighing summation as

l:h:s: of 29ð Þf g þ σ3 l:h:s: of 31ð Þf gσ3 þ iU xð Þ l:h:s: of 21ð Þf gσ3 ¼ 0

Hence, we have

No
x x, yð Þ þ σ3No

y x, yð Þσ3 þ iU xð ÞNd
y x, yð Þσ3

þF0 xþ yð Þ þ σ3F0 xþ yð Þσ3 �Nd x, xð Þiσ3F0 xþ yð Þ � σ3Nd x, xð Þiσ3F0 xþ yð Þσ3
þ
ð∞
x
dz Nd

x x, zð Þiσ3F0 zþ yð Þ � σ3Nd
z x, zÞiσ3F0 zþ yð Þσ3 þ iU xð ÞNo x, zÞF0 zþ yð Þσ3ð g ¼ 0ð�

(142)

Noticing F xð Þσ3 ¼ �σ3F xð Þ, Eq. (142) becomes

B x, yð Þ þ
ð∞
x
dzA x, zð Þiσ3F0 zþ yð Þ ¼ 0 (143)

We find that, as long as we choose a suitable form for G xþ yð Þ as well as
F xþ yð Þ according to Eq. (135), Eq. (128) and (129) will just satisfy the two
conditions (126) and (127) derived from the first Lax Eq. (111). On the other hand,
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owing to the symmetry properties of No x, yð Þ and Nd x, yð Þ, the function f xþ yð Þ in
(128) and (129) can only has off-diagonal elements, we write

F xþ yð Þ ¼ 0 �f xþ yð Þ
f xþ yð Þ 0

 !
;G zþ yð Þ ¼ 0 �h zþ yð Þ

h zþ yð Þ 0

 !
¼ iσ3F0 zþ yð Þ

(144)

Considering the dependence of the Jost solutions on the squared spectral
parameter λ2, in the reflectionless case, we choose

f xþ yð Þ ¼
XN
n¼1

Cn tð Þeiλ2n xþyð Þ (145)

where Cn tð Þ contains a time-dependent factor ei4λ
4
nt, which can be introduced

by a standard procedure [29], due to a fact of the Lax operator M ! �i2λ4σ3
as x ! �∞.

As is well known, Lax equations are linear equation so that a constant factor can
be introduced in its solution, that is, Cn ¼ eβnþiαn ei4λ

4
nt. It means that βn is related to

the center of soliton and αn expresses the initial phase up to a constant factor. Thus,
the time-independent part of Cn is inessential and can be absorbed or normalized
only by redefinition of the soliton center and initial phase. On the other hand, notice
the terms generated by partial integral in (133)–(142), in order to ensure the
convergence of the partial integral, we must let lim

x!∞
eiλ

2
nx ¼ 0, so we only consider

the N zero points of a λð Þ in the first quadrant of complex plane of λ (also in the
upper half part of the complex plane of λ2), that is, the discrete spectrum for λ1, λ2,
⋯⋯λN, although �λn, n ¼ 12,⋯,Nð Þ in the third quadrant of the complex plane of
λ are also the zero points of a λð Þ due to symmetry of Lax operator and transition
matrix. Then Eq. (145) corresponds to the N-soliton solution in the reflectionless
case, and we have completed the derivation and manifestation of Marchenko equa-
tion (128) and (129), (144), and (145) for DNLSE with VBC.

3.4 A multi-soliton solution of the DNLS equation based upon pure Marchenko
formalism

When there are N simple poles λ1, λ2,⋯, λN in the first quadrant of the complex
plane of λ, the Marchenko equation will give a N-solition solution to the DNLS
equation with VBC in the reflectionless case. We can assume that

f xþ yð Þ ¼ F21 xþ yð Þ ¼
XN
n¼1

gn x, tð Þhn yð Þ � G x, tð ÞH yð ÞT (146)

where gn x, tð Þ � Cn tð Þeiλ2nx, hn yð Þ � eiλ
2
ny, n ¼ 1, 2,⋯,N, and

G x, tð Þ � g1 x, tð Þ, g2 x, tð Þ,⋯, gN x, tð Þ� �
; H yð ÞT � h1 yð Þ, h2 yð Þ,⋯, hN yð Þð ÞT (147)

Here and hereafter the superscript T represents transposing of a matrix. On the
other hand, we assume that

N11 x, yð Þ ¼ N11 xð ÞH yð ÞT,N12 x, yð Þ ¼ N12 xð ÞH yð ÞT (148)

43

Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrödinger Equation - Part 1
DOI: http://dx.doi.org/10.5772/intechopen.93438



owing to the symmetry properties of No x, yð Þ and Nd x, yð Þ, the function f xþ yð Þ in
(128) and (129) can only has off-diagonal elements, we write

F xþ yð Þ ¼ 0 �f xþ yð Þ
f xþ yð Þ 0

 !
;G zþ yð Þ ¼ 0 �h zþ yð Þ

h zþ yð Þ 0

 !
¼ iσ3F0 zþ yð Þ

(144)

Considering the dependence of the Jost solutions on the squared spectral
parameter λ2, in the reflectionless case, we choose

f xþ yð Þ ¼
XN
n¼1

Cn tð Þeiλ2n xþyð Þ (145)

where Cn tð Þ contains a time-dependent factor ei4λ
4
nt, which can be introduced

by a standard procedure [29], due to a fact of the Lax operator M ! �i2λ4σ3
as x ! �∞.

As is well known, Lax equations are linear equation so that a constant factor can
be introduced in its solution, that is, Cn ¼ eβnþiαn ei4λ

4
nt. It means that βn is related to

the center of soliton and αn expresses the initial phase up to a constant factor. Thus,
the time-independent part of Cn is inessential and can be absorbed or normalized
only by redefinition of the soliton center and initial phase. On the other hand, notice
the terms generated by partial integral in (133)–(142), in order to ensure the
convergence of the partial integral, we must let lim

x!∞
eiλ

2
nx ¼ 0, so we only consider

the N zero points of a λð Þ in the first quadrant of complex plane of λ (also in the
upper half part of the complex plane of λ2), that is, the discrete spectrum for λ1, λ2,
⋯⋯λN, although �λn, n ¼ 12,⋯,Nð Þ in the third quadrant of the complex plane of
λ are also the zero points of a λð Þ due to symmetry of Lax operator and transition
matrix. Then Eq. (145) corresponds to the N-soliton solution in the reflectionless
case, and we have completed the derivation and manifestation of Marchenko equa-
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equation with VBC in the reflectionless case. We can assume that

f xþ yð Þ ¼ F21 xþ yð Þ ¼
XN
n¼1

gn x, tð Þhn yð Þ � G x, tð ÞH yð ÞT (146)

where gn x, tð Þ � Cn tð Þeiλ2nx, hn yð Þ � eiλ
2
ny, n ¼ 1, 2,⋯,N, and

G x, tð Þ � g1 x, tð Þ, g2 x, tð Þ,⋯, gN x, tð Þ� �
; H yð ÞT � h1 yð Þ, h2 yð Þ,⋯, hN yð Þð ÞT (147)

Here and hereafter the superscript T represents transposing of a matrix. On the
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Then

F12 xþ yð Þ ¼ �F12 xþ yð Þ ¼ �G xð ÞH yð ÞT; F0
12 xþ yð Þ ¼ iλ2nCne�iλ2n xþyð Þ

¼ �G0 xð ÞH yð ÞT (149)

Substituting (146)–(149) into the Marchenko equation (128) and (129), we have

N11 xð ÞH yð ÞT þN12 xð ÞÐ∞x dzH zð ÞTG zð ÞH yð ÞT ¼ 0

N12 xð ÞH yð ÞT �G xð ÞH yð ÞT � iN11 xð ÞÐ∞x dzH zð ÞTG 0
zð ÞH yð ÞT ¼ 0

(
(150)

or

N11 xð Þ þN12 xð ÞΔ1 xð Þ ¼ 0, (151)

N12 xð Þ � iN11 xð ÞΔ2 xð Þ ¼ G xð Þ (152)

here

Δ1 xð Þ ¼
ð∞
x
H zð ÞTG zð Þdz,Δ2 xð Þ ¼

ð∞
x
H zð ÞTG 0

zð Þdz (153)

Both of them are N � N matrices and their matrix element are, respectively,
expressed as

Δ1 xð Þmn ¼
ð∞
x
e�iλ2mzCneiλ

2
nzdz ¼ hm xð Þ �i

λ2m � λ2n
gn xð Þ (154)

Δ2 xð Þmn ¼
ð∞
x
e�iλ2mzCn �iλ2n

� �
e�iλ2nzdz ¼ hm xð Þ λ2n

λ2m � λ2n
gn xð Þ (155)

From (151) and (152), we immediately get

N11 xð Þ ¼ �G xð Þ 1þ iΔ1 xð ÞΔ2 xð Þ½ ��1Δ1 xð Þ (156)

N12 xð Þ ¼ G xð Þ 1þ iΔ1 xð ÞΔ2 xð Þ½ ��1 (157)

from (148), (156), and (157), we have

N11 x, yð Þ ¼ �G xð Þ Iþ iΔ1 xð ÞΔ2 xð Þ½ ��1Δ1 xð ÞH yð ÞT (158)

N12 x, yð Þ ¼ G xð Þ Iþ iΔ1 xð ÞΔ2 xð Þ½ ��1H yð ÞT (159)

then

N11 x, xð Þ ¼ iTr iΔ1 xð ÞH xð ÞTG xð Þ Iþ iΔ1 xð ÞΔ2 xð Þ½ ��1
n o

¼ i
det Iþ iΔ1 xð ÞΔ2 xð Þ þ iΔ1 xð ÞH xð ÞTG xð Þ
h i

det Iþ iΔ1 xð ÞΔ2 xð Þ½ � � 1

8<
:

9=
; (160)

and

N12 x, xð Þ ¼ Tr H xð ÞTG xð Þ Iþ iΔ1 xð ÞΔ2 xð Þ½ ��1
n o

¼
det Iþ iΔ1 xð ÞΔ2 xð Þ þH

T
xð ÞG xð Þ

h i

det Iþ iΔ1 xð ÞΔ2 xð Þ½ � � 1

(161)
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Substituting (160) and (161) into Eq. (124), we thus attain theN-soliton solution
as follows in a pure Marchenko formalism.

uN x, tð Þ ¼ �2
det Iþ iΔiΔ2 þH

T
G

� �
� det Iþ iΔ1Δ2ð Þ

det I� iΔ1Δ2 � iΔ1H
T
G

� � � det I� iΔ1Δ2
� �

det Iþ iΔ1Δ2ð Þ ¼ �2CD=D2

(162)

where

D � det Iþ iΔ1Δ2ð Þ,C � det Iþ iΔ1Δ2 þH
T
G

� �
� det Iþ iΔ1Δ2ð Þ, (163)

and we will prove that in (136)

det I� iΔ1Δ2 � iΔ1H
T
G

� �
¼ det Iþ iΔ1Δ2ð Þ � D (164)

By means of some linear algebraic techniques, especially the Binet-Cauchy for-
mula for some special matrices (see the Appendices 2–3 in Part2), the determinant
D and C can be expanded explicitly as a summation of all possible principal minors.
Firstly, we can prove identity (164) by means of Binet-Cauchy formula.

det I � iΔ1Δ2 � iΔ1H
TG

� �
¼ det I þ �iΔ1

� �
Δ2 þHTG
� �h i

≔det I þM1M2ð Þ
(165)

where

Μ1ð Þnm � �iΔ1
� �

mn ¼ hn
1

λ2n � λ2m
gm, M2ð Þmn � Δ2 þHTG

� �
mn

¼ hm
λ2m

λ2m � λ2n
gn

(166)

The complex constant factor cn0 can be absorbed into the soliton center and
initial phase by redefining

gn x, tð Þhn xð Þ ¼ Cn tð Þei2λ2nx ¼ cnoei4λ
4
ntei2λ

2
nx � e�θn eiφn (167)

here λn ¼ μn þ ivn, and

θn � 4μnvn x� xn0 þ 4 μ2n � v2n
� �

t
� � ¼ 4κn x� xn0 � υntð Þ; κn ¼ 4μnνn; υn

¼ �4 μ2n � v2n
� �

; φn � 2 μ2n � v2n
� �

xþ 4 μ2n � v2n
� �2 � 16μ2nv

2
n

h i
•tþ αno; cn0

� e4κnxno eiαno ; n ¼ 1, 2,⋯,N (168)

det I � iΔ1Δ2 � iΔ1H
TG

� �
¼ 1þ

XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

X
1≤m1 <m2 <⋯<mr ≤N

M1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞM2 m1,m2,⋯,mr, n1, n2,⋯, nrð Þ
(169)

where M1 n1, n2,⋯, nr;m1,m2,⋯mrð Þ denotes a minor, which is the determinant
of a submatrix of M1, consisting of elements belonging to not only (n1, n2,… , nr)
rows but also columns (m1, m2,… , mr).
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n

h i
•tþ αno; cn0

� e4κnxno eiαno ; n ¼ 1, 2,⋯,N (168)

det I � iΔ1Δ2 � iΔ1H
TG

� �
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r¼1
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1≤ n1 < n2 <⋯< nr ≤N

X
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where M1 n1, n2,⋯, nr;m1,m2,⋯mrð Þ denotes a minor, which is the determinant
of a submatrix of M1, consisting of elements belonging to not only (n1, n2,… , nr)
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M1 n1, n2,⋯, nr;m1,m2,⋯mrð Þ ¼
Y
n,m

hngm
λ2n � λ2m

Y
n< n0,m<m0

λ2n � λ2n0
� �

λ2m0 � λ2m

� �

(170)

M2 m1,m2,⋯,mr; n1, n2,⋯nrð Þ ¼
Y
n,m

hmgnλ
2
m

λ2m � λ2n

Y
n< n0,m<m0

λ2m � λ2m0

� �
λ2n0 � λ2n
� �

(171)

where n, n0 ∈ n1, n2,⋯, nrf g, m,m0 ∈ m1,m2,⋯,mrf g, then
M1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞM2 m1,m2,⋯,mr; n1, n2,⋯nrð Þ

¼ �1ð Þr
Y
n,m

e�θn eiφn e�θme�iφmλ2m

λ2n � λ2m

� �2
Y

n< n0,m<m0
λ2m � λ2m0

� �2
λ2n � λ2n0
� �2

(172)

If we define matrices Q1 ¼ iΔ1 and Q2 ¼ Δ2, then we can similarly attain

D ¼ det Iþ iΔ1Δ2ð Þ ¼ det Iþ Q1Q2ð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

X
1≤m1 <m2 <⋯<mr ≤N

Q1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞQ2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ
(173)

and

Q1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞQ2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ

¼ �1ð Þr
Y
n,m

e�θmeiφme�θn e�iφnλ2n

λ2m � λ2n

� �2
Y

n< n0,m<m0
λ2m � λ2m0
� �2

λ2n � λ2n0
� �2 (174)

where n, n0 ∈ n1, n2,⋯, nrf g, m,m0 ∈ m1,m2,⋯,mrf g. Comparing (172) and
(174), we find the following permutation symmetry between them

M1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞM2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ
¼ Q1 m1,m2,⋯,mr; n1, n2,⋯nrð ÞQ2 n1, n2,⋯, nr;m1,m2,⋯,mrð Þ

Using above identity, comparing (169), (172), (173), and (174), we find that
identity (164) holds and complete the computation of D.

Secondly, we compute the most complicate determinant C in (163). In order to

calculate det I þ iΔ1Δ2 þH
T
G

� �
, we introduce an N � N þ 1ð Þ matrix Ω1 and an

N þ 1ð Þ �N matrix Ω2

Ω1ð Þnm ¼ iΔ1ð Þnm, Ω1ð Þn0 ¼ hn ¼ hnλ2n
λ2n � 02

; Ω2ð Þmn ¼ Δ2ð Þmn,

Ω2ð Þ0n ¼ gn ¼
�λ2ngn
02 � λ2n

(175)

with n, m = 1, 2,… , N. We thus have
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det I þΩ1Ω2ð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 ≤ n2 <⋯<nr ≤N

X
0≤m1 <m2 <⋯<mr ≤N

Ω1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞΩ2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ
(176)

The above summation obviously can be decomposed into two parts: one is
extended to m1 = 0 and the other extended to m1 ≥ 1. Subtracted from (176), the
part that is extended to m1 ≥ 1, the remaining parts of (176) is just C in Eq. (163)
(with m1 ¼ 0, m2 ≥ 1). Due to (175), we have

C ¼ det I þΩ1Ω2ð Þ � det I þ iΔ1Δ2ð Þ

¼
XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

X
1≤m2 <m3 <⋯<mr ≤N

Ω1 n1, n2,⋯, nr; 0,m2,⋯,mrð ÞΩ2 0,m2,⋯,mr; n1, n2,⋯, nrð Þ

(177)

Ω1 n1, n2,⋯, nr; 0,m2,⋯mrð Þ ¼
Y
n
hn
Y
m
gm

Y
n< n0,m<m0

λ2n � λ2n0
� �

λ2m0 � λ2m
� �Y

n,m

1

λ2n � λ2m
(178)

Ω2 0,m2,⋯,mr; n1, n2,⋯nrð Þ ¼
Y
n
gn
Y
m
hm

Y
n<n0,m<m0

λ2n � λ2n0
� �

λ2m0 � λ2m
� �Y

n,m

1

λ2m � λ2n
� �1ð Þrþ1

Y
m
λ2m,

(179)

which leads to

Ω1 n1, n2,⋯, nr; 0,m2,⋯mrð ÞΩ2 0,m2,⋯,mr; n1, n2,⋯, nrð Þ
¼ �1ð Þrþ1

Y
n
e�θn e�iφn

Y
m
e�θmeiφm

Y
n< n0,m<m0

λ2n � λ2n0
� �2

λ2m0 � λ2m
� �2Y

n,m

1

λ2m � λ2n

� �2
Y
m
λ2m,

(180)

here n, n0 ∈ n1, n2,⋯, nrð Þ, m,m0 ∈ m2,⋯,mrð Þ in (178)–(180). Finally, substitut-
ing (174) into (173), (180) into (177), and (173 and 177) into (162), we thus attain the
explicit N-soliton solution to the DNLS equation with VBC under the reflectionless
case, based on a pure Marchenko formalism and in no need of the concrete spectrum
expression of a λð Þ. Obviously, the N-soliton solution permits uncertain complex
constants cn0 n ¼ 1, 2,⋯,Nð Þ as well as an arbitrary global constant phase factor.

3.5 The special examples for one- and two-soliton solutions

In the case of one simple pole and one-soliton solution as N ¼ 1, according to
(173), (177), (174), and (180), we have

C1 ¼ Ω1 n1 ¼ 1;m1 ¼ 0ð ÞΩ2 m1 ¼ 0; n1 ¼ 1ð Þ ¼ g1h1 �1ð Þ1þ1 ¼ g1h1 (181)

D1 ¼ Q1 n1 ¼ 1;m1 ¼ 1ð ÞQ2 m1 ¼ 1; n2 ¼ 1ð Þ ¼ 1� g1h1g1h1λ
2
1

λ21 � λ21

� �2 ¼ 1� g1h1
�� ��2 λ21

λ21 � λ21

� �2 (182)

From (167) and (168), we have (suppose λ1 ¼ ρ1eiβ1 ¼ μ1 þ iv1 and
c10 ¼ e4κ1x10eiα10)
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det I þΩ1Ω2ð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 ≤ n2 <⋯<nr ≤N

X
0≤m1 <m2 <⋯<mr ≤N

Ω1 n1, n2,⋯, nr;m1,m2,⋯mrð ÞΩ2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ
(176)

The above summation obviously can be decomposed into two parts: one is
extended to m1 = 0 and the other extended to m1 ≥ 1. Subtracted from (176), the
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(with m1 ¼ 0, m2 ≥ 1). Due to (175), we have

C ¼ det I þΩ1Ω2ð Þ � det I þ iΔ1Δ2ð Þ

¼
XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

X
1≤m2 <m3 <⋯<mr ≤N

Ω1 n1, n2,⋯, nr; 0,m2,⋯,mrð ÞΩ2 0,m2,⋯,mr; n1, n2,⋯, nrð Þ

(177)

Ω1 n1, n2,⋯, nr; 0,m2,⋯mrð Þ ¼
Y
n
hn
Y
m
gm

Y
n< n0,m<m0

λ2n � λ2n0
� �

λ2m0 � λ2m
� �Y

n,m

1

λ2n � λ2m
(178)

Ω2 0,m2,⋯,mr; n1, n2,⋯nrð Þ ¼
Y
n
gn
Y
m
hm

Y
n<n0,m<m0

λ2n � λ2n0
� �

λ2m0 � λ2m
� �Y

n,m

1

λ2m � λ2n
� �1ð Þrþ1

Y
m
λ2m,

(179)

which leads to

Ω1 n1, n2,⋯, nr; 0,m2,⋯mrð ÞΩ2 0,m2,⋯,mr; n1, n2,⋯, nrð Þ
¼ �1ð Þrþ1

Y
n
e�θn e�iφn

Y
m
e�θmeiφm

Y
n< n0,m<m0

λ2n � λ2n0
� �2

λ2m0 � λ2m
� �2Y

n,m

1

λ2m � λ2n

� �2
Y
m
λ2m,

(180)
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g1h1 ¼ C1 tð Þei2λ21x ¼ c10ei4λ
4
1 tei2λ

2
1x ¼ e�θ1eiφ1 (183)

θ1 ¼ 4μ1v1 x� x10 þ 4 μ21 � v21
� �

t
� �

φ1 ¼ 2 μ21 � v21
� �

xþ 4 μ21 � v21
� �2 � 16μ21v

2
1

h i
� tþ α10

(184)

Then from (181) and (182), we attain the one-soliton solution

u1 x, tð Þ ¼ �2
C1D1

D2
1

¼ �2 1� λ21

λ21 � λ21

� �2 e�2θ1

0
B@

1
CAe�θ1e�iφ1

,
1� λ21

λ21 � λ21

� �2 e�2θ1

0
B@

1
CA

2

(185)

By further redefinition of its soliton center and initial phase, the single soliton
solution can be further rewritten as usual standard form. It is easy to find, up to a
permitted well-known constant global phase factor, the one-soliton solution to
DNLS equation gotten in the pure Marchenko formalism is in perfectly agreement
with that gotten from other approaches [23, 24, 26, 27].

As N ¼ 2 in the case of two-soliton solution corresponding to double simple
poles, we have

u2 x, tð Þ ¼ �2C2D2=D2
2 (186)

C2 ¼
X

n1¼1, 2

m1¼0

Ω1 n1, 0ð ÞΩ2 0; n1ð Þ þ
X

n1¼1, n2¼2

m1¼0,m2¼1, 2

Ω1 n1, n2; 0,m2ð ÞΩ2 0,m2; n1, n2ð Þ

¼ Ω1 n1 ¼ 1;m1 ¼ 0ð ÞΩ2 m1 ¼ 0; n1 ¼ 1ð Þ þ Ω1 n1 ¼ 2;m1 ¼ 0ð ÞΩ2 m1 ¼ 0; n1 ¼ 2ð Þ
þΩ1 n1 ¼ 1, n2 ¼ 2;m1 ¼ 0,m2 ¼ 1ð ÞΩ2 m1 ¼ 0,m2 ¼ 1; n2 ¼ 1,n2 ¼ 2ð Þ
þΩ1 n1 ¼ 1, n2 ¼ 2;m1 ¼ 0,m2 ¼ 2ð ÞΩ2 m1 ¼ 0,m2 ¼ 2; n1 ¼ 1, n2 ¼ 2ð Þ

¼ g1h1 þ g2h2 � g1h1
�� ��2g2h2

λ21 � λ22

� �2
� λ21

λ21 � λ21

� �2
λ21 � λ22

� �2 � g2h2
�� ��2g1h1

λ21 � λ22

� �2
� λ22

λ22 � λ21

� �2
λ22 � λ22

� �2

¼ e�θe�iφ1 þ e�θ2e�iφ2 �
λ21 � λ22

� �2
� λ21

λ21 � λ21

� �2
λ21 � λ22

� �2 e�2θ1�θ2e�iφ2 �
λ21 � λ22

� �2
� λ22

λ22 � λ21

� �2
λ22 � λ22

� �2 e�2θ2�θ1e�iφ1

(187)

D2 ¼ 1þ
X2
r¼1

X
1≤ n1 < n2 ≤ 2

X
1≤m1 <m2 ≤ 2

Q1 n1, n2,⋯, nr;m1,m2,⋯,mrð ÞQ2 m1,m2,⋯,mr; n1, n2,⋯, nrð Þ

¼ 1þQ1 n1 ¼ 1;m1 ¼ 1ð ÞQ2 m1 ¼ 1, n1 ¼ 1ð Þ þQ1 n1 ¼ 1;m1 ¼ 2ð ÞQ2 m1 ¼ 2; n1 ¼ 1ð Þ
þQ1 n1 ¼ 2;m1 ¼ 1ð ÞQ2 m1 ¼ 1, n1 ¼ 2ð Þ þQ1 n1 ¼ 2,m1 ¼ 2ð ÞQ2 m1 ¼ 2; n1 ¼ 2ð Þ
þQ1 n1 ¼ 1, n2 ¼ 2;m1 ¼ 1,m2 ¼ 2ð ÞQ2 m1 ¼ 1,m2 ¼ 2; n1 ¼ 1, n2 ¼ 2ð Þ

¼ 1� g1h1
�� ��2 λ21

λ21 � λ21

� �2 � g2h2
�� ��2 λ22

λ22 � λ22

� �2 � g1h1g2h2
λ21

λ21 � λ22

� �2

�g2h2g1h1
λ22

λ21 � λ22

� �2 þ g1h1
�� ��2 g2h2

�� ��2 λ21λ
2
2 λ21 � λ22
� �2

λ21 � λ22

� �2

λ21 � λ21

� �2
λ21 � λ22

� �2
λ22 � λ21

� �2
λ22 � λ22

� �2

¼ 1� λ21

λ21 � λ21

� �2 e�2θ1 � λ22

λ22 � λ22

� �2 e�2θ2 � λ21

λ21 � λ22

� �2 e�θ1�θ2ei φ2�φ1ð Þ

� λ22

λ21 � λ22

� �2 e�θ1�θ2ei φ1�φ2ð Þ þ
λ21λ

2
2 λ21 � λ22
� �2

λ21 � λ22

� �2

λ21 � λ21

� �2
λ21 � λ22

� �2
λ22 � λ21

� �2
λ22 � λ22

� �2 e�2 θ1þθ2ð Þ

(188)
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Up to a permitted constant global phase factor, the two-soliton solution gotten
above is actually equivalent to that gotten from both IST and Hirota’s method
[23, 24, 26, 27], verifying the validity of the algebraic techniques that is used and
our formula of the generalized multi-soliton solution. Because Marchenko equations
(128), (129), (144), and (145) had been strictly proved, the multi-soliton solution is
certainly right as long as we correctly use the algebraic techniques, especially Binet-
Cauchy formula for the principal minor expansion of some special matrices.

4. Soliton solution of the DNLS equation based on Hirota’s bilinear
derivative transform

Bilinear derivative operator D had been found and defined in the early 1970s by
Hirota R., a Japanese mathematical scientist [30–33]. Hirota’s bilinear-derivative
transform (HBDT for brevity) can be used to deal with some partial differential
equation and to find some special solutions, such as soliton solutions and rogue
wave solutions [26, 27, 32]. In this section, we use HBDT to solve DNLS equation
with VBC and search for its soliton solution. The DNLS equation with VBC, that is,

iut þ uxx þ i uj j2u
� �

x
¼ 0, (189)

is one of the typical integrable nonlinear models, which is of a different form
from the following equation:

iut þ uxx þ i2 uj j2ux ¼ 0, (190)

which had been solved in Ref. [14] by using HBDT. We have paid special
attention to the following solution form in it [14]:

u ¼ g=f , (191)

where f , g are usually complex functions. Solution (191) is suitable for Eq. (190)
and NLS equation, and so on, but not suitable for the DNLS equation. Just due to
this fact, their work cannot deal with Eq. (189) at the same time. As is well known,
rightly selecting an appropriate solution form is an important and key step to apply
Hirota’s bilinear derivative transform to an integrable equation like Eq. (189). Refs.
[13, 16, 17, 23], etc., have proved the soliton solution of the DNLS equation must has
following standard form

u ¼ gf= f 2 (192)

here and henceforth a bar over a letter represents complex conjugation.
In view of the existing experiences of dealing with the DNLS equation, in the

present section, we attempt to use the solution form (192) and HBDT to solve the
DNLS equation. We demonstrate our solving approach step by step, and naturally
extend our conclusion to the n-soliton case in the end.

4.1 Fundamental concepts and general properties of bilinear derivative
transform

For two differentiable functions A x, tð Þ,B x, tð Þ of two variables x and t, Hirota’s
bilinear derivative operator, D, is defined as
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Dn
t D

m
x A � B ¼ ∂

∂t
� ∂

∂t0

� �n
∂

∂x
� ∂

∂x0

� �m

A x, tÞB x0, t0Þð jt0¼t,x0¼x

�
(193)

which is different from the usual derivative, for example,

DxA � B ¼ AxB� ABx

D2
xA � B ¼ AxxB� 2AxBx þ ABxx

D3
xA � B ¼ AxxxB� 3AxxBx þ 3AxBxx � ABxxx

(194)

where A x, tð Þ,B x, tð Þ are two functions derivable for an arbitrary order, and the
dot � between them represents a kind of ordered product. Hirota’s bilinear deriva-
tive has many interesting properties. Some important properties to be used after-
wards are listed as follows:

➀Dn
t D

m
x A � B ¼ �1ð ÞnþmDn

t D
m
x B � A (195)

for example, DxA � B ¼ �DxB � A; DxA � A ¼ 0; D2
xA � B ¼ D2

xB � A; Dn
xA � 1 ¼

∂
n
xA; D

n
x1 � A ¼ �1ð Þn∂nxA

➁Dn
xA � B ¼ Dn�m

x Dm
x A � B, m< nð Þ (196)

➂ Suppose ηi ¼ Ωi tþ Λixþ η0i, i ¼ 1, 2, Ωi, Λi, η0i are complex constants, then

Dn
t D

m
x exp η1ð Þ � exp η2ð Þ ¼ Ω1 �Ω2ð Þn Λ1 � Λ2ð Þm exp η1 þ η2ð Þ (197)

Especially, we have Dn
t D

m
x exp η1ð Þ � exp η2ð Þ ¼ 0 as Ω1 ¼ Ω2 or Λ1 ¼ Λ2. Some

other important properties are listed in the Appendix.

4.2 Bilinear derivative transform of DNLS equation

After a suitable solution form, for example, (192) has been selected, under the
Hirota’s bilinear derivative transform, a partial differential equation like (189) can
be generally changed into [20, 26, 27].

F1 Dt,Dx⋯ð Þg1 � f 1 þ F2 Dt,Dx⋯ð Þg2 � f 2 ¼ 0 (198)

where Fi Dt,Dx⋯ð Þ, i ¼ 1, 2 are the polynomial functions of Dt, Dx ⋯; and gi, f i,
i ¼ 1, 2, are the differentiable functions of two variables x and t . Using formulae in
the Appendix and properties ①–③ of bilinear derivative transform numerated in the
last chapter, with respect to (192), we have

ut ¼ Dtgf � f 2= f 4 ¼ f fDtg � f � gfDtf � f
h i

= f 4 (199)

ux ¼ Dxgf � f 2= f 4 ¼ f fDxg � f � gfDxf � f
h i

= f 4 (200)

uxx ¼ f fD2
xg � f � 2 Dxg � fð Þ Dxf � f

� �
þ gfD2

xf � f
h i

= f 4 � 2gfD2
xf � f= f 4 (201)

uj j2u
� �

x
¼ 2ggDxg � f � g2 gfð Þx
� �

= f 4 (202)

Substituting the above expressions (199)–(202) into Eq. (189), the latter can be
reduced to [26, 27].
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f f iDt þD2
x

� �
g � f � gf iDt þD2

x

� �
f � f þ f�2Dx f

3 � g 2Dxf � f � igg
� �h i

¼ 0 (203)

We can extract the needed bilinear derivative equations from Eq. (203) as
follows:

iDt þD2
x

� �
g � f ¼ 0 (204)

iDt þD2
x

� �
f � f ¼ 0 (205)

Dxf � f ¼ igg=2 (206)

Functions g x, tð Þ, f x, tð Þ can be expanded, respectively, as series of a small
parameter ε

g ¼
X
i

εig ið Þ (207)

f ¼ 1þ
X
i

εi f ið Þ (208)

Substituting (207) and (208) into (204)–(206) and equating the sum of the
terms with the same orders of ε at two sides of (204)–(206), we attain

i∂t þ ∂
2
x

� �
g 1ð Þ ¼ 0 (209)

iDt þD2
x

� �
f 1ð Þ � 1þ 1 � f 1ð Þ� �

¼ 0 (210)

Dx f 1ð Þ � 1þ 1 � f 1ð Þ� �
¼ 0 (211)

iDt þD2
x

� �
g 2ð Þ � 1þ g 1ð Þ � f 1ð Þ
� �

¼ 0 (212)

iDt þD2
x

� �
f 2ð Þ � 1þ 1 � f 2ð Þ þ f 1ð Þ � f 1ð Þ� �

¼ 0 (213)

Dx f 2ð Þ � 1þ 1 � f 2ð Þ þ f 1ð Þ � f 1ð Þ� �
¼ ig 1ð Þ � g 1ð Þ=2 (214)

iDt þD2
x

� �
g 3ð Þ � 1þ g 2ð Þ � f 1ð Þ þ g 1ð Þ � f 2ð Þ
� �

¼ 0 (215)

iDt þD2
x

� �
f 3ð Þ � 1þ 1 � f 3ð Þ þ f 2ð Þ � f 1ð Þ þ f 1ð Þ � f 2ð Þ� �

¼ 0 (216)

Dx f 3ð Þ � 1þ 1 � f 3ð Þ þ f 2ð Þ � f 1ð Þ þ f 1ð Þ � f 2ð Þ� �
¼ i g 2ð Þg 1ð Þ þ g 1ð Þg 2ð Þ
� �

=2 (217)

iDt þD2
x

� �
g 4ð Þ � 1þ g 3ð Þ � f 1ð Þ þ g 2ð Þ � f 2ð Þ þ g 1ð Þ � f 3ð Þ
� �

¼ 0 (218)

iDt þD2
x

� �
f 4ð Þ � 1þ 1 � f 4ð Þ þ f 3ð Þ � f 1ð Þ þ f 1ð Þ � f 3ð Þ þ f 2ð Þ � f 2ð Þ� �

¼ 0 (219)

Dx f 4ð Þ � 1þ 1 � f 4ð Þ þ f 3ð Þ � f 1ð Þ þ f 1ð Þ � f 3ð Þ þ f 2ð Þ � f 2ð Þ� �

¼ i g 3ð Þg 1ð Þ þ g 2ð Þg 2ð Þ þ g 1ð Þg 3ð Þ
� �

=2 (220)

iDt þD2
x

� �
g 5ð Þ � 1þ g 4ð Þ � f 1ð Þ þ g 3ð Þ � f 2ð Þ þ g 2ð Þ � f 3ð Þ
� �

¼ 0 (221)
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� �
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Dx f 4ð Þ � 1þ 1 � f 4ð Þ þ f 3ð Þ � f 1ð Þ þ f 1ð Þ � f 3ð Þ þ f 2ð Þ � f 2ð Þ� �

¼ i g 3ð Þg 1ð Þ þ g 2ð Þg 2ð Þ þ g 1ð Þg 3ð Þ
� �

=2 (220)

iDt þD2
x

� �
g 5ð Þ � 1þ g 4ð Þ � f 1ð Þ þ g 3ð Þ � f 2ð Þ þ g 2ð Þ � f 3ð Þ
� �

¼ 0 (221)

51

Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrödinger Equation - Part 1
DOI: http://dx.doi.org/10.5772/intechopen.93438



iDt þD2
x

� �
f 5ð Þ � 1þ 1 � f 5ð Þ þ f 4ð Þ � f 1ð Þ þ f 1ð Þ � f 4ð Þ þ f 3ð Þ � f 2ð Þ þ f 2ð Þ � f 3ð Þ� �

¼ 0

(222)

Dx f 5ð Þ � 1þ 1 � f 5ð Þ þ f 4ð Þ � f 1ð Þ þ f 1ð Þ � f 4ð Þ þ f 3ð Þ � f 2ð Þ þ f 2ð Þ � f 3ð Þ� �

¼ i g 4ð Þg 1ð Þ þ g 3ð Þg 2ð Þ þ g 2ð Þg 3ð Þ þ g 1ð Þg 4ð Þ
� �

=2 (223)

The above equations, (209)–(223), contain the whole information needed to
search for a soliton solution of the DNLS equation with VBC.

4.3 Soliton solution of the DNLS equation with VBC based on HBDT

4.3.1 One-soliton solution

For the one-soliton case, due to (209)–(211) and considering the transform
property ③, we can select g 1ð Þ and f 1ð Þ respectively as

g 1ð Þ ¼ eη1 , η1 ¼ Ω1tþ Λ1xþ η10,Ω1 ¼ iΛ2
1, (224)

f 1ð Þ ¼ 0 (225)

From (212), one can select g 2ð Þ ¼ 0. From (214), we can attain

f 2ð Þ � f
2ð Þ ¼ i

2
1

Λ1 þ Λ1
eη1þη1 (226)

where the vanishing boundary condition, u ! 0 as xj j ! ∞, is used. Then

∂t f 2ð Þ � f
2ð Þ� �

¼ � 1
2
Λ2
1 � Λ2

1

Λ1 þ Λ1
eη1þη1 (227)

Substituting (226) and (227) into Eq. (213), we can attain

f 2ð Þ þ f
2ð Þ ¼ i

2
Λ1 � Λ1

Λ1 þ Λ1
� �2 eη1þη1 (228)

From (226) and (228), we can get an expression of f 2ð Þ

f 2ð Þ ¼ i
2

Λ1

Λ1 þ Λ1
� �2 eη1þη1 (229)

Due to (224) and (229), we can also easily verify that

iDt þD2
x

� �
g 1ð Þ � f 2ð Þ ¼ 0 (230)

which immediately leads to

i∂t þ ∂
2
x

� �
g 3ð Þ ¼ 0 (231)

in Eq. (215). Then from (215), we can select g 3ð Þ ¼ 0. For the same reason, from
(216)–(223), we can select f 3ð Þ, g 4ð Þ, g 5ð Þ, … ; f 4ð Þ, f 5ð Þ, … all to be zero. Thus the
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series (207) and (208) have been successfully cut off to have limited terms as
follows:

g1 ¼ eη1 (232)

f 1 ¼ 1þ i
2

Λ1

Λ1 þ Λ1
� �2 eη1þη1 (233)

where εi has been absorbed into the constant eη10 by redefiniing η10. In the end,
we attain the one-soliton solution to the DNLS equation with VBC

u1 x, tð Þ ¼ g1f 1= f
2
1 (234)

which is characterized with two complex parameters Λ1 and η10 and shown in

Figure 1. If we redefine the parameter Λ1 as Λ1 � �i2λ
2
1 and λ1 � μ1 þ iv1, then

ei2λ
2
1xþi4λ41 tþη10=2 � e�Θ1eiΦ1 ; eη10=2 � e4μ1ν1x10eiα10 ;Θ1

� 4μ1v1 x� x10 þ 4 μ21 � v21
� �

t
� �

;Φ1

� 2 μ21 � v21
� �

xþ 4 μ21 � v21
� �2 � 16μ21v

2
1

h i
tþ α10 (235)

Then

g1 ¼ eη1 � e�i2λ
2
x�i4λ

4
tþη10 ¼ 2e�Θ1e�iΦ1

f 1 ¼ 1þ i
2

Λ1

Λ1 þ Λ1
� �2 eη1þη1

¼ 1� λ
2

λ2 � λ
2

� �2 e�2Θ

(236)

u1 x, tð Þ ¼ g1f 1
f 21

¼ 2 1� λ21

λ21 � λ21

� �2 e�2Θ1

0
B@

1
CAe�Θ1e�iΦ1

,
1� λ21

λ21 � λ21

� �2 e�2Θ1

0
B@

1
CA

2

(237)

It is easy to find, up to a permitted constant global phase factor eiπ ¼ �1, the
one-soliton solution (234) or (237) gotten in this paper is in perfect agreement with
that gotten from other approaches [16]. By further redefining its soliton center,
initial phase and λ1 ¼ ρ1eiβ1 , the one-soliton solution can be changed into the usual
typical form [16, 23, 26, 27].

u1 x, tð Þ ¼ 4∣λ1∣ sin 2β1 1þ ei2β1e�2Θ1
� �

e�Θ1e�iΦ1= 1þ e�i2β1e�2Θ1
� �2

(238)

On the other hand, just like in Ref. [13], we can rewrite g1 and f 1 in a more
appropriate or “standard” form

g1 ¼ eη1þφ1 (239)

f 1 ¼ 1þ e η1þφ1ð Þþ η1þφ10ð Þþθ110 (240)
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Here

eφ1 ¼ 1, eφ10 ¼ i=Λ1, eθ110 ¼ iΛ1 �iΛ1
� �

=2 Λ1 þ Λ1
� �2, (241)

which makes us easily extend the solution form to the case of n-soliton solution.

4.3.2 The two-soliton solution

For the two-soliton case, again from (209), we can select g 1ð Þ
2 as

g 1ð Þ
2 ¼ eη1 þ eη2 , ηi ¼ Ωitþ Λixþ ηi0,Ωi ¼ iΛ2

i , i ¼ 1, 2: (242)

The similar procedures to that used in the one-soliton case can be used to deduce

g2 and f 2. From (210) and (211), we can select f 1ð Þ
2 ¼ 0, then from (212), we has to

select g 2ð Þ
2 ¼ 0. From (213) and (214), we can get the expressions of f 2ð Þ

2 � f
2ð Þ
2 and

f 2ð Þ
2 þ f

2ð Þ
2 , then attain f 2ð Þ

2 to be

f 2ð Þ
2 ¼ iΛ1

2 Λ1 þ Λ1
� �2 eη1þη1 þ iΛ2

2 Λ2 þ Λ2
� �2 eη2þη2 þ iΛ1

2 Λ1 þ Λ2
� �2 eη1þη2

þ iΛ2

2 Λ2 þ Λ1
� �2 eη2þη1 (243)

Substituting (242) and (243) into (215), one can attain g 3ð Þ
2 to be

g 3ð Þ
2 ¼ �i Λ1 � Λ2ð Þ2eη1þη2

2
Λ1eη1

Λ1 þ Λ1
� �2 Λ2 þ Λ1

� �2 þ
Λ2eη2

Λ2 þ Λ2
� �2 Λ1 þ Λ2

� �2
" #

(244)

Substituting the expressions of g 1ð Þ
2 , g 2ð Þ

2 , g 3ð Þ
2 , f 1ð Þ

2 , f 2ð Þ
2 into (216) and (217), we

can select that f 3ð Þ
2 ¼ 0. Then from the expressions of g 1ð Þ

2 , g 2ð Þ
2 , g 3ð Þ

2 , f 1ð Þ
2 , f 2ð Þ

2 , f 3ð Þ
2 and

(218), we can select g 4ð Þ
2 ¼ 0. From (219) and (220), we can get the expressions of

f 4ð Þ
2 � f

4ð Þ
2 and f 4ð Þ

2 þ f
4ð Þ
2 , then get f 4ð Þ

2 to be

f 4ð Þ
2 ¼ � Λ1Λ2 Λ1 � Λ2j j4

4 Λ1 þ Λ1
� �2 Λ2 þ Λ2

� �2 Λ1 þ Λ2
� �2 Λ2 þ Λ1

� �2 eη1þη2þη1þη2 (245)

Due to (243) and (244), we can also easily verify that

iDt þD2
x

� �
g 3ð Þ
2 � f 2ð Þ

2 ¼ 0 (246)

Then from (244), (245), (246), and (221), we can select g 5ð Þ
2 ¼ 0. From (222)–

(223) and so on, we find that the series of (207) and (208) can be cut off by selecting

g 5ð Þ
2 , f 5ð Þ

2 ; g 6ð Þ
2 , f 6ð Þ

2 ⋯, all to be zero. We thus attain the last result of g2, f 2 to be

g2 ¼ eη1 þ eη2

� i Λ1 � Λ2ð Þ2
2

eη1þη2•
Λ1

Λ1 þ Λ1
� �2 Λ2 þ Λ1

� �2 eη1 þ
Λ2

Λ2 þ Λ2
� �2 Λ1 þ Λ2

� �2 eη2
" #

(247)
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f 2 ¼ 1þ iΛ1

2 Λ1 þ Λ1
� �2 eη1þη1 þ iΛ2

2 Λ2 þ Λ2
� �2 eη2þη2 þ iΛ1

2 Λ1 þ Λ2
� �2 eη1þη2 þ iΛ2

2 Λ2 þ Λ1
� �2 eη2þη1

� Λ1Λ2 Λ1 � Λ2j j4
4 Λ1 þ Λ1
� �2 Λ2 þ Λ2

� �2 Λ1 þ Λ2
� �2 Λ2 þ Λ1

� �2 eη1þη2þη1þη2

(248)

It can also be rewritten in a standard form as follows:

g2 ¼ eη1þφ1 þ eη2þφ2 þ e η1þφ1ð Þþ η2þφ2ð Þþ η1þφ10ð Þþθ12þθ110 þθ210

þ e η1þφ1ð Þþ η2þφ2ð Þþ η2þφ20ð Þþθ12þθ120þθ220
(249)

f 2 ¼ 1þ e η1þφ1ð Þþ η1þφ10ð Þþθ110 þ e η1þφ1ð Þþ η2þφ20ð Þþθ120 þ e η2þφ2ð Þþ η1þφ10ð Þþθ210

þ e η2þφ2ð Þþ η2þφ20ð Þþθ220 þ e η1þφ1ð Þþ η2þφ2ð Þþ η1þφ10ð Þþ η2þφ20ð Þþθ12þθ110þθ120þθ210þθ220 þθ1020

(250)

where φi, θij in (249) and (250) are defined afterwards in (256). We then attain
the two-soliton solution as

u2 x, tð Þ ¼ g2 f 2= f
2
2 (251)

which is characterized with four complex parameters Λ1, Λ2, η10, and η20 and
shown in Figure 3. By redefining parameters ηi0 and

Λk ¼ �i2λ
2
k, k ¼ 1, 2, (252)

we can easily transform it to a two-soliton form given in Ref. [23], up to a
permitted constant global phase factor.

4.3.3 Extension to the N-soliton solution

Generally for the case of N-soliton solution, if we select g 1ð Þ in (209) to be

g 1ð Þ
N ¼ eη1 þ eη2 þ… þ eηN ,

ηi ¼ Ωitþ Λixþ η0i,Ωi ¼ iΛ2
i , i ¼ 1, 2,⋯,N

(253)

then using an induction method, we can write the N-soliton solution as

gN ¼
X

κ j¼0, 1

1ð Þ
exp

X2N

j¼1
κ j η j þ φ j

� �
þ
X2N

1≤ j< k
κ jκkθjk

n o
(254)

f N ¼
X

κ j¼0, 1

0ð Þ
exp

X2N

j¼1
κ j η j þ φ j

� �
þ
X2N

1≤ j< k
κ jκkθjk

n o
(255)

where ηNþj ¼ η j j≤Nð Þ

eϕ j ¼ 1, eφ jþN ¼ eφ j0 ¼ �iΛ j
� ��1

eθjk ¼ 2 Λ j � Λk
� �2

=iΛ j � iΛk, eθ j,kþN ¼ eθ j,k0 ¼ iΛ j �iΛk
� �

=2 Λ j þ Λk
� �2

eθ jþN,kþN ¼ eθ j0k0 ¼ 2 Λ j � Λk
� �2

= �iΛ j
� � �iΛk

� �
, 1≤ j≤N, 1≤ k≤Nð Þ,

(256)
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2 Λ1 þ Λ1
� �2 eη1þη1 þ iΛ2
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2 Λ1 þ Λ2
� �2 eη1þη2 þ iΛ2

2 Λ2 þ Λ1
� �2 eη2þη1

� Λ1Λ2 Λ1 � Λ2j j4
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� �2 Λ1 þ Λ2
� �2 Λ2 þ Λ1

� �2 eη1þη2þη1þη2

(248)

It can also be rewritten in a standard form as follows:

g2 ¼ eη1þφ1 þ eη2þφ2 þ e η1þφ1ð Þþ η2þφ2ð Þþ η1þφ10ð Þþθ12þθ110 þθ210

þ e η1þφ1ð Þþ η2þφ2ð Þþ η2þφ20ð Þþθ12þθ120þθ220
(249)

f 2 ¼ 1þ e η1þφ1ð Þþ η1þφ10ð Þþθ110 þ e η1þφ1ð Þþ η2þφ20ð Þþθ120 þ e η2þφ2ð Þþ η1þφ10ð Þþθ210

þ e η2þφ2ð Þþ η2þφ20ð Þþθ220 þ e η1þφ1ð Þþ η2þφ2ð Þþ η1þφ10ð Þþ η2þφ20ð Þþθ12þθ110þθ120þθ210þθ220 þθ1020

(250)

where φi, θij in (249) and (250) are defined afterwards in (256). We then attain
the two-soliton solution as

u2 x, tð Þ ¼ g2 f 2= f
2
2 (251)

which is characterized with four complex parameters Λ1, Λ2, η10, and η20 and
shown in Figure 3. By redefining parameters ηi0 and

Λk ¼ �i2λ
2
k, k ¼ 1, 2, (252)

we can easily transform it to a two-soliton form given in Ref. [23], up to a
permitted constant global phase factor.

4.3.3 Extension to the N-soliton solution

Generally for the case of N-soliton solution, if we select g 1ð Þ in (209) to be

g 1ð Þ
N ¼ eη1 þ eη2 þ… þ eηN ,

ηi ¼ Ωitþ Λixþ η0i,Ωi ¼ iΛ2
i , i ¼ 1, 2,⋯,N

(253)

then using an induction method, we can write the N-soliton solution as

gN ¼
X

κ j¼0, 1

1ð Þ
exp

X2N

j¼1
κ j η j þ φ j

� �
þ
X2N

1≤ j< k
κ jκkθjk

n o
(254)

f N ¼
X

κ j¼0, 1

0ð Þ
exp

X2N

j¼1
κ j η j þ φ j

� �
þ
X2N

1≤ j< k
κ jκkθjk

n o
(255)

where ηNþj ¼ η j j≤Nð Þ

eϕ j ¼ 1, eφ jþN ¼ eφ j0 ¼ �iΛ j
� ��1

eθjk ¼ 2 Λ j � Λk
� �2

=iΛ j � iΛk, eθ j,kþN ¼ eθ j,k0 ¼ iΛ j �iΛk
� �

=2 Λ j þ Λk
� �2

eθ jþN,kþN ¼ eθ j0k0 ¼ 2 Λ j � Λk
� �2

= �iΛ j
� � �iΛk

� �
, 1≤ j≤N, 1≤ k≤Nð Þ,

(256)

55

Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrödinger Equation - Part 1
DOI: http://dx.doi.org/10.5772/intechopen.93438



therein
P

κ j¼0,1
lð Þ represents a summation over κ j ¼ 0, 1 under the condition

PN
j¼1κ j ¼ lþPN

j¼1κ jþN.
Here, we have some discussion in order. Because what concerns us only is the

soliton solutions, our soliton solution of DNLS equation with VBC is only a subset of
the whole solution set. Actually in the whole process of deriving the bilinear-form
equations and searching for the one and two-soliton solutions, some of the latter
results are only the sufficient but not the necessary conditions of the former equa-
tions. Thereby some possible modes might have been missing. For example, the
solutions of Eqs. (209)–(211) are not as unique as in (224) and (225), some other
possibilities thus get lost here. This is also why we use a term “select” to determine a
solution of an equation. In another word, we have selected a soliton solution.
Meanwhile, we have demonstrated in Figures 2 and 3, the three-dimensional
evolution of the one- and two-soliton amplitude with time and space, respectively.
The elastic collision of two solitons in the two-soliton case has been demonstrated in
Figure 4(a–d) too. It can be found that each soliton keeps the same form and
characteristic after the collision as that before the collision. In this section, by
means of introducing HBDT and employing an appropriate solution form (192),

Figure 3.
The evolution of two-soliton solution with time and space under parameter Λ1 ¼ 1þ 0:3i, Λ2 ¼ 1� 0:3i,
η10 ¼ η20 ¼ 1 in (251).

Figure 2.
The evolution of one-soliton solution with time and space under parameter Λ1 ¼ �1þ 0:2i, η10 ¼ 1 in (234).
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we successfully solve the derivative nonlinear Schrödinger equation with VBC. The
one- and two-soliton solutions are derived and their equivalence to the existing
results is manifested. The N-soliton solution has been given by an induction
method. On the other hand, by using simple parameter transformations (e.g., (235)
and (252)), the soliton solutions attained here can be changed into or equivalent to
that gotten based on IST, up to a permitted global constant phase factor. This
section impresses us so greatly for a fact that, ranked with the extensively used IST
[23] and other methods, the HBDT is another effective and important tool to deal
with a partial differential equation. It is especially suitable for some integrable
nonlinear models.
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Figure 4.
The elastic collision between two solitons at 4 typical moments: (a) t = �10(normalized time); (b) t = �1;
(c) t = 1; (d) t = 10, from �10 before collision to 10 after collision.
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Chapter 3

Soliton and Rogue-Wave Solutions
of Derivative Nonlinear
Schrödinger Equation - Part 2
Zhou Guo-Quan

Abstract

A revised and rigorously proved inverse scattering transform (IST for brevity)
for DNLS+ equation, with a constant nonvanishing boundary condition (NVBC)
and normal group velocity dispersion, is proposed by introducing a suitable affine
parameter in the Zakharov-Shabat IST integral; the explicit breather-type and pure
N-soliton solutions had been derived by some algebra techniques. On the other
hand, DNLS equation with a non-vanishing background of harmonic plane wave is
also solved by means of Hirota’s bilinear formalism. Its space periodic solutions are
determined, and its rogue wave solution is derived as a long-wave limit of this space
periodic solution.

Keywords: soliton, nonlinear equation, derivative nonlinear Schrödinger equation,
inverse scattering transform, Zakharov-Shabat equation, Hirota’s bilinear derivative
method, DNLS equation, space periodic solution, rogue wave

1. Breather-type and pure N-soliton solution to DNLS+ equation with
NVBC based on revised IST

DNLS+ equation with NVBC, the concerned theme of this section, is only a
transformed version of modified nonlinear Schrödinger equation with normal
group velocity dispersion and a nonlinear self-steepen term and can be expressed as

iut � uxx þ i uj j2u
� �

x
¼ 0, (1)

here the subscripts represent partial derivatives.
Some progress have been made by several researchers to solve the DNLS equa-

tion for DNLS equation with NVBC, many heuristic and interesting results have
been attained [1–14]. An early proposed IST worked on the Riemann sheets can
only determine the modulus of the one-soliton solution [3, 15]. References [4, 5, 16]
had attained a pure single dark/bright soliton solution. Reference [6] had derived a
formula for N� soliton solution in terms of Vandermonde-like determinants by
means of Bäcklund transformation; but just as reference [7, 9] pointed out, this
multi-soliton solution is still difficult to exhibit the internal elastic collisions among
solitons and the typical asymptotic behaviors of multi-soliton of DNLS equation. By
introducing an affine parameter in the integral of Zakharov-Shabat IST, reference
[7] had found their pure N� soliton solution for a special case that all the simple
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poles (zeros of a λð Þ) were located on a circle of radius ρ centered at the origin, while
reference [8] also found its multi-soliton solution for some extended case with N
poles on a circle and M poles out of the circle, and further developed its perturba-
tion theory based on IST. Reference [7] constructed their theory by introducing an
damping factor in the integral of Zakharov-Shabat IST, to make it convergent, and
further adopted a good idea of introducing an affine parameter to avoid the trouble
of multi-value problem in Riemann sheets, but both of their results are assumed N�
soliton solutions and the soliton solution gotten from their IST had a self-dependent
and complicated phase factor [7–9], hence reference [8] had to verify an identity
demanded by the standard form of a soliton solution (see expression (52) in Ref.
[8]). Such kind of an identity is rather difficult to prove for N ≥ 2 case even by the
use of computer techniques and Mathematica. On the other hand, author of refer-
ence [8] also admits his soliton solution is short of a rigorous verification of stan-
dard form. Then questions naturally generates – whether the traditional IST for
DNLS equation with NVBC can be avoided and further improved? And whether a
rigorous manifestation of soliton standard form can be given and a more reasonable
and natural IST can be constructed?

A newly revised IST is thus proposed in this section to avoid the dual difficulty
and the excessive complexity. An additional affine factor 1=λ, λ ¼ zþ ρ2z�1ð Þ=2, is
introduced in the Z-S IST integral to make the contour integral convergent in the
big circle [7, 10–13]. Meanwhile, the additional two poles on the imaginary axis
caused by λ ¼ 0 are removable poles due to the fact that the first Lax operator
L λð Þ ! 0, as λ ! 0. What is more different from reference [7] is that we locate the
N simple poles off the circle of radius ρ centered at origin O, which corresponds to
the general case of N breather-type solitons. When part of the poles approach the
circle, the corresponding part of the breathers must tend to the pure solitons, which
is the case described in Ref. [8]. The resulted one soliton solution can naturally tend
to the well-established conclusion of VBC case as ρ ! 0 [17–20] and the pure one
soliton solution in the degenerate case. The result of this section appears to be strict
and reliable.

1.1 The fundamental concepts for the IST theory of DNLS equation

Under a Galileo transformation x, tð Þ ! xþ ρ2t, tð Þ, DNLS þ Eq. (1) can be
changed into

iut � uxx þ i uj j2 � ρ2
� �

u
h i

x
¼ 0, (2)

with nonvanishing boundary condition:

u ! ρ, as xj j ! ∞: (3)

According to references [7–9], the phase difference between the two infinite
ends should be zero. The Lax pair of DNLSþ Eq. (3) is

L ¼ �iλ2σ3 þ λU，U ¼ 0 u
u 0

� �
¼ uσþ þ uσ� (4)

M ¼ i2λ4σ3 � 2λ3U þ iλ2 U2 � ρ2
� �

σ3 � λ U2 � ρ2
� �

U þ iλUxσ3 (5)

where σ3, σþ, and σ� involve in standard Pauli’s matrices and their linear
combination. Here and hereafter a bar over a variable represents complex
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conjugate. An affine parameter z and two aided parameters η, λ are introduced to
avoid the trouble of dealing with double-valued functions on Riemann sheets

λ � zþ ρ2z�1� �
=2, η � z� ρ2z�1� �

=2 (6)

The Jost functions satisfy first Lax equation

∂xF x, zð Þ ¼ L x, zð ÞF x, zð Þ, (7)

here Jost functions F x, zð Þ∈ Ψ x, zð Þ,Φ x, zÞð gf .

Ψ x, zð Þ ¼ ~ψ x, zð Þ, ψ x, zð Þð Þ ! E x, zð Þ, as x ! ∞ (8)

Φ x, zð Þ ¼ ϕ x, zð Þ, ~ϕ x, zð Þ� �! E x, zð Þ, as x ! �∞ (9)

The free Jost function E x, zð Þ can be easily attained as follows:

E x, zð Þ ¼ I þ ρz�1σ2
� �

exp �iληxσ3ð Þ, (10)

which can be verified satisfying Eq. (7). The monodramy matrix is

T zð Þ ¼ a zð Þ ~b zð Þ
b zð Þ ~a zð Þ

 !
, (11)

which is defined by

Φ x, zð Þ ¼ Ψ x, zð Þ T zð Þ (12)

Some useful and important symmetry properties can be found

σ1L zð Þσ1 ¼ L zð Þ, σ3L �zð Þσ3 ¼ L zð Þ (13)

Symmetry relations in (13) lead to

~ψ x, zð Þ ¼ σ1ψ x, zð Þ, ~ϕ x, zð Þ ¼ σ1ϕ x, zð Þ (14)

~ψ x,�zð Þ ¼ σ3 ~ψ x, zð Þ,ψ x,�zð Þ ¼ �σ3ψ x, zð Þ (15)

σ1T x, zð Þσ1 ¼ T zð Þ, σ3T �zð Þσ3 ¼ T zð Þ (16)

The above symmetry relations further result in

~a zð Þ ¼ a zð Þ, ~b zð Þ ¼ b zð Þ (17)

a �zð Þ ¼ a zð Þ, b �zð Þ ¼ �b zð Þ (18)

Other important symmetry properties called reduction relations can also be
easily found

λ ρ2z�1� � ¼ λ zð Þ, η ρ2z�1� � ¼ �η zð Þ,L x, ρ2z�1� � ¼ L x, zð Þ (19)

E x, ρ2z�1� � ¼ ρ�1z I þ ρz�1σ2
� �

e�iηλxσ3σ2 (20)

The above symmetry properties lead to following reduction relations among Jost
functions
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~ψ x, ρ2z�1� � ¼ iρ�1zψ x, zð Þ,ψ x, ρ2z�1� � ¼ �iρ�1z~ψ x, zð Þ (21)

ϕ x, ρ2z�1� � ¼ iρ�1z~ϕ x, zð Þ, ~ϕ x, ρ2z�1� � ¼ �iρ�1zϕ x, zð Þ (22)

The important symmetries among the transition coefficients further resulted
from (12), (21), and (22):

σ2T ρ2z�1� �
σ2 ¼ T zð Þ, ~a ρ2z�1� � ¼ a zð Þ, ~b ρ2z�1� � ¼ �b zð Þ (23)

On the other hand, the simple poles, or zeros of a zð Þ, appear in quadruplet, and
can be designated by zn, (n ¼ 1, 2,⋯, 2N), in the I quadrant, and znþ2N ¼ �zn in the
III quadrant. Due to symmetry (17), (18) and (23), the n’ th subset of zero points is

z2n�1, z2n ¼ ρ2z�1
2n�1,�z2n�1,�z2n ¼ �ρ2z�1

2n�1

� �
(24)

And we arrange the 2N zeros in the first quadrant in following sequence

z1, z2; z3, z4;⋯; z2N�1, z2N (25)

According to the standard procedure [21, 22], the discrete part of a zð Þ can be
deduced

a zð Þ ¼
Y2N
n¼1

z2 � z2n
z2 � z2n

zn
zn

(26)

At the zeros of a zð Þ, or poles zn, n ¼ 1, 2,⋯, 2N � 1, 2Nð Þ, we have

ϕ x, znð Þ ¼ bnψ x, znð Þ, _a �znð Þ ¼ � _a znð Þ (27)

Using symmetry relation in (14), (17), (21)–(24), (27), we can prove that

b2n ¼ �b2n�1, c2n�1 ¼ ρ2z�2
2n c2n (28)

2. Relation between the solution and Jost functions of DNLS+ equation

The asymptotic behaviors of the Jost solutions in the limit of λj j ! ∞ can be
obtained by simple derivation. Let F�1 ¼ ~ψ x, λð Þ, then Eq. (7) can be rewritten as

~ψ1x þ iλ2~ψ1 ¼ λu~ψ2, ~ψ2x � iλ2~ψ2 ¼ �λu~ψ1, (29)

then we have

~ψ1xx � ~ψ1x þ iλ2~ψ1
� �

ux=uþ λ4~ψ1 � λ2 uj j2~ψ1 ¼ 0 (30)

We assume a function g to satisfy the following equation

~ψ1 x, λð Þ ¼ e�iληxþg (31)

~ψ1x ¼ �iληþ gx
� �

~ψ1, ~ψ1xx ¼ �iληþ gx
� �2 þ gxx
h i

~ψ1 (32)
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Substituting (31)–(32) into Eq. (30), we have

gxx þ g2x � 2iληþ ux=uð Þgx � iλ λ� ηð Þux=uþ λ2 λ2 � η2
� �� λ2 uj j2 ¼ 0 (33)

In the limit of ∣z∣ ! ∞, gx can be expanded as sumof series of z�2ð Þ j, j ¼ 0, 1, 2, ⋯

gx � μ ¼ μ0 þ μ2z
�2 þ μ4z

�4 þ⋯, (34)

where

μ0 ¼ �i ρ2 � uj j2
� �

=2 ¼ O 1ð Þ (35)

Inserting formula (34) and (35) in Eq. (33) at ∣z∣ ! ∞ leads to

u ¼ ~ψ1
λ~ψ2

iλ λ� ηð Þ � 1
2 i ρ2 � uj j2
� �h i

! i ~ψ 1
~ψ2

uj j2
z , as zj j ! ∞ð Þ

Then we find a useful formula

u ¼ �i lim
∣z∣!∞

z~ψ2 x, zð Þ=~ψ1 x, zð Þ, (36)

which expresses the conjugate of the solution u in terms of Jost functions
as ∣z∣ ! ∞.

2.1 Introduction of time evolution factor

In order to make the Jost functions satisfy the second Lax equation, a time
evolution factor h t, zð Þ should be introduced by a standard procedure [21, 22] in the
Jost functions and the scattering data. Considering the asymptotic behavior of the
second Lax operator

M x, t; zð Þ ! i2λ4σ3 � 2λ3ρσ1, as x ! ∞, (37)

we let h t, kð Þ to satisfy

∂=∂t�M x, t; zð Þ½ �h�1 t, zð Þψ x, t; zð Þ ¼ 0, as x ! ∞ (38)

then

∂=∂t� i2λ4σ3 � 2λ3ρσ1
� �

h�1 t, zð ÞE•2 x, zð Þ ¼ 0: (39)

Due to

E•2 x, zð Þ ¼ �iρz�1eiληx, eiληx
� �T

, (40)

from (39) and (40), we have

h t, zð Þ ¼ ei2λ
3ηt: (41)

Therefore, the complete Jost functions should depend on time as follows

h t, zð Þ~ψ x, zð Þ, h�1 t, zð Þψ x, zð Þ; h t, zð Þϕ x, zð Þ, h�1 t, zð Þ~ϕ x, zð Þ (42)
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Nevertheless, hereafter the time variable in Jost functions will be suppressed
because it has no influence on the treatment of Z-S equation. By a similar procedure
[9, 15], the scattering data has following time dependences

a z, tð Þ ¼ a z, 0ð Þ, b t, zð Þ ¼ b 0ð Þe�i4λ3ηt (43)

2.2 Zakharov-Shabat equations and breather-type N-soliton solution

A 2 � 1 column function Π x, zð Þ is introduced as usual

Π x, zð Þ � ϕ x, zð Þ=a zð Þ, as z in I, III quadrants:
~ψ x, zð Þ, as z in II, IV quadrants:

�
(44)

here and hereafter note “�” represents definition. There is an abrupt jump for
Π x, zð Þ across both real and imaginary axes

ϕ x, zð Þ=a zð Þ � ~ψ x, zð Þ ¼ r zð Þψ x, zð Þ, (45)

where

r zð Þ ¼ b zð Þ=a zð Þ (46)

is called the reflection coefficient. Due to μ0 6¼ 0 in (34), Jost solutions do not
tend to the free Jost solutions E x, zð Þ in the limit of ∣z∣ ! ∞. This is their most typical
property which means that the usual procedure of constructing the equation of IST
by a Cauchy contour integral must be invalid. In view of these abortive experiences,
we proposed a revised method to derive a suitable IST and the corresponding Z-S
equation by multiplying an inverse spectral parameter 1=λ, λ ¼ zþ ρ2z�1ð Þ=2, before
the Z-S integrand. Meanwhile, our modification produces no new poles since the
Lax operator L λð Þ ! 0, as λ ! 0. In another word, the both additional poles z0 ¼
�iρ generated by λ ¼ 0 are removable. Under reflectionless case, that is, r zð Þ ¼ 0,
the Cauchy integral along with contour Γ shown in Figure 1 gives

1
λ

Π x, zð Þ � E�1ðx, zÞf geiληx ¼ 1
2πi

∮
Γ
dz0

1
z0 � z

1
λ0

Π x, z0ð Þ � E�1ðx, z0Þf geiλ0η0x (47)

Figure 1.
The integral path for IST of the DNLSþ.
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or

~ψ x, zð Þ ¼ e�iληx þ λ �
X4N
n¼1

1
λn

1
zn � z

cnψ x, znð Þeiλnηnx
( )

e�iληx (48)

where

cn � bn= _a znð Þ, _a znð Þ ¼ da zð Þ=dzjz¼zn ; n ¼ 1, 2,⋯, 4N (49)

Note that (27), (45), and (46) have been used in (48). The minus sign before the
sum of residue number in (48) comes from the clock-wise contour integrals around
the 4 N simple poles when the residue theorem is used, shown in Figure 1. By a
standard procedure, the time dependences of bn and cn similar to (43) can be
derived

bn tð Þ ¼ bn0e�i4λ3nηnt, cn ¼ cn 0ð Þe�i4λ3nηt (50)

cn 0ð Þ ¼ bn0= _an; n ¼ 1, 2,⋯, 4N (51)

In the reflectionless case, the Zakharov-Shabat equations for DNLS+ equation
can be derived immediately from (48) as follows

~ψ1 x, zð Þ ¼ e�iΛx þ λ
X2N
n¼1

2z
λn

1
z2 � z2n

cnψ1 x, znð ÞeiΛnx

" #
e�iΛx (52)

~ψ2 x, zð Þ ¼ iρz�1e�iΛx þ λ
X2N
n¼1

2zn
λn

1
z2 � z2n

cnψ2 x, znð ÞeiΛnx

" #
e�iΛx (53)

here Λ � λη,Λn � λ znð Þη znð Þ ¼ λnηn, and in Eqs. (52) and (53), the terms
corresponding to poles zn, (n ¼ 1, 2,⋯, 2N), have been combined with the terms
corresponding to poles znþ2N ¼ �zn. Substituting Eqs. (52) and (53) into formula
(36) and letting z ! ∞, we attain the conjugate of the raw N-soliton solution (the
time dependence is suppressed).

uN ¼ UN=VN (54)

UN � ρ 1�
X2N
n¼1

i
zn
ρλn

cnψ2 x, znð ÞeiΛnx

" #
(55)

VN � 1þ
X2N
n¼1

cn
λn

ψ1 x, znð ÞeiΛnx (56)

Letting z ¼ ρ2z�1
m , (m ¼ 1, 2,⋯, 2N), respectively, in Eqs. (52) and (53), by use

of reduction relations (19), (21), and (22), we can further change Eqs. (52) and (53)
into the following form

ψ1 x, zmð Þ ¼ �iρz�1
m eiΛmx þ

X2N
n¼1

λmcn
λnz2m

2ρ3

i ρ4z�2
m � z2n

� �ψ1 x, znð Þei ΛnþΛmð Þx (57)

ψ2 x, zmð Þ ¼ eiΛmx þ
X2N
n¼1

λmzncn
λnzm

� 2ρ
i ρ4z�2

m � z2n
� �ψ2 x, znð Þei ΛnþΛmð Þx (58)

m ¼ 1, 2,⋯, 2N. An implicit time dependence of the complete Jost functions ψ1
and ψ2 besides cn should be understood. To solve Eq. (58), we define that
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or

~ψ x, zð Þ ¼ e�iληx þ λ �
X4N
n¼1

1
λn

1
zn � z

cnψ x, znð Þeiλnηnx
( )

e�iληx (48)

where

cn � bn= _a znð Þ, _a znð Þ ¼ da zð Þ=dzjz¼zn ; n ¼ 1, 2,⋯, 4N (49)

Note that (27), (45), and (46) have been used in (48). The minus sign before the
sum of residue number in (48) comes from the clock-wise contour integrals around
the 4 N simple poles when the residue theorem is used, shown in Figure 1. By a
standard procedure, the time dependences of bn and cn similar to (43) can be
derived

bn tð Þ ¼ bn0e�i4λ3nηnt, cn ¼ cn 0ð Þe�i4λ3nηt (50)

cn 0ð Þ ¼ bn0= _an; n ¼ 1, 2,⋯, 4N (51)

In the reflectionless case, the Zakharov-Shabat equations for DNLS+ equation
can be derived immediately from (48) as follows

~ψ1 x, zð Þ ¼ e�iΛx þ λ
X2N
n¼1

2z
λn

1
z2 � z2n

cnψ1 x, znð ÞeiΛnx

" #
e�iΛx (52)

~ψ2 x, zð Þ ¼ iρz�1e�iΛx þ λ
X2N
n¼1

2zn
λn

1
z2 � z2n

cnψ2 x, znð ÞeiΛnx

" #
e�iΛx (53)

here Λ � λη,Λn � λ znð Þη znð Þ ¼ λnηn, and in Eqs. (52) and (53), the terms
corresponding to poles zn, (n ¼ 1, 2,⋯, 2N), have been combined with the terms
corresponding to poles znþ2N ¼ �zn. Substituting Eqs. (52) and (53) into formula
(36) and letting z ! ∞, we attain the conjugate of the raw N-soliton solution (the
time dependence is suppressed).

uN ¼ UN=VN (54)

UN � ρ 1�
X2N
n¼1

i
zn
ρλn

cnψ2 x, znð ÞeiΛnx

" #
(55)

VN � 1þ
X2N
n¼1

cn
λn

ψ1 x, znð ÞeiΛnx (56)

Letting z ¼ ρ2z�1
m , (m ¼ 1, 2,⋯, 2N), respectively, in Eqs. (52) and (53), by use

of reduction relations (19), (21), and (22), we can further change Eqs. (52) and (53)
into the following form

ψ1 x, zmð Þ ¼ �iρz�1
m eiΛmx þ

X2N
n¼1

λmcn
λnz2m

2ρ3

i ρ4z�2
m � z2n

� �ψ1 x, znð Þei ΛnþΛmð Þx (57)

ψ2 x, zmð Þ ¼ eiΛmx þ
X2N
n¼1

λmzncn
λnzm

� 2ρ
i ρ4z�2

m � z2n
� �ψ2 x, znð Þei ΛnþΛmð Þx (58)

m ¼ 1, 2,⋯, 2N. An implicit time dependence of the complete Jost functions ψ1
and ψ2 besides cn should be understood. To solve Eq. (58), we define that
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φ2ð Þn � i
zn
ρλn

ffiffiffiffi
cn
2

r
ψ2 x, znð Þ,φ2 � φ2ð Þ1, φ2ð Þ2,…, φ2ð Þ2N

� �
(59)

f n �
ffiffiffiffiffiffiffi
2cn

p
eiΛnx, gn � i

ffiffiffiffi
cn
2

r
zn
ρλn

eiΛnx ¼ izn
2ρλn

f n, n ¼ 1, 2,⋯, 2N (60)

f � f 1, f 2,… f 2N
� �

, g � g1, g2,…g2N
� �

(61)

B � Matrix Bnmð Þ2N�2N, with

Bnm � f n
ρ

i z2n � ρ4z�2
m

� � f m,m, n ¼ 1, 2,⋯, 2N: (62)

Then Eq. (58) can be rewritten as

φ2ð Þm ¼ gm �
X2N
n¼1

φ2ð ÞnBnm,m ¼ 1, 2,⋯, 2N (63)

or in a more compact form

φ2 ¼ g � φ2B: (64)

The above equation gives

φ2 ¼ g I þ Bð Þ�1: (65)

Note that the choice of poles, zn, n ¼ 1, 2,⋯,Nð Þ, should make det I þ Bð Þ
nonzero and I þ Bð Þ an invertible matrix. On the other hand, Eq. (55) can be
rewritten as

UN ¼ ρ 1� φ2f
T

h i
, (66)

hereafter a superscript “T” represents transposing of a matrix. Substituting
Eq. (65) into (66) leads to

UN ¼ ρ 1� g I þ Bð Þ�1fT
h i

¼ ρ
det I þ B� fTg
� �

det I þ Bð Þ ¼ ρ
det I þAð Þ
det I þ Bð Þ (67)

where

A � B� fTg (68)

with

Anm � Bnm � f ngm ¼ zmznλn=ρ2λm
� �

Bnm: (69)

To solve Eq. (57), we define that

φ1ð Þm � i
ffiffiffiffiffi
cm
2

r
zm
ρλm

ψ1 x, zmð Þ,φ1 � φ1ð Þ1, φ1ð Þ2,⋯, φ1ð Þ2N
� �

(70)

f 0m � i
ffiffiffiffiffiffiffiffi
2cm

p
� ρ

zm
eiΛmx ¼ i

ρ

zm
fm; g

0
m ¼

ffiffiffiffiffi
cm
2

r
� 1
λm

eiΛmx ¼ �izm
2ρλm

f 0m (71)
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f 0 ¼ f 01, f
0
2,… f 02N

� �
; g0 ¼ g01, g

0
2,…g02N

� �
; (72)

D0
nm � f 0n

�ρ

i z2n � ρ4z�2
m

� �
" #

f 0m ¼ ρ2

znzm
Bnm c:f : 1:70ð Þ and 1:61ð Þð Þ (73)

with n,m ¼ 1, 2,⋯, 2N. Then Eq. (57) can be rewritten as

φ1ð Þm ¼ g0m �
X2N
n¼1

φ1ð ÞnD0
nm,m ¼ 1, 2,⋯, 2N (74)

or in a more compact form

φ1 ¼ g0 � φ1D
0 (75)

The above equation givess

φ1 ¼ g0 I þD0ð Þ�1 (76)

Note that the choice of poles, zn, n ¼ 1, 2,⋯,Nð Þ, shouldmake det I þD0ð Þ non-
zero and I þD0ð Þ an invertible matrix. On the other hand, Eq. (56) can be rewritten as

VN ¼ 1�
X2N
n¼1

φ1ð Þn f 0n ¼ 1� φ1 f
0T (77)

Substituting Eq. (76) into (77), we thus attain

VN ¼ 1� g0 I þD0ð Þ�1f 0T ¼
det I þD0 � f 0Tg0
� �

det I þD0ð Þ � det I þ B0ð Þ
det I þD0ð Þ (78)

where use is made of Appendix A.1 and

B0
nm � D0 � f 0Tg0

� �
nm

¼ zmznλn
ρ2λm

D0
nm ¼ λn

λm
Bnm (79)

In the end, by substituting (67) and (78) into (54), we attain the N-soliton
solution to the DNLS+ Eq. (3) under NVBC and reflectionless case (note that the
time dependence of soliton solution naturally emerges in cn tð Þ):

u x, tð Þ ¼ UN

VN
¼ ρ

det I þAð Þdet I þD0ð Þ
det I þ Bð Þdet I þ B0ð Þ � ρ

CNDN

D
2
N

, (80)

here

CN � det I þAð Þ,DN � det I þ Bð Þ (81)

The solution has a standard form as (80), that is

det I þ B0ð Þ ¼ det I þ Bð Þ ¼ det I þD0ð Þ � D, (82)

which can be proved by direct calculation for the N ¼ 1 case and by some special
algebra techniques for the N > 1 case.
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� �
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� �
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� �
" #
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with n,m ¼ 1, 2,⋯, 2N. Then Eq. (57) can be rewritten as
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X2N
n¼1

φ1ð ÞnD0
nm,m ¼ 1, 2,⋯, 2N (74)

or in a more compact form

φ1 ¼ g0 � φ1D
0 (75)

The above equation givess

φ1 ¼ g0 I þD0ð Þ�1 (76)

Note that the choice of poles, zn, n ¼ 1, 2,⋯,Nð Þ, shouldmake det I þD0ð Þ non-
zero and I þD0ð Þ an invertible matrix. On the other hand, Eq. (56) can be rewritten as

VN ¼ 1�
X2N
n¼1

φ1ð Þn f 0n ¼ 1� φ1 f
0T (77)

Substituting Eq. (76) into (77), we thus attain

VN ¼ 1� g0 I þD0ð Þ�1f 0T ¼
det I þD0 � f 0Tg0
� �

det I þD0ð Þ � det I þ B0ð Þ
det I þD0ð Þ (78)

where use is made of Appendix A.1 and

B0
nm � D0 � f 0Tg0

� �
nm

¼ zmznλn
ρ2λm

D0
nm ¼ λn

λm
Bnm (79)

In the end, by substituting (67) and (78) into (54), we attain the N-soliton
solution to the DNLS+ Eq. (3) under NVBC and reflectionless case (note that the
time dependence of soliton solution naturally emerges in cn tð Þ):

u x, tð Þ ¼ UN

VN
¼ ρ

det I þAð Þdet I þD0ð Þ
det I þ Bð Þdet I þ B0ð Þ � ρ

CNDN

D
2
N

, (80)

here

CN � det I þAð Þ,DN � det I þ Bð Þ (81)

The solution has a standard form as (80), that is

det I þ B0ð Þ ¼ det I þ Bð Þ ¼ det I þD0ð Þ � D, (82)

which can be proved by direct calculation for the N ¼ 1 case and by some special
algebra techniques for the N > 1 case.
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3. Verification of standard form and the explicit breather-type
multi-soliton solution

3.1 Verification of det I þ B0ð Þ ¼ det I þ Bð Þ

In order to prove the first identity in (82), we firstly calculate DN ¼ det I þ Bð Þ.
By use of (60)–(62), Binet-Cauchy formula, (Appendix (A.2)) and an important
determinant formula, (Appendix (A.3)), we have

DN � det I þ Bð Þ ¼ 1þ
X2N
r¼1

X
1≤ n1 <⋯< nr ≤ 2N

B n1, n2,⋯, nrð Þ, (83)

here B n1, n2,⋯, nrð Þ is a r,th-order principal minor of B consisting of elements
belonging to not only rows n1, n2,⋯, nrð Þ but also columns n1, n2,⋯, nrð Þ.
Due to (62),

B n1, n2,⋯, nrð Þ ¼
Y
n,m

f n
ρ

i z2n � ρ4z�2
m

� �
" #

f m
Y
n<m

i z2n � z2m
� � � i �ρ4z�2

n

� �� �ρ4z�2
m

� �� �

(84)

in (84), n,m∈ n1, n2,⋯, nrð Þ. The technique of calculating B n1, n2,⋯, nrð Þ is to
couple term i z2n � ρ4z�2

m

� ��1 with term i z2m � ρ4z�2
n

� �
into pair, (n 6¼ m), in the

denominator of
Q
n,m

⋯ð Þ, (with totally r r� 1ð Þ=2 pairs), and transplant them into the

denominator of
Q

n<m
⋯ð Þ, and combine with i z2n � z2m

� �
i ρ4z�2

m � ρ4z�2
n

� �
in
Q

n<m
⋯ð Þ to

form a typical factor as a whole, (with just totally r r� 1ð Þ=2 pairs). Note that if we
define

zn � ρeδnþiβn , with δn >0, βn ∈ 0, π=2ð Þ, (85)

and further define that

z2n=ρ
2 ¼ e2δnþi2βn � tanhΘn, (86)

then the typical factor is

i z2n � z2m
� �

i ρ4z�2
m � ρ4z�2

n

� �

i z2n � ρ4z�2
m

� �
i z2m � ρ4z�2

n

� � ¼ z2n=ρ
2 � z2m=ρ

2

1� z2nz2m=ρ4

� �2

¼ tanh 2 Θn � Θmð Þ (87)

and

B n1, n2,⋯, nrð Þ ¼
Y
n
f 2n

ρ

i z2n � ρ4z�2
n

� �
" #Y

n<m
tanh 2 Θn � Θmð Þ

¼
Y
n
Fn

Y
n<m

tanh 2 Θn � Θmð Þ (88)

here n,m∈ n1, n2,⋯, nrð Þ, and a typical function Fn is defined as

Fn � Bn n ¼ f 2n
ρ

i z2n � ρ4z�2
n

� � ¼ 2ρ
i z2n � ρ4z�2

n

� � cn tð Þei2Λnx (89)
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where use is made of formula (60) and (62), the time dependence of the solution
naturally emerged in cn tð Þ. Substituting Eq. (88) into (83) thus completes the
computation of DN .

Secondly, let us calculate det I þD0ð Þ. By use of (72) and (73), Binet-Cauchy
formula, (Appendix A.2) and an important matrix formula, (Appendix A.3), we
have

det I þD0ð Þ ¼ 1þ
X2N
r¼1

X
1≤n1 < n2 <⋯< nr ≤ 2N

D0 n1, n2,⋯, nrð Þ, (90)

where D0 n1, n2,⋯, nrð Þ is the principal minor of a r,th-order submatrix of D0

consisting of elements belonging to not only rows n1, n2,⋯, nrð Þ but also
columns n1, n2,⋯, nrð Þ, and

D0 n1, n2,⋯, nrð Þ ¼
Y
n,m

f 0n
iρ

z2n � ρ4z�2
m

� �
f 0m
Y
n<m

z2n � z2m
� �

ρ4z�2
m � ρ4z�2

n

� �
(91)

n,m∈ n1, n2,⋯, nrð Þ. Using the same tricks as used in dealing with (84) leads to

D0 n1, n2,⋯, nrð Þ ¼
Y
n

�1ð Þr f 0n
2 ρ

i z2n � ρ4z�2
n

� �
" #Y

n<m

z2n � z2m
� �

ρ4z�2
m � ρ4z�2

n

� �

z2n � ρ4z�2
m

� �
z2m � ρ4z�2

n

� �

¼
Y
n

ρ

zn

� �2

Fn

Y
n<m

tanh 2 Θn � Θmð Þ (92)

Thirdly, let us calculate det I þD0 � f 0Tg0
� �

� det I þ B0ð Þ with B0 � D0 � f 0Tg0.

According to (79) and Binet-Cauchy formula (Appendix (A.2)), similarly
we have

det I þD0 � f 0Tg0
� �

¼ det I þ B0ð Þ ¼ 1þ
X2N
r¼1

X
1≤n1 <n2 <⋯< nr ≤ 2N

B0 n1, n2,⋯, nrð Þ

(93)

B0 n1, n2,⋯, nrð Þ ¼
Y
n,m

znzmλn
ρ2λm

� �
f 0n

�ρ

i z2n � ρ4z�2
m

� �
" #

f 0m
Y
n<m

i z2n � z2m
� �

i ρ4z�2
m � ρ4z�2

n

� �

(94)

n,m∈ n1, n2,⋯, nrð Þ. Using the same tricks as that used in treating (84) leads to

B0 n1, n2,⋯, nrð Þ ¼
Y
n

zn
ρ

� �2 iρ
zn

� �2

� f 2n
�ρ

i z2n � ρ4z�2
n

� �
 !Y

n<m
tanh 2 Θn � Θmð Þ

¼
Y
n
f 2n

ρ

i z2n � ρ4z�2
n

� �
 !Y

n<m
tanh 2 Θn � Θmð Þ ¼

Y
n
Fn

Y
n<m

tanh 2 Θn � Θmð Þ

� B n1, n2,⋯, nrð Þ (95)
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where use is made of formula (60) and (62), the time dependence of the solution
naturally emerged in cn tð Þ. Substituting Eq. (88) into (83) thus completes the
computation of DN .

Secondly, let us calculate det I þD0ð Þ. By use of (72) and (73), Binet-Cauchy
formula, (Appendix A.2) and an important matrix formula, (Appendix A.3), we
have

det I þD0ð Þ ¼ 1þ
X2N
r¼1

X
1≤n1 < n2 <⋯< nr ≤ 2N

D0 n1, n2,⋯, nrð Þ, (90)

where D0 n1, n2,⋯, nrð Þ is the principal minor of a r,th-order submatrix of D0

consisting of elements belonging to not only rows n1, n2,⋯, nrð Þ but also
columns n1, n2,⋯, nrð Þ, and
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Y
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f 0n
iρ
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m

� �
f 0m
Y
n<m

z2n � z2m
� �

ρ4z�2
m � ρ4z�2

n

� �
(91)

n,m∈ n1, n2,⋯, nrð Þ. Using the same tricks as used in dealing with (84) leads to

D0 n1, n2,⋯, nrð Þ ¼
Y
n

�1ð Þr f 0n
2 ρ

i z2n � ρ4z�2
n

� �
" #Y

n<m

z2n � z2m
� �

ρ4z�2
m � ρ4z�2

n

� �

z2n � ρ4z�2
m

� �
z2m � ρ4z�2

n

� �

¼
Y
n

ρ

zn

� �2

Fn

Y
n<m

tanh 2 Θn � Θmð Þ (92)

Thirdly, let us calculate det I þD0 � f 0Tg0
� �

� det I þ B0ð Þ with B0 � D0 � f 0Tg0.

According to (79) and Binet-Cauchy formula (Appendix (A.2)), similarly
we have

det I þD0 � f 0Tg0
� �

¼ det I þ B0ð Þ ¼ 1þ
X2N
r¼1

X
1≤n1 <n2 <⋯< nr ≤ 2N

B0 n1, n2,⋯, nrð Þ

(93)

B0 n1, n2,⋯, nrð Þ ¼
Y
n,m

znzmλn
ρ2λm

� �
f 0n

�ρ

i z2n � ρ4z�2
m

� �
" #

f 0m
Y
n<m

i z2n � z2m
� �

i ρ4z�2
m � ρ4z�2

n

� �

(94)

n,m∈ n1, n2,⋯, nrð Þ. Using the same tricks as that used in treating (84) leads to

B0 n1, n2,⋯, nrð Þ ¼
Y
n

zn
ρ

� �2 iρ
zn

� �2

� f 2n
�ρ

i z2n � ρ4z�2
n

� �
 !Y

n<m
tanh 2 Θn � Θmð Þ

¼
Y
n
f 2n

ρ

i z2n � ρ4z�2
n

� �
 !Y

n<m
tanh 2 Θn � Θmð Þ ¼

Y
n
Fn

Y
n<m

tanh 2 Θn � Θmð Þ

� B n1, n2,⋯, nrð Þ (95)
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Due to (95), comparing (83) and (93) results in the expected identity and
completes the verification of the first identity in (82).

3.2 Verification of det I þD0ð Þ ¼ det I þ Bð Þ

Our most difficult and challenging task is to prove the second identity in (82).
For convenience of discussion, we define that

zn̂ � ρ2z�1
n (96)

then

z2n ¼ z∧2n�1 ¼ ρ2z�1
2n�1, z2n�1 ¼ z ^2 n ¼ ρ2z�1

2n (97)

or

2̂n ¼ 2n� 1, ^2n� 1 ¼ 2n, n ¼ 1, 2,⋯,Nð Þ (98)

Then the sequence of poles (25) is just in the same order as follows

z2̂, z1̂; z4̂, z3̂;⋯; z∧2N, z∧2N�1 (99)

On the other hand, due to (28), (62), and (73), we have

D0
nm ¼ ρ2

znzm
� f n

ρ

i z2n � ρ4z�2
m

� � f m (100)

Then

D0
nm ¼ ρ2

znzm
�
ffiffiffiffiffiffiffiffiffiffiffiffi
4cncm

p
� ρ

�i z2n � ρ4z�2
m

� � � e�i ηnλnþηmλmð Þx (101)

Substituting zn ¼ ρ2z�1
n̂ , zm ¼ ρ2z�1

m̂ into above formula and using following
relation

ηnλn ¼ �ηn̂λn̂, cn ¼ ρ2z�2
n̂ cn̂ (102)

We can get an important relation between D0
nm and Bm̂n̂

D
0
nm ¼ f m̂

ρ

i z2m̂ � ρ4z�2
n̂

� � f n̂ ¼ Bm̂n̂ ¼ BT
n̂m̂ (103)

On the other hand, an unobvious symmetry between matrices Bnmð Þ2N�2N and
Bn̂m̂ð Þ2N�2N is found

diag σ1,⋯, σ1ð Þ2N�2N Bnmð Þ2N�2Ndiag σ1,⋯, σ1ð Þ2N�2N ¼ Bn̂m̂ð Þ2N�2N (104)

It can be rewritten in a more explicit form
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σ1 0 ⋯ ⋯ 0

0 σ1 ⋮

⋮ ⋱ ⋮

⋮ ⋱ ⋮

0 ⋯ ⋯ ⋯ σ1

0
BBBBBBBB@

1
CCCCCCCCA

B11 B12 ⋯ ⋯ B1,2N

B21 B22 ⋯ ⋯ B2,2N

⋮ ⋮ ⋮

⋮ ⋮ ⋮

B2N,1 B2N,2 ⋯ ⋯ B2N,2N

0
BBBBBBBB@

1
CCCCCCCCA

σ1 0 ⋯ ⋯ 0

0 σ1 ⋮

⋮ ⋱ ⋮

⋮ ⋱ ⋮

0 ⋯ ⋯ ⋯ σ1

0
BBBBBBBB@

1
CCCCCCCCA

¼

B22 B21 ⋯ B2,2N B2,2N�1

B12 B11 ⋯ B1,2N B1,2N�1

⋮ ⋮ ⋱ ⋮ ⋮

B2N,2 B2N,1 ⋯ B2N,2N B2N,2N�1

B2N�1,2 B2N�1,1 ⋯ B2N�1,2N B2N�1,2N�1

0
BBBBBBBB@

1
CCCCCCCCA

¼

B1̂1̂ B1̂2̂ ⋯ ⋯ B
1̂ b2N

B2̂1̂ B2̂2̂ ⋯ ⋯ B
2̂, b2N

⋮ ⋮ ⋮

Bd2N�1,1̂
Bd2N�1,2̂

B d2N�1, b2N
B b2N,1̂

B b2N,2̂
⋯ ⋯ B b2N, b2N

0
BBBBBBBBB@

1
CCCCCCCCCA

(105)

The last equation in (105) is due to (97) and (99), thus from (103) and (104),
we have

σ1 0

⋱
0 σ1

0
B@

1
CA I þ Bð Þ2N�2N

σ1 0

⋱
0 σ1

0
B@

1
CA ¼ I þD0T

� �
(106)

The determinants of matrices at both sides of (106) are equal to each other

detσ1ð ÞNdet I þ Bð Þ detσ1ð ÞN ¼ det I þD0T
� �

¼ det I þD0ð Þ (107)

The left hand of (107) is just det I þ Bð Þ, and this completes verification of
identity (82). From the verified (82), we know multi-soliton solution (80) is surely
of a typical form as expected.

3.3 The explicit N-soliton solution to the DNLS+ equation with NVBC

In order to get an explicit N-soliton solution to the DNLS+ Eq. (1) with NVBC,
firstly we need to make an inverse Galileo transformation of (2) by x, tð Þ !
x� ρ2t, tð Þ in Fn x, tð Þ in (89). Due to (51) and (85)–(87), the typical soliton kernel
function Fn can be rewritten as

Fn ¼ 2ρ
i z2n � ρ4z�2

n

� � bn 0ð Þ
_a znð Þ exp i2Λn x� 2λ2n þ ρ2

� �
t

� �
(108)

Fn � exp �θn þ iφnð Þ (109)

θn x, tð Þ ¼ ρ2 sin 2βnch2δn
� �

x� xn0ð Þ � ρ2 2þ cos2βnch4δn
ch2δn

� �
t

� �
� νn x� υnt� xn0ð Þ

(110)
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σ1 0 ⋯ ⋯ 0

0 σ1 ⋮

⋮ ⋱ ⋮

⋮ ⋱ ⋮

0 ⋯ ⋯ ⋯ σ1

0
BBBBBBBB@

1
CCCCCCCCA

B11 B12 ⋯ ⋯ B1,2N

B21 B22 ⋯ ⋯ B2,2N

⋮ ⋮ ⋮

⋮ ⋮ ⋮

B2N,1 B2N,2 ⋯ ⋯ B2N,2N

0
BBBBBBBB@

1
CCCCCCCCA

σ1 0 ⋯ ⋯ 0

0 σ1 ⋮

⋮ ⋱ ⋮

⋮ ⋱ ⋮

0 ⋯ ⋯ ⋯ σ1

0
BBBBBBBB@

1
CCCCCCCCA

¼

B22 B21 ⋯ B2,2N B2,2N�1

B12 B11 ⋯ B1,2N B1,2N�1

⋮ ⋮ ⋱ ⋮ ⋮

B2N,2 B2N,1 ⋯ B2N,2N B2N,2N�1

B2N�1,2 B2N�1,1 ⋯ B2N�1,2N B2N�1,2N�1

0
BBBBBBBB@

1
CCCCCCCCA

¼

B1̂1̂ B1̂2̂ ⋯ ⋯ B
1̂ b2N

B2̂1̂ B2̂2̂ ⋯ ⋯ B
2̂, b2N

⋮ ⋮ ⋮

Bd2N�1,1̂
Bd2N�1,2̂

B d2N�1, b2N
B b2N,1̂

B b2N,2̂
⋯ ⋯ B b2N, b2N

0
BBBBBBBBB@

1
CCCCCCCCCA

(105)

The last equation in (105) is due to (97) and (99), thus from (103) and (104),
we have

σ1 0

⋱
0 σ1

0
B@

1
CA I þ Bð Þ2N�2N

σ1 0

⋱
0 σ1

0
B@

1
CA ¼ I þD0T

� �
(106)

The determinants of matrices at both sides of (106) are equal to each other

detσ1ð ÞNdet I þ Bð Þ detσ1ð ÞN ¼ det I þD0T
� �

¼ det I þD0ð Þ (107)

The left hand of (107) is just det I þ Bð Þ, and this completes verification of
identity (82). From the verified (82), we know multi-soliton solution (80) is surely
of a typical form as expected.

3.3 The explicit N-soliton solution to the DNLS+ equation with NVBC

In order to get an explicit N-soliton solution to the DNLS+ Eq. (1) with NVBC,
firstly we need to make an inverse Galileo transformation of (2) by x, tð Þ !
x� ρ2t, tð Þ in Fn x, tð Þ in (89). Due to (51) and (85)–(87), the typical soliton kernel
function Fn can be rewritten as

Fn ¼ 2ρ
i z2n � ρ4z�2

n

� � bn 0ð Þ
_a znð Þ exp i2Λn x� 2λ2n þ ρ2

� �
t

� �
(108)

Fn � exp �θn þ iφnð Þ (109)

θn x, tð Þ ¼ ρ2 sin 2βnch2δn
� �

x� xn0ð Þ � ρ2 2þ cos2βnch4δn
ch2δn

� �
t

� �
� νn x� υnt� xn0ð Þ

(110)
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φn x, tð Þ ¼ ρ2 cos 2βnsh2δn
� �

x� ρ2 2þ cos 4βnch2δn
cos 2βn

� �
t

� �
þ φn0 � μn x� ξntð Þ þ φn0

(111)

μn ¼ ρ2 cos 2βnsh2δn, νn ¼ ρ2 sin 2βnch2δn (112)

υn ¼ ρ2 2þ ch4δn cos 2βn
ch2δn

� �
, ξn ¼ ρ2 2þ ch2δn cos 4βn

cos 2βn

� �
(113)

2ρ
i z2n � ρ4z�2

n

� � bn 0ð Þ
_a znð Þ � exp νnxn0ð Þ exp iφn0ð Þ (114)

tanh Θn � Θmð Þ ¼ � sh δn � δmð Þ cos βn � βmð Þ þ ich δn � δmð Þ sin βn � βmð Þ
sh δn þ δmð Þ cos βn þ βmð Þ þ ich δn þ δmð Þ sin βn þ βmð Þ (115)

where in (114) the n’th pole-dependent constant factor has been absorbed by
redefinition of the n’th soliton center and initial phase in (110)–(111).

Secondly, we need to calculate determinant CN ¼ det I þAð Þ �
det I þ B� fTg
� �

. According to the definition of A in (68)–(69), using Binet-

Cauchy formula, (Appendix (A.2)), leads to

CN ¼ det I þAð Þ ¼ det I þ B� fTg
� �

¼ 1þ
X2N
r¼1

X
1≤ n1 < n2 <⋯< nr ≤ 2N

A n1, n2,⋯, nrð Þ

(116)

where A n1, n2,⋯, nrð Þ is the determinant of a r,th-order minor of A consisting of
elements belonging to not only rows n1, n2,⋯, nrð Þ but also columns n1, n2,⋯, nrð Þ.

A n1, n2,⋯, n f
� � ¼

Y
n,m

znzmλn
ρ2λm

� �
f n

ρ

i z2n � ρ4z�2
m

� �
" #

f m
Y
n<m

i z2n � z2m
� �

i ρ4z�2
m � ρ4z�2

n

� �

(117)

n,m∈ n1, n2,⋯, nrð Þ. Using the same tricks as used in dealing with (84) leads to

A n1, n2,⋯, nrð Þ ¼
Y
n

z2n
ρ2

f 2n
ρ

i z2n � ρ4z�2
n

� � Y
n<m

tanh 2 Θn � Θmð Þ

¼
Y
n
Fn tanhΘn

Y
n<m

tanh 2 Θn � Θmð Þ (118)

n,m∈ n1, n2,⋯, nrð Þ. Substituting (108)–(115) into (88) and (83) gives the
explicit values of DN � det I þ Bð Þ and DN . Substituting (118) into (116) then
completes calculation of CN in (81). In the end, by substituting (83) and (116) into
(80), we thus attain an explicit breather-type N-soliton solution of the DNLS+

Eq. (1) with NVBC under reflectionless case, based upon a revised and improved
inverse scattering transform. Due to the limitation of space, the asymptotic behav-
iors of the N-soliton solution are just similar to that of the pure N-soliton solution in
Ref. [7] and thus not discussed here, but it should be emphasized that in the limit of
t ! �∞, the N-soliton solution surely can be viewed as summation of N single
solitons with a definite displacement and phase shift of each soliton in the whole
process of elastic collisions.
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4. The one and two-soliton solutions to DNLS+ equation with NVBC

We give two concrete examples – the one and two breather-type soliton solu-
tions in illustration of the general explicit N� soliton formula.

In the case of one-soliton solution, N ¼ 1, z1 � ρeδ1eiβ1 , z2 ¼ ρ2z�1
1 ¼ ρe�δ1eiβ1 ,

and δ1 >0, β1 ∈ 0, π=2ð Þ, using formula (82), (88), (116), (108)–(115), and

c1 0ð Þ ¼ b10
_a z1ð Þ ¼ b10

z21 � z21
2z1

z21 � z22
z21 � z22

z1z2
z1z2

(119)

c2 0ð Þ ¼ b20
_a z2ð Þ ¼ b20

z22 � z22
2z2

z22 � z21
z22 � z21

z1z2
z1z2

(120)

we have

D1 ¼ 1þ B n1 ¼ 1ð Þ þ B n1 ¼ 2ð Þ þ B n1 ¼ 1, n2 ¼ 2ð Þ
¼ 1þ F1 þ F2 þ F1F2 tanh

2 Θ1 � Θ2ð Þ
¼ 1þ sin 2β1

sinh 2δ1
eiβ1e�θ1 eδ1eiφ1 þ e�δ1e�iφ1

� �� ei2β1e�2θ1 (121)

C1 ¼ 1þ A n1 ¼ 1ð Þ þ A n1 ¼ 2ð Þ þ A n1 ¼ 1, n2 ¼ 2ð Þ
¼ 1þ F1 tanhΘ1 þ F2 tanhΘ2 þ F1F2 tanhΘ1 tanhΘ2 tanh

2 Θ1 � Θ2ð Þ
¼ 1þ sin 2β1

sinh 2δ1
ei3β1e�θ1 e3δ1eiφ1 þ e�3δ1e�iφ1

� �� ei6β1e�2θ1 (122)

where not as that in (114), we define

b10ei2λ1η1 x�2λ21tð Þ � e�θ1eiφ1 , b10 ¼ eν1x10eiφ10 (123)

�b20ei2λ2η2 x�2λ22tð Þ � e�θ2eiφ2 (124)

θ1 x, tð Þ � ν1 x� υ1t� x10ð Þ (125)

φ1 x, tð Þ � μ1 x� ξ1tð Þ þ φ10, (126)

with μ1 ¼ ρ2 cos 2β1sh2δ1, ν1 ¼ ρ2 sin 2β1ch2δ1, and (127)

υ1 ¼ ρ2 2þ ch4δ1 cos 2β1
ch2δ1

� �
, ξ1 ¼ ρ2 2þ ch2δ1 cos 4β1

cos 2β1

� �
(128)

θ2 ¼ θ1,φ2 ¼ �φ1 (129)

It is different slightly from the definition in Eq. (114) for the reason that an
additional minus sign “�” before b20 can support (131)–(133) due to �b20 ¼ b10.
Substituting (121)–(122) into the following formula gives the one-soliton solution of
DNLS+ Eq. (1) with NVBC.

u1 x, tð Þ ¼ ρC1D1=D
2
1, or u1 x, tð Þ ¼ ρC1D1=D2

1, (130)

which is generally called a breather solution and shown as Figure 2.
Formula (130) includes the one-soliton solution of the DNLS equation with VBC

as its limit case. In the limit of ρ ! 0, δ1 ! ∞ but an invariant ρeδ1 , we have

ρC1 ! 4 λ1j j sin 2β1ei3β1e�θ1eiφ1 (131)

D1 ! 1� ei2β1e�2θ1 , and D1 ! 1� e�i2β1e�2θ1 (132)
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� �
, ξ1 ¼ ρ2 2þ ch2δ1 cos 4β1

cos 2β1

� �
(128)

θ2 ¼ θ1,φ2 ¼ �φ1 (129)

It is different slightly from the definition in Eq. (114) for the reason that an
additional minus sign “�” before b20 can support (131)–(133) due to �b20 ¼ b10.
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2
1, or u1 x, tð Þ ¼ ρC1D1=D2

1, (130)

which is generally called a breather solution and shown as Figure 2.
Formula (130) includes the one-soliton solution of the DNLS equation with VBC

as its limit case. In the limit of ρ ! 0, δ1 ! ∞ but an invariant ρeδ1 , we have
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Substituting (131) and (132) into (130), we can attain

u1 x, tð Þ ¼ 4 λ1j j sin 2β1e�i3β1e�θ1e�iφ1 1� ei2β1e�2θ1
� �

= 1� e�i2β1e�2θ1
� �2

(133)

If we redefine z1 � ρeδ1ei π=2�β01ð Þ, z2 � ρe�δ1ei π=2�β01ð Þ, then u1 x, tð Þ ¼ q1 x, tð Þ, the
complex conjugate of one-soliton solution (133), completely reproduce the one-
soliton solution that gotten in [17–20, 23], under the VBC limit with ρ ! 0, δ1 ! ∞,
but ρeδ1 ¼ 2 λ01

�� �� invariant, up to a permitted global constant phase factor. This
verifies the validity of our formula of N-Soliton solution and the reliability of the
newly revised inverse scattering transform.

The degenerate case for N ¼ 1, or the so-called pure one soliton solution, is also
a typical illustration of the present improved IST. It can be dealt with by letting
δ1 ! 0. The simple poles z1 ¼ ρeiβ1

� �
and z2 ¼ ρ2z�1

1 ¼ ρeiβ1
� �

are coincident, so do
z3 ¼ �z1ð Þ and z4 ¼ �ρeiβ1

� �
. Meanwhile μ1 ! 0, φ1 ! 0, ν1 ¼ ρ2 sin 2β1, �ib10 ∈.

Especially for the degenerate case, we have

a zð Þ ¼ z2 � z21
z2 � z21

z1
z1
, c1 0ð Þ ¼ b10

_a z1ð Þ ¼ b10
z21 � z21
2z1

z1
z1

(134)

�ib10ei2λ1η1 x�2λ21tð Þ � εe�θ1 , θ1 x, tð Þ � ν1 x� υ1t� x10ð Þ (135)

with ν1 ¼ ρ2 sin 2β1, υ1 ¼ ρ2 1þ 2 cos 2β1ð Þ, ε ¼ sgn �ib10ð Þ. Then we have

D ¼ 1þ εeiβ1e�θ1 , or D ¼ 1þ εe�iβ1e�θ1 ;C ¼ 1þ z21F1=ρ
2
1 ¼ 1þ εei3β1e�θ1 (136)

u1 x, tð Þ ¼ ρ
C1D1

D
2
1

¼ ρ
1þ εei3β1e�θ1
� �

1þ εe�iβ1e�θ1
� �

1þ εeiβ1e�θ1ð Þ2 ¼ ρ 1� 4ε sin 2β1
eθ1e�iβ1 þ e�θ1eiβ1 þ 2ε

� �

(137)

where ε ¼ 1 �1ð Þ corresponds to dark (bright) soliton. Similarly if we redefine
that β1 � π=2� β01, then solution (137) is just the same as that gotten in [4, 5,
11, 12, 16] and called one-parameter pure soliton. This further convinces us of the
validity and reliability of the newly revised IST for NVBC.

Figure 2.
The evolution of one-breather solution in time and space.
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In the case of breather-type two-soliton solution, N ¼ 2, we define that

z1 � ρeδ1eiβ1 , z2 ¼ ρe�δ1eiβ1 , z3 � ρeδ3eiβ3 , z4 ¼ ρe�δ3eiβ3 (138)

F j � e�θ j eiφ j , j ¼ 1, 2, 3, 4 (139)

which is just the same as that defined in (108)–(115), the pole z j-related constant
complex factor is absorbed into the j’th soliton center and the initial phase. Using
formula (80)–(82), (88), (116), (108)–(115), we have

u2 x, tð Þ ¼ ρC2D2=D
2
2, or u2 x, tð Þ ¼ ρC2D2=D2

2 (140)

D2 ¼ det I þ Bð Þ ¼ 1þ B n1 ¼ 1ð Þ þ B n1 ¼ 2ð Þ þ B n1 ¼ 3ð Þ þ B n1 ¼ 4ð Þ
þ B n1 ¼ 1, n2 ¼ 2ð Þ þ B n1 ¼ 1, n2 ¼ 3ð Þ þ B n1 ¼ 1, n2 ¼ 4ð Þ þ B n1 ¼ 2, n2 ¼ 3ð Þ
þ B n1 ¼ 2, n2 ¼ 4ð Þ þ B n1 ¼ 3, n2 ¼ 4ð Þ þ B n1 ¼ 1, n2 ¼ 2, n3 ¼ 3ð Þ
þ B n1 ¼ 1, n2 ¼ 2, n3 ¼ 4ð Þ þ B n1 ¼ 1, n2 ¼ 3, n3 ¼ 4ð Þ
þ B n1 ¼ 2, n2 ¼ 3, n4 ¼ 4ð Þ þ B n1 ¼ 1, n2 ¼ 2, n3 ¼ 3, n4 ¼ 4ð Þ

¼ 1þ F1 þ F2 þ F3 þ F4 þ F1F2 tanh
2 Θ1 � Θ2ð Þ þ F1F3 tanh

2 Θ1 � Θ3ð Þ
þ F1F4 tanh

2 Θ1 � Θ4ð Þ þ F2F3 tanh
2 Θ2 � Θ3ð Þ

þ F2F4 tanh
2 Θ2 � Θ4ð Þ þ F3F4 tanh

2 Θ3 � Θ4ð Þ
þ F1F2F3 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ2 � Θ3ð Þ
þ F1F2F4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ2 � Θ4ð Þ
þ F1F3F4 tanh

2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F2F3F4 tanh

2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F1F2F3F4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ
� tanh 2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ

(141)

Similarly we can attain C2 from (116) and (118) as follows

C2 ¼ det I þ Að Þ
¼ 1þ F1 tanΘ1 þ F2 tanΘ2 þ F3 tanΘ3 þ F4 tanΘ4

þ F1F2 tanhΘ1 tanhΘ2 tanh
2 Θ1 � Θ2ð Þ þ tanhΘ1 tanhΘ3F1F3 tanh

2 Θ1 � Θ3ð Þ
þ F1F4 tanhΘ1 tanhΘ4 tanh

2 Θ1 � Θ4ð Þ þ F2F3 tanhΘ2 tanhΘ3 tanh
2 Θ2 � Θ3ð Þ

þ F2F4 tanhΘ2 tanhΘ4 tanh
2 Θ2 � Θ4ð Þ þ F3F4 tanhΘ3 tanhΘ4 tanh

2 Θ3 � Θ4ð Þ
þ F1F2F3 tanhΘ1 tanhΘ2 tanhΘ3 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ2 � Θ3ð Þ
þ F1F2F4 tanhΘ1 tanhΘ2 tanhΘ4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ2 � Θ4ð Þ
þ F1F3F4 tanhΘ1 tanhΘ3 tanhΘ3 tanh

2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F2F3F4 tanhΘ2 tanhΘ3 tanhΘ4 tanh

2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F1F2F3F4 tanhΘ1 tanhΘ2 tanhΘ3 tanhΘ4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ
� tanh 2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ

(142)
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In the case of breather-type two-soliton solution, N ¼ 2, we define that

z1 � ρeδ1eiβ1 , z2 ¼ ρe�δ1eiβ1 , z3 � ρeδ3eiβ3 , z4 ¼ ρe�δ3eiβ3 (138)

F j � e�θ j eiφ j , j ¼ 1, 2, 3, 4 (139)

which is just the same as that defined in (108)–(115), the pole z j-related constant
complex factor is absorbed into the j’th soliton center and the initial phase. Using
formula (80)–(82), (88), (116), (108)–(115), we have

u2 x, tð Þ ¼ ρC2D2=D
2
2, or u2 x, tð Þ ¼ ρC2D2=D2

2 (140)

D2 ¼ det I þ Bð Þ ¼ 1þ B n1 ¼ 1ð Þ þ B n1 ¼ 2ð Þ þ B n1 ¼ 3ð Þ þ B n1 ¼ 4ð Þ
þ B n1 ¼ 1, n2 ¼ 2ð Þ þ B n1 ¼ 1, n2 ¼ 3ð Þ þ B n1 ¼ 1, n2 ¼ 4ð Þ þ B n1 ¼ 2, n2 ¼ 3ð Þ
þ B n1 ¼ 2, n2 ¼ 4ð Þ þ B n1 ¼ 3, n2 ¼ 4ð Þ þ B n1 ¼ 1, n2 ¼ 2, n3 ¼ 3ð Þ
þ B n1 ¼ 1, n2 ¼ 2, n3 ¼ 4ð Þ þ B n1 ¼ 1, n2 ¼ 3, n3 ¼ 4ð Þ
þ B n1 ¼ 2, n2 ¼ 3, n4 ¼ 4ð Þ þ B n1 ¼ 1, n2 ¼ 2, n3 ¼ 3, n4 ¼ 4ð Þ

¼ 1þ F1 þ F2 þ F3 þ F4 þ F1F2 tanh
2 Θ1 � Θ2ð Þ þ F1F3 tanh

2 Θ1 � Θ3ð Þ
þ F1F4 tanh

2 Θ1 � Θ4ð Þ þ F2F3 tanh
2 Θ2 � Θ3ð Þ

þ F2F4 tanh
2 Θ2 � Θ4ð Þ þ F3F4 tanh

2 Θ3 � Θ4ð Þ
þ F1F2F3 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ2 � Θ3ð Þ
þ F1F2F4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ2 � Θ4ð Þ
þ F1F3F4 tanh

2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F2F3F4 tanh

2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F1F2F3F4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ
� tanh 2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ

(141)

Similarly we can attain C2 from (116) and (118) as follows

C2 ¼ det I þ Að Þ
¼ 1þ F1 tanΘ1 þ F2 tanΘ2 þ F3 tanΘ3 þ F4 tanΘ4

þ F1F2 tanhΘ1 tanhΘ2 tanh
2 Θ1 � Θ2ð Þ þ tanhΘ1 tanhΘ3F1F3 tanh

2 Θ1 � Θ3ð Þ
þ F1F4 tanhΘ1 tanhΘ4 tanh

2 Θ1 � Θ4ð Þ þ F2F3 tanhΘ2 tanhΘ3 tanh
2 Θ2 � Θ3ð Þ

þ F2F4 tanhΘ2 tanhΘ4 tanh
2 Θ2 � Θ4ð Þ þ F3F4 tanhΘ3 tanhΘ4 tanh

2 Θ3 � Θ4ð Þ
þ F1F2F3 tanhΘ1 tanhΘ2 tanhΘ3 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ2 � Θ3ð Þ
þ F1F2F4 tanhΘ1 tanhΘ2 tanhΘ4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ2 � Θ4ð Þ
þ F1F3F4 tanhΘ1 tanhΘ3 tanhΘ3 tanh

2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F2F3F4 tanhΘ2 tanhΘ3 tanhΘ4 tanh

2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ
þ F1F2F3F4 tanhΘ1 tanhΘ2 tanhΘ3 tanhΘ4 tanh

2 Θ1 � Θ2ð Þ tanh 2 Θ1 � Θ3ð Þ tanh 2 Θ1 � Θ4ð Þ
� tanh 2 Θ2 � Θ3ð Þ tanh 2 Θ2 � Θ4ð Þ tanh 2 Θ3 � Θ4ð Þ

(142)
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Substituting (141)–(142) into (140) completes the calculation of breather-type
two-soliton solution. The evolution of breather-type two-soliton solution with
respect to time and space is given in Figure 3. It clearly display the whole process of
the elastic collision between two breather solitons, and in the limit of infinite time
t ! �∞, the breather-type two-soliton is asymptotically decomposed into two
breather-type 1-solitons.

4.1 Explicit pure N-soliton solution to the DNLS+ equation with NVBC

When all the simple poles are on the circle O, ρð Þ centered at the origin O, just as
shown in Figure 4, our revised IST for DNLS+ equation with NVBC will give a
typical pure N-soliton solution. The discrete part of a zð Þ is of a slightly different
form from that of the case for breather-type solution, and it can be expressed as

a zð Þ ¼
YN
n¼1

z2 � z2n
z2 � z2n

zn
zn

; _a znð Þ ¼ 2zn
z2n � z2n

zn
zn

YN

m¼1,m 6¼n

z2n � z2m
z2n � z2m

zm
zm

(143)

Figure 3.
Evolution of the square amplitude of a breather-type two-soliton with respect to time and space ρ ¼ 2; δ1 ¼ 0:4;
δ3 ¼ 0:6; β1 ¼ π=5:0; β3 ¼ π=2:2; x10 ¼ 0; x20 ¼ 0 =0; x30 ¼ 0; x40 ¼ 0; φ10 ¼ 0; φ20 ¼ 0; φ30 ¼ 0; φ40 ¼ 0.

Figure 4.
Integral contour as all poles are on the circle of radiusρ.
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At the zeros of a zð Þ, we have

ϕ x, znð Þ ¼ bnψ x, znð Þ, _a �znð Þ ¼ � _a znð Þ, bn ¼ �bn (144)

On the other hand, the zeros of a zð Þ appear in pairs and can be designed by zn,
(n ¼ 1, 2,⋯,N), in the I quadrant, and znþN ¼ �zn in the III quadrant. The
Zakharov-Shabat equation for pure soliton case of DNLS+ equation under
reflectionless case can be derived immediately

~ψ1 x, zð Þ ¼ e�iΛx þ λ
XN
n¼1

2z
λn

1
z2 � z2n

cnψ1 x, znð ÞeiΛnx

" #
e�iΛx (145)

~ψ2 x, zð Þ ¼ iρz�1e�iΛx þ λ
XN
n¼1

2zn
λn

1
z2 � z2n

cnψ2 x, znð ÞeiΛnx

" #
e�iΛx (146)

Here Λ ¼ κλ, Λn ¼ κnλn; Letting z ¼ ρ2z�1
m , m ¼ 1, 2,⋯,N, then

ψ1 x, zmð Þ ¼ �iρz�1
m eiΛmx þ

XN
n¼1

λmcn
λnz2m

� 2ρ3

i ρ4z�2
m � z2n

� �ψ1 x, znð Þei ΛnþΛmð Þx (147)

ψ2 x, zmð Þ ¼ eiΛmx þ
XN
n¼1

λmzncn
λnzm

� 2ρ
i ρ4z�2

m � z2n
� �ψ2 x, znð Þei ΛnþΛmð Þx (148)

Different from that in breather-type case, we define zn � ρeδn eiβn ¼ ρeiβn , with
βn ∈ 0, π=2ð Þ, δn ¼ 0, i ¼ 1, 2,⋯,Nð Þ, specially we have

cn0 ¼ bn0= _a znð Þ ¼ ibn0ρ sin 2βne
iβn

YN

k¼1; k6¼n

sin βn þ βkð Þ
sin βn � βkð Þ (149)

tanh 2 Θn � Θmð Þ ¼ sin 2 βn � βmð Þ= sin 2 βn þ βmð Þ (150)

An inverse Galileo transformation x, tð Þ ! x� ρ2t, tð Þ changes Fn x, tð Þ into

Fn � f 2n
ρ

i z2n � ρ4z�2
n

� � ¼ 2ρ
i z2n � ρ4z�2

n

� � cnoe�i4λ3nκntei2Λnx

¼ �ibn0ð Þ
YN

k¼1; k 6¼n

sin βn þ βkð Þ
sin βn � βkð Þ e

i2Λn x� 2λ2þρ2ð Þt½ �þiβn (151)

Due to bn0 ¼ �bn0, � ibn0 ∈, following equations hold:

Fn ¼ eiβn
YN

k¼1; k6¼n

sin βn þ βkð Þ
sin βn � βkð Þ

 !
�ibn0ei2Λn x� 2λ2nþρ2ð Þt½ �� �

� εnEneiβn exp �θn þ iφnð Þ

(152)

where

�ibn0ei2Λn x� 2λ2nþρ2ð Þt½ � � εn exp �θn þ iφnð Þ (153)

θn x, tð Þ � νn x� υnt� xn0ð Þ,φn ¼ 0, (154)

εn � sgn �ibn0ð Þ; �ibn0j j � eνnxn0 (155)
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At the zeros of a zð Þ, we have
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On the other hand, the zeros of a zð Þ appear in pairs and can be designed by zn,
(n ¼ 1, 2,⋯,N), in the I quadrant, and znþN ¼ �zn in the III quadrant. The
Zakharov-Shabat equation for pure soliton case of DNLS+ equation under
reflectionless case can be derived immediately

~ψ1 x, zð Þ ¼ e�iΛx þ λ
XN
n¼1

2z
λn
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cnψ1 x, znð ÞeiΛnx

" #
e�iΛx (145)
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XN
n¼1

2zn
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z2 � z2n

cnψ2 x, znð ÞeiΛnx

" #
e�iΛx (146)

Here Λ ¼ κλ, Λn ¼ κnλn; Letting z ¼ ρ2z�1
m , m ¼ 1, 2,⋯,N, then

ψ1 x, zmð Þ ¼ �iρz�1
m eiΛmx þ

XN
n¼1

λmcn
λnz2m

� 2ρ3

i ρ4z�2
m � z2n

� �ψ1 x, znð Þei ΛnþΛmð Þx (147)
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λnzm
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i ρ4z�2
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Different from that in breather-type case, we define zn � ρeδn eiβn ¼ ρeiβn , with
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An inverse Galileo transformation x, tð Þ ! x� ρ2t, tð Þ changes Fn x, tð Þ into

Fn � f 2n
ρ

i z2n � ρ4z�2
n

� � ¼ 2ρ
i z2n � ρ4z�2

n

� � cnoe�i4λ3nκntei2Λnx

¼ �ibn0ð Þ
YN

k¼1; k 6¼n

sin βn þ βkð Þ
sin βn � βkð Þ e

i2Λn x� 2λ2þρ2ð Þt½ �þiβn (151)

Due to bn0 ¼ �bn0, � ibn0 ∈, following equations hold:

Fn ¼ eiβn
YN

k¼1; k6¼n

sin βn þ βkð Þ
sin βn � βkð Þ

 !
�ibn0ei2Λn x� 2λ2nþρ2ð Þt½ �� �

� εnEneiβn exp �θn þ iφnð Þ
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where
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νn ¼ ρ2 sin 2βn, υn ¼ ρ2 1þ 2 cos 2βn
� �

(156)

En �
YN

k¼1; k 6¼n

sin βn þ βkð Þ
sin βn � βkð Þ (157)

where En is also a real constant which is only dependent upon the order number
n. The constant and positive real number �ibn0j j has been absorbed by redefinition
of the n’ th soliton center xn0 in (155). Thus the determinants in formula (83) for
pure soliton solution can be calculated as follows

DN � det I þ Bð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 <⋯<nr ≤N

B n1, n2,⋯, nrð Þ (158)

B n1, n2,⋯, nrð Þ ¼
Y
n
f 2n

ρ

i z2n � ρ4z�2
n

� �
" #Y

n<m

i z2n � z2m
� �

i ρ4z�2
m � ρ4z�2

n

� �

i z2n � ρ4z�2
m

� �
i z2m � ρ4z�2

n

� �

¼
Y
n
Fn

Y
n<m

tanh 2 Θn � Θmð Þ

¼
Y
n
εnEneiβn e�θn

Y
n<m

sin 2 βn � βmð Þ
sin 2 βn þ βmð Þ ; n,m∈ n1, n2,⋯, nrð Þ

(159)

CN ¼ det I þ Að Þ ¼ 1þ
XN
r¼1

X
1≤ n1 < n2 <⋯<nr ≤N

A n1, n2,⋯, nrð Þ (160)

A n1, n2,⋯, n f
� � ¼

Y
n

z2n
ρ2

Fn

Y
n<m

tanh 2 Θn � Θmð Þ

¼
Y
n
εnEnei3βn e�θn

Y
n<m

sin 2 βn � βmð Þ
sin 2 βn þ βmð Þ ; n,m∈ n1, n2,⋯, nrð Þ (161)

Substituting (149)–(157) into (158)–(161), and substituting (158)–(161) into the
following formula, we attain the explicit pure N-soliton solution

uN � ρCNDN=D
2
N or uN � ρCNDN=D2

N (162)

The N ¼ 2 case, that is, the pure two-soliton is also a typical illustration of the
general explicit N-soliton formula. According to (158)–(162), it can be calculated as
follows

D2 ¼ 1þ B 1ð Þ þ B 2ð Þ þ B 1, 2ð Þ

¼ 1þ ε1E1eiβ1e�θ1 þ ε2E2eiβ2e�θ2 þ ε1ε2E1E2ei β1þβ2ð Þe� θ1þθ2ð Þ sin 2 β1 � β2ð Þ= sin 2 β1 þ β2ð Þ

¼ 1þ ε1
sin β1 þ β2ð Þ
sin β1 � β2ð Þ e

iβ1e�θ1 � ε2
sin β1 þ β2ð Þ
sin β1 � β2ð Þ e

iβ2e�θ2 � ε1ε2ei β1þβ2ð Þe� θ1þθ2ð Þ

(163)

C2 ¼ 1þ A 1ð Þ þ A 2ð Þ þ A 1, 2ð Þ

¼ 1þ ε1
sin β1 þ β2ð Þ
sin β1 � β2ð Þ e

i3β1e�θ1 � ε2
sin β1 þ β2ð Þ
sin β1 � β2ð Þ e

i3β2e�θ2 � ε1ε2ei3 β1þβ2ð Þe� θ1þθ2ð Þ

(164)
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u2 x, tð Þ ¼ ρC2D2=D
2
2 (165)

The evolution of pure two-soliton solution with respect to time and space is
given in Figure 5. It clearly demonstrates the whole process of the elastic collision
between pure two solitons. If 0< β2 < β1 < π=2, then ε1 ¼ 1, sgnE1 ¼ 1 and ε2 ¼ �1,
sgnE2 ¼ �1 correspond to double-dark pure 2-soliton solution as in Figure 5a;
ε1 ¼ �1, sgnE1 ¼ 1 and ε2 ¼ 1, sgnE2 ¼ �1 correspond to a double-bright pure
2-soliton solution in Figure 5c; ε1 ¼ 1, sgnE1 ¼ 1 and ε2 ¼ 1, sgnE2 ¼ �1
correspond to a dark-bright-mixed pure 2-soliton solution in Figure 5b. In the limit
of infinite time t ! �∞, the pure 2-soliton solution is asymptotically decomposed
into two pure 1-solitons.

By the way, it should be point out, although our method and solution have
different forms from that of Refs. [7, 16], they are actually equivalent to each other.
In fact if the constant En, (n ¼ 1, 2,⋯,N), is also absorbed into the n’th soliton
center xn0 just like �ibn0 does in (152)–(154), and replace βn with β0n ¼ π=2�
βn ∈ 0, π=2ð Þ, the result for the pure soliton case in this section will reproduce the
solution gotten in Refs. [7, 9, 16].

On the other hand, letting only part of the poles converge in pairs on the circle in
Figure 1 and rewriting the expression of an zð Þ as in Ref. [7, 8, 12], our result can

Figure 5.
Evolution of pure two soliton solution in time and space. (a) dark-dark pure 2-soilton, (b) dark-bright pure
2-soilton, and (c) bright-bright pure 2-soilton.
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2
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On the other hand, letting only part of the poles converge in pairs on the circle in
Figure 1 and rewriting the expression of an zð Þ as in Ref. [7, 8, 12], our result can

Figure 5.
Evolution of pure two soliton solution in time and space. (a) dark-dark pure 2-soilton, (b) dark-bright pure
2-soilton, and (c) bright-bright pure 2-soilton.
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naturally generate the mixed case with both pure and breather-type multi-soliton
solution.

4.2 The asymptotic behaviors of the N-soliton solution

Without loss of generality, we assume β1 > β2 >⋯> βn >⋯> βN;
υ1 < υ2 <⋯< υn <⋯< υN in (156), and define the n’th neighboring area as ϒn :
x� xno � υnt � 0, n ¼ 1:2,⋯,Nð Þ. In the neighboring area of ϒn,

θ j ¼ ν j x� x j0 � υ jt
� �! fþ∞, for j> n

�∞, for j< n (166)

D≈B 1, 2,…, n� 1ð Þ þ B 1, 2,…, n� 1, nð Þ (167)

C≈A 1, 2,…, n� 1ð Þ þ A 1, 2,…, n� 1, nð Þ (168)

where

B 1, 2,…, nð Þ ¼ εnEne�θn�iβn
Yn�1

j¼1

sin 2 β j � βn

� �

sin 2 β j þ βn

� �B 1, 2,…, n� 1ð Þ (169)

A 1, 2,…, n� 1, nð Þ ¼ εnEne�θnþi3βn
Yn�1

j¼1

sin 2 β j � βn

� �

sin 2 β j þ βn

� �A 1, 2,…, n� 1ð Þ (170)

In the neighboring area of ϒn, we have

u≃ u1 θn þ Δθ �ð Þ
n

� �
(171)

With

Δθ �ð Þ
n ¼ 2

Xn�1

j¼1

ln
sin β j � βn

� �

sin β j þ βn

� �
������

������
(172)

As t ! �∞, the N neighboring areas queue up in a descending series
ϒN,ϒN�1,⋯,ϒ1, then

uN ≃
XN
n¼1

u1 θn þ Δθ �ð Þ
n

� �
(173)

the N-soliton solution can be viewed as N well-separated exact pure one
solitons, each u1 θn þ Δθ �ð Þ

n

� �
, (1, 2,⋯, n) is a single pure soliton characterized by

one parameter βn, moving to the positive direction of the x-axis, queuing up in a
series with descending order number n.

As t ! ∞, in the neighboring area of ϒn we have

θ j ¼ ν j x� x j0 � υ jt
� �! f�∞, for j> n

þ∞, for j< n (174)

D≈B n, nþ 1,…,Nð Þ þ B nþ 1, nþ 2,…,Nð Þ (175)

C≈A n, nþ 1,…,Nð Þ þ A nþ 1, nþ 2,…,Nð Þ (176)
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where

B n, nþ 1,…,Nð Þ ¼ εnEne�θn�iβn
YN
j¼nþ1

sin 2 β j � βn

� �

sin 2 β j þ βn

� �B nþ 1, nþ 2,…,Nð Þ (177)

A n, nþ 1,…,Nð Þ ¼ εnEne�θnþi3βn
YN
j¼nþ1

sin 2 β j � βn

� �

sin 2 β j þ βn

� �A nþ 1, nþ 2,…,Nð Þ

(178)

u≃ u1 θn þ Δθ þð Þ
n

� �
(179)

Δθ þð Þ
n ¼ 2

XN
nþ1

ln
sin β j þ βn

� �

sin β j � βn

� �
������

������
(180)

uN ≃
XN
n¼1

u1 θn þ Δθ þð Þ
n

� �
(181)

That is, the N-soliton solution can be viewed as N well-separated exact pure one
solitons, queuing up in a series with ascending order number n such as
ϒ1,ϒ2,⋯,ϒN:.

In the process of going from t ! �∞ to t ! ∞, the n’th pure single soliton
overtakes the solitons from the 1’th to n� 1’th and is overtaken by the solitons from
nþ 1’th to N’th. In the meantime, due to collisions, the n’th soliton got a total
forward shift Δθ �ð Þ

n =νn from exceeding those slower soliton from the 1’th to n� 1’th,
got a total backward shift Δθ þð Þ

n =νn from being exceeded by those faster solitons
from nþ 1’th to N’th, and just equals to the summation of shifts due to each
collision between two solitons, that is,

Δxn ¼ Δθ þð Þ
n � Δθ �ð Þ

n

�� ��=νn (182)

By introducing an suitable affine parameter in the IST and based upon a newly
revised and improved inverse scattering transform and the Z-S equation for the
DNLSþ equation with NVBC and normal dispersion, the rigorously proved
breather-type N-soliton solution to the DNLSþ equation with NVBC has been
derived by use of some special linear algebra techniques. The one- and two-soliton
solutions have been given as two typical examples in illustration of the unified
formula of the N-soliton solution and the general computation procedures. It can
perfectly reproduce the well-established conclusions for the special limit case. On
the other hand, letting part/all of the poles converge in pairs on the circle in
Figure 4 and rewriting the expression of an zð Þ as in [7, 12, 13], can naturally
generate the partly/wholly pure multi-soliton solution. Moreover, the exact
breather-type multi-soliton solution to the DNLSþequation can be converted to that
of the MNLS equation by a gauge-like transformation [17].

Finally, the elastic collision among the breathers of the above multi-soliton
solution has been demonstrated by the case of a breather-type 2-soliton solution.
The newly revised IST for DNLSþ equation with NVBC and normal dispersion
makes corresponding Jost functions be of regular properties and asymptotic behav-
iors, and thus supplies substantial foundation for its direct perturbation theory.
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5. Space periodic solutions and rogue wave solution of DNLS equation

DNLS equation is one of the most important nonlinear integrable equations in
mathematical physics, which can describe many physical phenomena in different
application fields, especially in space plasma physics and nonlinear optics [1, 2,
16, 24–29]. We have found that DNLS equation can generate not only some usual
soliton solutions such as dark/bright solitons and pure/breather-type solitons, but
also some special solutions – space periodic solutions and rogue wave solution [14].

There are two celebrated models of the DNLS equations. One equation is called
Kaup-Newell (KN) equation [15]:

iut þ uxx þ i u2u
� �

x ¼ 0 (183)

and the other is called Chen-Lee-Liu (CLL) equation [30]:

ivt þ vxx þ ivvvx ¼ 0 (184)

Actually, there is a gauge transformation between these two Eqs. (183) and
(184) [14, 30, 31]. Supposing u is one of the solutions of the KN Eq. (183), then

v ¼ u � exp i
2

ðx
uj j2dx

� �
(185)

will be the solution of the CLL equation.
This section focuses on the KN Eq. (183) with NVBC – periodic plane-wave

background. The first soliton solution of (183) was derived by Kaup and Newell via
inverse scattering transformation (IST) [3, 15, 32]. Whereafter, the multi-soliton
solution was gotten by Nakamura and Chen by virtue of the Hirota method [30, 31].
The determinant expression of the N-soliton solution was found by Huang and
Chen on the basis of the Darboux transformation (DT for brevity) [33], and by
Zhou et al., by use of a newly revised IST [7, 11–13, 17].

Recently, rogue waves which seem to appear from nowhere and disappear
without a trace have drawn much attention [34, 35]. The most significant feature of
rogue wave is its extremely large wave amplitude and space-time locality [35]. The
simplest way to derive the lowest order of rogue wave, that is, the Peregrine
solution [35, 36], is to take the long-wave limit of an Akhmediev breather [37] or a
Ma breather [38], both of which are special cases of the periodic solution. Thus, the
key procedure of generating a rogue wave is to obtain an Akhmediev breather or a
Ma breather. As far as we know, DT plays an irreplaceable role in deriving the rogue
wave solution [39–41]. Because both Akhmediev breather and Ma breather can exist
only on a plane-wave background; Darboux transformation has the special privilege
that a specific background or, in other words, a specific boundary condition can be
chosen as the seed solution used in DT. For instance, if we choose q0 ¼ 0 as the seed
solution of the DT of the KN Eq. (183), then after 2-fold DT, a new solution will be
gotten under VBC:

q 2½ � ¼ 4iαβ
�iα1 cosh 2Γð Þ þ β1 sinh 2Γð Þð Þ3

�α21 � β21
� �

cosh 2Γð Þ2 þ β21

� �2 (186)

(where all the parameters are defined in Ref. [38]). Similarly, setting a seed
solution q0 ¼ c exp i axþ �c2 þ að Þat½ �, a plane-wave solution to Eq. (183), will
generate a new solution after 2-fold DT under a plane-wave background. Therefore,
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there is no need to discuss the boundary conditions or background when applying
DT to solve those nonlinear integrable equations. This makes DT the most effective
and prevailing method in obtaining a rogue wave solution.

Compared with DT, the IST has its fatal flaw that the difficulty of dealing with
the boundary condition is unavoidable, which limits the possible application of the
IST. Although the KN equation has been solved theoretically by means of an
improved IST for both VBC and the NVBC [7–9, 17–20], there is no report that the
KN equation could be solved under a plane-wave background by means of IST. And
consequently, it appears that rogue wave solutions cannot be obtained through the
IST method. This major problem is caused by the difficulty of finding appropriate
Jost solutions under the plane-wave background.

On the other hand, the Hirota’s bilinear-derivative transform (HBDT for
brevity) [42–46], though not as a prevalent method as DT, has its particular
advantages. The core of this method is a bilinear operator D which is defined by:

Dn
t D

m
x A•B � ∂

∂t
� ∂

∂t0

� �n
∂

∂x
� ∂

∂x0

� �m

A x, tð ÞB x0, t0ð Þ t0¼t; x0¼xj (187)

where, at the left side of the above formula, a dot • between two functions
A x, tð Þ and B x0, t0ð Þ represents an ordered product. The HBDT method is very useful
in dealing with periodic solutions for its convenience in computing the bilinear
derivatives of an exponential function [44]:

F Dx,Dy,⋯,Dt
� �

exp kxþ lyþ⋯þ ωtð Þ• exp k0xþ l0yþ⋯þ ω0t
� �

¼ F k� k0, l� l0,⋯,ω� ω0� �
exp kþ k0

� �
xþ lþ l0

� �
yþ⋯þ ωþ ω0ð Þt� � (188)

Here, F represents general function expressed by the finite or infinite power
series expansion of the Hirota’s bilinear differential operators. Formula (188) is the
generalization of Appendix 5.5. Thus using HBDT method to find space periodic
solutions of KN equation is practicable. The space periodic solutions possess the
characters that they approach the plane-wave solution when ∣t∣ ! ∞ and are peri-
odic in space. The first space periodic solution was found by Akhmediev with one
parameter [45]. Actually, we can regard the space periodic solution as a special
Akhmediev breather with a pure complex-valued wave number. Further, through a
space periodic solution, a rogue wave solution can be constructed. This means
besides DT, HBDT method is also an alternative and effective way to find rogue
wave solution of KN equation.

5.1 Bilinear derivative transformation of DNLS equation

The Hirota bilinear transformation is an effective method which could help to
solve the KN equation. Due to the similarity of the first equation of Lax pairs
between that of DNLS equation and AKNS system, there is a direct inference and
manifestation that u x, tð Þ has a typical standard form [6, 7]:

u x, tð Þ ¼ g f= f 2 (189)

where f and g are complex auxiliary functions needed to be determined. Apply-
ing the bilinear derivative transform to (189), we can rewrite the derivatives of
u x, tð Þ in the bilinear form [19, 20, 42–46]:

ut ¼ f fDt g � f � g f Dt f � f
� �

= f 4 (190)
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uxx ¼ f fD2
x g � f � 2 Dx g � fð Þ Dx f � f

� �
þ g f D2

x f � f � 2 g fD2
x f � f

h i
= f 4 (191)

uj j2u
� �

x
¼ 2 g gDx g � f þ g2Dx g � f
� �

= f 4 (192)

Directly substituting the above Eqs. (190)–(192) into (183) gives:

f f iDt þD2
x

� �
g � f � g f iDt þD2

x

� �
f � f þ f�2Dx f 3 � g 2Dxf � f � ig g

� �h i
¼ 0

(193)

Then the above transformed KN equation can be decomposed into the following
bilinear equations:

iDt þD2
x � λ

� �
g � f ¼ 0 (194)

iDt þD2
x � λ

� �
f � f ¼ 0 (195)

Dx f � f ¼ igg=2 (196)

where λ is a constant which needs to be determined. Notice that if λ ¼ 0 then the
above bilinear equations are overdetermined because we have only two variables
but three equations. Actually, setting λ ¼ 0 is the approach to search for the soliton
solution of the DNLS equation under vanishing boundary condition [19, 20]. Here,
we set λ as a nonzero constant to find solutions under a different boundary condi-
tion – a plane-wave background.

5.2 Solution of bilinear equations

5.2.1 First order space periodic solution and rogue wave solution

Let us assume that the series expansion of the complex functions f and g in (189)
are cut off, up to the 2’th power order of ϵ, and have the following formal form:

f ¼ f 0 1þ ϵ f 1 þ ϵ2 f 2
� �

; g ¼ g0 1þ ϵg1 þ ϵ2g2
� �

(197)

Substituting f and g into Eqs. (194)–(196) yields a system of equations at the
ascending power orders of ϵ, which allows for determination of its coefficients
[14, 19, 20]. We have 15 equations [14, 19, 20] corresponding to the different orders
of ϵ. After solving all the equations, then we can obtain the solution of the DNLS
equation:

u 1½ � x, tð Þ ¼ f
1½ �
g 1½ �= f 1½ �2 (198)

with

g 1½ � ¼ ρeiωt 1þ a1epxþΩtþϕ0 þ a2e�pxþΩtþϕ0 þMa1a2e ΩþΩð Þtþϕ0þϕ0

� �
(199)

f 1½ � ¼ eiβx 1þ b1epxþΩtþϕ0 þ b2e�pxþΩtþϕ0 þMb1b2e ΩþΩð Þtþϕ0þϕ0

� �
(200)

where

ω ¼ 3ρ4=16; β ¼ ρ2=4 (201)
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a1 ¼ b1
2Ωþ 2ip2 � pρ2

2Ω� 2ip2 � pρ2
; a2 ¼ b2

2Ωþ 2ip2 þ pρ2

2Ω� 2ip2 þ pρ2
(202)

b2 ¼
b1 Ωþ ip2 � pρ2
� �

Ω� ip2 � pρ2
;M ¼ 1þ 4p4

ΩþΩ
� �2 (203)

Notice that ρ and M are real; b1 and φ0 are complex constants, so there are two
restrictions for a valid calculation: (1) the wave number pmust be a pure imaginary
number; (2) the angular frequency Ω must not be purely imaginary number and
must furthermore satisfy the quadratic dispersion relation:

4Ω2 þ 4pρ2Ωþ 4p4 þ 3p2ρ4 ¼ 0 (204)

According to the test rule for a one-variable quadratic, there is a threshold
condition under which Ω will not be a pure imaginary number:

2p4 þ p2ρ4 <0 (205)

The asymptotic behavior of this breather is apparent. Because the wave number
p is a pure imaginary number, the breather is a periodic function of x. The quadratic
dispersion relation (204) permits the angular frequency Ω to have two solutions:

Ωþ ¼ �pρ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q� �
=2 (206)

Ω� ¼ �pρ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q� �
=2 (207)

If we set Ω ¼ Ωþ, because
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� 2p4 þ p2ρ4ð Þp

>0, then t ! �∞ will lead to:

g 1½ � ! ρ exp iωtð Þ (208)

f 1½ � ! exp iβxð Þ (209)

u 1½ � ! ρ exp i �3βxþ ωtð Þ (210)

And t ! ∞ will lead to:

g 1½ � ! ρMa1a2 exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q
þ ϕ0 þ ϕ0 þ iωt

� �
(211)

f 1½ � ! Mb1b2 exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q
þ ϕ0 þ ϕ0 þ iβx

� �
(212)

u 1½ � ! ρ exp i �3βxþ ωtþ φð Þ (213)

where φ is the phase shift across the breather:

exp iφð Þ ¼ a1a2=b1b2 (214)

and due to ∣a1a2∣ ¼ ∣b1b2∣, thus the above phase shift φ is real and does not affect
the module of the breather u 1½ � when t ! ∞. As for the other choice Ω ¼ Ω�, further
algebra computation shows the antithetical asymptotic behavior of g 1½ �, f 1½ �, and u 1½ �

when ∣t∣ ! ∞. In a nutshell, u 1½ � will degenerate into a plane wave.
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a1 ¼ b1
2Ωþ 2ip2 � pρ2

2Ω� 2ip2 � pρ2
; a2 ¼ b2

2Ωþ 2ip2 þ pρ2

2Ω� 2ip2 þ pρ2
(202)

b2 ¼
b1 Ωþ ip2 � pρ2
� �

Ω� ip2 � pρ2
;M ¼ 1þ 4p4

ΩþΩ
� �2 (203)

Notice that ρ and M are real; b1 and φ0 are complex constants, so there are two
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number; (2) the angular frequency Ω must not be purely imaginary number and
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4Ω2 þ 4pρ2Ωþ 4p4 þ 3p2ρ4 ¼ 0 (204)
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2p4 þ p2ρ4 <0 (205)

The asymptotic behavior of this breather is apparent. Because the wave number
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Ωþ ¼ �pρ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q� �
=2 (206)

Ω� ¼ �pρ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q� �
=2 (207)

If we set Ω ¼ Ωþ, because
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� 2p4 þ p2ρ4ð Þp

>0, then t ! �∞ will lead to:

g 1½ � ! ρ exp iωtð Þ (208)

f 1½ � ! exp iβxð Þ (209)

u 1½ � ! ρ exp i �3βxþ ωtð Þ (210)

And t ! ∞ will lead to:

g 1½ � ! ρMa1a2 exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q
þ ϕ0 þ ϕ0 þ iωt

� �
(211)

f 1½ � ! Mb1b2 exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p4 þ p2ρ4ð Þ

q
þ ϕ0 þ ϕ0 þ iβx

� �
(212)

u 1½ � ! ρ exp i �3βxþ ωtþ φð Þ (213)
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and due to ∣a1a2∣ ¼ ∣b1b2∣, thus the above phase shift φ is real and does not affect
the module of the breather u 1½ � when t ! ∞. As for the other choice Ω ¼ Ω�, further
algebra computation shows the antithetical asymptotic behavior of g 1½ �, f 1½ �, and u 1½ �

when ∣t∣ ! ∞. In a nutshell, u 1½ � will degenerate into a plane wave.

87

Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrödinger Equation - Part 2
DOI: http://dx.doi.org/10.5772/intechopen.93450



Hereto, we have completed the computation of the 1st-order space periodic
solution, the space-time evolution of its module is depicted in Figure 6. In what
follows, we will take the long-wave limit, that is, p ! 0, to construct a rogue wave
solution. Supposing p ¼ iq, here q is a real value and q ! 0, then the asymptotic
expansion of the angular frequency Ω is:

Ω ¼ qρ2 �iþ σð Þ=2þ O q3
� �

(215)

where σ ¼ � ffiffiffi
2

p
. For the sake of a valid form of the rogue wave solution, we need

to set b1 ¼ 1 and φ0 ¼ 0 (of course, setting b1 ¼ 1 and eφ0 ¼ �1 is alright, all we need
is to make sure that the coefficients of the q0 and q1 in the expansions of f 1½ � and g 1½ �

are annihilated). Therefore, the expansions of g 1½ � and f 1½ � in terms of q are given by:

g 1½ � ¼ q2eiωt
�8 7iþ 5σð Þ þ 16x 1� 2iσð Þρ2 þ 3 �iþ σð Þρ4 4x2 � 4ρ2tx� 8itþ 3ρ4t2ð Þ

12 �iþ σð Þρ3 þO q3
� �

(216)

f 1½ � ¼ q2eiβx
8 �iþ σð Þ þ 16xρ2 þ �iþ σð Þρ4 4x2 � 4ρ2tx� 8itþ 3ρ4t2ð Þ

4 �iþ σð Þρ4 þ O q3
� �

(217)

Consequently, the rogue wave solution can be derived according to Eq. (198):

uRW ¼ ρ ei �3βxþωtð Þ g0 f 0
� �

= f 02 (218)

where

g0 ¼ �8 7iþ 5σð Þ þ 16x 1� 2iσð Þρ2 þ 3 �iþ σð Þρ4 4x2 � 4ρ2tx� 8itþ 3ρ4t2
� �

;

f 0 ¼ 24 �iþ σð Þ þ 48xρ2 þ 3 �iþ σð Þρ4 4x2 � 4ρ2tx� 8itþ 3ρ4t2
� �

:

Here ω and β are given by Eq. (201), ρ is an arbitrary real constant. The module
of rogue wave solution Eq. (218) is shown in Figure 7.

As we discussed in the Introduction section, there is a gauge transformation
between KN Eq. (183) and CLL Eq. (184). Thus, it is instructive to use the integral
transformation Eq. (185) to construct a solution of Eq. (184). Substituting the
solution (198) into (185), further algebra computation will lead to a space periodic
solution of the CLL equation:

υc x, tð Þ ¼ g 1½ �= f 1½ � (219)

Figure 6.
The space-time evolution of the module of the 1st order space periodic solution in (198) with p ¼ i, ρ ¼ffiffiffi
2

p
, b1 ¼ i and Ω ¼ Ωþ, complex constant φ0 is set to zero.
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where, g 1½ �, f 1½ �, and other auxiliary parameters are invariant and given by
Eqs. (199)–(203). The same procedures which are used to derive the rogue wave
solution of the KN equation can be used to turn υc into a rogue wave solution of the
CLL equation:

υc,RW ¼ ρ ei �βxþωtð Þg0= f 0 (220)

which has the same parameters as uRW . And this solution υc,RW has exactly the
same form as the result given by ref. [46].

5.2.2 Second-order periodic solution

Taking the similar procedures described previously could help us to derive the
2nd-order space periodic solution. Assume the auxiliary functions f and g to have
higher order expansions in terms of ϵ:

g ¼ g0 1þ ϵg1 þ ϵ2g2 þ ϵ3g3 þ ϵ4g4
� �

(221)

f ¼ f 0 1þ ϵ f 1 þ ϵ2 f 2 þ ϵ3 f 3 þ ϵ4 f 4
� �

(222)

Similarly, substituting f and g into the bilinear Eqs. (194)–(196) leads to the 27
equations [14, 19, 20] corresponding to different orders of ϵ. Solving these equa-
tions is tedious and troublesome but worthy and fruitful. The results are expressed
in the following form:

u 2½ � x, tð Þ ¼ f
2½ �
g 2½ �= f 2½ �2 (223)

with

g 2½ � ¼ ρeiωt 1þ g1 þ g2 þ g3 þ g4
� �

(224)

f 2½ � ¼ eiβx 1þ f 1 þ f 2 þ f 3 þ f 4
� �

(225)

β ¼ ρ2=4;ω ¼ 3ρ4=16; λ ¼ ρ4=16 (226)

g1 ¼
X
i

aieϕi ; f 1 ¼
X
i

bieϕi (227)

Figure 7.
The space-time evolution of the module of the rogue wave solution with ρ ¼ 1 and σ ¼ ffiffiffi

2
p

. The max amplitude
is equal to 3 at the point x ¼ � ffiffiffi

2
p

, t ¼ �2
ffiffiffi
2

p
=3ð Þ.
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g2 ¼
X
i< j

Mijaia jeϕiþϕ j ; f 2 ¼
X
i< j

Mijbib jeϕiþϕ j (228)

g3 ¼
X

i< j< k

Tijkaia jakeϕiþϕ jþϕk ; f 3 ¼
X

i< j< k

Tijkbib jbkeϕiþϕ jþϕk (229)

g4 ¼ Aa1a2a3a4eϕ1þϕ2þϕ3þϕ4 ; f 4 ¼ Ab1b2b3b4eϕ1þϕ2þϕ3þϕ4 (230)

where i, j, k ¼ 1, 2, 3, 4, and the above parameters and coefficients are given
respectively by:

p2 ¼ p1; p4 ¼ p3;Ω2 ¼ Ω1;Ω4 ¼ Ω3 (231)

ϕi ¼ pixþΩitþ ϕ0i; ai ¼ bi2Ωi þ 2ip2i � piρ
2=2Ωi � 2ip2i � piρ

2 (232)

b2 ¼ b1
Ω2 þ ip22 þ p2ρ

2

Ω2 � ip22 þ p2ρ2
; b4 ¼ b3

Ω4 þ ip24 þ p4ρ
2

Ω4 � ip24 þ p4ρ2
(233)

Mij ¼
Ωip j � Ω jpi
� �2

þ p2i p
2
j pi � p j

� �2

Ωip j � Ω jpi
� �2

þ p2i p
2
j pi þ p j

� �2 (234)

Tijk ¼ MijMjkMki;A ¼
Y
i< j

Mij (235)

Of course, for a valid and complete calculation, we are faced with the same
situation as the 1st-order breather: ρ is real, b1, b3 and all φ0i are complex constants.
Certainly, each wave number pi must be a pure imaginary number and each angular
frequency Ωi has to satisfy the quadratic dispersion relation:

4Ω2
i þ 4piρ

2Ωi þ 4p4i þ 3p2i ρ
4 ¼ 0, i ¼ 1, 2, 3, 4ð Þ (236)

And the threshold conditions for each complex-valued Ωi share the same form as
Eq. (205):

2p4i þ p2i ρ
4 <0 (237)

Figure 8.
The space-time evolution of the module of the 2nd order space periodic solution with
p1 ¼ 0:4i, p3 ¼ 0:75i, b1 ¼ i, b3 ¼ 1 and ρ ¼ 1:6. Other phase factors φ1 and φ3 are set to zero.
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The space-time evolution of the module of the 2nd order space periodic solution
(223) is shown in Figure 8. Paying attention to the form of this breather and the
previous one, we will notice that this breather can exactly degenerate into the
1st-order breather if we take p3 ¼ p1. Under this condition, M13 ¼ M24 ¼ 0, thus
the higher order interaction coefficients Tijk and A will vanish. Therefore, g 2½ � and

f 2½ � will degenerate into the forms of g 1½ � and f 1½ �, respectively:

g 2½ �
p3¼p1

¼ g0 1½ � ¼ ρeiωt 1þ a01e
ϕ1 þ a02e

ϕ2 þM12a01a
0
2e

ϕ1þϕ2
� �

(238)

f 2½ �
p3¼p1

¼ f 0 1½ � ¼ eiβx 1þ b01e
ϕ1 þ b02e

ϕ2 þM12b
0
1b

0
2e

ϕ1þϕ2
� �

(239)

where b01 ¼ χb1, b
0
2 ¼ χb2, a01 ¼ χa1 and a02 ¼ χa2 with χ ¼ b1 þ b3ð Þ=b1. That is

how u 2½ � can be reduced to u 1½ �. Given to this reduction, a generalized form of these
two breathers arises:

u N½ � ¼ f
N½ �
g N½ �= f N½ �2; N ¼ 1, 2ð Þ (240)

g N½ � ¼ ρeiωt 1þ
X2N
r¼1

X
1≤ n1 <⋯< nr ≤ 2N

M n1,⋯, nrð Þ
Ynr
i¼n1

aieϕi

 !
(241)

f N½ � ¼ eiβx 1þ
X2N
r¼1

X
1≤n1 <⋯<nr ≤ 2N

M n1,⋯, nrð Þ
Ynr
i¼n1

bieϕi

 !
(242)

where the coefficient M is defined by:

M ið Þ ¼ 1 (243)

M n1,⋯, nrð Þ ¼
Y
i< j

Mi j; i, j∈ n1,⋯, nrð Þ (244)

On the other hand, this breather possesses the same feature as the former one
that it is periodic with respect to variable x due to the pure imaginary numbers p1
and p3. In addition, its asymptotic behaviors are analogical to the 1st-order space
periodic solution. Each quadratic dispersion equation has two roots, respectively:

Ω1� ¼ �p1ρ
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p41 þ p21ρ4
� �q� �

=2 (245)

Ω3� ¼ �p3ρ
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 2p43 þ p23ρ4
� �q� �

=2 (246)

Thus, we will have four combinations of Ω1 and Ω2. Details are numerated in
Table 1. The parameters φ0,φ and φ0 in Table 1 are the phase shifts which are all
real so that they will not change the module of u 2½ � when t ! ∞. And φ is given in
Eq. (214), and others are determined by:

exp iφ0ð Þ ¼ a1a2a3a4=b1b2b3b4 (247)

exp iφ0ð Þ ¼ a3a4=b3b4 (248)

From Table 1, we could draw the conclusion that this breather will also
degenerate into the background plane wave as ∣t∣ ! ∞. Furthermore, there is a
phase shift across the breather from t ¼ �∞ to t ¼ ∞, which depended on the
choice of Ω1 and Ω2.
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In this section, the 1st order and the 2nd order space periodic solutions of KN
equation have been derived by means of HBDT. And after an integral transforma-
tion, these two breathers can be transferred into the solutions of CLL equation.
Meanwhile, based on the long-wave limit, the simplest rogue wave model has been
obtained according to the 1st order space periodic solution. Furthermore, the
asymptotic behaviors of these breathers have been discussed in detail. As |t| ! ∞,
both breathers will regress into the plane wave with a phase shift.

In addition, the generalized form of these two breathers is obtained, which gives
us an instinctive speculation that higher order space periodic solutions may hold
this generalized form, but a precise demonstration is needed. Moreover, higher
order rogue wave models cannot be constructed directly by the long-wave limit of a
higher order space periodic solution because the higher order space periodic solu-
tion has multiple wave numbers pi, we are also interested in seeking an alternative
method besides DT that could help us to determine the higher order rogue wave
solutions.

6. Concluding remarks

In the end, as the author of the above two parts, part 1 and 2, I want to give some
concluding remarks. As a whole, the two parts had taken the DNLS equation as a
reference, systematically introduced several principal methods, such as IST, GLM
(Marchenko) method, HBDT, to solve an integrable nonlinear equation under VBC
and NVBC. We had gotten different kinds of soliton solutions, such as the light/
dark soliton, the breather-type soliton, the pure soliton, the mixed breather-type
and pure soliton, and especially the rogue-wave solution. We had also gotten soliton
solutions in a different numbers, such as the one-soliton solution, the two-soliton
solution, and the N-soliton solution. Nevertheless, I regret most that I had not
introduced the Bäcklund transform or Darboux transform to search for a rogue
wave solution or a soliton solution to the DNLS equation, just like professor Huang
N.N., one of my guiders in my academic research career, had done in his paper [33].
Another regretful thing is that, limited to the size of this chapter, I had not intro-
duced an important part of soliton studies, the perturbation theory for the nearly-
integrable perturbed DNLS equation. Meanwhile, this chapter have not yet involved
in the cutting-edge research of the higher-order soliton and rogue wave solution to
the DNLS equation, which remain to be studied and concluded in the future.

A. Appendices

Some useful formulae.
A1, If A1 and A2 are N � 1 matrices, A is a regular N �N matrix, then

A1
TA�1A2 ¼ det Aþ A2A1

T� �
=det Að Þ � 1 (A1)

Choice of Ωi Ω1þ,Ω2þ Ω1þ,Ω2� Ω1�,Ω2þ Ω1�,Ω2�

t ! �∞ ρe�3iβxþiωt ρe�3iβxþiωtþiφ0
ρe�3iβxþiωtþiφ ρe�3iβxþiωtþiφ0

t ! ∞ ρe�3iβxþiωtþiφ0 ρe�3iβxþiωtþiφ ρe�3iβxþiωtþiφ0
ρe�3iβxþiωt

Table 1.
Asymptotic behaviors of u 2½ �.
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A2, Binet-Cauchy formula: For a squared N �N matrix B

det I þ Bð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

B n1, n2,⋯, nrð Þ (A2)

where B n1, n2,⋯, nrð Þ is a r’th-order principal minor of B.
A3, For a N � N matrix Q1 and a N � N matrix Q2,

det I þ Q1Q2ð Þ ¼ 1þP
N

r¼1

P
1≤ n1 < n2 <⋯<nr ≤N

Ωr n1, n2,⋯nrð Þ

¼ 1þ
XN
r¼1

X
1≤ n1 <⋯< nr ≤N

X
1≤m1 <⋯<mr ≤N

Q1 n1, n2,⋯nr;m1,m2,⋯,mrð ÞQ2 m1,m2,⋯mr; n1, n2⋯, nrð Þ

(A3)

where Q1 n1, n2,⋯nr;m1,m2,⋯,mrð Þ denotes a minor, which is the determinant
of a submatrix of Q1 consisting of elements belonging to not only rows (n1, n2,⋯nr)
but also columns (m1,m2,⋯,mr).

The above formula also holds for the case of det I þΩ1Ω2ð Þ With Ω1 to be a
N � N þ 1ð Þ matrix and Ω2 a N þ 1ð Þ �N matrix.

A4, For a squared matrix C with elements Cjk� ¼ f jgk x j � yk
� ��1,

det Cð Þ ¼
Y
j

f jg j

Y
j< j0, k< k0

x j � x j0
� �

yk0 � yk
� �Y

j, k

x j � yk
� ��1 (A4)

A5, Some useful blinear derivative formulae.

A
B

� �

x
¼ DxA � B

B2 (A5)

A
B

� �

xx
¼ D2

xA � B
B2 � A

B
D2

xB � B
B2 (A5.1)

Dxab � cd ¼ bdDxa � cþ acDxb � d ¼ bcDxa � dþ adDxb � c (A5.2)

D2
xab � cd ¼ bdD2

xa � cþ 2 Dxa � cð Þ Dxb � dð Þ þ acD2
xb � d (A5.3)

Dn
t D

m
x exp η1ð Þ � exp η2ð Þ ¼ Ω1 �Ω2ð Þn Λ1 � Λ2ð Þm exp η1 þ η2ð Þ, (A5.4)

where ηi ¼ Ωi tþ Λixþ η0i，i ¼ 1, 2; Ωi, Λi, η0i are complex constants.
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A2, Binet-Cauchy formula: For a squared N �N matrix B

det I þ Bð Þ ¼ 1þ
XN
r¼1

X
1≤ n1 < n2 <⋯< nr ≤N

B n1, n2,⋯, nrð Þ (A2)

where B n1, n2,⋯, nrð Þ is a r’th-order principal minor of B.
A3, For a N � N matrix Q1 and a N � N matrix Q2,

det I þ Q1Q2ð Þ ¼ 1þP
N

r¼1

P
1≤ n1 < n2 <⋯<nr ≤N

Ωr n1, n2,⋯nrð Þ

¼ 1þ
XN
r¼1

X
1≤ n1 <⋯< nr ≤N

X
1≤m1 <⋯<mr ≤N

Q1 n1, n2,⋯nr;m1,m2,⋯,mrð ÞQ2 m1,m2,⋯mr; n1, n2⋯, nrð Þ

(A3)

where Q1 n1, n2,⋯nr;m1,m2,⋯,mrð Þ denotes a minor, which is the determinant
of a submatrix of Q1 consisting of elements belonging to not only rows (n1, n2,⋯nr)
but also columns (m1,m2,⋯,mr).

The above formula also holds for the case of det I þΩ1Ω2ð Þ With Ω1 to be a
N � N þ 1ð Þ matrix and Ω2 a N þ 1ð Þ �N matrix.

A4, For a squared matrix C with elements Cjk� ¼ f jgk x j � yk
� ��1,

det Cð Þ ¼
Y
j

f jg j

Y
j< j0, k< k0

x j � x j0
� �

yk0 � yk
� �Y

j, k

x j � yk
� ��1 (A4)

A5, Some useful blinear derivative formulae.

A
B

� �

x
¼ DxA � B

B2 (A5)

A
B

� �

xx
¼ D2

xA � B
B2 � A

B
D2

xB � B
B2 (A5.1)

Dxab � cd ¼ bdDxa � cþ acDxb � d ¼ bcDxa � dþ adDxb � c (A5.2)

D2
xab � cd ¼ bdD2

xa � cþ 2 Dxa � cð Þ Dxb � dð Þ þ acD2
xb � d (A5.3)

Dn
t D

m
x exp η1ð Þ � exp η2ð Þ ¼ Ω1 �Ω2ð Þn Λ1 � Λ2ð Þm exp η1 þ η2ð Þ, (A5.4)

where ηi ¼ Ωi tþ Λixþ η0i，i ¼ 1, 2; Ωi, Λi, η0i are complex constants.
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Chapter 4

Magnetic Solitons in Optical
Lattice
Xing-Dong Zhao

Abstract

In this chapter, we discuss the magnetic solitons achieved in atomic spinor Bose-
Einstein condensates (BECs) confined within optical lattice. Spinor BECs at each
lattice site behave like spin magnets and can interact with each other through the
static magnetic dipole-dipole interaction (MDDI), due to which the magnetic soli-
ton may exist in blue-detuned optical lattice. By imposing an external laser field into
the lattice or loading atoms in a red-detuned optical lattice, the light-induced
dipole-dipole interaction (LDDI) can produce new magnetic solitons. The long-
range couplings induced by the MDDI and ODDI play a dominant role in the spin
dynamics in an optical lattice. Compared with spin chain in solid material, the
nearest-neighbor approximation, next-nearest-neighbor approximation, and
long-range case are discussed, respectively.

Keywords: spinor Bose-Einstein condensates, spin wave, optical lattice,
magnetic soliton

1. Introduction

Soliton can be classified into different species, such as matter-wave soliton,
magnetic soliton, optical soliton, and so on [1, 2]. The magnetic solitons, which
describe the localized magnetization, are very important excitations in the Heisen-
berg spin chain in solid system in condensed matter [3]. Because of the defect and
impurity in solid material, it is difficult to perform experimental observation and
manipulation in these systems. In addition, magnetic solitons originate from the
Heisenberg-like short-range exchange interaction between electrons in solid state
systems, so the theoretical models and treatment are limited to only the approxi-
mation of nearest-neighbor interaction, it is disadvantageous to the study of
long-range interaction-induced dynamics.

On the other hand, the spinor ultracold atoms in an optical lattice offer a pure
and well-controlled platform to study spin dynamics. If the lattice trapping atoms is
deep enough, the spinor atoms undergo a ferromagnetic-like phase transition that
leads to a macroscopic magnetization of the condensates array; then, the individual
sites become independent with each other. Spinor BECs at each lattice site behave
like spin magnets and can interact with each other through the static MDDI, which
can cause the ferromagnetic phase transition and the spin wave excitation. It is
atomic spin chain in optical lattice [4–7]. By tuning the system parameters, mag-
netic soliton can be produced; however a key difference of the atomic spin chain
from solid-state one is that we are facing a completely new spin system in which the
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long-range nonlinear interactions play a dominant role. To demonstrate the high
controllability, an external laser can be imposed into the lattice and induce light-
induced dipole-dipole interaction (LDDI) to produce newmagnetic solitons. In fact,
the LDDI can be induced by loading the atoms in a red-detuned optical lattice as
used in [5]. However, the method used here has good feasibility, and some novel
physical phenomena can be observed.

In order to make comparison with the Heisenberg spin chain, we used the
nearest-neighbor approximation and the next-nearest-neighbor approximation in
our discussion. In addition, the two approximations are effective and reasonable
with some appropriate parameters chosen in experiments.

In this chapter, we are going to be seeing howmagnetic soliton in atomic spin chain
is, which will be theoretically described. We first discuss the formation of atomic spin
chain in optical lattice in Section 2. Then we shift our focus to the condition for
magnetic soliton in Section 3. Section 4 presents the conclusion and outlook.

2. Atomic spin chain

2.1 Atomic spin chain with magnetic dipole: dipole interaction

The spinor BECs can be trapped within one-, two-, and three-dimensional opti-
cal lattices with different experimental techniques; however, we only take one-
dimensional case as an example. As depicted in Figure 1, the atomic gases with
F ¼ 1 are trapped in a one-dimensional optical lattice, which is formed by two
π-polarized laser beams counter-propagating along the y-axis. The light-induced
lattice potential takes the form:

VL rð Þ ¼ UL exp �r⊥2=WL
2� �

cos 2 kLyð Þ (1)

where r⊥ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ z2

p
, kL ¼ 2π=λL is the wave number, WL the width of the

lattice beams, and the potential depth UL ¼ ℏ Ωj j2=6Δ with Ω being the Rabi
frequency and Δ being laser detuning.

It has been theoretically and experimentally demonstrated that the condensate
trapped in optical lattice undergoes a superfluid-Mott-insulator transition as the
depth of the lattice wells is increased. If the lattice potential is deep enough, the
condensate is divided into a set of separated small condensates equally located at
each lattice site, which forms the atomic chain. The condensate localized in each
lattice site is approximately in its electronic ground state, while the two lattice laser
beams are detuned far from atomic resonance frequency, and the laser detuning

Figure 1.
Schematic diagram of spinor BECs confined in a one-dimensional optical lattice. A strong static magnetic field
B is applied to polarize the ground-state spin orientations of the atomic chain along the quantized z-axis.
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is defined as Δ ¼ ωL � ωa, ωL being laser frequency and ωa atomic resonant
frequency. We classify the optical lattice into two categories: red-detuned optical
lattice (Δ,0) and blue-detuned one Δ.0. For the former, the condensed atoms
are trapped at the standing wave nodes where the laser intensity is approximately
zero; the light-induced interactions are neglected in this case. In order to realize
ferromagnetic phase transition, a strong static magnetic field B is applied to polarize
the ground-state spin orientations of the atomic chain along the quantized z-axis.
The Hamiltonian including the long-range MDDI between different lattice sites
takes the following form [7–9]:

HM ¼ ∑
m

ð
dr ψ̂ †

m � ℏ2

2M
∇2 þ VL

� �
ψ̂m

� �

þ ∑
m,m0, n, n0

ð
dr
ð
dr0ψ̂ †

mψ̂
†
m0 ψ̂ n0 ψ̂ nV

col
mm0n0n r; r0ð Þ

�

þ 1
2

ð
dr
ð
dr0ψ̂ †

mψ̂
†
m0 ψ̂ n0 ψ̂ nV1 r; r0ð ÞF̂mn � F̂m0n0

� 1
2

ð
dr
ð
dr0ψ̂ †

mψ̂
†
m0 ψ̂ n0 ψ̂ nV2 r; r0ð Þ � F̂mn � r� r0ð ÞF̂m0n0 � r� r0ð Þ

�

þ ∑
m,n

ð
dr ψ̂ †

m �μ � Bð Þmnψ̂ n

(2)

where ψ̂m r; tð Þ m ¼ �1;0ð Þ are the hyperfine ground-state atomic field operators.
The total angular momentum operator F̂ for the hyperfine spin of an atom has compo-
nents represented by 3� 3 matrices in the f ¼ 1;mf ¼ m

�� �
subspace. The final term in

Eq. (2) represents the effect of polarizingmagnetic field, and μ is magnetic dipole
moment. The interaction potential includes the two-body ground-state collisions and
themagnetic dipole-dipole interactions, which can be described by the potentials:

Vcol
mm0n0n r; r0ð Þ ¼ λsδm0n0δmn þ λaF̂mn � F̂m0n0

� �
δ r� r0ð Þ, (3)

V1 r; r0ð Þ ¼ μ0γB
2

4π
1

r� r0j j3 , (4)

V2 r; r0ð Þ ¼ 3μ0γB2

4π
1

r� r0j j5 : (5)

In collision interaction potential in Eq. (3), λs and λa are related to the s-wave
scattering length for the spin-dependent interatomic collisions. In the magnetic
dipole-dipole interaction potential Eqs. (4) and (5), μ0 is the vacuum permeability;
the parameter γB ¼ �μB gF is the gyromagnetic ratio with μB being the Bohr mag-
neton and gF the Landé g factor.

Under tight-binding condition and single-mode approximation, the spatial wave
function ϕm rð Þ of the m-th condensate is then determined by the Gross-Pitaevskii
(GP) equation [5]:

� ℏ2

2M
∇2 þ Vm rð Þ þ λs Nm � 1ð Þ ϕm rð Þj j2

� �
ϕm rð Þ ¼ μmϕm rð Þ, (6)

with

Vm rð Þ ¼ UL exp �rL2=W2� �
cos 2 kLyþmπð Þ,0, y, λL=2, (7)
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long-range nonlinear interactions play a dominant role. To demonstrate the high
controllability, an external laser can be imposed into the lattice and induce light-
induced dipole-dipole interaction (LDDI) to produce newmagnetic solitons. In fact,
the LDDI can be induced by loading the atoms in a red-detuned optical lattice as
used in [5]. However, the method used here has good feasibility, and some novel
physical phenomena can be observed.

In order to make comparison with the Heisenberg spin chain, we used the
nearest-neighbor approximation and the next-nearest-neighbor approximation in
our discussion. In addition, the two approximations are effective and reasonable
with some appropriate parameters chosen in experiments.

In this chapter, we are going to be seeing howmagnetic soliton in atomic spin chain
is, which will be theoretically described. We first discuss the formation of atomic spin
chain in optical lattice in Section 2. Then we shift our focus to the condition for
magnetic soliton in Section 3. Section 4 presents the conclusion and outlook.

2. Atomic spin chain

2.1 Atomic spin chain with magnetic dipole: dipole interaction

The spinor BECs can be trapped within one-, two-, and three-dimensional opti-
cal lattices with different experimental techniques; however, we only take one-
dimensional case as an example. As depicted in Figure 1, the atomic gases with
F ¼ 1 are trapped in a one-dimensional optical lattice, which is formed by two
π-polarized laser beams counter-propagating along the y-axis. The light-induced
lattice potential takes the form:

VL rð Þ ¼ UL exp �r⊥2=WL
2� �

cos 2 kLyð Þ (1)

where r⊥ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ z2

p
, kL ¼ 2π=λL is the wave number, WL the width of the

lattice beams, and the potential depth UL ¼ ℏ Ωj j2=6Δ with Ω being the Rabi
frequency and Δ being laser detuning.

It has been theoretically and experimentally demonstrated that the condensate
trapped in optical lattice undergoes a superfluid-Mott-insulator transition as the
depth of the lattice wells is increased. If the lattice potential is deep enough, the
condensate is divided into a set of separated small condensates equally located at
each lattice site, which forms the atomic chain. The condensate localized in each
lattice site is approximately in its electronic ground state, while the two lattice laser
beams are detuned far from atomic resonance frequency, and the laser detuning

Figure 1.
Schematic diagram of spinor BECs confined in a one-dimensional optical lattice. A strong static magnetic field
B is applied to polarize the ground-state spin orientations of the atomic chain along the quantized z-axis.
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is defined as Δ ¼ ωL � ωa, ωL being laser frequency and ωa atomic resonant
frequency. We classify the optical lattice into two categories: red-detuned optical
lattice (Δ,0) and blue-detuned one Δ.0. For the former, the condensed atoms
are trapped at the standing wave nodes where the laser intensity is approximately
zero; the light-induced interactions are neglected in this case. In order to realize
ferromagnetic phase transition, a strong static magnetic field B is applied to polarize
the ground-state spin orientations of the atomic chain along the quantized z-axis.
The Hamiltonian including the long-range MDDI between different lattice sites
takes the following form [7–9]:

HM ¼ ∑
m

ð
dr ψ̂ †

m � ℏ2

2M
∇2 þ VL

� �
ψ̂m

� �

þ ∑
m,m0, n, n0

ð
dr
ð
dr0ψ̂ †

mψ̂
†
m0 ψ̂ n0 ψ̂ nV

col
mm0n0n r; r0ð Þ

�

þ 1
2

ð
dr
ð
dr0ψ̂ †

mψ̂
†
m0 ψ̂ n0 ψ̂ nV1 r; r0ð ÞF̂mn � F̂m0n0
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2

ð
dr
ð
dr0ψ̂ †

mψ̂
†
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�

þ ∑
m,n

ð
dr ψ̂ †

m �μ � Bð Þmnψ̂ n

(2)

where ψ̂m r; tð Þ m ¼ �1;0ð Þ are the hyperfine ground-state atomic field operators.
The total angular momentum operator F̂ for the hyperfine spin of an atom has compo-
nents represented by 3� 3 matrices in the f ¼ 1;mf ¼ m

�� �
subspace. The final term in

Eq. (2) represents the effect of polarizingmagnetic field, and μ is magnetic dipole
moment. The interaction potential includes the two-body ground-state collisions and
themagnetic dipole-dipole interactions, which can be described by the potentials:

Vcol
mm0n0n r; r0ð Þ ¼ λsδm0n0δmn þ λaF̂mn � F̂m0n0

� �
δ r� r0ð Þ, (3)

V1 r; r0ð Þ ¼ μ0γB
2

4π
1

r� r0j j3 , (4)

V2 r; r0ð Þ ¼ 3μ0γB2

4π
1

r� r0j j5 : (5)

In collision interaction potential in Eq. (3), λs and λa are related to the s-wave
scattering length for the spin-dependent interatomic collisions. In the magnetic
dipole-dipole interaction potential Eqs. (4) and (5), μ0 is the vacuum permeability;
the parameter γB ¼ �μB gF is the gyromagnetic ratio with μB being the Bohr mag-
neton and gF the Landé g factor.

Under tight-binding condition and single-mode approximation, the spatial wave
function ϕm rð Þ of the m-th condensate is then determined by the Gross-Pitaevskii
(GP) equation [5]:

� ℏ2

2M
∇2 þ Vm rð Þ þ λs Nm � 1ð Þ ϕm rð Þj j2

� �
ϕm rð Þ ¼ μmϕm rð Þ, (6)

with

Vm rð Þ ¼ UL exp �rL2=W2� �
cos 2 kLyþmπð Þ,0, y, λL=2, (7)

101

Magnetic Solitons in Optical Lattice
DOI: http://dx.doi.org/10.5772/intechopen.85492



and Nm is the number of condensed atoms at the m-th site; μm is the chemical
potential. In this case, the individual condensate confined in each lattice behaves as
spin magnets in the presence of external magnetic fields; such spin magnets form a
1D coherent spin chain with an effective Hamiltonian [5, 6]:

Hm ¼ ∑
m

λa
0Ŝ

2
m � γBŜm � B� ∑

n 6¼m
Jmag
mn ŜmŜn

 !
, (8)

where we have defined collective spin operators Ŝm with components Ŝ
x;y;zf g
m and

λ0a ¼
1
2
λa

ð
dr ϕm rð Þj j4: (9)

The parameter Jmag
mn describes the strength of the site-to-site spin coupling

induced by the static MDDI. It takes the form:

Jmag
mn ¼ μ0γB

2

16πℏ2

ð
dr
ð
dr0

R1

r0j j5 ϕm rð Þj j2 ϕn r� r0ð Þj j2, (10)

where μ0 is the vacuum permeability, R1 ¼ r0j j2 � 3y
02. It will be seen from this

that the MDDI is determined by many parameters; however, we need to choose a
parameter which is easy controllable in the experiment. The realistic interaction
strengths of the MDDI and LDDI coupling coefficients have been calculated in ref.
[4], in which we find the dependency of the transverse width.

Here, we only consider the ferromagnetic condensates where the spins of atoms
at each lattice site align up along the direction of the applied magnetic field (the
quantized z-axis) in the ground state of the ferromagnetic spin chain. Because of the
Bose-enhancement effect, the spins are very large in these systems. As a result, at
low temperature the spins can be treated approximately as classical vectors, and we
can replace Ŝn with its average value Sn [1]. From the Hamiltonian (8), we can
derive the Heisenberg equation of motion for operator S�

n ¼ Sx
n � iS y

n i2 ¼ �1
� �

(normalized by ℏ):

i
dSþ

n

dt
¼ γBBzSþn þ ∑

j6¼n
2Jmag

nj S z
j S

þ
n � Sz

nS
þ
j

� �
: (11)

Equation (11) determines the existence and the propagation of spin waves. From
this equation, we can obtain the existence and dynamical evolving of the nonlinear
magnetic soliton. In Sec.3, we attempt to show the long-range and controllable
characteristics of MDDI and find how this long-range nonlinear dipole-dipole
interaction affects the generation of the magnetic soliton. If the static magnetic field
B is strong enough, we have:

Sz
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 � Sþ

n S
�
n

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 � Sþ

n S
þ
n

q
: (12)

2.2 Atomic spin chain with light-induced dipole-dipole interaction

In fact, the site-to-site interaction can also be tuned by laser field, and the
exchange interaction induced by the laser fields also plays an important role in
atomic spin chain in optical lattice. We consider that an external modulational laser
field is imposed into the system along the y-axis. This external laser field is properly
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chosen so that a new dipole-dipole interaction will be introduced into the system,
i.e., the so-called LDDI. Its Hamiltonian takes the form [10]:

Hopt ¼ ∑
m

∑
n6¼m

Joptmn Ŝ
�
mŜ

þ
n þ Sþ

mS
�
n

� �
: (13)

Here, the coefficient Joptmn describes the site-to-site spin coupling induced by the
LDDI, which has the concrete form:

Joptmn ¼
Q

144ℏk3L

ð
dr
ð
dr0f c r

0ð Þ exp � R2

W2
L

� �

� cos kLyð Þ cos kL y� y0ð Þ½ �eþ1 �W r0ð Þ � e�1 � ϕm rð Þj j2 ϕn r� r0ð Þj j2:
(14)

In above integral we define Q ¼ γ Ω1j j2=Δ2
1 to describe the magnitude of the

LDDI; here γ is the spontaneous emission rate of the atoms, and Ω1 is the Rabi
frequency; Δ1 is the optical detuning for the induced atomic transition. A cutoff
function f c rð Þ ¼ exp �r=Lcð Þ is introduced to describe the effective interaction
range of the LDDI, Lc being the coherence length. R2 ¼ r⊥2 þ r⊥ � r⊥0j j2 with the
transverse coordinate r⊥ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ z2
p

. The unit vectors have the form:

e0 ¼ ez, (15)

e�1 ¼ ∓ ex � iey
� �

, (16)

and eα α ¼ x; y; zð Þ which are the usual geocentric Cartesian frame. The tensor
W rð Þ describes the spatial profile of the LDDI and has the form:

W rð Þ ¼ 3
4

1� 3 cos 2θ
� � sin ξ

ξ2
þ cos ξ

ξ3

� �
� sin 2θ

cos ξ
ξ

� �
, (17)

where we define ξ ¼ kL r� r0j j, and θ is the angle between the dipole moment
and the relative coordinate r� r0. Being different from MDDI in Eq. (8), it shows
that the LDDI in this system leads to the spin coupling only in the transverse
direction, i.e., the direction perpendicular to the external magnetic field, as shown
in Eq. (13). The total Hamiltonian of the system can be written as [10].

Figure 2.
The spin coupling coefficients Jzmn ¼ Jmag

mn and Jij as a function of the lattice site index for different transverse
widths of the condensate in the MDDI and LDDI dominating optical lattice [4].
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and Nm is the number of condensed atoms at the m-th site; μm is the chemical
potential. In this case, the individual condensate confined in each lattice behaves as
spin magnets in the presence of external magnetic fields; such spin magnets form a
1D coherent spin chain with an effective Hamiltonian [5, 6]:
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m and
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where μ0 is the vacuum permeability, R1 ¼ r0j j2 � 3y
02. It will be seen from this

that the MDDI is determined by many parameters; however, we need to choose a
parameter which is easy controllable in the experiment. The realistic interaction
strengths of the MDDI and LDDI coupling coefficients have been calculated in ref.
[4], in which we find the dependency of the transverse width.

Here, we only consider the ferromagnetic condensates where the spins of atoms
at each lattice site align up along the direction of the applied magnetic field (the
quantized z-axis) in the ground state of the ferromagnetic spin chain. Because of the
Bose-enhancement effect, the spins are very large in these systems. As a result, at
low temperature the spins can be treated approximately as classical vectors, and we
can replace Ŝn with its average value Sn [1]. From the Hamiltonian (8), we can
derive the Heisenberg equation of motion for operator S�

n ¼ Sx
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(normalized by ℏ):
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j6¼n
2Jmag

nj S z
j S

þ
n � Sz

nS
þ
j

� �
: (11)

Equation (11) determines the existence and the propagation of spin waves. From
this equation, we can obtain the existence and dynamical evolving of the nonlinear
magnetic soliton. In Sec.3, we attempt to show the long-range and controllable
characteristics of MDDI and find how this long-range nonlinear dipole-dipole
interaction affects the generation of the magnetic soliton. If the static magnetic field
B is strong enough, we have:
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n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 � Sþ

n S
�
n

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
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2.2 Atomic spin chain with light-induced dipole-dipole interaction

In fact, the site-to-site interaction can also be tuned by laser field, and the
exchange interaction induced by the laser fields also plays an important role in
atomic spin chain in optical lattice. We consider that an external modulational laser
field is imposed into the system along the y-axis. This external laser field is properly
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chosen so that a new dipole-dipole interaction will be introduced into the system,
i.e., the so-called LDDI. Its Hamiltonian takes the form [10]:

Hopt ¼ ∑
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∑
n6¼m

Joptmn Ŝ
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: (13)

Here, the coefficient Joptmn describes the site-to-site spin coupling induced by the
LDDI, which has the concrete form:

Joptmn ¼
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� cos kLyð Þ cos kL y� y0ð Þ½ �eþ1 �W r0ð Þ � e�1 � ϕm rð Þj j2 ϕn r� r0ð Þj j2:
(14)

In above integral we define Q ¼ γ Ω1j j2=Δ2
1 to describe the magnitude of the

LDDI; here γ is the spontaneous emission rate of the atoms, and Ω1 is the Rabi
frequency; Δ1 is the optical detuning for the induced atomic transition. A cutoff
function f c rð Þ ¼ exp �r=Lcð Þ is introduced to describe the effective interaction
range of the LDDI, Lc being the coherence length. R2 ¼ r⊥2 þ r⊥ � r⊥0j j2 with the
transverse coordinate r⊥ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ z2
p

. The unit vectors have the form:

e0 ¼ ez, (15)

e�1 ¼ ∓ ex � iey
� �

, (16)

and eα α ¼ x; y; zð Þ which are the usual geocentric Cartesian frame. The tensor
W rð Þ describes the spatial profile of the LDDI and has the form:

W rð Þ ¼ 3
4

1� 3 cos 2θ
� � sin ξ

ξ2
þ cos ξ

ξ3

� �
� sin 2θ

cos ξ
ξ

� �
, (17)

where we define ξ ¼ kL r� r0j j, and θ is the angle between the dipole moment
and the relative coordinate r� r0. Being different from MDDI in Eq. (8), it shows
that the LDDI in this system leads to the spin coupling only in the transverse
direction, i.e., the direction perpendicular to the external magnetic field, as shown
in Eq. (13). The total Hamiltonian of the system can be written as [10].

Figure 2.
The spin coupling coefficients Jzmn ¼ Jmag

mn and Jij as a function of the lattice site index for different transverse
widths of the condensate in the MDDI and LDDI dominating optical lattice [4].
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H ¼ Hm þHopt: (18)

Function (11) now has the form:

i
dϕn

dt
¼ γBBzϕn þ ∑

j¼n�1
2SJmag

nj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ϕj

���
���
2

r
ϕn þ ∑

j¼n�1
4SJnj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ϕnj j2

q
ϕj: (19)

The interaction coefficient Jij satisfies Jij ¼ Joptij þ 1
2 J

mag
ij .

Figure 2 shows the two spin coupling coefficients varying with the lattice sites
and the transverse width of the condensate. It is clear that the spin coupling coeffi-
cients are sensitive to the variation of the transverse widthW of the condensate and
exhibit the similar long-range behavior.

3. Magnetic soliton in atomic spin chain

3.1 Magnetic soliton under the MDDI

To confirm that the magnetic soliton can be formed in this system, we first
consider the case that other interactions between spins are absent in this section.
Namely if the solitons indeed exist, they can be generated by the MDDI alone
Jij ¼ Jmag

ij =2. In the usual way, we set:

S�n ¼ S�n =S, (20)

Sz
n ¼ Sz

n=S, (21)

here S is the magnitude of spin for site n and only depends on the number of
atoms trapped in each site. Under the external magnetic field B considered here, we
make an assumption that the spin deviation from the quantized z-axis is consider-
able, which is reasonable when the number of atoms trapped in each site is large; it
is achievable according to present experiments. We also assume that the magnitude
of the spin deviation sn will extend over a large number of lattice sites and vary
slowly with site index n. Considering the spatial symmetry, we introduce a stag-
gered variable:

ϕn ¼ �1ð Þnsþn , (22)

where ϕn is complex; to find the existence conditions of the magnetic soliton
modes, we need firstly to get the nonlinear Schrödinger equation (NLSE) for ϕn in
continuum form, which is expected to be qualitatively correct for solitons in
discrete limit.

3.1.1 Nearest-neighbor approximation with the MDDI

Here we firstly consider only the nearest-neighbor (NN) interactions. In other
words, we assume that the on-site spin couples only to the spins at its two neigh-
boring sites, and the longer range couplings are artificially cut off. In above
equation, for small retortion from the ground state, we have:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ϕj

���
���
2

r
≈ 1� 1

2
ϕj

���
���
2
: (23)
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Using the slow varying envelope approximation or long-wavelength limit, we have:

d2ϕ y; tð Þ
dy2

�����
y¼yn

≈
ϕnþ1 þ ϕn�1 � 2ϕn

a2
: (24)

where a is the lattice constant. Then we can obtain the continuum limit NLSE for
ϕ y; tð Þ, namely

i
dϕ
dt

¼ 2 SJmag
01 a2

d2ϕ
dy2

þ βϕ� 4SJmag
01 ϕj j2ϕ, (25)

where a ¼ λL=2 is the lattice spacing between two adjacent sites, with λL being
the wave length of the lattice laser beams, and the coefficient β ¼ γBBz þ 8SJmag

01 .
This NLSE is integrable, and it has bright soliton solution if the effects of dispersion
and nonlinearity can cancel each other. In other words, the condition for Eq. (25) to
have one bright soliton solution is that the coefficient of the second-order spatial
derivative term and the coefficient of the cubic nonlinear term are of the same sign
[11]. The criterion for the existence of solitons requires:

f Wð Þ ¼ �8S2a2Jmag
01 2.0: (26)

Since the spin coupling parameter Jmag
01 is positive, this condition cannot be

satisfied, that is to say, there is no one soliton solution in atomic spin chain under
the NN approximation. It drives us to in-depth consideration; we should consider
more complex interactions, i.e., more site-to-site interactions would be considered.

3.1.2 Next-nearest-neighbor approximation with the MDDI

Even though the long-range effect of the dipole-dipole interaction is obvious, in
this section, we consider a case slightly beyond the NN approximation, i.e., the
next-nearest-neighbor (NNN) approximation, which is used in some solid-state
systems. Under this approximation, each on-site spin is coupled to the four near-
neighbor spins, two on its right side and the other two on its left side, respectively.
In this case, we set:

αj ¼ Jmag
0j =J01, (27)

A2 ¼ J02=J01, (28)

η ¼ γBBz þ 4S Jmag
01 þ 2J01 þ Jmag

02 � 2J02
� �

: (29)

Additionally, the second-order spatial derivative is introduced:

d2ϕ y; tð Þ
dy2

�����
y¼yn

≈
ϕnþ2 þ ϕn�2 � 2ϕn

2að Þ2 : (30)

Then, we can easily get:

i
dϕ y; tð Þ

dt
¼ 4SJ01 1� 4A2ð Þa2 d

2ϕ y; tð Þ
dy2

þ ηϕ y; tð Þ

� 2SJ01 α1 þ A2α2 þ 2� 2A2ð Þ ϕ y; tð Þj j2ϕ y; tð Þ,
(31)
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H ¼ Hm þHopt: (18)

Function (11) now has the form:
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nj
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1� ϕj

���
���
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r
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4SJnj
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q
ϕj: (19)

The interaction coefficient Jij satisfies Jij ¼ Joptij þ 1
2 J

mag
ij .

Figure 2 shows the two spin coupling coefficients varying with the lattice sites
and the transverse width of the condensate. It is clear that the spin coupling coeffi-
cients are sensitive to the variation of the transverse widthW of the condensate and
exhibit the similar long-range behavior.

3. Magnetic soliton in atomic spin chain

3.1 Magnetic soliton under the MDDI

To confirm that the magnetic soliton can be formed in this system, we first
consider the case that other interactions between spins are absent in this section.
Namely if the solitons indeed exist, they can be generated by the MDDI alone
Jij ¼ Jmag

ij =2. In the usual way, we set:
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Sz
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here S is the magnitude of spin for site n and only depends on the number of
atoms trapped in each site. Under the external magnetic field B considered here, we
make an assumption that the spin deviation from the quantized z-axis is consider-
able, which is reasonable when the number of atoms trapped in each site is large; it
is achievable according to present experiments. We also assume that the magnitude
of the spin deviation sn will extend over a large number of lattice sites and vary
slowly with site index n. Considering the spatial symmetry, we introduce a stag-
gered variable:

ϕn ¼ �1ð Þnsþn , (22)

where ϕn is complex; to find the existence conditions of the magnetic soliton
modes, we need firstly to get the nonlinear Schrödinger equation (NLSE) for ϕn in
continuum form, which is expected to be qualitatively correct for solitons in
discrete limit.

3.1.1 Nearest-neighbor approximation with the MDDI

Here we firstly consider only the nearest-neighbor (NN) interactions. In other
words, we assume that the on-site spin couples only to the spins at its two neigh-
boring sites, and the longer range couplings are artificially cut off. In above
equation, for small retortion from the ground state, we have:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ϕj

���
���
2

r
≈ 1� 1

2
ϕj

���
���
2
: (23)
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Using the slow varying envelope approximation or long-wavelength limit, we have:
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�����
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≈
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: (24)

where a is the lattice constant. Then we can obtain the continuum limit NLSE for
ϕ y; tð Þ, namely
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¼ 2 SJmag
01 a2

d2ϕ
dy2

þ βϕ� 4SJmag
01 ϕj j2ϕ, (25)

where a ¼ λL=2 is the lattice spacing between two adjacent sites, with λL being
the wave length of the lattice laser beams, and the coefficient β ¼ γBBz þ 8SJmag

01 .
This NLSE is integrable, and it has bright soliton solution if the effects of dispersion
and nonlinearity can cancel each other. In other words, the condition for Eq. (25) to
have one bright soliton solution is that the coefficient of the second-order spatial
derivative term and the coefficient of the cubic nonlinear term are of the same sign
[11]. The criterion for the existence of solitons requires:

f Wð Þ ¼ �8S2a2Jmag
01 2.0: (26)

Since the spin coupling parameter Jmag
01 is positive, this condition cannot be

satisfied, that is to say, there is no one soliton solution in atomic spin chain under
the NN approximation. It drives us to in-depth consideration; we should consider
more complex interactions, i.e., more site-to-site interactions would be considered.

3.1.2 Next-nearest-neighbor approximation with the MDDI

Even though the long-range effect of the dipole-dipole interaction is obvious, in
this section, we consider a case slightly beyond the NN approximation, i.e., the
next-nearest-neighbor (NNN) approximation, which is used in some solid-state
systems. Under this approximation, each on-site spin is coupled to the four near-
neighbor spins, two on its right side and the other two on its left side, respectively.
In this case, we set:

αj ¼ Jmag
0j =J01, (27)

A2 ¼ J02=J01, (28)

η ¼ γBBz þ 4S Jmag
01 þ 2J01 þ Jmag

02 � 2J02
� �

: (29)

Additionally, the second-order spatial derivative is introduced:

d2ϕ y; tð Þ
dy2

�����
y¼yn

≈
ϕnþ2 þ ϕn�2 � 2ϕn

2að Þ2 : (30)

Then, we can easily get:

i
dϕ y; tð Þ

dt
¼ 4SJ01 1� 4A2ð Þa2 d

2ϕ y; tð Þ
dy2

þ ηϕ y; tð Þ
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(31)

105

Magnetic Solitons in Optical Lattice
DOI: http://dx.doi.org/10.5772/intechopen.85492



where

η ¼ γBBz þ 4S Jmag
01 þ 2J01 þ Jmag

02 � 2J02
� �

: (32)

Because the LDDI is absent in this case, we have:

Jopt01 ¼ 0, (33)

J01 ¼
1
2
Jmag
01 , (34)

α1 ¼ α2 ¼ 2: (35)

Then, Eq. (31) can be rewritten as [10]:

i
dϕ y; tð Þ

dt
¼ 2 SJmag

01 1� 4A2ð Þa2 d
2ϕ y; tð Þ
dy2

þ ηϕ y; tð Þ � 4SJmag
01 ϕ y; tð Þj j2ϕ y; tð Þ,

(36)

where η ¼ γBBz þ 8SJmag
01 . For two adjacent sites, A2 ¼ Jmag

02 =Jmag
01 measures the

relative strength of the NNN spin coupling to the NN spin coupling. The condition
for Eq. (36) to have one soliton solution is

f Wð Þ ¼ �8S2a2Jmag
01 2 1� 4A2ð Þ.0; (37)

we have A2 .0:25. From the definition of A2, we can rewrite the condition as
0:25,A2 , 1, which agrees with the instability condition of the extended nonlinear
band edge spin wave modes in the linear stability analysis in Ref. [4]. It means that
one soliton solution can exist in atomic spin chain after the NNN interactions
between spins are considered. To a certain extent, this result is very useful because
the NNN approximation is good enough to describe this system under appropriate
parameters and it provides us an opportunity to make comparison between the
atomic spin chain and Heisenberg spin chain.

3.1.3 Long-range case with the MDDI

To study the effects of the long-range spin coupling on the nonlinear spin
wave dynamics, we need consider the spin coupling at all sites through the whole
optical lattice, though the MDDI decreases rapidly in some cases. We firstly use
Eq. (22) to rewrite the nonlinear motion equation of ϕn as

i
dϕn

dt
¼ γBBz þ ∑

j6¼n
2SJmag

nj

" #
ϕn � ∑

j6¼n
SJznj ϕj

���
���
2
ϕn

� ∑
j6¼n

4SJnjϕj �1ð Þj�n þ ∑
j6¼n

2SJnj ϕnj j2ϕj �1ð Þj�n:

(38)

Then we set:

ϕn ! ϕ y; tð Þ, (39)

Jmag
nj ! Jmag y� y0ð Þ, (40)

Jnj ! J y� y0ð Þ, (41)
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γBBz þ ∑
j6¼n

2 SJmag
nj ! ω yð Þ: (42)

Considering the discreteness of the optical lattice, we can treat the symbolic
terms as below:

�1ð Þ j�n ¼ cos j� nð Þπ½ � ¼ cos
2π
λL

y� y0ð Þ
� �

: (43)

After changing the sum to integration, Eq. (38) becomes:

i
dϕ y; tð Þ

dt
¼ ω yð Þϕ y; tð Þ � 2S

λL
ϕ y; tð Þ

ð∞
�∞

Jmag y� y0ð Þϕ2 y0; tð Þdy0

� 8S
λL

ð∞
�∞

J y� y0ð Þϕ y0; tð Þ cos 2π
λL

y� y0ð Þ
� �

dy0

þ 4S
λL

ϕ2 y; tð Þ
ð∞
�∞

J y� y0ð Þϕ y0; tð Þ cos 2π
λL

y� y0ð Þ
� �

dy0:

(44)

Denoting y� y0 ¼ ξ, the ϕ y0; tð Þ can be expanded as:

ϕ y0; tð Þ ¼ ϕ y; tð Þ þ ∂ϕ y; tð Þ
∂y

ξþ 1
2!
∂
2ϕ y; tð Þ
∂y2

ξ2 þ…: (45)

Taking above series into Eq. (44), the integration variable is changed, i.e.,
dy0 ! �dξ, and using the assumption ∂ϕ y; tð Þ=∂y≪ 1, finally we get [10]:

i
dϕ y; tð Þ

dt
¼ �2β1

∂
2ϕ y; tð Þ
∂y2

þ ω yð Þ � 4β0½ �ϕ y; tð Þ

þ 2β0 � γð Þ ϕ y; tð Þj j2ϕ y; tð Þ,
(46)

where we have used Jij ¼ 1
2 J

mag
ij , and the coefficients are defined as below:

βn ¼
S
λL

ð∞
�∞

Jmag ξð Þξ2n cos 2π
λL

ξ

� �
dξ, n ¼ 0, 1, (47)

γ ¼ 2S
λL

ð∞
�∞

Jmag ξð Þdξ: (48)

The condition for Eq. (46) to have envelope soliton solution is

f Wð Þ ¼ �2β1 2β0 � γð Þ.0: (49)

From the definitions of βn and γ, we can easily get 2β0 , γ. Then Eq. (49)
reduces to β1 .0, i.e.,

ð
Jmag ξð Þξ2 cos 2π

λL
ξ

� �
dξ.0: (50)

This result is consistent with the instability condition of modulational instability
of nonlinear coherent spin wave modes near the Brillouin zone boundary under the
long-wavelength modulation [4]. There, the modulational instability criteria take
the corresponding discrete form:

1� 4A2 þ 9A3 � 16A4 þ…,0, (51)
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1
2
Jmag
01 , (34)

α1 ¼ α2 ¼ 2: (35)
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i
dϕ y; tð Þ

dt
¼ 2 SJmag

01 1� 4A2ð Þa2 d
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dy2
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01 ϕ y; tð Þj j2ϕ y; tð Þ,

(36)
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nj
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���
���
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where Aj ¼ Jmag
0j =Jmag

01 ( j ¼ 2, 3…) is the relative strength of the longitudinal spin
coupling of site j to that of NN.

The function f Wð Þ versus the transverse widthW of the condensate is plotted in
Figure 3 for three different approximations. f Wð Þ ¼ 0 marked in dashed line in
Figure 3 characterize critical value, above which the magnetic solitons can occur. It
is clear that the NN approximation and the NNN approximation take effect for a
small transverse width.

3.2 Magnetic soliton under the LDDI

When we choose red-detuned optical lattice or an external modulational laser
field is imposed into the system, both the static MDDI and the laser-induced LDDI
begin to take effect on the dynamics of the soliton excitation, and the criterion for
the existence of solitons could be changed. Here we also consider three interaction
distances as doing in Section 3.1.

3.2.1 Nearest-neighbor approximation with the LDDI

In this case, we can obtain the continuum limit NLSE for ϕ y; tð Þ with the form:

i
dϕ y; tð Þ

dt
¼ 4SJ01a

2 d
2ϕ y; tð Þ
dy2

þ γBBz þ 4SJmag
01 þ 8SJ01

� �
ϕ y; tð Þ

� 2S Jmag
01 þ 2J01

� �
ϕ y; tð Þj j2ϕ y; tð Þ:

(52)

The existence condition of magnetic soliton now has the form

f Wð Þ ¼ �8S2a2J01 Jmag
01 þ 2J01

� �
.0: (53)

Obviously, magnetic soliton can be observed in this case, which is different from
the case where only the MDDI plays role.

Figure 3.
The existence conditions for magnetic solitons in atomic spin chain dominated by the MDDI. The three lines
correspond to the NN approximation (blue), the NNN approximation (green), and the long-range case,
respectively. The critical value of the transverse width is W1 and W2 [10].
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3.2.2 Next-nearest-neighbor approximation with the LDDI

In this case, the NLSE for ϕ y; tð Þ has the form:

i
dϕ y; tð Þ

dt
¼ 4SJ01 1� 4A2ð Þ d

2ϕ y; tð Þ
dy2

a2 þ ηϕ y; tð Þ

� 4SJ01 1� 4A2ð Þ ϕ y; tð Þj j2ϕ y; tð Þ:
(54)

We assume that the intensity of the external laser is strong enough which
corresponds to strong LDDI; then the terms like Jmag

0j =J0j have been ignored. So for
two adjacent sites, A2 ¼ J02=J01 measures the relative strength of the NNN spin
coupling to the NN spin coupling. The condition for Eq. (54) to have one soliton
solution is

f Wð Þ ¼ �16S2J201 1� 4A2ð Þ 1� A2ð Þ.0: (55)

3.2.3 Long-range case with the LDDI

In fact, once the external laser is imposed into the lattice, the LDDI dominates
the system rapidly; the NLSE now takes the form [10]:

i
dϕ y; tð Þ

dt
¼ �2β1

∂
2ϕ y; tð Þ
∂y2

þ ω yð Þ � 4β0½ �ϕ y; tð Þ

þ 2β0 � γð Þ ϕ y; tð Þj j2ϕ y; tð Þ,
(56)

where the coefficients are defined as below:

βn ¼
2S
λL

ð∞
�∞

J ξð Þξ2n cos 2π
λL

ξ

� �
dξ, n ¼ 0, 1, (57)

γ ¼ 2S
λL

ð∞
�∞

Jmag ξð Þdξ: (58)

The value of βn depends on both the MDDI and the LDDI. When a strong
enough external modulated laser is imposed into the system, we have Jmag ξð Þ≪ J ξð Þ,
which corresponds to γ≪ 2β0. Thus the existence criteria of one soliton solution of
Eq. (56) becomes β1β0 ,0, namely

f Wð Þ ¼
ð
J ξð Þξ2 cos 2π

λL
ξ

� �
dξ
ð
J ξð Þ cos 2π

λL
ξ

� �
dξ,0 (59)

Similarly, Eq. (59) is consistent with the corresponding discrete form of MI
condition of NCSW modes near the Brillouin zone boundary under the long-
wavelength modulation [4]:

1� 4A2 þ 9A3 � 16A4 þ…ð Þ 1� A2 þ A3 � A4 þ…ð Þ,0, (60)

where Aj ¼ J0j=J01 ( j ¼ 2, 3…) is the relative strength of the transverse spin
coupling of site j to that of NN.

We plot the existence regions of magnetic solitons in atomic spin chain domi-
nated by the LDDI in Figure 4. The longitudinal coordinates stand for the intensity
of the modulated laser. It is clear that the magnetic soliton can be achieved by
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3.2.2 Next-nearest-neighbor approximation with the LDDI

In this case, the NLSE for ϕ y; tð Þ has the form:

i
dϕ y; tð Þ

dt
¼ 4SJ01 1� 4A2ð Þ d

2ϕ y; tð Þ
dy2

a2 þ ηϕ y; tð Þ

� 4SJ01 1� 4A2ð Þ ϕ y; tð Þj j2ϕ y; tð Þ:
(54)

We assume that the intensity of the external laser is strong enough which
corresponds to strong LDDI; then the terms like Jmag

0j =J0j have been ignored. So for
two adjacent sites, A2 ¼ J02=J01 measures the relative strength of the NNN spin
coupling to the NN spin coupling. The condition for Eq. (54) to have one soliton
solution is

f Wð Þ ¼ �16S2J201 1� 4A2ð Þ 1� A2ð Þ.0: (55)

3.2.3 Long-range case with the LDDI

In fact, once the external laser is imposed into the lattice, the LDDI dominates
the system rapidly; the NLSE now takes the form [10]:
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dξ, n ¼ 0, 1, (57)

γ ¼ 2S
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The value of βn depends on both the MDDI and the LDDI. When a strong
enough external modulated laser is imposed into the system, we have Jmag ξð Þ≪ J ξð Þ,
which corresponds to γ≪ 2β0. Thus the existence criteria of one soliton solution of
Eq. (56) becomes β1β0 ,0, namely
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Similarly, Eq. (59) is consistent with the corresponding discrete form of MI
condition of NCSW modes near the Brillouin zone boundary under the long-
wavelength modulation [4]:
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tuning the transverse width and the modulated laser, which demonstrates the
high controllability of optical lattice.

4. Conclusion

In this chapter, we have shown the existence conditions of magnetic solitons that
can occur in optical lattice. Compared to the more conventional solid-state magnetic
materials, we discuss how the NN, the NNN, and the long-range interactions (the
MDDI and LDDI) dominate the system. We also show that they can be tuned by
the laser parameters and the shape of the condensate including the laser detuning,
the laser intensity, and the transverse width of the condensate.

Besides studying the magnetic solitons, the atomic spin chain in optical lattice
provides us with a useful tool to study the fundamental static and dynamic aspects
of magnetism and lattice dynamics [12–14]. In experimental applications, the
atomic spin chain has become potential candidates for multi-bit quantum compu-
tation due to their long coherence and controllability [13, 15–17]. The theoretical
study of magnetic solitons in optical lattices will play a guiding role when the optical
lattice is used in cold atomic physics, condensed matter physics, and quantum
information.
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Figure 4.
The existence regions of magnetic solitons under the NNN approximation (a) and the long-range case
(b) in atomic spin chain dominated by the LDDI, respectively. The critical value of the transverse width is
Wa and Wb. The blank regions correspond to the existence of solitons for both cases [10].
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Chapter 5

Q-Switched 2 Micron Solid-State 
Lasers and Their Applications
Kejian Yang, Yaling Yang, Jingliang He and Shengzhi Zhao

Abstract

In this chapter, we overview the Q-switched 2 μm solid-state laser development 
achieved in recent years, including flash- and diode-pumped solid-state lasers based 
on active and passive modulators. In summary, active Q-switching is still the first 
choice for obtaining large pulse energy at 2 μm currently, while passive Q-switching 
based on saturable absorbers (SAs), especially the newly emerging broadband 
low-dimension nanomaterial, is becoming promising approach in generating 
Q-switched 2 μm lasers specially with high repetition rate, although the output 
power, pulse duration, and pulse energy needs further enhancement. Besides, some 
important applications of 2 μm lasers, such as medicine, laser radar, and infrared 
directional interference, have also been introduced in brief.

Keywords: 2 μm, solid-state laser, Q-switched, flash-pumped, diode-pumped

1. Introduction

In 1916, Einstein proposed the theory of stimulated radiation, which laid a 
theoretical foundation for the emerging of lasers. Till 1960, the world’s first laser 
was invented by Mehman. Since then, flash-pumping has been widely employed 
for laser technology to generate beams with good monochromaticity, excellent 
coherence and promising directivity. Moreover, with the advent of laser diodes 
(LD), diode-pumped solid-state lasers have achieved rapid development for many 
advantages such as high efficiency, small size, and high beam quality compared 
with flash-pumped lasers. However, free-running lasers have relaxation oscil-
lations, which deliver series of disordered small pulse spikes that do not possess 
high or stable peak powers. With the directional stored energy further modulated 
temporally, the laser operation regime would gradually evolve from continuous 
wave (CW) to Q-switching. It is well known that Q-switching is always an efficient 
method for generating pulsed lasers for any wavelength, since it provides an effi-
cient way to obtain short laser pulses with high peak power, which is much benefi-
cial for scientific or practical applications in terms of light-matter interactions. By 
using the Q-switching technology, the pulse peak power can reach KW or even MW 
level, and the pulse energy reaches mJ or even J level, which are very suitable for 
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Chapter 5

Q-Switched 2 Micron Solid-State 
Lasers and Their Applications
Kejian Yang, Yaling Yang, Jingliang He and Shengzhi Zhao

Abstract

In this chapter, we overview the Q-switched 2 μm solid-state laser development 
achieved in recent years, including flash- and diode-pumped solid-state lasers based 
on active and passive modulators. In summary, active Q-switching is still the first 
choice for obtaining large pulse energy at 2 μm currently, while passive Q-switching 
based on saturable absorbers (SAs), especially the newly emerging broadband 
low-dimension nanomaterial, is becoming promising approach in generating 
Q-switched 2 μm lasers specially with high repetition rate, although the output 
power, pulse duration, and pulse energy needs further enhancement. Besides, some 
important applications of 2 μm lasers, such as medicine, laser radar, and infrared 
directional interference, have also been introduced in brief.

Keywords: 2 μm, solid-state laser, Q-switched, flash-pumped, diode-pumped

1. Introduction

In 1916, Einstein proposed the theory of stimulated radiation, which laid a 
theoretical foundation for the emerging of lasers. Till 1960, the world’s first laser 
was invented by Mehman. Since then, flash-pumping has been widely employed 
for laser technology to generate beams with good monochromaticity, excellent 
coherence and promising directivity. Moreover, with the advent of laser diodes 
(LD), diode-pumped solid-state lasers have achieved rapid development for many 
advantages such as high efficiency, small size, and high beam quality compared 
with flash-pumped lasers. However, free-running lasers have relaxation oscil-
lations, which deliver series of disordered small pulse spikes that do not possess 
high or stable peak powers. With the directional stored energy further modulated 
temporally, the laser operation regime would gradually evolve from continuous 
wave (CW) to Q-switching. It is well known that Q-switching is always an efficient 
method for generating pulsed lasers for any wavelength, since it provides an effi-
cient way to obtain short laser pulses with high peak power, which is much benefi-
cial for scientific or practical applications in terms of light-matter interactions. By 
using the Q-switching technology, the pulse peak power can reach KW or even MW 
level, and the pulse energy reaches mJ or even J level, which are very suitable for 
medical and industrial fields.

In recent years, 2 μm lasers located in the eye-safe spectral range have gained 
much attention because of their wide applications in the fields of environmental 
monitoring [1], laser medicine [2], laser radar [3, 4], micro-machining, material 
processing [5], and so on. In addition, the 2 μm lasers can also be used as pump 
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sources for producing the mid- and far-infrared lasers. For example, they can be 
used as high-efficiency pumping sources for optical parametric oscillators (OPOs) 
and optical parametric amplifiers (OPAs) to achieve broadband tunable lasers in 
the mid-infrared spectral range of 3–5 and 8–12 μm [6–8]. However, it should be 
noticed that in practical applications, such as laser surgery, industrial processing, 
and nonlinear optics, laser pulses with high peak powers are required. Therefore, 
nanosecond 2 μm laser source with high peak power, large pulse energy and excel-
lent stability is of great significance and has become an important topic of current 
research on 2 μm lasers.

As mentioned above, Q-switching technology is not an exceptional choice for 
obtaining nanosecond 2 μm solid-state lasers with high peak power. According 
to the different operation regimes, Q-switching technology can be divided into 
active and passive Q-switching (PQS). The basic principle of active Q-switching 
is regularly modulating the intracavity losses by a voltage controlled modulator, 
including electro-optic (EO) and acousto-optic (AO) modulators. Although actively 
Q-switched lasers are frequency adjustable, stable and reliable, they have the disad-
vantages of large size and expensive cost. Passive Q-switching technology is a good 
choice to overcome them. In passively Q-switched lasers, the saturable absorber 
(SA) is the key element and thus the output laser characteristics strongly depend on 
the nature of the SA materials. Up to now, semiconductor saturable absorber mir-
rors (SESAMs), chromium doped II-VI semiconductor materials (Cr2+: ZnSe/S), and 
low-dimensional nanomaterials have been widely studied and regarded as reliable 
SAs for 2 μm lasers. However, the utilization of SESAMs is restricted by the compli-
cated and expensive fabrication process as well as narrow absorption bandwidth. At 
present, the low dimensional nanomaterials with advantages of broadband absorp-
tion and low cost have been attractive candidates as SAs for PQS.

2. Flash-pumped 2 micron solid-state pulsed lasers

Up to now, flash-pumped solid-state lasers are still widely used in industry 
and medical science, because of the advantage of high energy output. In general, 
the flash-pumping way can support larger mode area than that of diode-pumping 
regime, which is critical for high energy laser output. To increase the absorption 
efficiency, Cr3+ ions are usually co-doped as sensitizer/activator for Tm or Tm-Ho 
host materials when flash-pumped. Under this situation, the energy level dia-
gram for Cr,Tm,Ho: YAG crystal is illustrated in Figure 1. The flash pump light is 
absorbed by the broadband Cr3+ ions. After a nonradiative decay to and within the 
4T2 and 2E states, the excitation is transferred from the Cr3+ ion to the 3F3 and 3H4 
states of the Tm3+ ion, via dipole–dipole interactions. Nonradiative decay of the 
3F3 places virtually all the excited ions in the 3H4 state. Each excited Tm3+ ion then 
interacts with a ground state of Tm3+ ion in a cross-relaxation process which gives 
rise to two Tm3+ ions in the 3F4 state. Finally, these Tm3+ ions transfer their energy to 
two Ho3+ ions to populate the 5I7 upper laser level, and lasing occurs between the 5I7 
and 5I8 transition at 2.097 μm [9].

In 1962, Johnson et al. in Bell Labs, USA achieved the firstly 2.06 μm laser emis-
sion, but this laser was typically cooled by liquid-N2 at 77 K and the output power 
was very low. Lately, it was found that some rare earth ions can sensitize Ho3+, thus 
a Er,Tm,Ho:YAG laser was realized with a slope efficiency of 5% with aid of liquid-
N2 cooling. In 1985, Antipenko et al. increased the flash-pumping efficiency and 
achieved the first 2 μm laser output at room temperature by replacing Er3+ with Cr3+. 
But CW operation cannot satisfy the requirements of high peak power and narrow 

115

Q-Switched 2 Micron Solid-State Lasers and Their Applications
DOI: http://dx.doi.org/10.5772/intechopen.89548

pulse width in many applications. Then Q-switching technology was utilized 
including passive and active Q-switching methods.

In 1996, Kuo et al. used Ho:YVO4 and Ho:CaF2 crystals as SAs for Tm,Cr:YAG 
lasers, and the corresponding pulse energies and pulse widths were 3.5 mJ, 45 ns 
and 5.1 mJ, 60 ns at 2.017 μm, respectively [10, 11]. In 2001, flash-lamp-pumped 
Ho:YAG (2090 nm) and Tm:YAG (2017 nm) lasers were passively Q-switched based 
on a Cr2+:ZnSe SA for the first time, from which a Q-switched Ho laser with 1.3 mJ 
pulse energy and ~90 ns pulse duration and a Q-switched Tm laser with ~3.2 mJ 
pulse energy and 90 ns pulse duration were demonstrated [12]. In 2005, Gaponenko 
et al. realized passively Q-switched Cr,Tm,Ho:Y3Sc2Al3O12 and Cr,Tm,Ho:YAG lasers 
using PbS SAs, where the pulse energies and pulse widths were 2.4 mJ, 50 ns and 
4.5 mJ, 70 ns at about 2.09 μm, respectively [13]. However, because the pulse ener-
gies were too low to satisfy the demands of practical application, active Q-switching 
technology was applied in flash-lamp-pumped 2 μm lasers.

In 1991, Bowman et al. designed an AO Q-switched Cr,Tm,Ho:YAG laser 
using a quartz crystal with Brewster angle placed in the cavity. At temperature 
of 20°C, the pulse energy of 110 mJ with the pulse width of 40 ns was obtained 
at the repetition rate of 1 Hz [14]. Two years late, they achieved AO Q-switched 
Cr,Tm,Ho:YAG laser with pulse energy of 24 mJ and duration of 90 ns at a repeti-
tion rate of 29 Hz [15]. In 2000, using flash-lamp-pumping, an AO Q-switched 
Cr,Tm:YAG laser was realized with a maximum pulse energy exceeding 0.8 J and 
a pulse width of 135 ns [16]. In 2005, Zheng et al. reported a AO Q-switched 
Cr,Tm,Ho:YAG laser delivering a pulse energy of 120 mJ and a pulse width of 
90 ns at the repetition rate of 10 Hz [17].

Besides AO modulator, EO modulator is also a common method to modulate 
flash-lamp-pumped 2 μm lasers, which could further shorten the pulse duration. 
In 1981, Gettermy et al. reported a LiNbO3 (LN) crystal based EO Q-switched 
Ho:YAG laser, which had to be cooled down to 77 K to obtain high energy and short 
pulses. A pulse energy of 80 mJ with a pulse width of 30 ns at the repetition rate 
of 5 Hz was obtained [18]. In 1990, Henderson et al. reported a EO Q-switched 
Cr,Tm,Ho:YAG laser using a LN crystal as modulator. At the repetition rate of 3 Hz, 
the pulse energy of 50 mJ with a corresponding pulse width of 150 ns was obtained 

Figure 1. 
Energy level diagram for Cr,Tm,Ho:YAG, CR: cross relaxation.
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sources for producing the mid- and far-infrared lasers. For example, they can be 
used as high-efficiency pumping sources for optical parametric oscillators (OPOs) 
and optical parametric amplifiers (OPAs) to achieve broadband tunable lasers in 
the mid-infrared spectral range of 3–5 and 8–12 μm [6–8]. However, it should be 
noticed that in practical applications, such as laser surgery, industrial processing, 
and nonlinear optics, laser pulses with high peak powers are required. Therefore, 
nanosecond 2 μm laser source with high peak power, large pulse energy and excel-
lent stability is of great significance and has become an important topic of current 
research on 2 μm lasers.

As mentioned above, Q-switching technology is not an exceptional choice for 
obtaining nanosecond 2 μm solid-state lasers with high peak power. According 
to the different operation regimes, Q-switching technology can be divided into 
active and passive Q-switching (PQS). The basic principle of active Q-switching 
is regularly modulating the intracavity losses by a voltage controlled modulator, 
including electro-optic (EO) and acousto-optic (AO) modulators. Although actively 
Q-switched lasers are frequency adjustable, stable and reliable, they have the disad-
vantages of large size and expensive cost. Passive Q-switching technology is a good 
choice to overcome them. In passively Q-switched lasers, the saturable absorber 
(SA) is the key element and thus the output laser characteristics strongly depend on 
the nature of the SA materials. Up to now, semiconductor saturable absorber mir-
rors (SESAMs), chromium doped II-VI semiconductor materials (Cr2+: ZnSe/S), and 
low-dimensional nanomaterials have been widely studied and regarded as reliable 
SAs for 2 μm lasers. However, the utilization of SESAMs is restricted by the compli-
cated and expensive fabrication process as well as narrow absorption bandwidth. At 
present, the low dimensional nanomaterials with advantages of broadband absorp-
tion and low cost have been attractive candidates as SAs for PQS.

2. Flash-pumped 2 micron solid-state pulsed lasers

Up to now, flash-pumped solid-state lasers are still widely used in industry 
and medical science, because of the advantage of high energy output. In general, 
the flash-pumping way can support larger mode area than that of diode-pumping 
regime, which is critical for high energy laser output. To increase the absorption 
efficiency, Cr3+ ions are usually co-doped as sensitizer/activator for Tm or Tm-Ho 
host materials when flash-pumped. Under this situation, the energy level dia-
gram for Cr,Tm,Ho: YAG crystal is illustrated in Figure 1. The flash pump light is 
absorbed by the broadband Cr3+ ions. After a nonradiative decay to and within the 
4T2 and 2E states, the excitation is transferred from the Cr3+ ion to the 3F3 and 3H4 
states of the Tm3+ ion, via dipole–dipole interactions. Nonradiative decay of the 
3F3 places virtually all the excited ions in the 3H4 state. Each excited Tm3+ ion then 
interacts with a ground state of Tm3+ ion in a cross-relaxation process which gives 
rise to two Tm3+ ions in the 3F4 state. Finally, these Tm3+ ions transfer their energy to 
two Ho3+ ions to populate the 5I7 upper laser level, and lasing occurs between the 5I7 
and 5I8 transition at 2.097 μm [9].

In 1962, Johnson et al. in Bell Labs, USA achieved the firstly 2.06 μm laser emis-
sion, but this laser was typically cooled by liquid-N2 at 77 K and the output power 
was very low. Lately, it was found that some rare earth ions can sensitize Ho3+, thus 
a Er,Tm,Ho:YAG laser was realized with a slope efficiency of 5% with aid of liquid-
N2 cooling. In 1985, Antipenko et al. increased the flash-pumping efficiency and 
achieved the first 2 μm laser output at room temperature by replacing Er3+ with Cr3+. 
But CW operation cannot satisfy the requirements of high peak power and narrow 
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pulse width in many applications. Then Q-switching technology was utilized 
including passive and active Q-switching methods.

In 1996, Kuo et al. used Ho:YVO4 and Ho:CaF2 crystals as SAs for Tm,Cr:YAG 
lasers, and the corresponding pulse energies and pulse widths were 3.5 mJ, 45 ns 
and 5.1 mJ, 60 ns at 2.017 μm, respectively [10, 11]. In 2001, flash-lamp-pumped 
Ho:YAG (2090 nm) and Tm:YAG (2017 nm) lasers were passively Q-switched based 
on a Cr2+:ZnSe SA for the first time, from which a Q-switched Ho laser with 1.3 mJ 
pulse energy and ~90 ns pulse duration and a Q-switched Tm laser with ~3.2 mJ 
pulse energy and 90 ns pulse duration were demonstrated [12]. In 2005, Gaponenko 
et al. realized passively Q-switched Cr,Tm,Ho:Y3Sc2Al3O12 and Cr,Tm,Ho:YAG lasers 
using PbS SAs, where the pulse energies and pulse widths were 2.4 mJ, 50 ns and 
4.5 mJ, 70 ns at about 2.09 μm, respectively [13]. However, because the pulse ener-
gies were too low to satisfy the demands of practical application, active Q-switching 
technology was applied in flash-lamp-pumped 2 μm lasers.

In 1991, Bowman et al. designed an AO Q-switched Cr,Tm,Ho:YAG laser 
using a quartz crystal with Brewster angle placed in the cavity. At temperature 
of 20°C, the pulse energy of 110 mJ with the pulse width of 40 ns was obtained 
at the repetition rate of 1 Hz [14]. Two years late, they achieved AO Q-switched 
Cr,Tm,Ho:YAG laser with pulse energy of 24 mJ and duration of 90 ns at a repeti-
tion rate of 29 Hz [15]. In 2000, using flash-lamp-pumping, an AO Q-switched 
Cr,Tm:YAG laser was realized with a maximum pulse energy exceeding 0.8 J and 
a pulse width of 135 ns [16]. In 2005, Zheng et al. reported a AO Q-switched 
Cr,Tm,Ho:YAG laser delivering a pulse energy of 120 mJ and a pulse width of 
90 ns at the repetition rate of 10 Hz [17].

Besides AO modulator, EO modulator is also a common method to modulate 
flash-lamp-pumped 2 μm lasers, which could further shorten the pulse duration. 
In 1981, Gettermy et al. reported a LiNbO3 (LN) crystal based EO Q-switched 
Ho:YAG laser, which had to be cooled down to 77 K to obtain high energy and short 
pulses. A pulse energy of 80 mJ with a pulse width of 30 ns at the repetition rate 
of 5 Hz was obtained [18]. In 1990, Henderson et al. reported a EO Q-switched 
Cr,Tm,Ho:YAG laser using a LN crystal as modulator. At the repetition rate of 3 Hz, 
the pulse energy of 50 mJ with a corresponding pulse width of 150 ns was obtained 

Figure 1. 
Energy level diagram for Cr,Tm,Ho:YAG, CR: cross relaxation.
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[19]. In 1993, Kim et al. also achieved a pulse energy of 50 mJ from a LN based EO 
Q-switched Cr,Tm,Ho:YAG laser at 170 K [20]. In 2008, Nieuwenhuis et al. utilized 
RbTiOPO4 (RTP) crystal as EO modulator in a lamp-pumped Cr,Tm,Ho:YAG laser, 
and obtained a pulse width of 100 ns with a pulse energy of 42 mJ [21]. In 2012, a 
flash-lamp-pumped 2.09 μm Cr,Tm,Ho:YAG laser utilizing a La3Ga5SiO14 (LGS) 
crystal as the EO modulator is proposed and demonstrated for the first time, which 
results are shown in Figure 2. Operated at a repetition rate of 3 Hz, a pulse energy 
as high as 520 mJ with a 35 ns pulse width was achieved by optimizing the delay 
time of EO modulator and compensating for the thermal depolarization with a 
quarter-wave plate. The corresponding pulse peak power was 14.86 MW, and the 
energy extraction efficiency was 66.3% [22].

In conclusion, as shown in Table 1, flash-pumped 2 μm solid-state lasers have 
been well developed for generating high pulse energy, especially in combination 
with active Q-switching methods. To now, the highest single pulse energy obtained 
at 2 μm was 800 mJ, with corresponding pulse duration of 135 ns by using an AO 
modulator. As for flash-pumped EO Q-switched 2 μm solid-state lasers, the highest 
single pulse energy of 520 mJ was achieved with a corresponding pulse width of 
35 ns, which delivered the highest pulse peak power from the flash-pumped 2 μm 

Modulator Gain media Durations (ns) Energy (mJ) Time Ref.

Ho:YVO4 Tm,Cr:YAG 45 3.5 1966 [10]

Ho:CaF2 Tm,Cr:YAG 30 5.1 1966 [11]

Cr:ZnSe Ho:YAG 90 1.3 2001 [12]

Cr:ZnSe Tm:YAG 90 3.2 2001 [12]

PbS Cr,Tm,Ho:YSAG 50 2.4 2005 [13]

PbS Cr,Tm,Ho:YAG 70 4.5 2005 [13]

AO Cr,Tm,Ho:YAG 40 110 1991 [14]

AO Cr,Tm,Ho:YAG 90 24 1993 [15]

AO Cr,Tm:YAG 135 800 2000 [16]

AO Cr,Tm,Ho:YAG 90 120 2005 [17]

LN Ho:YAG 30 80 1981 [18]

LN Cr,Tm,Ho:YAG 150 50 1990 [19]

LN Cr,Tm,Ho:YAG — 50 1993 [20]

RTP Cr,Tm,Ho:YAG 100 42 2008 [21]

LGS Cr,Tm,Ho:YAG 35 520 2012 [22]

Table 1. 
Overview of flash-pumped Q-switched 2 micron solid-state lasers.

Figure 2. 
Schematic setup of flash-lamp-pumped EO Q-switched Cr,Tm, Ho:YAG laser. [Reprinted/Adapted] With 
permission from Ref. [22] © The Optical Society.
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solid-state laser, to the best our knowledge. In the future, flash-pumped 2 μm solid-
state lasers still have great potential for various applications demanding high energy.

3. Diode-pumped actively modulated 2 micron solid-state lasers

3.1 AO modulated 2 micron solid-state lasers

The AO modulator has the advantages of high damage threshold, easy opera-
tion, and low insertion loss. It is capable of generating peak power as high as several 
hundred kilowatts, high repetition frequency, and short pulse width with several 
tens of nanoseconds. Thus, AO Q-switching has attracted a lot in generating 2 μm 
laser pulses based on Tm3+ or Ho3+ ions doped crystals.

The actively Q-switched Tm3+ doped laser can be traced back to 1991, when Suni 
et al. realized a LD-pumped AO Q-switched Tm:YAG laser with the pulse width of 
330 ns and the single pulse energy of 1 mJ at the repetition frequency of 100 Hz 
[23]. In 2004, Sullivan et al. realized a high-power Q-switched Tm:YAP laser with 
a maximum output power of 50 W at 1940 nm. At the repetition rate of 5 kHz, the 
maximum pulse energy was 7 mJ with a corresponding pulse width of 75 ns [24]. 
But it was low temperature of −10°C. In 2008, Cai et al. realized a diode-pumped 
AO Q-switched Tm:YAP laser with a maximum single pulse energy of 1.57 mJ 
and the minimum pulse width of 80 ns at a repetition rate of 1 kHz under room 
temperature [25]. In 2010, Li et al. showed another double-diode end-pumped 
AO Q-switched c-cut Tm:YAP laser, which delivered a maximum average output 
power of 12.5 W at a repetition rate of 10 kHz with a pulse width of 126 ns [26]. In 
2015, Yumoto et al. realized AO Q-switched Tm:YAG laser at a center wavelength 
of 2.013 μm. The maximum pulse energy of 128 mJ was obtained at a repetition 
rate of 10 Hz, corresponding to a minimum pulse width of 160 ns [27], which was 
the largest pulse energy for AO Q-switched 2 μm laser. In 2015, Luan et al. realized 
a 790 nm diode-pumped doubly Q-switched Tm:LuAG laser simultaneously with 
AO modulator and multilayered graphene as Q-switches, from which a minimum 
pulse width of 170 ns with a corresponding pulse energy of 0.53 mJ was obtained at 
a repetition rate of 1 kHz [28]. The results well indicated that doubly Q-switching 
technique could efficiently shorten the pulse duration.

Efforts are not stopped being paid on exploring diode-pumped solid-state AO 
Q-switched lasers based on novel kinds of Tm3+ and Ho3+ doped crystals. In 2017, 
Liu et al. demonstrated an AO Q-switched Tm,Y:CaF2 laser in a V-type cavity as 
shown in Figure 3, which could run at high repetition rates from 1 to 10 kHz [29]. 
Under the modulation frequency of 1 kHz, pulses with the shortest duration of 
280 ns and the maximum pulse energy of 0.335 mJ were delivered, corresponding 
to a maximum peak power of 1.19 kW. In 2019, Zagumennyi et al. reported a novel 
AO Q-switched Tm:Yb3Al5O12 (Tm:YbAG) laser pumped by the 1.678 μm laser. 
The pulse energy was 100 μJ with a pulse duration of 45 ns at the repetition rate of 
6.7 kHz [30].

In addition to the Tm lasers emitting around 1.9–2.0 μm, Ho3+ ions can emit 
laser radiations at around 2.0–2.1 μm due to the transition 5I7–5I8, which can keep 
away from the water vapor absorption and is helpful for the applications requiring 
free space transmission. Moreover, Ho3+ ion with long upper laser level lifetime are 
attractive for Q-switched operation. Since Tm3+ ions have absorption bands around 
800 nm where commercial GaAs/AlGaAs diodes are available, a Tm sensitized Ho 
laser is an ideal way to achieve a ∼ 2.1 μm laser. In 2005, Yao et al. realized the AO 
Q-switched Tm,Ho:GdVO4 laser under liquid nitrogen refrigeration. And the maxi-
mum pulse energy of 1.1 mJ and minimum pulse duration of 23 ns were obtained at 
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[19]. In 1993, Kim et al. also achieved a pulse energy of 50 mJ from a LN based EO 
Q-switched Cr,Tm,Ho:YAG laser at 170 K [20]. In 2008, Nieuwenhuis et al. utilized 
RbTiOPO4 (RTP) crystal as EO modulator in a lamp-pumped Cr,Tm,Ho:YAG laser, 
and obtained a pulse width of 100 ns with a pulse energy of 42 mJ [21]. In 2012, a 
flash-lamp-pumped 2.09 μm Cr,Tm,Ho:YAG laser utilizing a La3Ga5SiO14 (LGS) 
crystal as the EO modulator is proposed and demonstrated for the first time, which 
results are shown in Figure 2. Operated at a repetition rate of 3 Hz, a pulse energy 
as high as 520 mJ with a 35 ns pulse width was achieved by optimizing the delay 
time of EO modulator and compensating for the thermal depolarization with a 
quarter-wave plate. The corresponding pulse peak power was 14.86 MW, and the 
energy extraction efficiency was 66.3% [22].

In conclusion, as shown in Table 1, flash-pumped 2 μm solid-state lasers have 
been well developed for generating high pulse energy, especially in combination 
with active Q-switching methods. To now, the highest single pulse energy obtained 
at 2 μm was 800 mJ, with corresponding pulse duration of 135 ns by using an AO 
modulator. As for flash-pumped EO Q-switched 2 μm solid-state lasers, the highest 
single pulse energy of 520 mJ was achieved with a corresponding pulse width of 
35 ns, which delivered the highest pulse peak power from the flash-pumped 2 μm 

Modulator Gain media Durations (ns) Energy (mJ) Time Ref.

Ho:YVO4 Tm,Cr:YAG 45 3.5 1966 [10]

Ho:CaF2 Tm,Cr:YAG 30 5.1 1966 [11]

Cr:ZnSe Ho:YAG 90 1.3 2001 [12]

Cr:ZnSe Tm:YAG 90 3.2 2001 [12]

PbS Cr,Tm,Ho:YSAG 50 2.4 2005 [13]

PbS Cr,Tm,Ho:YAG 70 4.5 2005 [13]

AO Cr,Tm,Ho:YAG 40 110 1991 [14]

AO Cr,Tm,Ho:YAG 90 24 1993 [15]

AO Cr,Tm:YAG 135 800 2000 [16]

AO Cr,Tm,Ho:YAG 90 120 2005 [17]

LN Ho:YAG 30 80 1981 [18]

LN Cr,Tm,Ho:YAG 150 50 1990 [19]

LN Cr,Tm,Ho:YAG — 50 1993 [20]

RTP Cr,Tm,Ho:YAG 100 42 2008 [21]

LGS Cr,Tm,Ho:YAG 35 520 2012 [22]

Table 1. 
Overview of flash-pumped Q-switched 2 micron solid-state lasers.

Figure 2. 
Schematic setup of flash-lamp-pumped EO Q-switched Cr,Tm, Ho:YAG laser. [Reprinted/Adapted] With 
permission from Ref. [22] © The Optical Society.
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solid-state laser, to the best our knowledge. In the future, flash-pumped 2 μm solid-
state lasers still have great potential for various applications demanding high energy.

3. Diode-pumped actively modulated 2 micron solid-state lasers

3.1 AO modulated 2 micron solid-state lasers

The AO modulator has the advantages of high damage threshold, easy opera-
tion, and low insertion loss. It is capable of generating peak power as high as several 
hundred kilowatts, high repetition frequency, and short pulse width with several 
tens of nanoseconds. Thus, AO Q-switching has attracted a lot in generating 2 μm 
laser pulses based on Tm3+ or Ho3+ ions doped crystals.

The actively Q-switched Tm3+ doped laser can be traced back to 1991, when Suni 
et al. realized a LD-pumped AO Q-switched Tm:YAG laser with the pulse width of 
330 ns and the single pulse energy of 1 mJ at the repetition frequency of 100 Hz 
[23]. In 2004, Sullivan et al. realized a high-power Q-switched Tm:YAP laser with 
a maximum output power of 50 W at 1940 nm. At the repetition rate of 5 kHz, the 
maximum pulse energy was 7 mJ with a corresponding pulse width of 75 ns [24]. 
But it was low temperature of −10°C. In 2008, Cai et al. realized a diode-pumped 
AO Q-switched Tm:YAP laser with a maximum single pulse energy of 1.57 mJ 
and the minimum pulse width of 80 ns at a repetition rate of 1 kHz under room 
temperature [25]. In 2010, Li et al. showed another double-diode end-pumped 
AO Q-switched c-cut Tm:YAP laser, which delivered a maximum average output 
power of 12.5 W at a repetition rate of 10 kHz with a pulse width of 126 ns [26]. In 
2015, Yumoto et al. realized AO Q-switched Tm:YAG laser at a center wavelength 
of 2.013 μm. The maximum pulse energy of 128 mJ was obtained at a repetition 
rate of 10 Hz, corresponding to a minimum pulse width of 160 ns [27], which was 
the largest pulse energy for AO Q-switched 2 μm laser. In 2015, Luan et al. realized 
a 790 nm diode-pumped doubly Q-switched Tm:LuAG laser simultaneously with 
AO modulator and multilayered graphene as Q-switches, from which a minimum 
pulse width of 170 ns with a corresponding pulse energy of 0.53 mJ was obtained at 
a repetition rate of 1 kHz [28]. The results well indicated that doubly Q-switching 
technique could efficiently shorten the pulse duration.

Efforts are not stopped being paid on exploring diode-pumped solid-state AO 
Q-switched lasers based on novel kinds of Tm3+ and Ho3+ doped crystals. In 2017, 
Liu et al. demonstrated an AO Q-switched Tm,Y:CaF2 laser in a V-type cavity as 
shown in Figure 3, which could run at high repetition rates from 1 to 10 kHz [29]. 
Under the modulation frequency of 1 kHz, pulses with the shortest duration of 
280 ns and the maximum pulse energy of 0.335 mJ were delivered, corresponding 
to a maximum peak power of 1.19 kW. In 2019, Zagumennyi et al. reported a novel 
AO Q-switched Tm:Yb3Al5O12 (Tm:YbAG) laser pumped by the 1.678 μm laser. 
The pulse energy was 100 μJ with a pulse duration of 45 ns at the repetition rate of 
6.7 kHz [30].

In addition to the Tm lasers emitting around 1.9–2.0 μm, Ho3+ ions can emit 
laser radiations at around 2.0–2.1 μm due to the transition 5I7–5I8, which can keep 
away from the water vapor absorption and is helpful for the applications requiring 
free space transmission. Moreover, Ho3+ ion with long upper laser level lifetime are 
attractive for Q-switched operation. Since Tm3+ ions have absorption bands around 
800 nm where commercial GaAs/AlGaAs diodes are available, a Tm sensitized Ho 
laser is an ideal way to achieve a ∼ 2.1 μm laser. In 2005, Yao et al. realized the AO 
Q-switched Tm,Ho:GdVO4 laser under liquid nitrogen refrigeration. And the maxi-
mum pulse energy of 1.1 mJ and minimum pulse duration of 23 ns were obtained at 
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a repetition rate of 3 kHz [31]. In 2010, Yao et al. investigated the characteristics of 
AO Q-switched Tm,Ho:YVO4 laser under low temperature conditions. A maximum 
output power of 19.4 W was achieved with a pulse width of 24.2 ns at a repetition 
rate of 15 kHz [32]. In 2017, Li et al. achieved a stable AO Q-switched Tm,Ho:YAP 
laser with a pulse width of 66.85 ns and a single pulse energy of 0.97 mJ at the 
repetition rate of 7.5 kHz and temperature of 77 K cooled by the liquid nitrogen in 
Dewar bottle [33]. However, the above Tm,Ho co-doped laser were operated under 
low temperature conditions, which limited their applications.

As for Ho laser emitting around 2 μm, another way is resonantly pumping 
Ho laser by an extracavity Tm laser, which has high conversion efficiency and 
low thermal load. Thus, Ho-doped laser is also a vital approach to obtain high 
output power and pulse energy laser at wavelength over 2 μm. In 2012, Lamrini 
et al. realized an actively Q-switched Ho:YAG laser based on an AO modulator at 
2.09 μm by using a 1.9 μm LD as the pump source, which schematic setup is shown 
in Figure 4. At the repetition rate of 100 Hz, the obtained maximum pulse energy 
and minimum pulse width were 30 mJ and 100 ns, respectively [34]. In 2014, 
an AO Q-switched Ho:GdVO4 was realized end-pumped by a 1942 nm Tm-fiber 
laser, delivering a pulse width of 4.7 ns and an output pulse energy of 0.9 mJ at the 
repetition frequency of 5 kHz, corresponding to a peak power of 187.2 kW [35]. In 
2014, Wang et al. used a 1.908 μm Tm:YLF solid-state laser as the pump source to 
realize an actively Q-switched Ho:YAG ceramic laser at 2.097 μm based on an AO 
Q-switch. The maximum pulse energy and minimum pulse width were 10.2 mJ and 
83 ns at the repetition rate of 100 Hz [36]. In 2016, Ji et al. used a 1.94 μm LD as the 
pump source to realize an actively Q-switched Ho:YLF solid-state laser based on an 
AO Q-switch at 2.06 μm. The maximum pulse energy of 1.1 mJ was achieved with a 
corresponding minimum pulse duration was 43 ns at the repetition rate of 100 Hz 
[37]. Up to present, many Ho lasers based on various hosts have been demonstrated. 
However, there is rare report on the Ho laser with more than 100 W output power. 

Figure 3. 
Experimental setup of the actively Q-switched Tm,Y:CaF2 laser. [Reprinted/Adapted] With permission from 
Ref. [29] © The Optical Society.

Figure 4. 
Resonator of the AO Q-switched Ho(0.5%):YAG laser formed by mirror M1 and mirror M3 (output coupler). 
[Reprinted/Adapted] With permission from Ref. [34] © The Optical Society.
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In 2018, Duan et al. reported a Ho:YAG laser with the output power of up to 108 W 
in CW mode and 106 W in Q-switching mode, respectively [38]. As far as we know, 
this is the highest output power of CW and Q-switched Ho lasers ever reported. A 
pulse energy of 5.3 mJ and a pulse duration of 21 ns were obtained, corresponding 
to a pulse peak power of approximately 252 kW.

In conclusion, AO Q-switching is an effective method to obtain pulsed 2 μm 
lasers. Table 2 shows the summaries of diode-pumped AO Q-switched 2 micron 
solid-state lasers reported in recent years. From it, we can see that the maxi-
mum single pulse energy ever achieved based on AO Q-switching method is 
128 mJ. However, for high-energy or high-power lasers, the turn-off capacity of AO 
switching is poor. In practical, most applications demand pulsed 2 μm lasers with 
large power, high pulse energy and repetition rate, which sets an important chal-
lenge for AO modulators to overcome.

3.2 EO modulated 2 micron solid-state lasers

EO Q-switching is an important way of obtaining high peak power and narrow 
pulse width which has the advantages of fast switching speed, high extinction ratio 
and small volume. The peak power of this kind of laser can easily reach hundreds 
of megawatts. The most important component in EO Q-switch is EO crystal, many 
EO crystals including LiNbO3 (LN), RbTiOPO4 (RTP) and La3Ga5SiO14 (LGS) have 
been successfully applied in the 2 μm EO Q-switched lasers.

From 1970s on, LN crystals have been used as the EO crystal to generate laser 
pulses, which is exceptional for its no deliquescence, low half-wave voltage, and 
lateral modulation, etc. In 2015, based on LN crystal Liu et al. reported a diode-
pumped EO Q-switched Tm:LuAG laser generating a pulse energy of 2.51 mJ with 
a pulse width of 88 ns at a repetition rate of 50 Hz [39]. In 2016, with Tm,Ho:YAP 

Gain media Durations 
(ns)

Frequency 
(kHz)

Energy 
(mJ)

Wavelength 
(μm)

Time Ref.

Tm:YAG 330 0.1 1 2.015 1991 [23]

Tm:YAP 75 5 7 1.94 2004 [24]

Tm:YAP 80 1 1.57 1.99 2008 [25]

Tm:YAP 126 6 1.6 1.99 2010 [26]

Tm:YAG 160 0.01 128 2.015 2015 [27]

Tm:LuAG 170 1 0.53 2.023 2015 [28]

Tm,Y:CaF2 280 1 0.335 1.912 2017 [29]

Tm:YbAG 45 6.7 0.1 2.02 2019 [30]

Tm,Ho:GdVO4 23 3 1.1 2.05 2005 [31]

Tm,Ho:YVO4 24.2 15 1.3 2.055 2010 [32]

Tm,Ho:YAP 66.85 7.5 0.97 2.119 2017 [33]

Ho:YAG 100 0.1 30 2.09 2012 [34]

Ho:GdVO4 4.7 5 0.9 2.05 2014 [35]

Ho:YAG 83 0.1 10.2 2.097 2014 [36]

Ho:YLF 43 0.1 1.1 2.06 2016 [37]

Ho:YAG 21 20 5.3 2.09 2018 [38]

Table 2. 
Overview of AO Q-switched 2 μm solid-state lasers.
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output power of 19.4 W was achieved with a pulse width of 24.2 ns at a repetition 
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Dewar bottle [33]. However, the above Tm,Ho co-doped laser were operated under 
low temperature conditions, which limited their applications.

As for Ho laser emitting around 2 μm, another way is resonantly pumping 
Ho laser by an extracavity Tm laser, which has high conversion efficiency and 
low thermal load. Thus, Ho-doped laser is also a vital approach to obtain high 
output power and pulse energy laser at wavelength over 2 μm. In 2012, Lamrini 
et al. realized an actively Q-switched Ho:YAG laser based on an AO modulator at 
2.09 μm by using a 1.9 μm LD as the pump source, which schematic setup is shown 
in Figure 4. At the repetition rate of 100 Hz, the obtained maximum pulse energy 
and minimum pulse width were 30 mJ and 100 ns, respectively [34]. In 2014, 
an AO Q-switched Ho:GdVO4 was realized end-pumped by a 1942 nm Tm-fiber 
laser, delivering a pulse width of 4.7 ns and an output pulse energy of 0.9 mJ at the 
repetition frequency of 5 kHz, corresponding to a peak power of 187.2 kW [35]. In 
2014, Wang et al. used a 1.908 μm Tm:YLF solid-state laser as the pump source to 
realize an actively Q-switched Ho:YAG ceramic laser at 2.097 μm based on an AO 
Q-switch. The maximum pulse energy and minimum pulse width were 10.2 mJ and 
83 ns at the repetition rate of 100 Hz [36]. In 2016, Ji et al. used a 1.94 μm LD as the 
pump source to realize an actively Q-switched Ho:YLF solid-state laser based on an 
AO Q-switch at 2.06 μm. The maximum pulse energy of 1.1 mJ was achieved with a 
corresponding minimum pulse duration was 43 ns at the repetition rate of 100 Hz 
[37]. Up to present, many Ho lasers based on various hosts have been demonstrated. 
However, there is rare report on the Ho laser with more than 100 W output power. 

Figure 3. 
Experimental setup of the actively Q-switched Tm,Y:CaF2 laser. [Reprinted/Adapted] With permission from 
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Figure 4. 
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In 2018, Duan et al. reported a Ho:YAG laser with the output power of up to 108 W 
in CW mode and 106 W in Q-switching mode, respectively [38]. As far as we know, 
this is the highest output power of CW and Q-switched Ho lasers ever reported. A 
pulse energy of 5.3 mJ and a pulse duration of 21 ns were obtained, corresponding 
to a pulse peak power of approximately 252 kW.

In conclusion, AO Q-switching is an effective method to obtain pulsed 2 μm 
lasers. Table 2 shows the summaries of diode-pumped AO Q-switched 2 micron 
solid-state lasers reported in recent years. From it, we can see that the maxi-
mum single pulse energy ever achieved based on AO Q-switching method is 
128 mJ. However, for high-energy or high-power lasers, the turn-off capacity of AO 
switching is poor. In practical, most applications demand pulsed 2 μm lasers with 
large power, high pulse energy and repetition rate, which sets an important chal-
lenge for AO modulators to overcome.

3.2 EO modulated 2 micron solid-state lasers

EO Q-switching is an important way of obtaining high peak power and narrow 
pulse width which has the advantages of fast switching speed, high extinction ratio 
and small volume. The peak power of this kind of laser can easily reach hundreds 
of megawatts. The most important component in EO Q-switch is EO crystal, many 
EO crystals including LiNbO3 (LN), RbTiOPO4 (RTP) and La3Ga5SiO14 (LGS) have 
been successfully applied in the 2 μm EO Q-switched lasers.

From 1970s on, LN crystals have been used as the EO crystal to generate laser 
pulses, which is exceptional for its no deliquescence, low half-wave voltage, and 
lateral modulation, etc. In 2015, based on LN crystal Liu et al. reported a diode-
pumped EO Q-switched Tm:LuAG laser generating a pulse energy of 2.51 mJ with 
a pulse width of 88 ns at a repetition rate of 50 Hz [39]. In 2016, with Tm,Ho:YAP 

Gain media Durations 
(ns)

Frequency 
(kHz)

Energy 
(mJ)

Wavelength 
(μm)

Time Ref.

Tm:YAG 330 0.1 1 2.015 1991 [23]

Tm:YAP 75 5 7 1.94 2004 [24]

Tm:YAP 80 1 1.57 1.99 2008 [25]

Tm:YAP 126 6 1.6 1.99 2010 [26]

Tm:YAG 160 0.01 128 2.015 2015 [27]

Tm:LuAG 170 1 0.53 2.023 2015 [28]

Tm,Y:CaF2 280 1 0.335 1.912 2017 [29]

Tm:YbAG 45 6.7 0.1 2.02 2019 [30]

Tm,Ho:GdVO4 23 3 1.1 2.05 2005 [31]

Tm,Ho:YVO4 24.2 15 1.3 2.055 2010 [32]

Tm,Ho:YAP 66.85 7.5 0.97 2.119 2017 [33]

Ho:YAG 100 0.1 30 2.09 2012 [34]

Ho:GdVO4 4.7 5 0.9 2.05 2014 [35]

Ho:YAG 83 0.1 10.2 2.097 2014 [36]

Ho:YLF 43 0.1 1.1 2.06 2016 [37]

Ho:YAG 21 20 5.3 2.09 2018 [38]

Table 2. 
Overview of AO Q-switched 2 μm solid-state lasers.
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crystal as gain material and EO Q-switch based on LN crystal, a maximum pulse 
energy of 1.65 mJ and a shortest pulse duration of 107.4 ns were obtained at a repeti-
tion rate of 200 Hz [40]. In 2018, to lower down the thermal effect of gain medium, 
Guo et al. incorporated diode-wing-pumping technique into a LN EO Q-switched 
Tm:LuAG laser. A maximum pulse energy of 10.8 mJ and a minimum pulse width 
of 52 ns at a repetition rate of 100 Hz was delivered, as shown in Figure 5 [41]. 
However, further increase of pule energy is limited by the relatively low damage 
threshold of LN crystal.

RTP crystal belongs to orthorhombic crystal system and has large EO coef-
ficient, high damage threshold and broad transmission range. In 2013, using a 
1.94 μm Tm3+ fiber laser as the pump source, Fonnum et al. realized a RTP EO 
Q-switched Ho:YLF laser utilizing the setup shown in Figure 6. A maximum pulse 
energy of 550 mJ and a minimum pulse width of 14 ns at a repetition rate of 1 Hz 
were obtained [42]. In 2016, a diode-pumped RTP EO Q-switched Tm:YAG slab 
laser delivered a maximum pulsed energy of 7.5 mJ with a pulse width of 58 ns [43]. 
However, since RTP crystal is biaxial, two crystals with the same size and direc-
tion are required to combine with each other to offset natural birefringence, which 
greatly increases the difficulty of crystal processing. Moreover, under high-power 
operation regime, thermal induced birefringence can deteriorate switching per-
formance of the RTP EO Q-switch, which subsequently limits the obtained pulse 
energy and output power.

In 2003, LGS crystal was firstly grown and studied in Institute of Crystal 
Materials of Shandong University. LGS crystal is uniaxial and thus free of 
birefringence induced problems. Compared with LN, the LGS crystal has a 
9.5-times-higher anti-photo-damage threshold. Additionally, LGS crystal has a 
broadband transparency from 190 to 2400 nm, good physical and chemical stabil-
ity, small thermal expansion coefficient and considerable electro-optic coefficient 
(γ11 = 2.3 × 10−12 m/V). Kong et al. firstly employed LGS crystal as EO Q-switch in 
a Nd:YAG laser and achieved pulsed operation at 1 μm [44]. Very recently, Ma et al. 
realized a LGS EO Q-switched Tm:YAP laser with a maximum repetition rate of 
200 kHz, a maximum average output power of 2.79 W and a minimum pulse width 
of 5.5 ns [45].

In conclusion, EO Q-switch plays a crucial role in generating high-energy 
laser pulses and suitable choice of EO crystal can determine the performance of 
EO Q-switch. At present, LN, RTP, and LGS are the most successful EO crystals. 
For LD pumped 2 μm solid lasers, 550-mJ single pulse energy set a record, to 
the best of our knowledge. However, exploring excellent EO crystals with high 
damage threshold, low driven voltage, high repetition rate and the small volume 
are still on the way (Table 3).

Figure 5. 
Schematic of EO Q-switched Tm:LuAG laser. [Reprinted/Adapted] With permission from Ref. [41] © The 
Optical Society.
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4. Diode-pumped SAs modulated 2 micron solid-state lasers

4.1 Two-dimensional nanomaterial modulated 2 micron solid-state lasers

In recent years, two-dimensional (2D) material based SAs have been widely 
used in generating laser pulses. The family of 2D materials includes graphene, 
black phosphorus (BP), transition metal dichalcogenides (TMDs) and topological 
insulators (TIs), and so on [47]. There are several methods available for fabricat-
ing 2D materials, including micromechanical exfoliation, chemical synthesis, 
pulsed laser deposition (PLD) and liquid phase exfoliation (LPE) [48, 49]. To 
fabricate 2D material, LPE is widely used because of its simplicity and effective-
ness. Layered materials can be directly exfoliated from their bulk counterparts by 
this method.

Graphene, a single atomic layer of carbon atom, has attracted particular 
interest due to its broadband absorption, controllable modulation depth and low 
non-saturable loss. However, low absorption in graphene limits its applications. In 
2012, graphene was firstly used as SAs at 2 μm region [50]. The obtained maximum 
average output power, pulse repetition rate, and single pulse energy were 38 mW, 
27.9 kHz, and 1.74 μJ, respectively. Since then, graphene has been widely applied 
in many kinds of Tm−doped crystals based 2 μm lasers, such as Tm:LSO, Tm:YAP, 
Tm:LuAG, Tm,Y:CaF2, and et al. [28, 51–53].

Figure 6. 
Schematic setup of the Tm:fiber pumped RTP EO Q-Switched Ho:YLF laser. [Reprinted/Adapted] With 
permission from Ref. [42] © The Optical Society.

EO 
crystal

Gain media Duration 
(ns)

Frequency 
(kHz)

Energy 
(mJ)

Wavelength 
(μm)

Time Ref.

LN Tm:LuAG 88 0.05 2.51 2.023 2015 [39]

LN Tm,Ho:YAP 107 0.2 1.65 2.13 2016 [40]

LN Tm:LuAG 52 0.1 10.8 2.023 2018 [41]

RTP Tm:LuAG 3 100 0.0122 2.013 2016 [46]

RTP Ho:YLF 14 0.001 550 2.051 2013 [42]

RTP Tm:YAG 58 1 7.5 2.015 2016 [43]

LGS Tm:YAP 5.5 200 0.0139 1.99 2019 [45]

Table 3. 
Overview of EO Q-switched 2 μm solid-state lasers.
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tion rate of 200 Hz [40]. In 2018, to lower down the thermal effect of gain medium, 
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Tm:LuAG laser. A maximum pulse energy of 10.8 mJ and a minimum pulse width 
of 52 ns at a repetition rate of 100 Hz was delivered, as shown in Figure 5 [41]. 
However, further increase of pule energy is limited by the relatively low damage 
threshold of LN crystal.

RTP crystal belongs to orthorhombic crystal system and has large EO coef-
ficient, high damage threshold and broad transmission range. In 2013, using a 
1.94 μm Tm3+ fiber laser as the pump source, Fonnum et al. realized a RTP EO 
Q-switched Ho:YLF laser utilizing the setup shown in Figure 6. A maximum pulse 
energy of 550 mJ and a minimum pulse width of 14 ns at a repetition rate of 1 Hz 
were obtained [42]. In 2016, a diode-pumped RTP EO Q-switched Tm:YAG slab 
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tion are required to combine with each other to offset natural birefringence, which 
greatly increases the difficulty of crystal processing. Moreover, under high-power 
operation regime, thermal induced birefringence can deteriorate switching per-
formance of the RTP EO Q-switch, which subsequently limits the obtained pulse 
energy and output power.
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Materials of Shandong University. LGS crystal is uniaxial and thus free of 
birefringence induced problems. Compared with LN, the LGS crystal has a 
9.5-times-higher anti-photo-damage threshold. Additionally, LGS crystal has a 
broadband transparency from 190 to 2400 nm, good physical and chemical stabil-
ity, small thermal expansion coefficient and considerable electro-optic coefficient 
(γ11 = 2.3 × 10−12 m/V). Kong et al. firstly employed LGS crystal as EO Q-switch in 
a Nd:YAG laser and achieved pulsed operation at 1 μm [44]. Very recently, Ma et al. 
realized a LGS EO Q-switched Tm:YAP laser with a maximum repetition rate of 
200 kHz, a maximum average output power of 2.79 W and a minimum pulse width 
of 5.5 ns [45].

In conclusion, EO Q-switch plays a crucial role in generating high-energy 
laser pulses and suitable choice of EO crystal can determine the performance of 
EO Q-switch. At present, LN, RTP, and LGS are the most successful EO crystals. 
For LD pumped 2 μm solid lasers, 550-mJ single pulse energy set a record, to 
the best of our knowledge. However, exploring excellent EO crystals with high 
damage threshold, low driven voltage, high repetition rate and the small volume 
are still on the way (Table 3).
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pulsed laser deposition (PLD) and liquid phase exfoliation (LPE) [48, 49]. To 
fabricate 2D material, LPE is widely used because of its simplicity and effective-
ness. Layered materials can be directly exfoliated from their bulk counterparts by 
this method.

Graphene, a single atomic layer of carbon atom, has attracted particular 
interest due to its broadband absorption, controllable modulation depth and low 
non-saturable loss. However, low absorption in graphene limits its applications. In 
2012, graphene was firstly used as SAs at 2 μm region [50]. The obtained maximum 
average output power, pulse repetition rate, and single pulse energy were 38 mW, 
27.9 kHz, and 1.74 μJ, respectively. Since then, graphene has been widely applied 
in many kinds of Tm−doped crystals based 2 μm lasers, such as Tm:LSO, Tm:YAP, 
Tm:LuAG, Tm,Y:CaF2, and et al. [28, 51–53].

Figure 6. 
Schematic setup of the Tm:fiber pumped RTP EO Q-Switched Ho:YLF laser. [Reprinted/Adapted] With 
permission from Ref. [42] © The Optical Society.

EO 
crystal

Gain media Duration 
(ns)

Frequency 
(kHz)

Energy 
(mJ)

Wavelength 
(μm)

Time Ref.

LN Tm:LuAG 88 0.05 2.51 2.023 2015 [39]

LN Tm,Ho:YAP 107 0.2 1.65 2.13 2016 [40]

LN Tm:LuAG 52 0.1 10.8 2.023 2018 [41]

RTP Tm:LuAG 3 100 0.0122 2.013 2016 [46]

RTP Ho:YLF 14 0.001 550 2.051 2013 [42]

RTP Tm:YAG 58 1 7.5 2.015 2016 [43]

LGS Tm:YAP 5.5 200 0.0139 1.99 2019 [45]

Table 3. 
Overview of EO Q-switched 2 μm solid-state lasers.
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Another kind of 2D material, TMDs, has also been widely studied in recent 
years. Properties of few-layered TMDs depend on the number of layers. For 
instance, bulk MoS2 has an indirect 1.29 eV (961 mm) bandgap, while monolayer 
MoS2 has a direct 1.8 eV (689 nm) bandgap. However, many reports show the satu-
rable absorption property of few-layered TMDs at near-infrared wavelength region, 
which corresponds to photon energies smaller than material bandgap for most of 
TMDs. In a perfect crystalline semiconductor, incident photons with energy lower 
than the bandgap cannot be absorbed. However, crystallographic defects, including 
edges and vacancies, enable such absorption [54]. In 2014, Wang et al. concluded 
that by introducing defects with a suitable quantity range, the bandgap of MoS2 
could be reduced from 1.08 (R = 1:2) to 0.08 eV (R = 1:2.09), corresponding to an 
absorption wavelength from 1.1 to 15.4 μm, which showed that MoS2 with S defects 
could be used as a kind of broad SA. Passively Q-switched lasers based on MoS2 SA 
in the range of 1–2 μm have been demonstrated [48].

BP, a layered allotrope of phosphorus, also exhibits a layer-dependent direct 
bandgap, which is tunable from 0.3 eV (bulk) to 2.0 eV (monolayer), correspond-
ing to an absorption band from 620 nm to 4.13 μm. However, different from MoS2, 
which owns indirect band-gap at multilayer format, BP always has the direct 
transition for all thickness. But it has an intrinsic disadvantage of easy oxidation. In 
2015, Lu et al. reported the broadband and enhanced SA property of multi-layered 
BP (with a thickness of ~10 nm) by wide-band Z-scan method [49]. At the same 
year, Jiang et al. demonstrated passively Q-switched operation of Tm−doped fiber 
laser based on BP SAs [55]. In 2016, Xie et al. achieved a BP Q-switched Tm:YAG 
ceramic laser generating pulses with a maximum average output power of 38.5 mW, 
pulse energy of 3.32 μJ, and pulse width of 3.12 μs [56]. Zhang et al. demonstrated a 
compact Q-switched Tm:YAP laser based on multi-layered BP nanoplatelets, which 
delivered an average output power of 3.1 W and a pulse duration of 181 ns at a 
repetition rate of 81 kHz [57].

Another group of 2D materials, TIs such as Bi2Te3 and Sb2Te3, have also been pro-
posed and investigated in recent years. In general, bulk TIs materials have a small 
bandgap but a gapless metallic surface state is generated in layered 2D TIs, which is 
caused by strong spin-orbit coupling and time-reversal symmetry [58]. With such 
typical band structure, 2D TIs materials show broadband absorption like CNTs 
and graphene and have become one of promising optical modulator candidates in 
generating 2 μm laser pulses.

In conclusion, 2D material based SAs have attracted much attention in generat-
ing laser pulses due to its advantage of easy fabrication, compact setup, and broad-
band optical absorption. Related reports on passively Q-switched 2 μm solid-state 
lasers based on 2D material SAs are summarized in Table 4. However, the obtained 
output powers are in the order of several hundred mW and the pulse widths are in 
the order of several hundred ns, especially the pulse energies are only with tens of 
microjoules, which limits the pulse peak power and their applications furthermore. 
In the future, the damage thresholds of the 2D material based SAs should be greatly 
increased, which would benefit the increase of the output power and pulse energy 
as well as the long-term stabilities of the Q-switched lasers.

4.2 Cr2+-doped crystal modulated 2 micron solid-state lasers

Since Podlipensky et al. demonstrated that Cr2+:ZnSe crystals can be used as 
SAs for 1.54 μm Er:glass lasers [67], Cr2+ doped II-VI compounds like Cr2+:ZnS 
and Cr2+:ZnS have been widely used in the spectral range of 1.5–2.1 μm. Figure 7 
shows that Cr:ZnS and Cr:ZnSe have broadband absorption spectra form 1.5 to 
2.2 μm [68].
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Up to now, Cr:ZnSe/ZnS have been applied in many 2 μm pulsed lasers, as shown 
in Table 5. In 2015, Sebbag realized a Cr:ZnSe Q-switched Tm:YAP solid-state 
laser at 1935 nm, which delivered a pulse energy of 1.55 mJ and a pulse duration 
of 42.2 ns, corresponding to a peak power of 36.7 kW [71]. In 2017, Lan reported 
a Cr:ZnSe Q-switched Tm:CYA laser with a maximum repetition rate of 21.9 kHz, 
a minimum pulse width of 42.6 ns and a maximum pulse energy of 60.2 μJ [73]. 
In 2017, a Cr2+:ZnSe passively Q-switched Nm–cut Tm:KLu(WO4)2 mini-slab laser 
was reported, where the obtained shortest pulse duration was 35 ns and maximum 
pulse energy was 0.3 mJ [90]. Due to the low absorption cross-section of Cr:ZnSe 
crystal around 2 μm, it was mainly used in Tm-doped crystal based lasers. In 2013, 
A Cr2+:ZnS passively Q-switched Ho:YAG laser pumped by a Tm:YLF laser was 
demonstrated with a maximum pulse energy of 2.47 mJ, a minimum pulse duration 
of 36.6 ns at a repetition rate of 10.4 kHz [81]. In 2015, a diode-pumped Cr:ZnS 
passively Q-switched Tm:KLu(WO4)2 microchip laser generated sub-nanosecond 
(780 ps) pulses with a pulse repetition frequency of 5.6 kHz, which was the short-
est pulse duration among the passively Q-switched 2 μm lasers ever achieved 
[85]. Besides, in 2017, another novel Cr2+ ions doped Cr:CdSe crystal was firstly 
demonstrated in a Ho: YAG laser at 2.09 μm. A maximum output pulse energy of 
1.766 mJ at a repetition frequency of 685 Hz was obtained with a pulse duration of 
15.4 ns, which indicated that a Cr:CdSe crystal could be a promising SA in passively 
Q-switched 2 μm lasers [89].

In conclusion, Cr2+ doped II-VI compounds have been successfully used as SAs 
in passively Q-switched 2 μm lasers. In this way, the obtained pulse energies and the 
pulse widths can reach hundreds of μJ and ns or even sub-ns level. The maximum 
pulse energy of 2.47 mJ, and the shortest pulses with sub-nanosecond (780 ps) 
duration were both realized with a kind of Cr:ZnS SA. Therefore, Cr2+ doped II-VI 

SAs Gain media Output 
power 
(mw)

Duration 
(ns)

Frequency 
(kHz)

Energy 
(μJ)

Time Ref.

Graphene Tm:YAG 38 2250 27.9 3.8 2012 [50]

Tm:LSO 106 7800 7.6 14 2013 [51]

Tm:YAP 362 735 42.4 8.5 2014 [52]

Ho:LuAG 370 752.2 48.8 7.5 2016 [28]

Tm,Y:CaF2 400 1316 20.22 20.4 2018 [53]

MoS2 Tm,Ho:YGG 205.62 410 149 1.38 2014 [48]

Tm:CLNGG 79.2 4840 110 0.72 2015 [59]

Tm:GaVO4 100 800 48.09 2.08 2015 [60]

Tm,Ho:YAP 275 435 55 5 2017 [61]

Tm:CYA 490 480 102.6 4.87 2017 [62]

BP Tm:YAP 3199.5 181 81 39.5 2016 [57]

Tm:YAP 150.92 1780 19.25 7.84 2016 [63]

Tm:CaYA 12 3100 17.7 0.68 2016 [64]

Tm:YAG 38.512 3120 11.6 3.32 2016 [56]

Bi2Te3 Tm:LuAG 2030 620 118 18.4 2017 [65]

Sb2Te3 Tm:GdVO4 700 223 200 3.5 2018 [66]

Table 4. 
Overview of 2D nanomaterials modulated 2 μm solid-state lasers.
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Another kind of 2D material, TMDs, has also been widely studied in recent 
years. Properties of few-layered TMDs depend on the number of layers. For 
instance, bulk MoS2 has an indirect 1.29 eV (961 mm) bandgap, while monolayer 
MoS2 has a direct 1.8 eV (689 nm) bandgap. However, many reports show the satu-
rable absorption property of few-layered TMDs at near-infrared wavelength region, 
which corresponds to photon energies smaller than material bandgap for most of 
TMDs. In a perfect crystalline semiconductor, incident photons with energy lower 
than the bandgap cannot be absorbed. However, crystallographic defects, including 
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could be reduced from 1.08 (R = 1:2) to 0.08 eV (R = 1:2.09), corresponding to an 
absorption wavelength from 1.1 to 15.4 μm, which showed that MoS2 with S defects 
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delivered an average output power of 3.1 W and a pulse duration of 181 ns at a 
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posed and investigated in recent years. In general, bulk TIs materials have a small 
bandgap but a gapless metallic surface state is generated in layered 2D TIs, which is 
caused by strong spin-orbit coupling and time-reversal symmetry [58]. With such 
typical band structure, 2D TIs materials show broadband absorption like CNTs 
and graphene and have become one of promising optical modulator candidates in 
generating 2 μm laser pulses.

In conclusion, 2D material based SAs have attracted much attention in generat-
ing laser pulses due to its advantage of easy fabrication, compact setup, and broad-
band optical absorption. Related reports on passively Q-switched 2 μm solid-state 
lasers based on 2D material SAs are summarized in Table 4. However, the obtained 
output powers are in the order of several hundred mW and the pulse widths are in 
the order of several hundred ns, especially the pulse energies are only with tens of 
microjoules, which limits the pulse peak power and their applications furthermore. 
In the future, the damage thresholds of the 2D material based SAs should be greatly 
increased, which would benefit the increase of the output power and pulse energy 
as well as the long-term stabilities of the Q-switched lasers.

4.2 Cr2+-doped crystal modulated 2 micron solid-state lasers

Since Podlipensky et al. demonstrated that Cr2+:ZnSe crystals can be used as 
SAs for 1.54 μm Er:glass lasers [67], Cr2+ doped II-VI compounds like Cr2+:ZnS 
and Cr2+:ZnS have been widely used in the spectral range of 1.5–2.1 μm. Figure 7 
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Up to now, Cr:ZnSe/ZnS have been applied in many 2 μm pulsed lasers, as shown 
in Table 5. In 2015, Sebbag realized a Cr:ZnSe Q-switched Tm:YAP solid-state 
laser at 1935 nm, which delivered a pulse energy of 1.55 mJ and a pulse duration 
of 42.2 ns, corresponding to a peak power of 36.7 kW [71]. In 2017, Lan reported 
a Cr:ZnSe Q-switched Tm:CYA laser with a maximum repetition rate of 21.9 kHz, 
a minimum pulse width of 42.6 ns and a maximum pulse energy of 60.2 μJ [73]. 
In 2017, a Cr2+:ZnSe passively Q-switched Nm–cut Tm:KLu(WO4)2 mini-slab laser 
was reported, where the obtained shortest pulse duration was 35 ns and maximum 
pulse energy was 0.3 mJ [90]. Due to the low absorption cross-section of Cr:ZnSe 
crystal around 2 μm, it was mainly used in Tm-doped crystal based lasers. In 2013, 
A Cr2+:ZnS passively Q-switched Ho:YAG laser pumped by a Tm:YLF laser was 
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(780 ps) pulses with a pulse repetition frequency of 5.6 kHz, which was the short-
est pulse duration among the passively Q-switched 2 μm lasers ever achieved 
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demonstrated in a Ho: YAG laser at 2.09 μm. A maximum output pulse energy of 
1.766 mJ at a repetition frequency of 685 Hz was obtained with a pulse duration of 
15.4 ns, which indicated that a Cr:CdSe crystal could be a promising SA in passively 
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Figure 7. 
Absorption (black) and emission (red) cross-sections of ZnS and ZnSe doped with Cr2+ ions. [Reprinted/
Adapted] With permission from Ref. [68] © The Optical Society.

SAs Gain media Output 
power 

(W)

Duration 
(ns)

Frequency 
(kHz)

Energy 
(μJ)

Time Ref.

Cr:ZnSe Tm:YAG 1.6 300 4 400 2003 [69]

Tm,Ho:YLF 0.1 40 4 25.6 2014 [70]

Tm:YAP 0.87 42.2 0.561 1550 2015 [71]

Tm:YLF 0.027 1200 2.1 13 2014 [72]

Tm:CYA 1.32 42.6 21.9 60.2 2017 [73]

Tm:CYA 0.25 107 5.85 48.2 2017 [74]

Tm:CGA 0.64 44 13.9 46 2017 [75]

Tm:KLuW 3.2 35 6.3 300 2017 [75]

Ho:SSO 2.4 73.5 2.65 900 2017 [76]

Cr:ZnS Tm:KLW 0.39 25 2.7 145 2012 [77]

Tm:YLF 0.098 14 0.12 850 2012 [78]

Tm,Ho:YLF 0.016 1250 1.3~2.6 4 2012 [79]

Tm:LLF 0.2 7.6 0.161 1260 2012 [80]

Ho:YAG 16.6 36.6 10.4 2470 2013 [81]

Tm,Ho:LuLiF4 0.074 1200 5.8 13 2013 [82]

Tm,Ho:GdVO4 3.2 354 52 70.5 2013 [83]

Tm,Ho:YVO4 0.3 500 65 3.5 2014 [84]

Tm:KLW 0.146 0.78 5.6 25.6 2015 [85]

Ho:YAG 14.8 29 24.4 600 2015 [86]

Ho:LuAG 1.14 36 0.79 1540 2015 [87]

Ho:YAP 6.1 93.6 7.5 830 2015 [88]

Tm:YAP 0.89 35.8 0.481 1850 2015 [71]

Tm,Ho:KLuW 0.131 14 8.2 10.4 2016 [77]

Cr:CdSe Ho:YAG 1.2 15.4 0.685 1766 2017 [89]

Table 5. 
Overview of Cr2+-doped crystal modulated 2 μm solid-state lasers.
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crystals are still irreplaceable SAs in generating passively Q-switched 2 μm lasers 
with pulse energies over mJ level and pulse width in order of several nanoseconds to 
sub-nanoseconds.

4.3 Gain crystal modulated 2 micron solid-state lasers

As mentioned above, the popular SAs used in the 2 μm Q-switched solid-state 
lasers are mainly low-dimensional nanomaterials and Cr-doped crystals. In addi-
tion, the absorption effect of Ho3+ doped gain crystals can also be used for SAs, 
which can be classified as a slow-relaxing solid-state SA due to possessing a long 
emission lifetime. However, the study of passively Q-switched solid-state lasers 
based on gain crystals is relatively rare. In 1994, Kuo et al. reported a flash-lamp 
pumped Tm,Cr:Y3Al5O12 laser using a Ho:YLiF4 as SA at room temperature [91]. A 
maximum single pulse energy of 11 mJ and a shortest pulse duration of 45 ns were 
obtained. It paved the way for Ho-doped crystals as SAs for passively Q-switched 
2 μm lasers. Additionally, Ho:SSO has also been employed as an efficient SA. In 
2018, a Ho:SSO crystal was used as SA for the Ho:YAG laser [92]. At a repetition rate 
of 42.1 kHz, a minimum pulsed duration of 48 ns and a maximum pulse energy of 
2 mJ were obtained.

5. Applications of pulsed 2 micron solid-state lasers

2 μm laser is an ideal light source for the medical application, which has less dam-
age to the rest of the tissue, and less bleeding during the operation. 2 μm lasers used 
in laser medical treatment are mainly YAG-based two pulsed lasers [93–96]. Ho:YAG 
has been successfully used in urology and orthopedics [96]. However, little is known 
about hard dental tissue ablation with Ho:YAG laser. For example, non-contact laser 
surgery offers several potential advantages in dental treatment, such as reduced pain 
and vibration, more precise control by electronic device and haemostatic effect. 
Figure 8 shows cross-sectional images of ablation crater created on the urinary calculi 
surface by pulsed Ho:YAG laser (Wuhan National Laboratory for Optoelectronics) in 
air (dry condition) and underwater with various thickness [93]. The pulsed Ho:YAG 
laser emitted at 2.12 μm with the pulse energy of 2000 mJ and the pulse duration of 
300/450 μs at the repetition rate of 20 Hz.

Lidar technology is an optical remote sensing technology that acquires the physi-
cal information of a target object by detecting the scattered light characteristics of 
a distant target object. Compared with the traditional radar technology, the laser 
radar technology realizes the information loading by modulating the amplitude and 
frequency of the laser beam, thereby having the advantages of high resolution and 
good anti-interference. In recent years, laser radar technology with 2 μm band laser 
as coherent light source has been proposed and made some progress. In 2006, the 
NICT agency in Japan reported on the airborne coherent wind lidar system. The 
system used a Tm:YAG laser with a center wavelength of 2.01 μm as the coherent 
light source, and the maximum single pulse energy was 7 mJ, and it was success-
fully applied to the test of atmospheric wind profile [97]. In 2007, NASA agencies in 
the United States reported on the vehicle’s coherent wind Lidar system. The system 
utilized Tm,Ho:LuLiF4 laser at 2.05 μm and a pulse energy of 100 mJ as the coherent 
light source, and successfully detected the wind field information of the boundary 
layer and the troposphere [98]. In 2013, the NICT facility in Japan used a differential 
absorption Lidar system to successfully measure CO2 concentrations and mountain 
targets in the 7 km range. The system used a Ho:YLF laser as the light source with 
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Figure 7. 
Absorption (black) and emission (red) cross-sections of ZnS and ZnSe doped with Cr2+ ions. [Reprinted/
Adapted] With permission from Ref. [68] © The Optical Society.

SAs Gain media Output 
power 

(W)

Duration 
(ns)

Frequency 
(kHz)

Energy 
(μJ)

Time Ref.

Cr:ZnSe Tm:YAG 1.6 300 4 400 2003 [69]

Tm,Ho:YLF 0.1 40 4 25.6 2014 [70]

Tm:YAP 0.87 42.2 0.561 1550 2015 [71]

Tm:YLF 0.027 1200 2.1 13 2014 [72]

Tm:CYA 1.32 42.6 21.9 60.2 2017 [73]

Tm:CYA 0.25 107 5.85 48.2 2017 [74]

Tm:CGA 0.64 44 13.9 46 2017 [75]

Tm:KLuW 3.2 35 6.3 300 2017 [75]

Ho:SSO 2.4 73.5 2.65 900 2017 [76]

Cr:ZnS Tm:KLW 0.39 25 2.7 145 2012 [77]

Tm:YLF 0.098 14 0.12 850 2012 [78]

Tm,Ho:YLF 0.016 1250 1.3~2.6 4 2012 [79]

Tm:LLF 0.2 7.6 0.161 1260 2012 [80]

Ho:YAG 16.6 36.6 10.4 2470 2013 [81]

Tm,Ho:LuLiF4 0.074 1200 5.8 13 2013 [82]

Tm,Ho:GdVO4 3.2 354 52 70.5 2013 [83]

Tm,Ho:YVO4 0.3 500 65 3.5 2014 [84]

Tm:KLW 0.146 0.78 5.6 25.6 2015 [85]

Ho:YAG 14.8 29 24.4 600 2015 [86]

Ho:LuAG 1.14 36 0.79 1540 2015 [87]

Ho:YAP 6.1 93.6 7.5 830 2015 [88]

Tm:YAP 0.89 35.8 0.481 1850 2015 [71]

Tm,Ho:KLuW 0.131 14 8.2 10.4 2016 [77]

Cr:CdSe Ho:YAG 1.2 15.4 0.685 1766 2017 [89]

Table 5. 
Overview of Cr2+-doped crystal modulated 2 μm solid-state lasers.

125

Q-Switched 2 Micron Solid-State Lasers and Their Applications
DOI: http://dx.doi.org/10.5772/intechopen.89548

crystals are still irreplaceable SAs in generating passively Q-switched 2 μm lasers 
with pulse energies over mJ level and pulse width in order of several nanoseconds to 
sub-nanoseconds.

4.3 Gain crystal modulated 2 micron solid-state lasers

As mentioned above, the popular SAs used in the 2 μm Q-switched solid-state 
lasers are mainly low-dimensional nanomaterials and Cr-doped crystals. In addi-
tion, the absorption effect of Ho3+ doped gain crystals can also be used for SAs, 
which can be classified as a slow-relaxing solid-state SA due to possessing a long 
emission lifetime. However, the study of passively Q-switched solid-state lasers 
based on gain crystals is relatively rare. In 1994, Kuo et al. reported a flash-lamp 
pumped Tm,Cr:Y3Al5O12 laser using a Ho:YLiF4 as SA at room temperature [91]. A 
maximum single pulse energy of 11 mJ and a shortest pulse duration of 45 ns were 
obtained. It paved the way for Ho-doped crystals as SAs for passively Q-switched 
2 μm lasers. Additionally, Ho:SSO has also been employed as an efficient SA. In 
2018, a Ho:SSO crystal was used as SA for the Ho:YAG laser [92]. At a repetition rate 
of 42.1 kHz, a minimum pulsed duration of 48 ns and a maximum pulse energy of 
2 mJ were obtained.

5. Applications of pulsed 2 micron solid-state lasers

2 μm laser is an ideal light source for the medical application, which has less dam-
age to the rest of the tissue, and less bleeding during the operation. 2 μm lasers used 
in laser medical treatment are mainly YAG-based two pulsed lasers [93–96]. Ho:YAG 
has been successfully used in urology and orthopedics [96]. However, little is known 
about hard dental tissue ablation with Ho:YAG laser. For example, non-contact laser 
surgery offers several potential advantages in dental treatment, such as reduced pain 
and vibration, more precise control by electronic device and haemostatic effect. 
Figure 8 shows cross-sectional images of ablation crater created on the urinary calculi 
surface by pulsed Ho:YAG laser (Wuhan National Laboratory for Optoelectronics) in 
air (dry condition) and underwater with various thickness [93]. The pulsed Ho:YAG 
laser emitted at 2.12 μm with the pulse energy of 2000 mJ and the pulse duration of 
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a pulse energy of 50–80 mJ and a pulse width of 150 ns at the repetition frequency 
of 30 Hz [99]. In 2014, the French Polytechnic University reported a Ho:YLF multi-
frequency single longitudinal mode laser with a center wavelength of 2.051 μm. The 
laser operated at a repetition rate of 2 kHz with a pulse energy of 13 mJ and a pulse 
width of 42 ns. The laser could be used as a source of differential absorption Lidar for 
the measurement of atmospheric CO2 concentrations, as shown in Figure 9 [100].

A pulsed 2 μm laser with high peak power is also a promising pump source for 
OPOs in the wavebands such as 3~5 and 8~12 μm. The laser in this waveband plays 
a key role in the directed infrared countermeasures. Compared with other mid-far 

Figure 8. 
(Color online) Cross-sectional topography of holmium laser-induced (300 μs, 300 mJ, 1 Hz) craters acquired 
with OCM system in air and in water. The 600 μm fiber is vertically in contact with the urinary calculi surface. 
w = width; h = height. [Reprinted/Adapted] With permission from Ref. [93] © The Optical Society.
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infrared lasers (such as CO lasers [101, 102], quantum cascade lasers [103, 104]), OPOs 
have the advantages of wideband tunability of output spectrum and narrow laser line 
width. The typical system is Directed Infrared Countermeasures (DIRCM) system, 
which can protect airborne platforms from infrared guided missile threats. The layout 
of the Ho:YAG master oscillator power amplifier (MOPA) in DIRCM system [105]. A 
Tm:YLF fiber laser pumped Ho:YAG laser system with pulse energies up to 90 mJ and 
the pulse width of 20 ns at 100 Hz. Then, the wavelength was converted into the 3 to 
5-micron region using a zinc germanium phosphide (ZGP) crystal in a linear or ring 
resonator.

In conclusion, 2 μm wave is located in the weak absorption band of the atmo-
sphere and the safe region of the human eye. Therefore, it is of great significance 
to study 2 μm Q-switched lasers in the areas such as laser medicine and laser lidar. 
Moreover, the 2 μm pulse laser with high peak power can also be used as an efficient 
pump source for OPOs and OPA to obtain the output of mid- and far- infrared 
laser. With the development of 2 μm pulsed laser, it will have more broad applying 
foreground in industrial processing, medicine, and military field.

6. Summary and outlook

2 μm pulsed laser with stable, compact and cost-effective characteristics has 
been a hot topic in recent years. To achieve pulsed laser sources with large pulse 
energy and high peak power, the traditional method is based on actively AO or 
EO Q-switching technology. For the flash-pumping operation regime, it has great 
advantages in generating high energy laser output with hundreds of mJ level due 

Figure 9. 
Experimental setup diagram of differential absorption Lidar for the measurement of atmospheric CO2 
concentrations based on 2 μm laser. (a) Offset locking between On and Off distributed-feedback laser diode 
(DFB), (b) seeding architecture, (c) cavity length locking using Pound-Drever-Hall technique (PDH), (d) 
2-μm pulsed oscillator, and (e) characterization: power meter, beam profiler, heterodyne detection [100]. 
Copyright © 2014, Springer Nature.
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to the larger mode area than that of diode-pumping case. However, diode-pumped 
solid-state 2 μm lasers have achieved rapid development because of the advantages 
such as high efficiency, small size, and high beam quality. Furthermore, in cased 
of the AO Q-switching, many excellent works have been done and the maximum 
single pulse energy ever achieved is 128 mJ. For diode-pumped EO Q-switched solid 
lasers, 550-mJ single pulse energy has set a record in the case of using a RTP crystal 
as EO modulator, to the best of our knowledge. Although the EO modulator has 
relatively good switching effect, suitable EO crystal with low driven voltage and 
high repetition rate is rare. Recently, a LGS crystal based EO Q-switched Tm:YAP 
laser with a maximum repetition rate of 200 kHz was reported, which indicated 
that the LGS crystal with high damage threshold could be a promising EO Q-switch. 
Compared with active Q-switching method, passive Q-switching technology has 
shown promising advantages, such as simplicity, compactness, and high repetition 
rate, although it usually works in low-energy regime. The most mature SAs are Cr2+ 
doped II-VI crystals which are still irreplaceable in generating passively Q-switched 
2 μm laser with pulse energy over mJ level and pulse width in an order of several 
nanoseconds to sub-nanoseconds. Besides, the Ho3+ doped gain crystals can also be 
used as SAs for 2 μm solid-state lasers, however, this rarely employed method can 
only deliver tens of nanoseconds pulses with tens of kHz repetition rate. At pres-
ent, the 2D nanomaterials based SAs have become hot spots in generating pulsed 
lasers due to its advantages of easy fabrication, compact setup, and broadband 
optical absorptions. However, the pulse energy was limited to μJ level determined 
by the low damage thresholds of the 2D material. At the same time, there is also a 
problem in fabricating high quality thin films with large area and uniform thickness. 
In the near future, active Q-switching technology would still be the main method 
in obtaining high pulse energy or short pulse width with excellent stability and 
controllability. Of course, more suitable EO crystals would be further explored. For 
SAs suitable for passively Q-switched lasers, novel kinds of 2D nanomaterials are 
emerging endlessly, and the preparation method for growing high quality 2D-SAs 
are coming to maturity.

As for the applications of Q-switched 2 μm lasers, the application fields are 
becoming broader and broader. When the 2 μm pulsed laser is applied on the tissue, 
it can generate the effects such as the vaporization, cutting, solidification, hemo-
stasis and so on, so it plays an important role in medical surgery. Q-switched 2 μm 
lasers can also be effectively used in environmental monitoring and measurement 
of carbon dioxide, aerosol concentration, cloud layer and water vapor distribu-
tion in the atmosphere. Besides, it should be particularly stated that 2 μm pulsed 
laser with high peak power is an efficient pump source for OPOs or OPA to realize 
mid- and far- infrared laser sources, which have important applications in the 
fields such as Lidar, optoelectronic countermeasures, laser ranging and infrared 
guidance technology. With the continuous enhancement of Q-switched 2 μm laser 
performance, more complicated application fields would be further explored and 
developed in the future.
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Chapter 6

Thermal Fields in Laser Cladding
Processing: A “Fire Ball” Model.
A Theoretical Computational
Comparison, Laser Cladding
versus Electron Beam Cladding
Mihai Oane, Ion N. Mihăilescu and Carmen-Georgeta Ristoscu

Abstract

Laser cladding processing can be found in many industrial applications. A lot of
different materials processing were studied in the last years. To improve the pro-
cess, one may evaluate the phenomena behaviour from a theoretical and computa-
tional point of view. In our model, we consider that the phase transition to the
melted pool is treated using an absorption coefficient which can underline liquid
formation. In the present study, we propose a semi-analytical model. It supposes
that melted pool is in first approximation a “sphere”, and in consequence, the heat
equation is solved in spherical coordinates. Using the Laplace transform, we will
solve the heat equation without the assumption that “time” parameter should be
interpolated linearly. 3D thermal graphics of the Cu substrate are presented. Our
model could be applied also for electron cladding of metals. We make as well a
comparison of the cladding method using laser or electron beams. We study the
process for different input powers and various beam velocities. The results proved
to be in good agreement with data from literature.

Keywords: laser cladding, electron beam cladding, heat equation,
computer simulations

1. Introduction

The laser processing of materials is a continuous subject of study from a practical
and theoretical point of view [1–3]. Laser cladding is a very important application
in laser processing [4]. Laser cladding started in the 1980s and was widely
implemented in industry. Meanwhile, the application of the laser cladding has
exploded especially in 3D additive manufacturing at a relatively low production
cost. From theoretical point of view, the mentioned application was studied in Refs.
[5, 6]. In the present study, we want to generalize the existent theory to laser beams
with different transverse multimode intensities. We will use the heat diffusion
equation for the melted pool [5, 6]. We note the depth of the melted pool with H. It
is reasonable to consider that the depth of the melted pool varies between 0.2 and
2.5 mm, for a CO2 incident laser beam of 1 KW. The speed of laser is considered to
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vary from 0 to 100 mm/s. The main purpose of engineering technology science is to
achieve the best quality of the product with the maximum use of facilities and
resources. In these terms, laser cladding is a very delicate process. In consequence,
all kinds of modelling are welcome. In general, we find in literature a lot of exper-
iments, but for a laboratory which wants to start to build up a laser cladding set-up
for the first time, theoretical and computer modelling are essential for the experi-
mental success.

The powder attenuation is defined as the following ratio:

Xp ¼ PL � P0
L

PL
(1)

where PL is the laser power and P0
L is the transmitted laser power, which is in

interaction with the work piece surface. We will focus to determine the temperature
in the melted pool. For this we will choose a more realistic model (regarding the
“time” parameter), writing the heat carried into the melted pool by the expression:

Q P ¼ I X;Y;Zð Þ � αPXP þ αPXP 1� αPð Þ 1� αWð Þ h tð Þ � h t� t0ð Þð Þ ¼ QP r; θ;φð Þð
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where t0 is the exposure time, αP is powder absorption coefficient and αW is the
workpiece absorption coefficient.

2. The analytical model

The novelty of the proposed model is that we consider the melted pool like a
sphere with diameter H. Using the Laplace transform, we will solve the heat equa-
tion avoiding making the assumption that “time” parameter should be interpolated
linearly. The heat equation in spherical coordinates is:
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In Eq. (3),T is temperature variation; r, θ and φ are the spherical coordinates; γ is
thermal diffusivity; and k represents the thermal conductivity. For simplicity, we
will note for the rest of the present study Q ¼ QP.

We have the following relationships:

Tjt¼0 ¼ 0 and μ ¼ cos θ (4)

The boundary conditions are:

k
∂T
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����
r¼a

þ h � T ¼ 0 (5)

where a = H/2 is the irradiated sphere radius and h is the thermal transfer
coefficient.

We have the following relationships that are necessary to eliminate the
variable φ:

∂
2F1

∂φ2 þm2F1 ¼ 0 and F1jφ¼0 ¼ F1jφ¼2π (6)
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We obtain:

F1 φð Þ ¼ cosmφ for p ¼ 2m (7)

and
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The theory says that:
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The obtained result is:
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To eliminate the temporal variable, we use the direct and reverse Laplace trans-
form. Thus we obtain [1]:
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In the above relationship:
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2 for m ¼ 0

1 for m 6¼ 0

(
(22)

but also

Cns ¼ 1
2
a J0nþ1

2
λnsað Þ

h i
(23)

The laser beam as compared to electron beam may be considered to be a sum of
decoupled transverse modes, and one can write using a superposition of different
transverse modes:

I ¼
X
i,m, n

piImn (24)

where pi are real numbers chosen in such a way to obtain the wanted laser
intensity (from spatial distribution and intensity values’ point of view).

3. Simulations and comments

Let us consider the cladding processing on a Cu substrate. The input parameters
corresponding to Figures 1–7 are collected in Table 1. We have chosen various
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situations, for example, different transverse modes (for laser beam), various veloc-
ities, incident powers and values of H.

For electron beam processing [7], one may consult the Katz and Penfolds
absorption law [8] and also Tabata-Ito-Okabe absorption law [9].

In Figure 1, the thermal field for Gaussian laser beam is presented, when
V = 0 mm/s, P = 1 KW, H = 2 mm and the substrate is Cu. In Figure 2 the
thermal field for Gaussian laser beam is given when V = 10 mm/s, P = 1 KW and
H = 2 mm. In Figure 3 the thermal field for TEM03 laser beam is presented, when
V = 0 mm/s, P = 2 KW and H = 3 mm. Figure 4 shows the thermal field for
TEM03 laser beam, when V = 10 mm/s, P = 4 KW and H = 4 mm. Figure 5
represents the thermal field for TEM03 laser beam, when V = 100 mm/s, P = 10 KW
and H = 3 mm.

If one compares Figures 1 and 2, the differences in the spatial distribution
of thermal field for the two cases can be seen. On the other hand, the
comparison of Figures 3–5 shows that for TEM03 we do not have significant
changes in thermal profile but a proportional increase of the incident power
with H.

In Figures 6 and 7, we have as scanning source an electron beam of power
P = 1 KW. If in Figure 6 V = 0 mm/s, while in Figure 7 the speed is V = 10 mm/s.
Our simulations show a decrease of thermal field with the increase of
scanning velocity.

As observed from Table 2, Cu behaves very similarly with Au, Ag and Al from
a thermal point of view [10]. Accordingly, we may consider that Figures 1–7 are
also meaningful if we use substrates from Au, Ag or Al.

Figure 1.
The thermal field for a Gaussian laser beam when V = 0 mm/s, P = 1 KW and H = 2 mm. The substrate is
supposed to be from Cu.
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situations, for example, different transverse modes (for laser beam), various veloc-
ities, incident powers and values of H.
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V = 0 mm/s, P = 1 KW, H = 2 mm and the substrate is Cu. In Figure 2 the
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with H.
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P = 1 KW. If in Figure 6 V = 0 mm/s, while in Figure 7 the speed is V = 10 mm/s.
Our simulations show a decrease of thermal field with the increase of
scanning velocity.

As observed from Table 2, Cu behaves very similarly with Au, Ag and Al from
a thermal point of view [10]. Accordingly, we may consider that Figures 1–7 are
also meaningful if we use substrates from Au, Ag or Al.

Figure 1.
The thermal field for a Gaussian laser beam when V = 0 mm/s, P = 1 KW and H = 2 mm. The substrate is
supposed to be from Cu.
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Figure 2.
The thermal field for a Gaussian laser beam when V = 10 mm/s, P = 1 KW and H = 2 mm. The substrate is
supposed to be from Cu.

Figure 3.
The thermal field for a TEM03 laser beam when V = 0 mm/s, P = 2 KW and H = 3 mm. The substrate is
supposed to be from Cu.
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Figure 4.
The thermal field for a TEM03 laser beam when V = 10 mm/s, P = 4 KW and H = 4 mm. The substrate is
supposed to be from Cu.

Figure 5.
The thermal field for a TEM03 laser beam, when V = 100 mm/s, P = 10 KW and H = 3 mm. The substrate is
supposed to be from Cu.
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Figure 6.
The thermal field for a Gaussian electron beam when V = 0 mm/s, P = 1 KW and H = 2 mm. The substrate is
supposed to be from Cu.

Figure 7.
The thermal field for a Gaussian electron beam when V = 10 mm/s, P = 1 KW and H = 2 mm. The substrate is
supposed to be from Cu.

144

Nonlinear Optics - From Solitons to Similaritons

4. Conclusions

Our major conclusions are as follows: apart from Gaussian case, the increase in
velocity of the other transversal modes does not affect too much the thermal profile;
and second the large difference between the electron cladding and laser cladding is
that in electron cladding an increase of beam velocity affects in an important amount
the values of the thermal fields. The higher the velocity of electron beam, the lower
the thermal fields at the surface sample. Our major conclusions are in good agree-
ment with experimental data from literature; see, for example, references [11, 12].
On the other hand, it is known that there are some limitations in laser cladding, for
example, high initial capital cost, high maintenance cost and presence of heat
affected zone. For electron cladding, one can conclude that the cost is reduced as
there are no involved mechanical cutting force, work holding and fixturing.
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Figure no. Beam
type

Mode Velocity
[mm/s]

Incident
power
[kW]

Melted pool
depth H
[mm]

Thermal
diffusivity γ

[cm2/s]

Thermal
conductivity k

[W/cmK]

Figure 1 Laser TEM00 0 1 2 1.14 3.95

Figure 2 Laser TEM00 10 1 2 1.14 3.95

Figure 3 Laser TEM03 0 2 3 1.14 3.95

Figure 4 Laser TEM03 10 4 4 1.14 3.95

Figure 5 Laser TEM03 100 10 3 1.14] 3.95

Figure 6 Electron TEM00 0 1 2 1.14 3.95

Figure 7 Electron TEM00 10 1 2 1.14 3.95

Table 1.
The input parameters for the Figures 1–7.

Element Thermal diffusivity γ [cm2/s] Thermal conductivity k [W/cmK]

Cu 1.14 3.95

Au 1.22 3.15

Ag 1.72 4.28

Al 1.03 2.4

Table 2.
The thermal parameters for: Cu, Au, Ag and Al.
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Chapter 7

Optical Sensor for Nonlinear and
Quantum Optical Effects
Antônio Carlos Amaro de Faria

Abstract

In this chapter, the main foundations for the conception, design, and the project
of optical sensors that explore the effects of nonlinear and quantum optics are
presented. These sensors have a variety of applications from the design of wave-
guides with self-selection of propagation modes to signal processing and quantum
computing. The chapter seeks to present formal aspects of applied modern optics
in a detailed, sequential, and concise manner.

Keywords: optical sensor, nonlinear optics, quantum optics, optical fiber,
optical signal processing

1. Introduction

Classical electrodynamics is the basis for the analysis and formulation of electro-
magnetic waves. From the equations of Maxwell, it is possible to obtain the equation
of the movement of the electric and magnetic fields whose solution describes the
propagation of the electromagnetic wave. This formal treatment was originally
developed by Maxwell [1], who verified that the electromagnetic wave propagated
with the speed of light provided that the optics could be described from the electro-
magnetism. The medium through which the electromagnetic wave propagates
responds in various ways to the electromagnetic field. This response depends on how
the atoms and molecules are arranged spatially composing the constituent medium
and how the interaction or scattering of the electromagnetic wave through the
medium will occur. In other words, the way the medium responds to the electromag-
netic excitation is contained in the middle polarization due to the propagation of the
electromagnetic wave. It is in this context that some recent analyses have discovered
some solutions from the nonlinear response of the medium to the propagation of the
electromagnetic wave which may lead to an approach of some quantum effects from a
nonlinear treatment of electromagnetism in the material medium.

The propagation of optical pulses through waveguides such as optical fibers can
give rise to nonlinear optical effects and quantum effects. The appropriate modeling
of these effects can be used for the development of sensors to the optical fiber
whose resolution can be regulated properly. In addition, the method allows the
selection of propagation modes by selecting the desired modes by knowing the band
gap of the waveguide or the photonic crystal.

The development of sensors to the optical fiber is based on the propagation of
optical pulses through waveguides like optical fibers and photonic crystals. The
propagation of the pulses through waveguides can generate nonlinear and quantum
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effects as Raman and Brillouin effects. We have analytically modeled these effects
from the Maxwell equations on dielectric media describing the propagation of these
optical pulses by developing a model that can be implemented computationally for
the processing and propagation of these optical signals. The optical sensor can
select the modes of propagation of the optical beams through the natural conduc-
tion band of the photonic crystal since the function of our model, the so-called
optical potential, describes the optical light scattering through the crystal [2].

2. Modeling the optical lattice

The modeling of an optical system is very important for the design and devel-
opment of many applications of optics in electronics, photonics, integrated optics,
and an array of devices based on the light. Nonlinear effects from the interaction of
light with matter in waveguides and photonic crystals may be suitable for a variety
of optical applications [3–5]. Quantum effects such as the Raman effect and the
Brillouin effect can be conveniently dealt with by exploring the nonlinear aspects of
optical wave propagation in waveguides. Effects, e.g., self-focusing and low disper-
sion, of a guided beam can be applied and exploited in several technologies that use
waveguides and sensors to the optical fiber [6, 7]. Consider an optical field given by

E r!, t
� �

¼ A r!
� �

exp iβ0zð Þ: (1)

In Eq. (1), β0 is the propagation constant, and beam one propagates along the
z direction and self-focuses along the transverse directions x and y. The function
A[r(x,y,z)] represents the evolution of the beam envelope. The nonlinearity refers
to nonlinear medium polarization that is the change of the refraction index of the
medium that is responsible by the self-focusing of the pulse.

Considering the Maxwell equations and the medium polarization, one can obtain
the generalized nonlinear Schrödinger (NLS) equation that describes soliton
solutions [8]:

i
∂u
∂z

þ 1
2

∂
2u
∂x2

þ ∂
2u
∂y2

� �
� F uj j2u

� �
¼ 0: (2)

In Eq. (2), u is proportional to electric field. The term F(|u|2u) represents a
generalized term of nonlinear optical effects. The solutions of Eq. (2) can represent
and describe the optical beam profile one propagating through an optical lattice and
an optical fiber. It describes also quantum noise as Raman and Brillouin scattering in
the optical system.

We will sequentially show how quantum effects from the interaction of an
optical beam with the constituents of the waveguide or the crystal lattice through
which it propagates can be described in the context of nonlinear electrodynamics. In
other words, we will show an equivalence to quantum optics and nonlinear electro-
dynamics characterized by nonlinear polarization of the medium. We will demon-
strate the equivalence between its properties and the properties of solutions from a
dynamical action. This action can map optical systems, and the method is based on
the variational principle whose solutions give the same from that of Eq. (2).

Considering the optical rays equation

d
ds

n
d r!

ds

 !
¼ ∇n, (3)
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where n is the refraction index, s is a specific trajectory, and r! ¼ r! sð Þ, the
principle of least action may be written as

δ

ð
nds ¼ 0, (4)

which is Fermat’s principle for the paths of light rays. So the scalar wave equa-
tion in optical context can be written as

∇2ϕ� n2

c2
d2ϕ
dt2

¼ 0, (5)

that is satisfied by a plane wave solution

ϕ ¼ ϕ0e
i k

!
: r!�ωt

� �
: (6)

The wave number k and the frequency ω are related by

k ¼ 2π
λ

¼ nω
c
: (7)

So Eq. (6) can be written as

ϕ ¼ ϕ0e
ik
!
0 nz�ctð Þ, (8)

and it is assumed that k
!
is in the z direction. The refractive index n can change

very gradually in space, and a solution resembling the plane wave can be written as

ϕ ¼ eA r!ð Þþik0 L r!ð Þ�ct½ �, (9)

and the quantities A r!
� �

and L r!
� �

are real functions.

Now we can establish a relation between this description of optical pulses, the
NLS equation and the Schrödinger equation. This equivalence, in context of the
classical level at least, between NLS equation solutions and the method that we
propose in this work, can be constructed considering the relation

k0 L� ctð Þ ¼ 2π
L
λ0

� ωt
� �

: (10)

In this sense, we are led to conclude that the energy E of the system and its
frequency ω are proportional

E ¼ hω: (11)

The wave length and the frequency are related by

λω ¼ v, (12)

and, now, considering that for a light ray one propagating in a certain medium
with speed v < c, where c is the speed light in the vacuum
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dynamics characterized by nonlinear polarization of the medium. We will demon-
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v ¼ E
p
, (13)

and another simple relation

λ ¼ v
ω
, (14)

we come to an important relationship, using Eqs. (11) and (12):

λ ¼ h
p
: (15)

So as an important consequence of this approach, we can write the wave
Eq. (5) as

∇2ϕ� 1
v2

d2ϕ
dt2

¼ 0, (16)

where v is the wave velocity in the medium of index n. This equation can yet be
rewritten, considering a temporal dependence of kind e�iωt in the form

∇2ϕþ 4π2

λ2
ϕ ¼ 0, (17)

that is the time-independent wave equation. So it is perfectly acceptable that a
certain optical field Ψ satisfies an equation of the same form as

∇2ψ þ k2ψ ¼ 0, (18)

and doing the identifications

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m E� Vð Þ

p
, (19)

with p being the momentum and the terms inside the square root stands by
kinetic energy or the difference between total energy E and the potential energy V
of particle, we get the Schrödinger equation [9]

∇2ψ þ 8π2m
h2

E� Vð Þψ ¼ 0, (20)

with m being the particle mass and h the Planck constant.

3. Brief introduction on optical solitons

3.1 Nonlinear Schrödinger equation

The equation that describes optical fields in a nonlinear medium is known as the
nonlinear Schrödinger equation. In this section, we succinctly present the origin of
the NLS equation for a CW beam propagating inside a nonlinear optical medium.
From Maxwell equations in a nonlinear medium, one gets the wave equation for the
electric field [7, 10]:
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∇2E� 1
c2
∂
2E
∂t2

¼ 1
ε0c2

∂
2P
∂t2

(21)

with c being the speed of light in vacuum and ε0 the vacuum permittivity. The

total polarization P
!
is

P r, tð Þ ¼ PL r, tð Þ þ PNL r, tð Þ: (22)

PL is the linear part, and PNL is the nonlinear part, given respectively by [8, 10]

PL r, tð Þ ¼ ε0

ð
χ1 t� t0ð ÞE r, t0ð Þdt0 (23)

and

PNL r, tð Þ ¼ ε0

ð ð ð
χ3 t� t1, t� t2, t� t3ð Þ � E r, t1ð ÞE r, t2ð ÞE r, t3ð Þdt1dt2dt3, (24)

χ1 and χ3 are the first- and third-order susceptibility tensors. A general solution
of Eq. (21) will be

E r, tð Þ ¼ 1
2
x̂ E r, tð Þe�iω0t þ cc
� �

(25)

where E r, tð Þ ¼ A rð Þeiβ0Z and β0 ¼ k0n0 � 2πn0
λ are the propagation constants

with the wavelength λ ¼ 2πc
ω0
. The beam diffracts and self-focuses along the two

transverse directions X and Y where X, Y, and Z are the spatial coordinates associ-
ated with r. The function A(X,Y,Z) is the evolution of the beam envelope; it would
be a constant in the absence of nonlinear and diffractive effects. Nonlinear and
diffractive effects and neglecting d2A

dz2
the beam envelope satisfy the following

nonlinear parabolic equation:

2iβ0
∂A
∂Z

þ ∂
2A
∂X2 þ

∂
2A
∂Y2

� �
þ 2β0k0nnl Ið ÞA ¼ 0: (26)

Introducing the following variables

x ¼ X
ω0

, y ¼ Y
ω0

, z ¼ Z
Ld

, u ¼ k0jn2jLdð Þ1=2A (27)

where ω0 is a transverse scaling parameter related to the input beam width and
Ld ¼ β0ω02 is the diffraction length; Eq. (26) takes the form of a NLS equation:

i
∂u
∂z

þ 1
2

∂
2u
∂x2

þ ∂
2u
∂y2

� �
� uj j2u ¼ 0: (28)

Now one can consider the NLS equation in the form

i
∂u
∂z

þ 1
2

∂
2u
∂x2

þ σd
∂
2u
∂y2

� �
� uj j2u ¼ 0, (29)

and the y independent form of it
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i
∂u
∂z

þ 1
2
∂
2u
∂x2

� uj j2u ¼ 0: (30)

Eq. (30) describes the spatial and temporal optical solitons as treated in Refs.
[5,6, 11–15], respectively.

4. Nonlinear and quantum optical sensor principles

Nonlinear effects in optical fibers are common when, for example, increasing the
power of the optical source. In this case, optical noise such as Raman effect and Kerr
effect originate the interaction of optical fields with matter. These effects, depending
on their technological application, may be undesirable. In our work, we discuss one set
of solutions for optical fields whose nonlinear effects can be used to suppress certain
propagation modes harmful to technological applications. On propagation of signals,
for example, the Kerr effect can be a factor representing the loss of optical signal, and
in this sense, using the solutions presented in this work, an optical network can be
specially designed to suppress the distortion of the optical signal by the Kerr effect. The
fiber or group of optical fibers can be designed so that the distortion of optical signals
through nonlinear effects is eliminated. In another perspective, our method can be
combined with space-division multiplexing (SDM) and nonlinear cancelation methods
that offer the opportunity to reverse the effect of Kerr distortion [16]. The method
developed in this work can be implemented to identify patterns of nonlinear modes
which contribute to the distortion of the optical signal in the transmission system [17].

In this case, the propagation modes of the optical beam by the system will be
conveniently selected and processed in the transmission link as shown in Figure 1.
In this section, we will mathematically demonstrate how any optical signal can be
transformed conveniently into appropriate optical pulse. In other words, any sign
optical can be mapped to a field originally known.

It is appropriate to point out that the mathematical approach is necessary to detail
the practical implementation of the recognition and processing of optical signals that
can reach the optical beam level in the waveguide or any optical network.

4.1 Optical systems

The discovery of non-Hermitian observables with real spectrum in optical
systems may provide an important and useful relationship between the crystal
structure of an optical system and parity-time (PT) symmetry [18]. Optical

Figure 1.
Architecture of a transmission system. The nonlinear (NL) processor identifies λI e λn modes and rectifies the
optical distortions through the preprocessed patterns of non-Hermitian solitons diffracted by the optical network.
Like any signal can be mapped, as will be presented in Section 4, the processor may recognize any optical pattern
from the original signal, as a nonlinear distortion or optical soliton, and eliminate it, reverse it, or pass it on.
In figureRx is a signal identifier (basically an oscilloscope) with output to the Nonlinear Processor (NL Processor).
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potentials that have PT symmetry are potential that obey the following relation V
(x) = V*(�x), where the superscript star denotes the conjugate complex. The
symmetry PT may describe an optical system as a lattice structure or a waveguide.
From the formal point of view, the light that propagates through a waveguide can
be described by classical electrodynamics and the quantummechanics, which seems
to establish a deep relationship between them. However nonlinear optical phenom-
ena lead to the same dynamic equations describing the propagation of quantum
light in some materials media. We can explore the optical dynamics of a beam and
waves propagating by an optical lattice which can be described by PT symmetric
complex potentials. The optical beam propagation can be described by the Schrö-
ndinger-like equation:

i
∂ψ

∂z
þ ∂

2ψ

∂x2
þ V xð Þ þ iW xð Þ½ �ψ þ ψj j2ψ ¼ 0: (31)

Eq. (31) describes an optical beam one propagating in a self-focusing Kerr
nonlinear PT symmetric potential as V(x) = V(�x) and W(�x) = � W(x). The
solutions of Eq. (31) can be expressed as follows:

ψ x, zð Þ ¼ ϕ xð Þ exp iλzð Þ, (32)

where ϕ(x) is the nonlinear eigenmode and λ is the propagation constant. Then
one obtains the following equation for the field ϕ(x):

∂
2ϕ

∂x2
þ V xð Þ þ iW xð Þ½ �ϕþ ϕj j2ϕ ¼ λϕ: (33)

In this point it is important to note that the optical system can be mapped by the
band structure of the optical lattice or waveguide through the propagation constant
λ. In fact the eigenvalue (λ) and the eigenmode ϕ(x) satisfy

d2

dx2
þ F xð Þ

" #
ϕ ¼ λϕ, (34)

whose solutions can be write in the form

ϕn k, xð Þ ¼ un k, xð Þeikx, un xþD, kð Þ ¼ un x, kð Þ (35)

with un(x,k) and satisfying

d2un x, kð Þ
dx2

þ 2ik
du
dx

þ F xð Þ � k2
� �

ϕ ¼ λ kð Þϕ: (36)

From Eq. (35) result important properties of optical systems described by sym-
metry PT, as the selection of propagation modes λ(k).

4.2 Mapping optical systems

In order to show how the PT symmetric complex potentials can map optical
lattice structures, consider Eq. (31) where

V xð Þ ¼ V0 sec h
2 xð Þ, W xð Þ ¼ W0 sec h xð Þ tanh xð Þ, (37)
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∂
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whose solution can be given by

ϕ ¼ ϕ0 sec h xð Þ exp iμ tan �1 sinh xð Þ½ �� �
, (38)

that represents a nonlinear mode with λ = 1, when V0 = 1,W0 = 0.5, and μ =W0/3.
The profiles of the potentials V(x) andW(x) are shown in Figures 2 and 3.

5. New non-Hermitian optical systems

The application of non-Hermitian optical systems in the modeling of the optical
lattices and waveguides [18] can be performed by the variational method proposed
by [19]. In this approach, a generalization of the NLS equation (29)

Figure 2.
Profile of potential V(x) along the optical lattice.

Figure 3.
Profile of potential W(x) along the optical lattice.
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i
∂u
∂z

þ 1
2

∂
2u
∂x2

þ ∂
2u
∂y2

� �
� F uj j2u

� �
¼ 0, (39)

can be obtained by a properly Lagrangian density L, introducing the action as

S ¼
ðz

0

dz
ð ð∞

�∞

L x, y, zð Þdxdy: (40)

In this approach, a mechanism to describe nonlinear and non-Hermitian optical
systems can be obtained starting from an adequate action given by Eq. (40) with a
Lagrangian

L ¼ 1
2

∇ϕð Þ2 � V ϕð Þ, (41)

where ϕ is proportional to the electric field as in Eq. (32) and V(ϕ) is the optical
potential that model the optical lattice of the system. In this sense, Eq. (33) can be
written as

1
2
d2ϕ
dx2

¼ dV ϕð Þ
dϕ

, (42)

and solved as follows

ð
dϕffiffiffiffiffiffiffiffiffiffiffiffiffi
2V ϕð Þp ¼ � x� x0ð Þ: (43)

On the other hand, these same solutions emerge from the energy calculation of
optical system, which can be written as

E ¼ 1
2

ð∞

�∞

dx
dϕ
dx

�Wϕ

� �2

þ 2Wϕ
dϕ
dx

" #
, (44)

where dW ϕð Þ
dϕ ¼ Wϕ ¼ ffiffiffiffiffiffiffiffiffi

2Vϕ
p

:

The configuration that minimizes the energy of system, given by Eq. (19), is
obtained by the following differential equation:

dϕ
dx

¼ Wϕ: (45)

5.1 New models and sensors

Nonlinear and non-Hermitian optical systems can be modeled now by the
method based on Lagrangian. The motion equations will describe the propagation of
the optical field through of a generic optical lattice.

Consider a model that is based on nonlinear and non-Hermitian optical potential

Wϕ ¼ ϕ2 þ 2iaϕ� b2, (46)

where a and b are optical parameters. The optical field solution, using, is
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ϕ xð Þ ¼ �iaþ α tanh αxð Þ, (47)

where α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
, and the energy has real spectrum that can be calculated by

E ¼ 4
3
α3: (48)

Another nonlinear and non-Hermitian optical potential is given by

Wϕ ¼ cos ϕð Þ þ ia sin ϕð Þ þ b (49)

whose solution for the optical field is

ϕ xð Þ ¼ 2 arctan
�ia� 2β tanh βxð Þ

b� 1

� �
, (50)

where 2β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2 þ b2

� �q
, whose field configuration is plotted in Figure 4.

It is important to emphasize that a new class of non-Hermitian optical systems
can be generated by Eq. (42) and from Eq. (43) follows that

ð
dϕffiffiffiffiffiffiffiffiffiffiffiffiffi
2V ϕð Þp ¼ x� x0 ¼

ð
dϕffiffiffiffiffiffiffiffiffiffiffiffiffi
2V ϕð Þp : (51)

In general one can rewrite the above equation simply as ϕ = f(φ) then we can try
to generate a new non-Hermitian model with real energy from non-Hermitian
model given by Eq. (46). In this case, we can use:

f ϕð Þ ¼ sinh ϕð Þ, (52)

getting the non-Hermitian potential

W ϕð Þ ¼ sinh ϕð Þ þ 2ia ln cosh ϕð Þ � 2 1þ b2
� �

tanh �1 tanh ϕð Þ½ �� �
, (53)

Figure 4.
The real (thin line) and imaginary (thick line) parts of optical field configurations of nonlinear and
non-Hermitian optical potentials.
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with the correspondent solution

ϕ xð Þ ¼ sinh �1 �iaþ αa tanh kaxð Þ½ �: (54)

It is important to note that the optical field solution ϕ has a real component and
an imaginary component. The real component represents the diffracted component
of the optical field as shown in Figure 4. In our investigation, we have found that
non-Hermitian optical systems can describe optical crystal structures and optical
pulses propagating through such structures. We can observe that the modes of
propagation, in Eq. (10), describe a particular conduction band of the optical lattice.
In this sense, we can design a waveguide to act as a natural selector of certain
wavelengths. In some photonic devices using sensors to optical fiber, for example,
gyroscopes, optical noises from quantum scattering as the Raman effect is undesir-
able. So we can design a waveguide which suppresses the Raman propagation
modes in the conduction band of the crystal lattice. Another important application
of the modeling that we propose in this paper is that certain quantum noise from the
interaction of light with matter can be treated very easily, as is the case for Raman
scattering. In this case, the scattering propagation mode and its interaction with the
crystal lattice can be modeled by the procedure that we have described. Thus we can
simulate the propagation modes of an optical pulse by a crystalline network and
mapping the crystalline structure whose information is present in the potential
optical V(x) and W(x) of Eq. (12) by the symmetry parameters present in motion
equations describing the propagation of an optical beam through an optical net-
work. It is interesting to note that our procedure covers a wide range of nonlinear
scatterings, which allow the numerical implementation of this method to recognize
and model the patterns of quantum noise from the scattering of light with matter.
Another interesting application of the method we have developed in soliton-based
communications is that the crystal lattice can be designed such that the λk propaga-
tion modes can be used to adjust the bit size of the slot [14, 20]. This may be
performed once for soliton train; it is possible to relate the soliton width T0 with bit
size B as

B ¼ 1
TB

¼ 1
2q0T0

, (55)

where TB is the bit time slot and 2q0 = TB/T0 is the separation between neigh-
boring soliton, as shown in Figure 5.

Figure 5.
Soliton bit stream. Each soliton occupying a bit slot can represent binary 1, and the absence of soliton can
represent a binary 0.
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6. Conclusions

In this chapter, we describe how nonlinear and quantum optical effects can be
applied to the development of optical sensors. From Maxwell’s equations, one can
obtain an equation that describes the nonlinear behavior of an optical pulse that
propagates through an optical system such as a waveguide. The nonlinear behavior
of an optical pulse can be understood here as optical noise, the propagation of an
optical pulse through a general optical system, or even quantum optical effects that
can be properly described by a nonlinear second-order equation known as general-
ized nonlinear Schrödinger equation as described in Section 2. This equation has
simple solutions called optical solitons. In Sections 3 and 4, we show how the term
optical potential F(|u|2u) from NLS, where u describes the electric field, can model
several optical systems through which a nonlinear optical pulse can propagate,
generating physical information that can be transmitted and processed electroni-
cally. In Section 5, we show that nonlinear optical systems, which are optical sys-
tems capable of transmitting such nonlinear optical pulses, can be modeled simply
by a first-order equation from non-Hermitian optical systems, which are systems
that present a type of symmetry in spatial directions and in time, that is, x ! �x
and t ! �t. We apply these results by describing how different optical systems can
be equivalent or mapped together. In principle, a particular optical system, such as
an approximately one-dimensional waveguide, can be designed by reproducing the
same optical effects as another waveguide. In the example, we apply these results
although the beam optical profile is different in the measurement instrument data
output, an oscilloscope, for example, the optical system which in this case may be a
waveguide, can be mapped through its design function W(ϕ). The electric field
amplitudes ϕ(x) can be appropriately combined to generate optical pulses in vari-
ous optical systems and can be transmitted and processed from photonics and
integrated optics and applied to the development of various emerging technologies
such as quantum computing and quantum information.
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same optical effects as another waveguide. In the example, we apply these results
although the beam optical profile is different in the measurement instrument data
output, an oscilloscope, for example, the optical system which in this case may be a
waveguide, can be mapped through its design function W(ϕ). The electric field
amplitudes ϕ(x) can be appropriately combined to generate optical pulses in vari-
ous optical systems and can be transmitted and processed from photonics and
integrated optics and applied to the development of various emerging technologies
such as quantum computing and quantum information.
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Chapter 8

Digital Sorting of Optical Vortices
in Perturbed Singular Beams
Alexander Volyar, Mikhail Bretsko, Yana Akimova
and Yuriy Egorov

Abstract

The chapter provides a brief overview of shaping and measuring techniques of
the vortex spectra (squared amplitudes and initial phases of vortex modes) includ-
ing radial indices. The main physical mechanisms causing the formation of laser
beams with a complex vortex composition, in particular, in biological media, are
indicated, and the need for a digital analysis of vortex spectra is substantiated. It is
the analysis of vortex spectra that allows us to find the orbital angular momentum
and informational entropy (Shannon’s entropy) of perturbed laser beams in real
time. In the main part of the chapter, we consider in detail a new approach for
measuring vortex spectra without cuts and gluing of the wavefront, based on digital
analyzing high-order intensity moments of complex beams and sorting the vortex
beam in computer memory sells. It is shown that certain types of weak local
inhomogeneities cause a vortex avalanche causing a sharp dips and bursts of the
orbital angular momentum spectra and quick ups and downs of the informational
entropy. An important object of analysis is also the vortex spectra of beams
scattered by simple opaque obstacles such as a hole, a disk, and a sector aperture.

Keywords: optical vortex, moment’s intensity, orbital angular momentum,
medical optics

1. Introduction

As is well known, optical vortices [1] accompany light scattering processes due
to both simple and complex medium inhomogeneities (see, e.g., [2] and references
therein). Scattered light carries a huge array of information, both on the composi-
tion and structure of scattering (diffraction) centers, and on the structure of the
initial light beam. At the same time, optical information can be read off both by
analyzing the frequency spectrum [3–5] and the spectrum of optical vortices [6, 7].
An important aspect of this problem is the study of biomedical objects [8, 9], for
example, the composition of the blood or the reflection of a vortex beam from the
skin surface [10] for express diagnostics of skin diseases. The fact is that a vortex
beam scattered by the skin is transformed into a speckle-like structure resembling
one that occurs when light passes through a medium with weak turbulence [11, 12].
At the same time, the speckle structure is formed by the skeleton of optical vortex
array [13–15]. In turn, the analysis of such a complex vortex structure is conve-
niently carried out on the basis of vortex fractal techniques [16] (see also [17] and
references therein). There are a variety of approaches for the fractal vortex models
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of laser beams scattered by biological tissues [18, 19] based on the light scattering by
nonspherical particles [20] that involves the representation of the wave field in
terms of Legendre polynomials. However, a real optical experiment for measuring
the vortex spectrum requires the use of particular approaches to the orthogonal
basis for the scattered beam expansion in terms of special functions, which can
differ significantly from the corresponding theoretical models.

The problem of using the properties of optical vortices in various areas of science
and technology requires the development of reliable but simple techniques for
measuring the spectrum of optical vortices in complex beams scattered by various
objects. Therefore, the attention of many researchers is drawn to measuring the
orbital angular momentum (OAM) of vortex beams [7, 21–30] that is directly
related to the spectrum of optical vortices. Really, the complex amplitude Ψ x, y, zð Þ
of a composite paraxial beam can be written in the form of a superposition of the
orthogonal vortex modes ψm x, y, zð Þ

Ψ x, y, zð Þ ¼
XN

m¼�N

CmΨm x:y, zð Þ, (1)

where Cm ¼ Ψh jψmi stands for the mode amplitudes specified by the normaliz-
ing condition

PN
m¼�N Cmj j2 ¼ 1, and 2N is a total number of vortex modes, Then the

average on photon OAM of the composite beam is found by the formula [31].

ℓz ¼
XN

m¼�N

m Cmj j2: (2)

The basis of this expression is an implicit connection between the topological
charge m and the OAM ℓzm of a single mode in the beam. However, expression (2)
includes the squared modulus Cmj j2 of a complex number while we are talking
about measuring the complex number Cm itself, i.e., its amplitude and the initial
phase. The known for us approaches to measuring OAM sorting modes can be
divided into four groups according to the methods used. All known for us approaches
to measuring OAM spectrum and mode sorting can be conditionally divided into four
groups according to the methods used and the effect on the internal beam structure.
The most widely used method of holographic spatial filtering of the Laguerre-
Gaussian, Hermite-Gaussian, Bessel-Gaussian, Airy-Gaussian and other mode types
[22–24, 30]. At that, this method allows modes sorting, both by topological charge
(azimuthal numbersm) and by radial numbers n. The holographic mode sorting
resembles the effect of a “white light” decomposition into a color spectrum by means
of a prism or diffraction grating. The second type of measurements requires the use
of a so-called log-polar transparency and diaphragms [6, 7, 24] placed along the path
of a complex beam. Such a structured transparency converts the beam into a set of
horizontal or vertical fringes, the pattern analysis of which allows one to obtain the
OAM spectrum. The direct application of digital processing of interference patterns
of a composite vortex beam [32] and a collinear phase-shifting holography [33] can
be considered as the third interference technique. However, measurements in the
listed above approaches lead to complete or partial damage of the combined beam
and losses of useful information. At the same time, an original approach presented in
the papers [26, 27, 34] to measuring the OAM in the vortex beams with a fractional
topological charge enables one to avoid the beam damage in the result of employing
cylindrical lenses and analyzing the second order intensity moments [35]. Unfortu-
nately, such a simple approach is not applicable for both sorting and measuring the
spectrum of vortex modes. In [26, 27], the technique analyzes a fractional OAM [36]
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of the combined beam as a whole at the focal plane of the cylindrical lens without
cutting and gluing the wavefront while the first two techniques distorts radically the
initial beam structure. In the technique [26], the measurement of second-order
intensity matrix elements was used that enables the authors to devoid breaking down
the beam structure. However, it makes sense to use such an approach only if the
modes of a complex beam have axial symmetry. The authors of [34] improved the
technique by using two cylindrical lenses whose axes are rotated by the angle π=2
relative to each other. This made it possible to measure the fractional OAM for any
type of the mode beam symmetry.

At the same time, the measurement of the fractional OAM does not give com-
plete information about the combined beam content. As can be seen from expres-
sion (2), the same value of the OAM can correspond to a different composition of
vortex modes with squared amplitudes C2

m. For example, in a weakly turbulent
medium [37] or optical fibers [38], there is an intense energy exchange between the
vortex modes of the singular beam. It makes to change both the magnitude and the
spectrum of the vortex modes including their initial phases. To measure the vortex
spectrum, a special technique was developed based on the analysis of higher-order
intensity moments [25] at the focal plane of a spherical lens. A characteristic feature
of this technique is the ability to measure not only amplitudes but also the initial
phases of the vortex modes. The point is that the intensity moments at the focal
plane of the spherical lens are degenerate with respect to the sign of the vortex
topological charge. Therefore, the authors of [25] note that the technique is appli-
cable only for nondegenerate spectra of combined singular beams. In [39], the
authors expanded the possibilities of measuring the vortex spectrum, also covering
optical vortices with different signs of topological charges due to additional
transformations of the Laguerre-Gauss beams (LG) into Hermite-Gauss ones (HG)
via astigmatic conversions at a cylindrical lens [40]. However, the method of
measuring optical vortices in LG beams of higher orders remained uncovered.

In this chapter, we consider in detail the technique of measuring the vortex
spectrum based on the analysis of high-order intensity moments that excludes cuts
and gluing of the beam without losses of information on initial mode phases. Unlike
the method of holographic gratings that transforms a combined beam into vortex
modes with different propagation directions, just as a prism converts “white” light
into a spatial frequency spectrum, we will try to demonstrate how a perturbed
singular beam can be sorted into vortex modes sited in computer memory cells and
then reproduce the beam main characteristics: OAM, information entropy, and
initial topological charge in real time. Moreover, knowing the digital spectrum, the
beam can be recovered again, and by adjusting the spectral vortex amplitudes we
can improve the structure of the transmitted field.

2. Preliminary remarks

As far as we know, the first theoretical and experimental studies of optical
vortex arrays refer to 1991, when the authors of [41] succeeded in reproducing
holographically individual letters and words due to ordering optical vortex array in
typical phase skeleton on the base of the technique that had been developed back in
the early 1980s [29]. However, only after the article [42] by Berry did the studies of
the vortex array properties become widespread. As a result, it was shown that the
diffracted beam turns into a combined beam containing a large number of optical
vortices with integer topological charges. These are sometimes called the beams
with fractional topological charges. Using Eq. (2), we can verify that beams with a
fractional topological charge also have fractional OAM ℓz. However, in the process
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of laser beams scattered by biological tissues [18, 19] based on the light scattering by
nonspherical particles [20] that involves the representation of the wave field in
terms of Legendre polynomials. However, a real optical experiment for measuring
the vortex spectrum requires the use of particular approaches to the orthogonal
basis for the scattered beam expansion in terms of special functions, which can
differ significantly from the corresponding theoretical models.
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The basis of this expression is an implicit connection between the topological
charge m and the OAM ℓzm of a single mode in the beam. However, expression (2)
includes the squared modulus Cmj j2 of a complex number while we are talking
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phase. The known for us approaches to measuring OAM sorting modes can be
divided into four groups according to the methods used. All known for us approaches
to measuring OAM spectrum and mode sorting can be conditionally divided into four
groups according to the methods used and the effect on the internal beam structure.
The most widely used method of holographic spatial filtering of the Laguerre-
Gaussian, Hermite-Gaussian, Bessel-Gaussian, Airy-Gaussian and other mode types
[22–24, 30]. At that, this method allows modes sorting, both by topological charge
(azimuthal numbersm) and by radial numbers n. The holographic mode sorting
resembles the effect of a “white light” decomposition into a color spectrum by means
of a prism or diffraction grating. The second type of measurements requires the use
of a so-called log-polar transparency and diaphragms [6, 7, 24] placed along the path
of a complex beam. Such a structured transparency converts the beam into a set of
horizontal or vertical fringes, the pattern analysis of which allows one to obtain the
OAM spectrum. The direct application of digital processing of interference patterns
of a composite vortex beam [32] and a collinear phase-shifting holography [33] can
be considered as the third interference technique. However, measurements in the
listed above approaches lead to complete or partial damage of the combined beam
and losses of useful information. At the same time, an original approach presented in
the papers [26, 27, 34] to measuring the OAM in the vortex beams with a fractional
topological charge enables one to avoid the beam damage in the result of employing
cylindrical lenses and analyzing the second order intensity moments [35]. Unfortu-
nately, such a simple approach is not applicable for both sorting and measuring the
spectrum of vortex modes. In [26, 27], the technique analyzes a fractional OAM [36]
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of the combined beam as a whole at the focal plane of the cylindrical lens without
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initial beam structure. In the technique [26], the measurement of second-order
intensity matrix elements was used that enables the authors to devoid breaking down
the beam structure. However, it makes sense to use such an approach only if the
modes of a complex beam have axial symmetry. The authors of [34] improved the
technique by using two cylindrical lenses whose axes are rotated by the angle π=2
relative to each other. This made it possible to measure the fractional OAM for any
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plete information about the combined beam content. As can be seen from expres-
sion (2), the same value of the OAM can correspond to a different composition of
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m. For example, in a weakly turbulent
medium [37] or optical fibers [38], there is an intense energy exchange between the
vortex modes of the singular beam. It makes to change both the magnitude and the
spectrum of the vortex modes including their initial phases. To measure the vortex
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intensity moments [25] at the focal plane of a spherical lens. A characteristic feature
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transformations of the Laguerre-Gauss beams (LG) into Hermite-Gauss ones (HG)
via astigmatic conversions at a cylindrical lens [40]. However, the method of
measuring optical vortices in LG beams of higher orders remained uncovered.

In this chapter, we consider in detail the technique of measuring the vortex
spectrum based on the analysis of high-order intensity moments that excludes cuts
and gluing of the beam without losses of information on initial mode phases. Unlike
the method of holographic gratings that transforms a combined beam into vortex
modes with different propagation directions, just as a prism converts “white” light
into a spatial frequency spectrum, we will try to demonstrate how a perturbed
singular beam can be sorted into vortex modes sited in computer memory cells and
then reproduce the beam main characteristics: OAM, information entropy, and
initial topological charge in real time. Moreover, knowing the digital spectrum, the
beam can be recovered again, and by adjusting the spectral vortex amplitudes we
can improve the structure of the transmitted field.
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vortex arrays refer to 1991, when the authors of [41] succeeded in reproducing
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the early 1980s [29]. However, only after the article [42] by Berry did the studies of
the vortex array properties become widespread. As a result, it was shown that the
diffracted beam turns into a combined beam containing a large number of optical
vortices with integer topological charges. These are sometimes called the beams
with fractional topological charges. Using Eq. (2), we can verify that beams with a
fractional topological charge also have fractional OAM ℓz. However, in the process
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of shaping such beams, Eq. (2) requires careful use. Indeed, it is assumed that the
functions Ψm of mode beams in Eq. (2) are normalized; otherwise, misunderstand-
ings arise. For example, in [43] considers a Bessel beam diffracted by a holographic
grating with a fractional topological charge (see the callout in Figure 1).

If the Bessel beam is represented in the form of a conical beam of plane waves
with fractional phase bypath p, then after the inverse Fourier transform we get the
non-normalized superposition of Bessel-Gauss modes, including vortices with both
positive and negative topological charges:

Ψ ¼ 2NGeipπ sin pπð Þ
X∞

m¼�∞
imJm KRð Þeimφ= p�mð Þ, (3)

where Jm xð Þ stands for a Bessel function of the first kind and m order, R ¼ r=w0,
r and φ are polar coordinates, N ¼ exp iK2=2kZ

� �
,G ¼ exp ikr2=2Z

� �
, Z ¼ z� i z0,

w0 is a beam waist at z ¼ 0, K is a scale parameter, k is a wavenumber. After the
corresponding transformations, we find the OAM of the perturbed beam

ℓz ¼
X∞

m¼�∞
mIm Kj j2w2

0=4
� �

= p�mð Þ2=
X∞

m¼�∞
Im Kj j2w2

0=4
� �

= p�mð Þ2: (4)

The result of the plotting is represented by the curve 1 in Figure 1(a). The OAM
oscillates at large values of the topological charge p. The integer values of the
topological charge p correspond to sharp bursts of the OAM ℓz. However, a small
deviation of the parameter p from the integer value causes sharp OAM dips. A
completely different situation occurs if the elementary beams in Eq. (3) are nor-
malized, as the authors of [44] do, the OAM oscillations disappear (see Figure 1(b)
and curve 2 in Figure 1(c)). In this case, OAM ℓz pð Þ obeys a simple relation (see
also [45])

ℓz ¼ p� sin 2πpð Þ=π: (5)

The OAM oscillations disappear (see Figure 1(c), curve 2). As the authors of
[45] revealed, a gradual increase in OAM is observed only at small values of the
fractional topological charge. In fact, we are dealing with different beams, although
the basis for their shaping is the same physical process. As we will see later, the

Figure 1.
(a) Dependence of the OAM ℓz on the fractional topological charge p: curve 1 is calculated according to Eq. (3)
with K ¼ 2 � 104m�1, curve 2 presents Eq. (5), leader—diffraction grating for p ¼ 5=2. (b and c) Computer
modeling of the OAM curves ℓz mð Þ related with combined beams in Eq. (4): (b) total value of the OAM curves
at Ω ¼ 10; (c) the characteristic spectral bursts of OAM; curve 1—the OAM bursts Ω ¼ 0:4ð Þ, curve 2—dips
of the OAM Ω ¼ 14ð Þ.
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choice of the normalization of vortex modes endows the combined beam with
special properties.

3. Theoretical background of the digital vortex sorting and
experimental results

3.1 Nondegenerate case

For a simplest model for our studies, we choose a scalar field of wave in the form
of superposition LGm

n of the lowest order with the N monochromatic beams, where
m>0 and n ¼ 0 are the azimuthal and radial indices, respectively, so that all the
vortex modes in superposition have the same waist radius w0 at z ¼ 0. Let us
consider the wave field in the waist plane z ¼ 0 in the form [25].

Ψ r,φ, z ¼ 0ð Þ ¼
XN�1

m¼0

CmLGm
n¼0 ¼

XN�1

m¼0

Cmrmei mφþβmð ÞG r, zð Þ=Nm, (6)

where Nm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�m�1m!π

p
stands for the normalization factor, Cm is the mode

amplitude, βm is the initial mode phase. We consider the nondegenerate case of the
field representation m≥0 orm≤0ð Þ due to the axial symmetry; combined beams
with different topological signs �m are indistinguishable in intensity moments.

Our goal is to analyze the distribution of the wave field intensity ℑ r,φ, z ¼ 0ð Þ in
such a way as to express the squared amplitudes and the initial phases of the vortex
modes in terms of physically measured quantities in the region of the beam waist.
For this, we make use of the intensity moments approach [35] in the form

Jp,q ¼
ðð

S

Mp,q r,φð Þℑ r,φð Þrdrdφ=
ðð

S

ℑ r,φð Þrdrdφ, (7)

where the intensity distribution is written as

ℑ ¼ Ψ ∗Ψ ¼
XN�1

m¼0

C2
m

N2
m
r2mG rð Þ2 þ 2

XN�1

m,m0¼0,

m>m‘

Cm0Cm

NmNm0
rmþm0

cos m�m0ð Þφ½ � cos βm,m0G rð Þ2

�2
XN�1

m,m0¼0,

m>m‘

Cm0Cm

NmNm0
rmþm0

sin m�m0ð Þφ½ � sin βm,m0G rð Þ2,

(8)

Mp,q r,φð Þ stands for the intensity moments function, p, q ¼ 0, 1, 2, … . Now the
problem is to choose a combination of intensity moments Jp,q in such a way as to
exclude all terms of the last two sums and leave only the first one in Eq. (7). The
equations for the squared amplitudes and the initial phases are separated if the
moment function is written as Mp r,φð Þ ¼ rp. Then the equations for the squared
amplitudes take the form
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choice of the normalization of vortex modes endows the combined beam with
special properties.

3. Theoretical background of the digital vortex sorting and
experimental results

3.1 Nondegenerate case

For a simplest model for our studies, we choose a scalar field of wave in the form
of superposition LGm

n of the lowest order with the N monochromatic beams, where
m>0 and n ¼ 0 are the azimuthal and radial indices, respectively, so that all the
vortex modes in superposition have the same waist radius w0 at z ¼ 0. Let us
consider the wave field in the waist plane z ¼ 0 in the form [25].
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m¼0
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where Nm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
stands for the normalization factor, Cm is the mode

amplitude, βm is the initial mode phase. We consider the nondegenerate case of the
field representation m≥0 orm≤0ð Þ due to the axial symmetry; combined beams
with different topological signs �m are indistinguishable in intensity moments.

Our goal is to analyze the distribution of the wave field intensity ℑ r,φ, z ¼ 0ð Þ in
such a way as to express the squared amplitudes and the initial phases of the vortex
modes in terms of physically measured quantities in the region of the beam waist.
For this, we make use of the intensity moments approach [35] in the form
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(8)

Mp,q r,φð Þ stands for the intensity moments function, p, q ¼ 0, 1, 2, … . Now the
problem is to choose a combination of intensity moments Jp,q in such a way as to
exclude all terms of the last two sums and leave only the first one in Eq. (7). The
equations for the squared amplitudes and the initial phases are separated if the
moment function is written as Mp r,φð Þ ¼ rp. Then the equations for the squared
amplitudes take the form
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The right-hand sides of the linear Eq. (9) are easy to calculate, and the left-hand
sides are directly measured experimentally using the Eq. (7) that gives the desired
values of the squared amplitudes С2

m.
As intensity of array of the beams depends only on the difference of phase

between two pairs of modes, in computation of the initial phases we will assume
that one of beams phase is given (let us say β0 ¼ 0). Now it is important to select
the combination of moments of intensity Jp,q that so either the second or the third
sum in Eq. (2) is considered in the calculation. It is natural to calculate not all
differences of phase βm,m0 , but only β0,m. However, we did not find such combina-
tions Jp,q that could filter out only terms with β0,m. Generally speaking, to calculate
the phase difference βm,m0 it is required to find the M equations for variables
Xm,m0 ¼ CmCm0 cos βmm0 and Ym,m0 ¼ CmCm0 sin βm,m0 in Eq. (2) the second and third
sum, number of which is equal to the number of 2-combinations of N elements. It
turns out that the number of equations can be significantly decreased if using the
moments J2 pþ1ð Þ,1 for Xm,m0 variables and J1,2 pþ1ð Þ for Ym:m0 variables. The system of
linear equations for the phase difference are written in the form

J2 pþ1ð Þ,1 ¼
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Xp
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where n1 ¼ m� 2 p� kð Þ � 3j j, n2 ¼ m� 2 p� kð Þ � 1j j,Mm,n1,2 ¼Ð∞
0 rmþn1,2þ1G2dr. The number of linear equations in each system Eqs. (10) and (11) is
K ¼ 3 N � 3ð Þ, N ≥ 6. It is noteworthy that Eqs. (10) and (11) contain only the terms
with an odd difference of indices, including β0,m, so that a finite solution enables us to
obtain all phases of the partial beams in the form tan βm,m0 ¼ Ym,m0=Xm,m0 .

A key element of the experimental setup in Figure 2(a) was a spatial light
modulator SLM (Thorlabs EXULUS-4K1), which converted the fundamental
TEM00 mode of the He-Ne laser (wavelength λ ¼ 0:6328mcm and power 1 mW)
into a composite beam with mode amplitudes Cm and initial phases βm. To make this
possible, the laser beam was additionally filtered by the system FF. The beam
splitter BS formed two working arms of the experimental setup. The beam in the
first arm projected by a spherical lens onto the input pupil of the CCD1 camera
(Thorlabs DCC1645) is subjected to the image computer processing. The result of
the computer processing is a digitization of the beam intensity distribution and
calculations of high-order intensity moments Jpq. Additional computer software
made it possible to compose a system of linear Eqs. (9)–(11) and calculate both the
mode amplitudes Cm and their initial phases βm in real time. The second arm was in
use for the control measurement of the OAM of the composite beam. For this
purpose, the beam was focused by a cylindrical lens CL onto the input pupil of the
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second CCD2 camera (Thorlabs DCC1645) then the second-order intensity moment
Jxy was measured and the average OAM per photon was calculated in accordance
with the technique described in detail in the paper [26].

Before proceeding to the current measurements, it was necessary to adjust the
experimental setup. For this, a number of calibration measurements were carried
out. The digitization of the intensity distribution ℑ x, yð Þ required normalization of
the transverse coordinates x, y in units of the Gaussian beam waist at the plane of
the CCD camera. To measure the initial beam waist radius w0, the second-order
intensity moments J12 were used in accordance with the beam quality measurement
method [46]. In order to ensure calibration measurements, a special computer
program was developed that assigned random values of the amplitudes and initial
phases of the vortex modes in Eq. (1) due to the random-number generator. Then,
an appropriate diffraction grating was formed on the liquid crystal element of the
SLM modulator and the calibration beam was restored. A typical intensity distribu-
tion of the calibration beam is shown in the callout of Figure 2(c). The
corresponding spectra of the squared amplitudes Сmj j2 and initial phases βm are
presented in Figure 2(b) and (c). Red and blue colors in Figure 2(a) and (b)
present experimental and theoretical data, respectively. Note that the OAM mea-
sured in the second arm was ℓz ¼ 4:2 and the first arm calculated according to
Eq. (2) was ℓz ¼ 4:5, while the theory gives ℓz ¼ 4:9. The measurement error for
N ¼ 10 beams did not exceed 3–4% for amplitudes and 5–6% for phases. The most
interesting effect is observed in the region of OAM oscillations in Figure 1(a)with a
characteristic perturbation of the holographic grating in Figure 2(c). This effect is
accompanied by a sharp restructuring of the vortex spectrum. For small perturba-
tions of the singular beam, additional vortex modes arise only near the initial value
of the topological charge m ¼ M (see [47]). However, in general case of the holo-
gram perturbation, vortex modes with opposite signs of topological charges appear.
Such a vortex spectrum reconstruction cannot be detected using the above
approach. It is required to expand the measurement technique.

3.2 Degenerate case and vortex avalanche

We consider the case when the initial LG beam with a zero radial index n ¼
0,m 6¼ 0 is subjected to local perturbation at the central region of the holographic
grating. As a result of the perturbation, vortex modes with various types of topo-
logical charges appear in the beam. The method of the beam expansion in a series
over the vortex modes depends on the type of the grating perturbation. We suppose

Figure 2.
(a) Model of experimental setup for real-time vortex measurement and value of the OAM, P—polarizer, FF—
light filter of space, SLM—space light modulator, L1, L2—spherical lenses with focal length f sh, BS—beam
splitter, CL—cylindrical lens with a focal length f cyl, CCD1,2—CCD-color cameras; (b and c) the vortex
spectrum of the beam array with N ¼ 10: (b) С2

m mð Þ, (c) βm mð Þ the OAM: theory ℓz ¼ 0:39, experiment
ℓz ¼ 0:42; callout: the intensity distribution and corresponding diffraction grating.
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values of the squared amplitudes С2
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that one of beams phase is given (let us say β0 ¼ 0). Now it is important to select
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sum in Eq. (2) is considered in the calculation. It is natural to calculate not all
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tions Jp,q that could filter out only terms with β0,m. Generally speaking, to calculate
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K ¼ 3 N � 3ð Þ, N ≥ 6. It is noteworthy that Eqs. (10) and (11) contain only the terms
with an odd difference of indices, including β0,m, so that a finite solution enables us to
obtain all phases of the partial beams in the form tan βm,m0 ¼ Ym,m0=Xm,m0 .

A key element of the experimental setup in Figure 2(a) was a spatial light
modulator SLM (Thorlabs EXULUS-4K1), which converted the fundamental
TEM00 mode of the He-Ne laser (wavelength λ ¼ 0:6328mcm and power 1 mW)
into a composite beam with mode amplitudes Cm and initial phases βm. To make this
possible, the laser beam was additionally filtered by the system FF. The beam
splitter BS formed two working arms of the experimental setup. The beam in the
first arm projected by a spherical lens onto the input pupil of the CCD1 camera
(Thorlabs DCC1645) is subjected to the image computer processing. The result of
the computer processing is a digitization of the beam intensity distribution and
calculations of high-order intensity moments Jpq. Additional computer software
made it possible to compose a system of linear Eqs. (9)–(11) and calculate both the
mode amplitudes Cm and their initial phases βm in real time. The second arm was in
use for the control measurement of the OAM of the composite beam. For this
purpose, the beam was focused by a cylindrical lens CL onto the input pupil of the
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second CCD2 camera (Thorlabs DCC1645) then the second-order intensity moment
Jxy was measured and the average OAM per photon was calculated in accordance
with the technique described in detail in the paper [26].

Before proceeding to the current measurements, it was necessary to adjust the
experimental setup. For this, a number of calibration measurements were carried
out. The digitization of the intensity distribution ℑ x, yð Þ required normalization of
the transverse coordinates x, y in units of the Gaussian beam waist at the plane of
the CCD camera. To measure the initial beam waist radius w0, the second-order
intensity moments J12 were used in accordance with the beam quality measurement
method [46]. In order to ensure calibration measurements, a special computer
program was developed that assigned random values of the amplitudes and initial
phases of the vortex modes in Eq. (1) due to the random-number generator. Then,
an appropriate diffraction grating was formed on the liquid crystal element of the
SLM modulator and the calibration beam was restored. A typical intensity distribu-
tion of the calibration beam is shown in the callout of Figure 2(c). The
corresponding spectra of the squared amplitudes Сmj j2 and initial phases βm are
presented in Figure 2(b) and (c). Red and blue colors in Figure 2(a) and (b)
present experimental and theoretical data, respectively. Note that the OAM mea-
sured in the second arm was ℓz ¼ 4:2 and the first arm calculated according to
Eq. (2) was ℓz ¼ 4:5, while the theory gives ℓz ¼ 4:9. The measurement error for
N ¼ 10 beams did not exceed 3–4% for amplitudes and 5–6% for phases. The most
interesting effect is observed in the region of OAM oscillations in Figure 1(a)with a
characteristic perturbation of the holographic grating in Figure 2(c). This effect is
accompanied by a sharp restructuring of the vortex spectrum. For small perturba-
tions of the singular beam, additional vortex modes arise only near the initial value
of the topological charge m ¼ M (see [47]). However, in general case of the holo-
gram perturbation, vortex modes with opposite signs of topological charges appear.
Such a vortex spectrum reconstruction cannot be detected using the above
approach. It is required to expand the measurement technique.

3.2 Degenerate case and vortex avalanche

We consider the case when the initial LG beam with a zero radial index n ¼
0,m 6¼ 0 is subjected to local perturbation at the central region of the holographic
grating. As a result of the perturbation, vortex modes with various types of topo-
logical charges appear in the beam. The method of the beam expansion in a series
over the vortex modes depends on the type of the grating perturbation. We suppose

Figure 2.
(a) Model of experimental setup for real-time vortex measurement and value of the OAM, P—polarizer, FF—
light filter of space, SLM—space light modulator, L1, L2—spherical lenses with focal length f sh, BS—beam
splitter, CL—cylindrical lens with a focal length f cyl, CCD1,2—CCD-color cameras; (b and c) the vortex
spectrum of the beam array with N ¼ 10: (b) С2

m mð Þ, (c) βm mð Þ the OAM: theory ℓz ¼ 0:39, experiment
ℓz ¼ 0:42; callout: the intensity distribution and corresponding diffraction grating.
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(and then prove) that the chosen perturbation does not excite LG modes with radial
indices n ¼ 0, but only modes with different topological charges m appear [39].
Then we write the complex amplitude of the perturbed beam in the form

Ψ R,φ, zð Þ ¼
XN

m¼�N

CmR mj jeim φG Rð Þ
Mmσ mj jþ1 zð Þ , (12)

where Mm is a normalized factor and σ zð Þ ¼ 1� i z=z0.
It is important to notice the intensity moments Jp:q are degenerate with respect

to the sign of the vortex topological charge m in the case of axial symmetry of the
modes in Eq. (12). To remove degeneracy of the intensity moments, it is important
to change symmetry of singular beams, but without destroying of structure beams
so that the vortex modes with opposite topological charges in sign have distinct
geometric contours. Such a requirement provides by the astigmatic transformation
with a cylindrical lens of the Laguerre-Gauss beam, which was considered detail in
[34] (the general theory of paraxial astigmatic transformations can be found in
[41]). We suppose that the cylindrical lens with a focal length f is located at the
plane z ¼ 0. A paraxial beam with complex amplitude (12) is projected at the lens
input. The plane of the beam waist is matched with the plane of the lens. Besides,
we restrict our study to zero initial phases of mode beams, i.e., amplitudes Cm are
real values. Then, following [34], we write the complex amplitude of a combined
beam at the wave diffraction zone as

ΨCL x, y, zð Þ ¼
XN

m¼�N

AmHm Fð Þ exp Φð Þ, (13)

where Am ¼ �i z0z
1

qq0
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, Φ ¼ i k

2z x2 þ y2ð Þ � z0
zw0q

� �2
x2 �

z0
zw0q0

� �2
y2, F ¼ z0

w0z

iq0q x�
q
q0
yffiffiffiffiffiffiffiffiffiffi

q2�q20
p , q20 ¼ 1� i z0z , q

2 ¼ 1þ i z0z1 , z1 ¼
z f
z�f :.

Let us consider new normalized coordinates so that the beam axes are directed
by an angle π=4 relative to the axes of the cylindrical lens: u ¼ xþ yð Þ=w0, v ¼
x� yð Þ=w0, we will consider field of paraxial beam in double focus plane z ¼ 2f , and
also require that z0=2f ¼ 1. Then distribution of the beam intensity is written as

ℑ ¼ ΨCLj j2 ¼
XN
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where Hn xð Þ is Hermite polynomials, Am,n ¼ �1ð Þ nj jþ mj jei
mj j� nj j

4 π, N2
n,m ¼

π
4

wo
2

� �nþm2nþmþ1n!m!. As can be seen from Eq. (14), the terms corresponding to
optical vortices with positive and negative topological charges are only partially
divided. The last two terms characterize the cross terms C�nСm and CnС�m. Besides,
the first two terms also contain cross amplitudes C�nС�m and CnСm nj j 6¼ mj jð Þ.
On the other hand, our task is to measure only the squared amplitudes C2

m. It is
important to note, that the factors Am,n ¼ �An,m ¼ i with the difference of the
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indices m� nj j ¼ 2 in Eq. (14) are imaginary, therefore the cross terms of the beam
intensity distribution with such indices difference disappear.

It seems that for solving this problem it is reasonable to choose intensity moment
functions in the form of Hermite polynomials Eq. (14) as Mp,0 uð Þ ¼ Hp u=

ffiffiffi
2

p� �
and

M0,q vð Þ ¼ Hq v=
ffiffiffi
2

p� �
. Next, one can use the orthogonality condition of the HG beams

and write a system of linear equations, the number of which is equal to the number of
variables, as was done above for a non-degenerate vortex array. However, as shown
by the assessed computations, as the indices p and q increase along with the 2N
variables C2

m, the 2N � 6 cross terms C�nС�m and C�nС∓m are also added. The system
of Eq. (14) cannot be closed. However, one can act otherwise. First, we make two
Fourier transforms of the intensity distribution ℑ x, yð Þ in the form
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In particular, the terms ℑ�m:�n in the intensity distribution ℑ are
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Thus, after the Fourier transform the distribution of intensity ℑ ξ, ηð Þ contains all
the squared amplitudes, and, also, the cross terms with the difference mj j � nj j ¼
�4. The cross terms ℑ�т,m and ℑm,�n refer to vortices with positive and negative
charges. Besides, the terms ℑ�т,� nþ2mð Þ ξð Þ includes amplitudes С2

�n with the similar
coefficients, and the member ℑт, nþ2mð Þ ξð Þ includes amplitudes С2

n with only differ-
ent coefficients. The expressions are received for the terms, that ℑ�т,� nþ2mð Þ ηð Þ and
ℑт, nþ2mð Þ ηð Þ, if we swap the signs of the indices.

The equations for squared amplitudes С2
�n will be found, if we will make use the

full basis of the Laguerre-Gaussian modes for expansion of the intensity moments:
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where J00 is a total beam intensity and Lq
p xð Þ is Laguerre polynomials. Then,

using [39], we find a system of linear equations
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 !
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The system of Eq. (18) enables us to find the values of the squared amplitudes
via the measured values of the intensity moments J�p,q. Each equation contains 2N

terms for amplitudes C2
m and N � 3 cross terms CmCn. Increasing the value of the
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where Hn xð Þ is Hermite polynomials, Am,n ¼ �1ð Þ nj jþ mj jei
mj j� nj j

4 π, N2
n,m ¼

π
4

wo
2

� �nþm2nþmþ1n!m!. As can be seen from Eq. (14), the terms corresponding to
optical vortices with positive and negative topological charges are only partially
divided. The last two terms characterize the cross terms C�nСm and CnС�m. Besides,
the first two terms also contain cross amplitudes C�nС�m and CnСm nj j 6¼ mj jð Þ.
On the other hand, our task is to measure only the squared amplitudes C2

m. It is
important to note, that the factors Am,n ¼ �An,m ¼ i with the difference of the
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indices m� nj j ¼ 2 in Eq. (14) are imaginary, therefore the cross terms of the beam
intensity distribution with such indices difference disappear.

It seems that for solving this problem it is reasonable to choose intensity moment
functions in the form of Hermite polynomials Eq. (14) as Mp,0 uð Þ ¼ Hp u=
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variables C2
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In particular, the terms ℑ�m:�n in the intensity distribution ℑ are
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Thus, after the Fourier transform the distribution of intensity ℑ ξ, ηð Þ contains all
the squared amplitudes, and, also, the cross terms with the difference mj j � nj j ¼
�4. The cross terms ℑ�т,m and ℑm,�n refer to vortices with positive and negative
charges. Besides, the terms ℑ�т,� nþ2mð Þ ξð Þ includes amplitudes С2

�n with the similar
coefficients, and the member ℑт, nþ2mð Þ ξð Þ includes amplitudes С2

n with only differ-
ent coefficients. The expressions are received for the terms, that ℑ�т,� nþ2mð Þ ηð Þ and
ℑт, nþ2mð Þ ηð Þ, if we swap the signs of the indices.

The equations for squared amplitudes С2
�n will be found, if we will make use the

full basis of the Laguerre-Gaussian modes for expansion of the intensity moments:
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where J00 is a total beam intensity and Lq
p xð Þ is Laguerre polynomials. Then,

using [39], we find a system of linear equations

J∓p,q ¼
XN
n¼1
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2qþ pð Þ! 1=2ð Þp
p!4� 2qþpþ1ð Þ

XN
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n!4� 2mþnþ1ð ÞNnm

C�nC∓m

 !
=J00, (18)

The system of Eq. (18) enables us to find the values of the squared amplitudes
via the measured values of the intensity moments J�p,q. Each equation contains 2N

terms for amplitudes C2
m and N � 3 cross terms CmCn. Increasing the value of the
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indices p and q does not change the number of variables, so the system of Eq. (18)
can be closed. Note that each of the Eq. (18) can be solved independently of each
other and find the amplitudes C2

m and C2
�m. The total number of linear equations is

relative to signs �ð Þ, so that the systems can be easy solved for finding the squared
amplitudes in real time using modern computer software.

For measurements, the experimental setup shown in Figure 2(a) was used.
However, in contrast to the non-degenerate case, the main experimental data were
measured in the second arm, provided that the detection plane was located at the
double focus region of the cylindrical lens, while the first arm was used for general
adjustment [39].

We will implement the above technique for a new type of combined beams
with conspicuous dips and bursts in the OAM spectrum similar to that shown in
Figure 1(a) and (b). Let us write the complex amplitude of the combined vortex
beam in the form

Ψ r,φ, zð Þ ¼ sin pπð Þei Pπ
XN

m¼�N

cos mπ=2ð Þ
sin mπ=2ð Þ

� �
Ω mj j

mj j! M�mþ δpð Þ
R mj jeim φ

σ zð Þ mj jþ1 exp �R2� �
,

(19)

where Ω is a scale parameter, δp stands for the perturbation of the holographic
grating responsible for shaping the beam, M is a topological charge of the non-
perturbed forked grating. Factors cos mπ=2ð Þ or sin mπ=2ð Þ thin out the vortex
spectrum remaining the modes with either even or odd m� indices. This makes the
dips in the OAM spectrum more distinct. The complex amplitude (12) corresponds
to the OAM in the form

ℓz ¼
XN

m¼�N

m
cos 2 mπ=2ð Þ
sin 2 mπ=2ð Þ

� �
Ω2 mj j

mj j!2 M�mþ δpð Þ2 =
XN

m¼�N

cos 2 mπ=2ð Þ
sin 2 mπ=2ð Þ

� �
Ω2 mj j

mj j!2 M�mþ δpð Þ2 :

(20)

Figure 1(b) and (c) displays the case of even vortices beams in the curves of
ℓz pð Þ. The spectrum of OAM in Figure 1(b) characterizes the general view of
resonant bursts and dips. The Ω parameter of scale admits displace along the axis of
the resonant regions p ¼ Mþ δp. Figure 1(c) (curves 1 and 2) describes their
characteristic features. In the even vortex modes of integer topological charge are
located resonant dips. Swaps of the cosine with the sine in Eq. (19) displaces along
the axis p of the resonant regions by one. Increase of the topological charge M is
accompanied by resonances compression, until their depth gets become approxi-
mately equal to M at Ω ¼ 18 and p< 6. For large parameters Ω> > 20, the OAM is
doubled ℓz ¼ 2M in range of the initial topological charges M. As was shown in
[47, 48], a perturbation δp causes a local distortion of the forked grating defect for
the large values parameter p shown in Figure 3(a).

As the perturbation grows the area of the hologram defect increases (Figure 3(b)).
Small variations in the holographic grating structure lead to a cardinal reconstruction
of the vortex spectrum (Figure 4(а)). Weak perturbations δp � 10�2 of the grating
cause an avalanche of optical vortices. The satellites appear in the OAM spectrum, the
maxima of which has topological charges less than the initialM. The energy of the
basic modeM flows partially into the spectral satellites, that are generated both in the
region of positivem>0 and negativem>0 topological charges.

For large perturbations δp � 0:1, a vortex avalanche picks almost all the energy
out of the basic mode. The vortex avalanche at small deviations δp of the topological
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charge from integer values M immediately causes a resonance dip in the OAM
spectrum (Figure 5(a)). With increasing M the depth of the dip decreases while its
shape is distorted (see Figure 5(b)).

Absolutely other situation arises when the holographic grating withM> 10 and a
forked defect is subjected to a small perturbation. As shown in Figure 3(c), even a
weak perturbation δp ¼ �0:001 changes drastically the entire relief of the holo-
graphic grating although the intensity distribution. In the result, even small differ-
ences in the grating relief affects inevitably the shape of the vortex spectrum

Figure 3.
Forked defect perturbations of the holographic gratings with (a and b) M ¼ 20, Ω ¼ 2:1, (c and d) M ¼ 4,
Ω ¼ 14: (а) δp ¼ 10�3, (b) δp ¼ 0:1, (c) δp ¼ �10�3 (d) δp ¼ �0:5, callouts: intensity distributions of the
beams restored by the perturbed holograms.

Figure 4.
Experimental vortex spectra C2

m mð Þ for perturbed singular beams with (a) M ¼ 20, Ω ¼ 3:5 and (b) Ω ¼
18,M ¼ 4; callouts: intensity distributions at the beam waist after spherical (sph) with focal length f ¼ 0:1m
and cylindrical (cyl) lens with f cyl ¼ 0:5 m; red color—an initial mode.

Figure 5.
Dips and bursts in the OAM spectrum ℓz pð Þ at various beam parameters Ω and M, p ¼ Mþ δp: (a and b)
M ¼ 20, (c and d) M ¼ 4; solid lines—theory, circles—experiment.
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indices p and q does not change the number of variables, so the system of Eq. (18)
can be closed. Note that each of the Eq. (18) can be solved independently of each
other and find the amplitudes C2

m and C2
�m. The total number of linear equations is

relative to signs �ð Þ, so that the systems can be easy solved for finding the squared
amplitudes in real time using modern computer software.

For measurements, the experimental setup shown in Figure 2(a) was used.
However, in contrast to the non-degenerate case, the main experimental data were
measured in the second arm, provided that the detection plane was located at the
double focus region of the cylindrical lens, while the first arm was used for general
adjustment [39].

We will implement the above technique for a new type of combined beams
with conspicuous dips and bursts in the OAM spectrum similar to that shown in
Figure 1(a) and (b). Let us write the complex amplitude of the combined vortex
beam in the form
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where Ω is a scale parameter, δp stands for the perturbation of the holographic
grating responsible for shaping the beam, M is a topological charge of the non-
perturbed forked grating. Factors cos mπ=2ð Þ or sin mπ=2ð Þ thin out the vortex
spectrum remaining the modes with either even or odd m� indices. This makes the
dips in the OAM spectrum more distinct. The complex amplitude (12) corresponds
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Figure 1(b) and (c) displays the case of even vortices beams in the curves of
ℓz pð Þ. The spectrum of OAM in Figure 1(b) characterizes the general view of
resonant bursts and dips. The Ω parameter of scale admits displace along the axis of
the resonant regions p ¼ Mþ δp. Figure 1(c) (curves 1 and 2) describes their
characteristic features. In the even vortex modes of integer topological charge are
located resonant dips. Swaps of the cosine with the sine in Eq. (19) displaces along
the axis p of the resonant regions by one. Increase of the topological charge M is
accompanied by resonances compression, until their depth gets become approxi-
mately equal to M at Ω ¼ 18 and p< 6. For large parameters Ω> > 20, the OAM is
doubled ℓz ¼ 2M in range of the initial topological charges M. As was shown in
[47, 48], a perturbation δp causes a local distortion of the forked grating defect for
the large values parameter p shown in Figure 3(a).

As the perturbation grows the area of the hologram defect increases (Figure 3(b)).
Small variations in the holographic grating structure lead to a cardinal reconstruction
of the vortex spectrum (Figure 4(а)). Weak perturbations δp � 10�2 of the grating
cause an avalanche of optical vortices. The satellites appear in the OAM spectrum, the
maxima of which has topological charges less than the initialM. The energy of the
basic modeM flows partially into the spectral satellites, that are generated both in the
region of positivem>0 and negativem>0 topological charges.

For large perturbations δp � 0:1, a vortex avalanche picks almost all the energy
out of the basic mode. The vortex avalanche at small deviations δp of the topological
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charge from integer values M immediately causes a resonance dip in the OAM
spectrum (Figure 5(a)). With increasing M the depth of the dip decreases while its
shape is distorted (see Figure 5(b)).

Absolutely other situation arises when the holographic grating withM> 10 and a
forked defect is subjected to a small perturbation. As shown in Figure 3(c), even a
weak perturbation δp ¼ �0:001 changes drastically the entire relief of the holo-
graphic grating although the intensity distribution. In the result, even small differ-
ences in the grating relief affects inevitably the shape of the vortex spectrum

Figure 3.
Forked defect perturbations of the holographic gratings with (a and b) M ¼ 20, Ω ¼ 2:1, (c and d) M ¼ 4,
Ω ¼ 14: (а) δp ¼ 10�3, (b) δp ¼ 0:1, (c) δp ¼ �10�3 (d) δp ¼ �0:5, callouts: intensity distributions of the
beams restored by the perturbed holograms.

Figure 4.
Experimental vortex spectra C2

m mð Þ for perturbed singular beams with (a) M ¼ 20, Ω ¼ 3:5 and (b) Ω ¼
18,M ¼ 4; callouts: intensity distributions at the beam waist after spherical (sph) with focal length f ¼ 0:1m
and cylindrical (cyl) lens with f cyl ¼ 0:5 m; red color—an initial mode.
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Dips and bursts in the OAM spectrum ℓz pð Þ at various beam parameters Ω and M, p ¼ Mþ δp: (a and b)
M ¼ 20, (c and d) M ¼ 4; solid lines—theory, circles—experiment.
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Cm mð Þj j2 and Ω> 10 induce the vortex avalanche (see Figure 4(b)). However, the
avalanche type differs significantly from that in the previous case. Indeed, as well as
in the above case, the perturbation provokes appearing resonance satellites with
both positive and negative topological charges (TC). However, their values are
always greater than those of the initial TC. In this case, energy is also pumped from
the basic mode to the satellites but with higher topological charges under the
condition of the resonance m ¼ p. In the OAM spectrum, it looks like the OAM
burst at the resonance as shown in Figure 5(c) and (d) but the maxima ℓz are at the
region of fractional values p. As the scale parameter increases, the height of the flash
decreases, and the resonance circuit broadens (Figure 5(d)).

Further increasing the parameter p (Ω ¼ const) is accompanied by smoothing
the curve ℓz pð Þ so that ℓzjmax ! 2p except for the OAM dips at the integer values
m ¼ p.

4. OAM, informational entropy and topological charge of truncated
vortex beams

A special case is represented by natural changes of the vortex spectrum due to
external influences on the laser beam (diffraction by opaque obstacles, external
interference in the beam, etc.). The simplest opaque obstacles are the sector, circu-
lar and annular apertures where we stop our attention using a simple technique of
the vortex digital sorting.

4.1 Sector aperture

Let us consider propagation a scalar beam of Laguerre-Gaussian LGm
0 with a zero

radial index p ¼ 0 and an azimuthal index (a topological charge) m through the
rough regular sector aperture obstacle, that an angle shown in Figure 1. The edge of
sector touches axis of the beam. The field of beam at the initial plane z ¼ 0 can be
represented as [49].

Ψm r,φ, αð Þ ¼ ρ=wð Þ mj jeimφe�ρ2=w2 ¼ r mj jeimφe�r2 , α<φ< 2π � α, (21)

where r ¼ ρ=w. w is a beam waist radius at the plane z ¼ 0, ρ and φ represent
polar coordinates. We rewrite the beam field (1) formed by the rigid-edges aperture
with the half angle α as a sum of non-normalized Laguerre-Gauss beams LGm

p in the
form

Ψm r,φ, αð Þ ¼
X∞
n¼�∞

Cm,n αð ÞLGn
0 r,φð Þ ¼

X∞
n¼�∞

Cm,n αð Þr nj jei nφe�r2 , (22)

where the beam amplitudes are

Сm,n αð Þ ¼ �1ð Þm�nΓ
mj j þ nj j

2
þ 1

� �
sin m� nð Þ π � αð Þ½ �

m� n
= π 2

mj j� nj j
2 nj j!

� �
, (23)

where Γ xð Þ is a Gamma function. The terms in the series (23) with radial indices
p 6¼ 0 disappear due to orthogonality of the LG modes.

The complex amplitude (22) can describe the spatial evolution of the perturbed
beam if we replace r ! r=σ and multiply the sum by σ where σ ¼ 1� i z=z0.
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Figure 6(b) and (c) shows a computer simulation (Figure 6(b)) and experiment
(Figure 6(c)) of the intensity distribution ℑ r,φ, zð Þ ¼ ΨΨ ∗ along the vortex beam
length with m ¼ 15 modulated by the sector aperture with α ¼ π=4. It is important
to note, that the cut out dark sector from the beam intensity distribution does not
lead to its self-healing. When the beam propagates, the dark sector rotates synchro-
nously. We showed, both theoretically and experimentally, that beam self-healing
does not occur at any beam length z even at a very small sector angle α.

4.1.1 The vortex spectrum

We consider vortex beams spectra for topological charge that most clearly
reflect properties of the sector perturbation. Computer simulation and experimental
data of typical vortex spectra is shown in Figure 7. We revealed a clear maximum of
vortex mode intensity С2

m,n for the initial topological charges n ¼ m ¼ 5 with α ¼
45°. The short part of the beam intensity redistributed symmetric at the neighbor-
ing vortices orders. But, if we increase the angle α, we see a violation of the
symmetric distribution of intensity among the vortex modes. There formed a sec-
ond maximum in the spectrum range of negative topological charges n<0. It is
important to note, that the authors of Ref. [50], taking into consideration the optical
uncertainty principle, also plotted the vortex spectrum for a topologically neutral
beam m ¼ 0 and a beam with a small topological charge m ¼ 2 at the angle of
aperture α ¼ 45°. The authors did not detect a maximum of spectra in the negative
region of topological charges. As we presented above, the emergence of the second

Figure 6.
(a) Sketch of the hard-edged aperture (D) installed at the cylindrical lens plane (CL). Images LG and HG
beams illustrate the astigmatic transformation of a single vortex beam. (b and c) Intensity distribution ℑ r,φ, zð Þ
of the vortex beam with m ¼ 15 along length Z ¼ z=z0 perturbed by a hard-edged sector diaphragm with
α ¼ π=4: (b) theory, (c) experiment.

Figure 7.
Distribution of vortex beams spectrum C2

m,n with charges m ¼ 5 perturbed by the hard-edged aperture with the
sector adjacent angle β ¼ π � α, the solid line is spectrum outline.
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Cm mð Þj j2 and Ω> 10 induce the vortex avalanche (see Figure 4(b)). However, the
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always greater than those of the initial TC. In this case, energy is also pumped from
the basic mode to the satellites but with higher topological charges under the
condition of the resonance m ¼ p. In the OAM spectrum, it looks like the OAM
burst at the resonance as shown in Figure 5(c) and (d) but the maxima ℓz are at the
region of fractional values p. As the scale parameter increases, the height of the flash
decreases, and the resonance circuit broadens (Figure 5(d)).
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the curve ℓz pð Þ so that ℓzjmax ! 2p except for the OAM dips at the integer values
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4. OAM, informational entropy and topological charge of truncated
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A special case is represented by natural changes of the vortex spectrum due to
external influences on the laser beam (diffraction by opaque obstacles, external
interference in the beam, etc.). The simplest opaque obstacles are the sector, circu-
lar and annular apertures where we stop our attention using a simple technique of
the vortex digital sorting.

4.1 Sector aperture

Let us consider propagation a scalar beam of Laguerre-Gaussian LGm
0 with a zero

radial index p ¼ 0 and an azimuthal index (a topological charge) m through the
rough regular sector aperture obstacle, that an angle shown in Figure 1. The edge of
sector touches axis of the beam. The field of beam at the initial plane z ¼ 0 can be
represented as [49].

Ψm r,φ, αð Þ ¼ ρ=wð Þ mj jeimφe�ρ2=w2 ¼ r mj jeimφe�r2 , α<φ< 2π � α, (21)

where r ¼ ρ=w. w is a beam waist radius at the plane z ¼ 0, ρ and φ represent
polar coordinates. We rewrite the beam field (1) formed by the rigid-edges aperture
with the half angle α as a sum of non-normalized Laguerre-Gauss beams LGm

p in the
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where Γ xð Þ is a Gamma function. The terms in the series (23) with radial indices
p 6¼ 0 disappear due to orthogonality of the LG modes.

The complex amplitude (22) can describe the spatial evolution of the perturbed
beam if we replace r ! r=σ and multiply the sum by σ where σ ¼ 1� i z=z0.
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intensity maximum is possible only at sufficiently large angles of overlap of beam α
and also large topological charges m of the initial singular beam.

4.1.2 The orbital angular momentum

The OAM per photon of a complex perturbed beam can be calculated in accor-
dance with Eq. (23). The mode amplitudes are given by the normalized field Ψm of

the Laguerre-Gauss beams so that the squared amplitudes С2
m,n and С

2
m,n are obeyed

a simple relation С
2
m,n ¼ 2� nj j�2 nj j!С2

m,n. The changes of OAM ℓz α,mð Þ after increas-
ing the aperture angle α (decreasing the adjacent angle β ¼ π � α) is presented by
Figure 7(a) for topological charges m ¼ 5,m ¼ 10 and m ¼ 15 of the initial vortex
beam.

The OAM is practically unchanged a wide range of angles and remains almost
equal to the initial OAM, despite the rapid increase in the number of vortex states
(see Figure 8(a)). After the second spectral maximum is formed in the negative
region of topological charges Figure 7, there is a sharp decrease of the OAM. The
OAM is equal to zero already at the angle β≈ 2°.

4.1.3 Informational entropy (Shannon’s entropy)

The normalized squared amplitude С2
n ∈ 0, 1ð Þ in the Eq. (23) can be treated as a

conditional probability P n=mð Þ of finding out a vortex beam in the state nj i among
of 2N states (see, e.g., [51] and references therein). This approach to counting a
number of vortex states can be used for the Shannon Entropy [51] and is written as

HI ¼ �
XN
n¼0

P n=mð Þ log 2P n=mð Þ ¼ �
XN
n¼0

C2
n α,mð Þ log 2C

2
n α,mð Þ>0: (24)

The Shannon entropy (24) characterizes the amount of uncertainty (random-
ness) that arises when a perturbation acts on a vortex beam. For example, in the
case of the same amplitudes of the mode beams, the Shannon entropy of HI ¼ 2
means that to remove the uncertainty it is necessary to expend 1 bit of information.

In Figure 8(b) presents the dependence of the Shannon Entropy HI on the angle
α for various of number topological charges m. In a broad range of aperture angles
0< α< 7π=8, the informational entropy HI increases equally for any topological
charges m while the OAM ℓz does not change (see Figure 8(a)) which corresponds
to the same changes in the spectrum of vortex states in Figure 7.

Figure 8.
Computer simulation of (a) the OAM ℓz α,mð Þ and (b) information entropy HI α,mð Þ for the initial
topological charges, m ¼ 5, 10, 15; (c) transformation of the vortex TC Mof the perturbed beam via variation
TC of the initial beam; (d) maximal TC mmax of the spectral vortex satellites via perturbation Ω of the
perturbed holographic gratings; (solid lines); crosslets �ð Þ, circlets ⊙ð Þ and squares (□) are correspondent
experimental data.
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4.1.4 The topological charge

According to Berry [42], the topological charge of the vortex array is defined as
the difference of the fluxes of vortex trajectories through the beam cross section
taking into account vortex directions and “weights,” and is calculated as

M ¼ 1
2π

Im lim
r!∞

ð2π

0

∂φΨm=Ψmdφ

8<
:

9=
;: (25)

Berry showed [42] that the vortex beam TC has always integer values when the
spiral phase plate is perturbed equal to the integer value of the unperturbed plate
step. We investigated the changes of the TC under the beam sector perturbations
[52] and perturbation of the holographic grating [47]. Note that all further calcula-
tions are based on the requirement that the perturbation does not introduce changes
in the mode phases. We performed a series of computer TC estimations of the
perturbed beam (20) for various initial TC. The following restrictions were used. As
the spectra of vortices in Figure 7 show, the squared mode amplitudes quickly tend
to zero as their TC increases. Therefore, we can restrict ourselves to a finite mode
numbers С2

mn � 10�3. The half-width beam radius can be estimated at the maxi-
mum intensity of the initial vortex beam rM ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

mj j=2
p

. Therefore, in Eq. (25) we
replaced the limit r ! ∞ by r ! 3rN. The results of computer simulation are shown
in Figure 8(c). It can be seen from the figure that the total topological charge M at
α ¼ 3π:4 remains equal to the initial TC of the unperturbed beamM ¼ m. Computer
calculations for sector aperture angles α ¼ π=4, π=2, 30π=31 show similar results.
Therefore, we assume that, in the general case of arbitrary angles, the initial TC will
be preserved under sector perturbations. We also examined the constancy condition
TC under the perturbation of the holographic grating considered above and made
sure that this condition is strictly satisfied. Moreover, we traced the maxima dis-
placement of the spectral satellites in the vortex avalanche in Figure 4 [47] and
convinced (see Figure 8(d)) that their TC cannot take fractional values.

4.2 Circular and annular apertures

The problem of the birth and annihilation of phase singularities has been con-
sidered as far back as at the beginning of the last century in connection with the
peculiarities of light diffraction at the edges of the half-plane or lenses and micro-
objectives of telescopes and microscopes (see [53] and references therein). As a
rule, the discussion came down to the technique of suppressing the corresponding
aberrations. In this section, we focus on the digital vortex sorting after beam dif-
fraction by the circular and annular apertures addressing the Shannon entropy
problem of the diffracted combined vortex beams.

Note also that recently, special attention has been paid to studies on increasing
the information capacity of optical channels due to LGm

n modes with various radial
indices n, but a constant topological charge m [54]. Such modes are sorted using the
holographic grating techniques and a single phase screen [55]. In this section, we will
focus on the digital sorting of LG modes with various radial indices.

We consider the perturbation of the vortex LGm
0 beam at the z ¼ 0 plane with

a ring aperture so that its complex amplitude is written in the form (see also
Figure 10a)

Ψm ¼ r mj jeimφ exp �r2
� �

, R< r<Rþ h: (26)
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m,n. The changes of OAM ℓz α,mð Þ after increas-
ing the aperture angle α (decreasing the adjacent angle β ¼ π � α) is presented by
Figure 7(a) for topological charges m ¼ 5,m ¼ 10 and m ¼ 15 of the initial vortex
beam.

The OAM is practically unchanged a wide range of angles and remains almost
equal to the initial OAM, despite the rapid increase in the number of vortex states
(see Figure 8(a)). After the second spectral maximum is formed in the negative
region of topological charges Figure 7, there is a sharp decrease of the OAM. The
OAM is equal to zero already at the angle β≈ 2°.

4.1.3 Informational entropy (Shannon’s entropy)

The normalized squared amplitude С2
n ∈ 0, 1ð Þ in the Eq. (23) can be treated as a

conditional probability P n=mð Þ of finding out a vortex beam in the state nj i among
of 2N states (see, e.g., [51] and references therein). This approach to counting a
number of vortex states can be used for the Shannon Entropy [51] and is written as

HI ¼ �
XN
n¼0

P n=mð Þ log 2P n=mð Þ ¼ �
XN
n¼0

C2
n α,mð Þ log 2C

2
n α,mð Þ>0: (24)

The Shannon entropy (24) characterizes the amount of uncertainty (random-
ness) that arises when a perturbation acts on a vortex beam. For example, in the
case of the same amplitudes of the mode beams, the Shannon entropy of HI ¼ 2
means that to remove the uncertainty it is necessary to expend 1 bit of information.

In Figure 8(b) presents the dependence of the Shannon Entropy HI on the angle
α for various of number topological charges m. In a broad range of aperture angles
0< α< 7π=8, the informational entropy HI increases equally for any topological
charges m while the OAM ℓz does not change (see Figure 8(a)) which corresponds
to the same changes in the spectrum of vortex states in Figure 7.

Figure 8.
Computer simulation of (a) the OAM ℓz α,mð Þ and (b) information entropy HI α,mð Þ for the initial
topological charges, m ¼ 5, 10, 15; (c) transformation of the vortex TC Mof the perturbed beam via variation
TC of the initial beam; (d) maximal TC mmax of the spectral vortex satellites via perturbation Ω of the
perturbed holographic gratings; (solid lines); crosslets �ð Þ, circlets ⊙ð Þ and squares (□) are correspondent
experimental data.

176

Nonlinear Optics - From Solitons to Similaritons

4.1.4 The topological charge

According to Berry [42], the topological charge of the vortex array is defined as
the difference of the fluxes of vortex trajectories through the beam cross section
taking into account vortex directions and “weights,” and is calculated as

M ¼ 1
2π

Im lim
r!∞

ð2π

0

∂φΨm=Ψmdφ

8<
:

9=
;: (25)

Berry showed [42] that the vortex beam TC has always integer values when the
spiral phase plate is perturbed equal to the integer value of the unperturbed plate
step. We investigated the changes of the TC under the beam sector perturbations
[52] and perturbation of the holographic grating [47]. Note that all further calcula-
tions are based on the requirement that the perturbation does not introduce changes
in the mode phases. We performed a series of computer TC estimations of the
perturbed beam (20) for various initial TC. The following restrictions were used. As
the spectra of vortices in Figure 7 show, the squared mode amplitudes quickly tend
to zero as their TC increases. Therefore, we can restrict ourselves to a finite mode
numbers С2

mn � 10�3. The half-width beam radius can be estimated at the maxi-
mum intensity of the initial vortex beam rM ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

mj j=2
p

. Therefore, in Eq. (25) we
replaced the limit r ! ∞ by r ! 3rN. The results of computer simulation are shown
in Figure 8(c). It can be seen from the figure that the total topological charge M at
α ¼ 3π:4 remains equal to the initial TC of the unperturbed beamM ¼ m. Computer
calculations for sector aperture angles α ¼ π=4, π=2, 30π=31 show similar results.
Therefore, we assume that, in the general case of arbitrary angles, the initial TC will
be preserved under sector perturbations. We also examined the constancy condition
TC under the perturbation of the holographic grating considered above and made
sure that this condition is strictly satisfied. Moreover, we traced the maxima dis-
placement of the spectral satellites in the vortex avalanche in Figure 4 [47] and
convinced (see Figure 8(d)) that their TC cannot take fractional values.

4.2 Circular and annular apertures

The problem of the birth and annihilation of phase singularities has been con-
sidered as far back as at the beginning of the last century in connection with the
peculiarities of light diffraction at the edges of the half-plane or lenses and micro-
objectives of telescopes and microscopes (see [53] and references therein). As a
rule, the discussion came down to the technique of suppressing the corresponding
aberrations. In this section, we focus on the digital vortex sorting after beam dif-
fraction by the circular and annular apertures addressing the Shannon entropy
problem of the diffracted combined vortex beams.

Note also that recently, special attention has been paid to studies on increasing
the information capacity of optical channels due to LGm

n modes with various radial
indices n, but a constant topological charge m [54]. Such modes are sorted using the
holographic grating techniques and a single phase screen [55]. In this section, we will
focus on the digital sorting of LG modes with various radial indices.

We consider the perturbation of the vortex LGm
0 beam at the z ¼ 0 plane with

a ring aperture so that its complex amplitude is written in the form (see also
Figure 10a)

Ψm ¼ r mj jeimφ exp �r2
� �

, R< r<Rþ h: (26)

177

Digital Sorting of Optical Vortices in Perturbed Singular Beams
DOI: http://dx.doi.org/10.5772/intechopen.91419



If the axis of the annular aperture coincides with the beam axis then the pertur-
bation excites only LG beams with the same TC (m ¼ const) but different radial
indices n (this follows from the condition of orthogonally of LG beams). The
perturbed beam field can be represented as an expansion over LG beams

Ψm ¼
X∞
n¼0

Cm,nrmLm
n 2r2
� �

eimφe�r2 : (27)

The LG vortex modes amplitudes restricted by the ring of thickness h, we find
for the field difference the beams passing simultaneously through the circular
aperture of radius Rþ h and the opaque disk of radius R. As a result we obtain

Сm,n Rð Þ ¼
ð∞

0

Ψm LGm
n

� � ∗ rdr

¼ 2 Rþ hð Þ2
� �mþ1

e�2 Rþhð Þ2
1F1 1� n,mþ 2;�2 Rþ hð Þ2
� �

= mþ 1ð Þm!

� 2R2� �mþ1
e�2R2

1F1 1� n,mþ 2;�2R2� �
= mþ 1ð Þm!,

(28)

where 1F1 is a confluent hypergeometric function and we used the integrals from
[56]. The expression (28) together with Eq. (27) allows covering three cases: (1) a
circular aperture, R ¼ 0, h ¼ R0; (2) an opaque disk R ¼ R0, h ¼ 0; and (3) an
annular aperture R, h 6¼ 0. An important property of mode amplitudes (28) is that
the perturbation of a singular beam with a defined TC via these types of axial
apertures does not excite vortex modes with other TC. This means that the OAM ℓz
does not change due to such a perturbation process. Does this mean that the
perturbed vortex beam completely restores its initial properties during propagation,
i.e., possesses the self-healing effect? We will peer into this process carefully.

Recall that under the action of axial perturbation, vortex modes with new topo-
logical charges do not appear in the perturbed beam. Therefore, the digital sorting
of vortex modes in a perturbed beam can be carried out in accordance with Eq. (15)
for the nondegenerate case (see Section 3.1). In this case, as a function of moments
Mp,q r,φð Þ should choose the forms Mp,q ¼ sin rLk

p 2r2ð Þ or Mp,q ¼ cos rLk
p 2r2ð Þ

while in the intensity distribution ℑ r,φð Þ use the complex amplitude (26). Variation
of the indices p and k enables us to obtain a closed system of linear equations for the
squared amplitudes C2

m,n.
The experimental results of measuring the vortex spectra are shown in Figure 9,

where the average values of the squared amplitudes are plotted along the ordinate
axis. A characteristic feature of the dependences C2

m,n nð Þ is long spectral tails, which
are omitted in the figures, but which make a significant contribution to the calcula-
tion of information entropy. Truncation of a topologically neutral beam (m ¼ 0)
with a circular aperture in Figure 9(Ia) leads to overlapping many side rings,
resulting in a wave-like form of the spectral tail. In the perturbed vortex beams
shown in Figure 9(Ibc), a broadening of the vortex spectrum and a decrease in the
tail amplitudes are observed. Such characteristic features of the vortex spectra
insert significant uncertainty into information carried by the vortex beam, which is
represented as the dependence of information entropy HI on the aperture radius R0
in Figure 9(Id). It is noteworthy that even small variations in the aperture radius
lead to changes in the entropy HI that grow with increasing TC. Similar changes in
the entropy HI hð Þ shown in Figure 9(IId) occur when a vortex beam is perturbed
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by a annular aperture, which are the result of transformations in the vortex spectra
in Figure 9(a–c). The presented results show that any external interference in the
beam immediately affects the uncertainty of the vortex beam state, the magnitude
of which can be estimated by measuring informational entropy.

Another interesting feature of the axial aperture action is manifested under the
combined vortex beam perturbation consisting of two vortex beams with the same
values but different TC signs (m and �m). If the amplitudes of the beams are the
same, then the complex amplitude of such a combined beam is described by
Eq. (28) when replacing the phase factor exp imφð Þ ! 2 cos mφ. Figure 10(b–d)
illustrates the intensity distribution of such perturbed beams at the measurement
plane. Each of these beams receives the same perturbations, regardless of the sign of
their TC. Even if the beam amplitudes are different, they receive the same amount
of the vortex state uncertainty. However, this apparent indistinguishability of the
modes can be easily detected experimentally due to opposite phase circulation of
the fields, and the modes can be sorted out in different memory cells.

Figure 9.
The vortex spectra C2

m,n and the Shannon entropy HI hð Þ of the perturbed singular beams with different TC m:
(I) the circular aperture; (II) the annular aperture; (Id) the Shannon entropy HI via the aperture radius R0;
(IIh) the Shannon entropy HI via the annular width, curves 1 and 3 correspond to the TC m ¼ 0,m ¼ 2,m ¼ 4,
respectively; callouts: corresponding intensity distributions.

Figure 10.
(a) Sketch of the annular aperture. (b–d) Intensity distributions of the singular beams with TC m ¼ 5 and
m ¼ �5 perturbed by the circular aperture with the radius (b) R0 ¼ 0:5, (c) R0 ¼ 0:1 and (d) the annular
aperture with R0 ¼ 0:5, h ¼ 0:2.

179

Digital Sorting of Optical Vortices in Perturbed Singular Beams
DOI: http://dx.doi.org/10.5772/intechopen.91419



If the axis of the annular aperture coincides with the beam axis then the pertur-
bation excites only LG beams with the same TC (m ¼ const) but different radial
indices n (this follows from the condition of orthogonally of LG beams). The
perturbed beam field can be represented as an expansion over LG beams

Ψm ¼
X∞
n¼0

Cm,nrmLm
n 2r2
� �

eimφe�r2 : (27)

The LG vortex modes amplitudes restricted by the ring of thickness h, we find
for the field difference the beams passing simultaneously through the circular
aperture of radius Rþ h and the opaque disk of radius R. As a result we obtain

Сm,n Rð Þ ¼
ð∞

0

Ψm LGm
n

� � ∗ rdr

¼ 2 Rþ hð Þ2
� �mþ1

e�2 Rþhð Þ2
1F1 1� n,mþ 2;�2 Rþ hð Þ2
� �

= mþ 1ð Þm!

� 2R2� �mþ1
e�2R2

1F1 1� n,mþ 2;�2R2� �
= mþ 1ð Þm!,

(28)

where 1F1 is a confluent hypergeometric function and we used the integrals from
[56]. The expression (28) together with Eq. (27) allows covering three cases: (1) a
circular aperture, R ¼ 0, h ¼ R0; (2) an opaque disk R ¼ R0, h ¼ 0; and (3) an
annular aperture R, h 6¼ 0. An important property of mode amplitudes (28) is that
the perturbation of a singular beam with a defined TC via these types of axial
apertures does not excite vortex modes with other TC. This means that the OAM ℓz
does not change due to such a perturbation process. Does this mean that the
perturbed vortex beam completely restores its initial properties during propagation,
i.e., possesses the self-healing effect? We will peer into this process carefully.

Recall that under the action of axial perturbation, vortex modes with new topo-
logical charges do not appear in the perturbed beam. Therefore, the digital sorting
of vortex modes in a perturbed beam can be carried out in accordance with Eq. (15)
for the nondegenerate case (see Section 3.1). In this case, as a function of moments
Mp,q r,φð Þ should choose the forms Mp,q ¼ sin rLk

p 2r2ð Þ or Mp,q ¼ cos rLk
p 2r2ð Þ

while in the intensity distribution ℑ r,φð Þ use the complex amplitude (26). Variation
of the indices p and k enables us to obtain a closed system of linear equations for the
squared amplitudes C2

m,n.
The experimental results of measuring the vortex spectra are shown in Figure 9,

where the average values of the squared amplitudes are plotted along the ordinate
axis. A characteristic feature of the dependences C2

m,n nð Þ is long spectral tails, which
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in Figure 9(Id). It is noteworthy that even small variations in the aperture radius
lead to changes in the entropy HI that grow with increasing TC. Similar changes in
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beam immediately affects the uncertainty of the vortex beam state, the magnitude
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same, then the complex amplitude of such a combined beam is described by
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plane. Each of these beams receives the same perturbations, regardless of the sign of
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5. Conclusions

We examined the technique of digital sorting of vortex modes that makes it
possible to measure in real time the vortex spectrum (squared amplitudes and initial
phases) including radial indices, OAM, and informational entropy of perturbed
singular beams. The considered approach is based on the measurement of intensity
moments of higher orders and a digital solution of a linear equations system that
eliminates the cuts and gluing of the beam wavefront without losing information on
the modes initial phases. Moreover, the digital vortex spectrum also enables us to
restore the initial combined beam and, correcting parameters of the spectral modes,
to improve its characteristics.

The digital approach has been tested on vortex beams free of wave defects
perturbed both by local defects of holographic gratings responsible for the beam
generation and by the sectorial, circular and annular aperture. We revealed that a
local perturbation of the holographic grating near the central forked defect causes
bursts and dips in the OAM spectrum. The depth and height of the spectral dips and
bursts are controlled by the parameters of the holographic grating and can vary over
a wide range. The perturbation inserted by the sector aperture is regulated by the
sector angle. Over a wide range of sector angles, the beam OAM remains almost
unchanged. However, when the sector angle is relatively large, so that most of the
light flux is cut off by the aperture, the optical uncertainty principle begins to act,
and the OAM sharply decreases to almost zero that is accompanied by a rapid
growth of the Shannon entropy. At the same time, the beam topological charge
remains unchanged for any sectorial perturbations. The axial perturbation via a
circular and annular aperture does not change either the OAM or topological charge.
However, a wide range of Laguerre-Gauss modes with the same topological charges
but different radial indices leads to a rapid increase in information entropy as the
pupil of the circular aperture or the ring thickness of the annular aperture decreases.
This allows not only to estimate the noise level in the optical information transmis-
sion line, but also to record external interference in the information flow. We also
note that the digital sorting of optical vortices in a perturbed light flux opens up
broad prospects for its employment for medical express-diagnostics of skin dis-
eases, since, for example, this allows us to detect slight changes in the vortex
spectrum of a laser beam scattered by inflamed or dehydrated skin areas.
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Chapter 9

Nonlinear Optical Responsive 
Molecular Switches
Mahadevappa Y. Kariduraganavar, Radha V. Doddamani, 
Balachandar Waddar and Saidi Reddy Parne

Abstract

Nonlinear optical (NLO) materials have gained much attention during the last 
two decades owing to their potentiality in the field of optical data storage, optical 
information processing, optical switching, and telecommunication. NLO respon-
sive macroscopic devices possess extensive applications in our day to day life. Such 
devices are considered as assemblies of several macroscopic components designed 
to achieve specific functions. The extension of this concept to the molecular level 
forms the basis of molecular devices. In this context, the design of NLO switches, 
that is, molecules characterized by their ability to alternate between two or more 
chemical forms displaying contrasts in one of their NLO properties, has motivated 
many experimental and theoretical works. Thus, this chapter focuses on the 
rational design of molecular NLO switches based on stimuli and materials with 
extensive examples reported in the literature. The factors affecting the efficiency of 
optical switches are discussed. The device fabrication of optical switches and their 
efficiency based on the optical switch, internal architecture, and substrate materials 
are described. In the end, applications of switches and future prospectus of design-
ing new molecules with references are suitably discussed.

Keywords: nonlinear optical materials, optical switches, chromophores,  
simulation, DFT

1. Introduction

There is a strong demand for the advancement of high-performance NLO 
materials, owing to the emergence of photonic technologies in the area of telecom-
munication where the information is coded, transported, and routed through 
optically. Thus, NLO materials have created enormous interest among the scientific 
community due to their role in optical switching, sensor protection, light modula-
tors, memory storage devices, information processing devices [1–3].

A considerable number of NLO materials have been developed over the last two 
decades. As a new method of communication, optical signal achieves faster network 
speed and broader bandwidth, and thus, the optical switch is an essential device for 
optoelectronic and integrated optics. Optical switches play the role of protecting, 
testing, monitoring, and management of the network. In this context, the design of 
NLO switches based molecules, which are characterized by their ability to alternate 
between two or more chemical forms displaying contrasts in one of their NLO 
properties, has motivated much experimental and theoretical work [4, 5].
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Understanding these, researchers have been tried to synthesize and character-
ize the several molecular NLO switches that differ by the stimulus used to provoke 
the commutation. These stimuli can include light irradiation, redox reaction, pH 
variation, ion recognition, and others. The design of multistate and multifunctional 
systems has also provoked a large amount of work, aiming for the enhancement of 
the storage capacity of the optical memories or the diversification of the relevant 
devices [6, 7].

Generally, most of the molecular switches can be divided into two categories, 
namely stereoisomerism and structural isomerism. Other mechanisms are covered 
in the literature, such as dipole, charge, or spin switching, but these processes gen-
erally include some kind of structural change as well [8, 9]. As possible candidates 
for integration into responsive materials, researchers have been intensely studying 
the organic, organometallic molecules and other highly advanced materials like 
supramolecules, carbon nanotubes, etc. with switchable hyperpolarizability over 
the past two decades [10–13].

Realizing the importance of the factors as mentioned above, in this chapter, 
we illustrate the design and categorize the highly efficient NLO molecular 
switches based on stimuli and materials. After a critical overview, we provide 
numerous case studies, including organic, organometallic molecules, supra-
molecules, carbon/graphene materials, nanoscale structures, polymers, and 
crystalline solids [14, 15]. Finally, we illustrate the influence of the environment 
on the NLO switching properties with examples. The rational design of molecular 
NLO switches with recent device fabrication is also discussed. The chapter also 
explains the experimental and the theoretical approaches, which have reached 
maturity in obtaining NLO responsive molecular switches. The prime objective 
of the chapter was to examine the different systems with particular reference to 
their photophysical properties as well as the switching mechanism at the molecu-
lar level.

2. Factors affecting the efficiency of switches

Many scientists have been working for the last three decades, to develop the 
optical switches, in which one light beam can switch another beam on and off, the 
same way that one electrical signal can switch another on and off in an electrical 
transistor [16]. This type of light switch could be the basic building block for optical 
circuits and even for optical computers. In principle, such a device could work at 
terahertz frequencies or higher, and the dissipation of power could be far less. For 
an ideal device of an optical switch, there could be five crucial factors. They are: 
(1) amplification (a weak beam is used to switch a strong beam); (2) compact size, 
preferably small enough to make millions on a chip; (3) fast response time; (4) 
possibility of cascading devices (the output of one device can act as the input for a 
subsequent device) and (5) room-temperature operation [17–19].

3. Molecular switches based on stimuli

Functional materials, which are exhibiting distinct functionalities in response 
to a specific stimulus, are highly desirable for the fabrication of advanced devices 
with superior dynamic performances [20]. The stimuli can include light irradiation, 
temperature variation, redox reaction, induced ion recognition, and so on.
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3.1 Light-induced optical switches/photoswitches

The photochemical isomerization of an olefinic bond is one of the fundamen-
tal processes in the vision. The structural perturbations induced by the cis/trans 
isomerization of the retinal moiety results in conformational changes in the protein 
molecule, and through a cascade of reactions, the neural pulse responsible for 
vision is generated. This principle was mimicked to design molecular systems that 
can undergo light-induced structural changes for signaling applications.

Light mainly offers several advantages over the chemical stimuli, viz., its spatial 
and temporal control, ease of implementation, remote addressability, and low 
toxicity. These optimistic attributes have led to the development of various pho-
toswitching moieties for the applications in photo-pharmacology, sensing, energy 
production, and actuation [21].

The azobenzene moiety enjoys widespread popularity, and thus a number of 
artificial systems based on the azobenzene functionality have been investigated. 
Owing to its ease of synthesis, reasonable quantum yields, large extinction coef-
ficients, and so azobenzenes exist in two forms, E (trans) and Z (cis) forms and their 
interconversions can be induced by irradiation with appropriate wavelengths [22]. 
For instance, upon photochemical excitation, structural changes occur in molecular 
systems having azobenzene functionality, and such changes were utilized for modu-
lating the host-guest properties, phase changes in liquid crystals, photo-triggered 
reversible gel formation and photoinduced switching of conductivity. However, 
thermal reactions prohibit the use of azobenzene based molecular systems from 
their use in information storage systems. Chen et al. [23] reported dual-mode optical 
switch by conjugating helicene and bis-azobenzene moieties in proximity with highly 
diastereoselective photochromic and chirochromic switching both in solution as well 
as in nematic liquid crystals with tunable pitches and handedness by modification of 
four different metastable states. In 2013, Roldan et al. [24], for the first time, inves-
tigated the conductance properties of a photoswitchable dimethyl-dihydro pyrene 
derivative in single-molecule junctions using the mechanically controllable break 
junction technique. They studied the reversible photo-thermal switching of a bipyri-
dine appended dimethyl-dihydro pyrene/cyclophane-dienephotochromic system. 
The photo-thermally triggered conductance switching between these two isomers is 
fully reversible, stable over more than five sequential cycles, with on/off ratio up to 
104. This study represented highly promising candidates for constructing nanoscale 
molecular building blocks. Deng et al. [25] designed and synthesized two nonlinear 
optical chromophores based on dithienylethene as the ultraviolet NLO switches. They 
investigated open/close behavior using the UV–Vis spectra. The dipole moments, 
first and second hyperpolarizabilities, etc. have been calculated and analyzed for 
both opening and closure states of the chromophores using quantum chemical 
calculations. The switching ability of the NLO chromophores was studied through 
monitoring the SHG at the opening/closure states. The results suggested that indicate 
that the maximal SHG changes were observed at energy density equal to about 90 J/
m2. The resulting induced second-order susceptibilities remained up to 150 h without 
decreasing, even after switching off of the external UV light, which indicated that the 
chromophores have the potential application as the NLO switches widely applied in 
photonics. Another example where the purple merocyanine exhibits strong absorp-
tion at 563 nm and can completely block an incoming signal, the colorless spiropyran 
allows the beam to pass, depicted through the structures in Figure 1. Through these 
types of systems, the building of logic operations possible, which also lay an attrac-
tive foundation for digital processing at the molecular level [26].
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Similarly, it revealed [8] that five-membered and cyclic biradicals developed 
based on 15 elements are robust and efficient photochemical switches that can be 
activated by a red light with the quantum yield of the photoisomerization as high 
as 24.6%, and the thermal equilibration of the photo-activation product proceeds 
swiftly at room temperature, which is completely reversible. As demonstrated, 
the biradical character could be completely turned on and off, so that the system 
could be employed to control the chemical equilibria that involve activation prod-
ucts of the cyclic biradicals. Similarly, Li et al. [20] designed and synthesized two 
novel light-driven chiral fluorescent molecular switches that are able to exhibit 
unprecedented reversible Z/E photoisomerization behavior along with tunable 
fluorescence intensity in both isotropic and anisotropic media are described in 
Figure 2. Szukalski et al. [27] introduced all-optical switches that are based on 
deoxyribonucleic acid (DNA) in the form of electrospun fibers, where DNA is semi-
intercalated with a push-pull, luminescent nonlinear pyrazoline derivative. Hansel 
et al. [28] have studied the switching ability and the nonlinear optical contrast 

Figure 1. 
The UV light, visible light, and H+ induce the interconversion between the three states of SP, ME, and 
MEH. Absorption spectra of SP (in MeCN, 10−4 M, 25°C) recorded after (a in lower) and before (b in lower) 
irradiation at 254 nm for 5 min (Adopted from [26] with consent; National Academy of Sciences, 2002).
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between different switching states of three unequal fulgimide-functionalized 
self-assembled monolayers (SAMs) on Si(111), facilitated a very efficient reversible 
photoisomerization, using second harmonic generation, density functional theory, 
and wave function method calculations.

In order to obtain high NLO contrasts, controlled variations of the linker system 
and the fulgimides were performed. In all the fulgimide-functionalized interfaces, 
a photoinduced reversible ring-opening/closure reaction demonstrated via the NLO 
response. The closed-form of the fulgimide demonstrated a higher SHG signal 
amplitude than that of open-form, and this is mainly because of the extended 
π-electron system of the closed state. Also, by chemical modifications, large cross-
sections for the light-induced reversible switching process in the order of 10−18 cm−2 
have been observed, which are similar to the values known for fulgimides in 
solution (shown in Figure 3). Based on the results, it is concluded that chemical 
modifications of both the molecular switch and the linker system may even enhance 
the NLO contrast between the open and closed fulgimides. From the theoretical 
study, it is predicted that the switching unit and the extended peripheral π-system 
are the potential targets for enhancing NLO contrasts, in particular. In general, 
the generation of two-dimensional NLO switching materials using functionalized 
photoswitchable silicon interfaces may pave the way for applications in photonic 
and optoelectronic devices [29].

Ping et al. [30] employed density functional theory (DFT) and time-dependent 
density-functional theory (TDDFT) methods in solution to study the effect of 

Figure 2. 
(a) The chemical structures and reversible photoisomerization process of light-driven chiral fluorescent 
molecular switches MS-1 and MS-2. (b) The schematic illustration of the self-organized helical superstructures 
in the cholesteric LCs tuned by visible/UV light, reflecting different wavelengths, and fluorescing with different 
intensity when excited by blue light (Adopted from [20]; Springer Nature, 2012).
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photoisomerization for dithiazolylarylene. The weak interaction of S···N and 
hydrogen bond of CH···N restrain the rotation of side-chain thiazolyl ring in open 
isomer 1a, the higher stability of which favors showing a high quantum yield of 
photoisomerization.

The UV–Vis spectrum at around 320 nm for open-isomer 1a is bathochromically 
shifted to 647 nm for closed-isomer 1b, in good agreement with the experimental 
photochromic phenomenon. The electron transition in electron CD (ECD) spectra 
for closed isomer 1b with two chiral carbon atoms is dominated by intramolecular 
charge transition (ICT) and local excitation (LE). Which attributes to one nega-
tive cotton effect (650 nm), one positive (440 nm) and one negative cotton effect 
(650 nm) where the two chiral carbon atoms play a slight role in these transitions. 
The potential energy surface (PES) in the S1 and S0 states, respectively, suggest that 
the cyclization reaction is allowed from open-isomer 1a to closed-isomer 1b in the 
photoexcited state with high-conversion quantum efficiency. At the same time, it is 
prohibited in the thermodynamic process. Besides, the second-order NLO response 

Figure 3. 
(a) Photochromism in fulgimide upon irradiation with UV (λ = 365 nm) and visible (λ = 530 nm) light. 
Fulgimides yield a reversible reaction between the closed-form and a mixture E/Z-isomers of the open-form. 
(b) the scheme of the SAM containing fulgimide moiety, immobilized via an amide (Am) linker, called 
as 3-indolylfulgimide (3-IF-Am). SHG is used to study the switching state via the NLO response. (c)–(e) 
Fulgimide-containing SAMs on Si(111) (c) 3-indolylfulgimide (3-IF-Al), (d) 2-indolylfulgimide (2-IF-Al), 
and (e) 2-indolylfulgimide with a −CH2-spacer group (2-IF-Sp-Al) connected via an alkyne (Al) linker to the 
Si substrate (Adopted from [28]; ACS Publications, 2018).
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for closed-isomer 1b is nearly six times higher than that of open-isomer 1a. Further, 
it is confirmed that the photoirradiation excite the photoisomerization property to 
show a significant difference in the second-order NLO response, which could be 
employed in designing the photochromic materials and reversible NLO switches.

3.2 Thermal optical switches

The thermal-optical switch (TO), as the essential part of the optical switch, 
acts as a pivotal part of low-speed fiber-optic communication systems. Currently, 
the wavelengths of the reported thermal-optical switches are usually at 1550 and 
650 nm, and the thermal-optical switch working at 650 nm is mainly used in a sys-
tem of short-range communication [31]. The switchable NLO materials are essential 
for photonic as well as optoelectronic technologies. One crucial concern for NLO 
photoswitching, the most studied physical switching strategy, is how to enhance the 
switching contrast of SHG in crystals because the known values are generally below 
three times [32].

These devices are polymer-based to obtain flexibility. In order to make the 
molecular switch to be useful in the future technological applications, the system 
should retain its properties when incorporated in a processable matrix, to offer a 
photoswitchable film for data storage. Flexible and wearable optoelectronic devices 
are the current trend for an active lifestyle [33].

In this context, Sun and coworkers [34] developed waveguide optical switches, 
as shown in Figure 4 for a flexible photonic integrated circuit using poly(methyl 
methacrylate) (PMMA) polymer. The optical field of the device was accelerated 
by beam propagation to optimize the position of the electrode. The properties of 
switching of the flexible optical switch at different working conditions, such as 
contact to the polymer, silicon, and skin, were studied using simulation. The device 
was constructed based on the photo curved polymer and lithography method. 
Using an excimer laser, the end faces of the flexible film device were processed with 
optimized parameters of 15 Hz and 28 mJ/cm2. The measured response rise time 
and fall time on the substrate were respectively 1.98 and 2.71 ms. The consump-
tion of power and the ratio of extinction were 16 mW and 11 dB, respectively. The 
properties indicated that the resulting flexible optical waveguide structure could be 
used in the light control area of a wearable device.

Further, novel polymer (fluorinated photopolymer) based thermo-optic 
switch arrays were successfully designed and fabricated based on dielectric-
loaded surface plasmon polariton waveguide (DLSPPW) structure by Zheng and 
research group [35]. Briefly, the DLSPPW model included highly fluorinated 

Figure 4. 
Flexible polymeric film (Adopted from [34]; OSA Publishing, 2018).
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Figure 4. 
Flexible polymeric film (Adopted from [34]; OSA Publishing, 2018).
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low-loss photopolymers and organic–inorganic grafting materials that were used 
as the waveguide core and cladding and with PMMA substrate. The operation of 
the device at signal wavelengths was controlled via the thermo-optic effect by 
electrically heating the gold stripes of dielectric-loaded surface plasmon polariton 
waveguides. At 1550 nm wavelength, the propagation loss of 4 μm wide straight 
DLSPPW was performed as 0.55 dB∕cm. The insertion loss of the device was 
around 4.5 dB. The fall time and switching rise of the device measured by 200 Hz 
square-wave voltage was found to be 370.2 and 287.5 μs, respectively. The switching 
power was about 5.6 mW, and the extinction ratio was about 13.5 dB. The flexible 
low-loss multifunctional waveguide switch arrays were realized to be suitable 
for large-scale optoelectronic integrated circuits. Zhen et al. [36] summarized 
the fundamental realization principles, novel configurations, superior materials, 
improved performance indexes, and ameliorated trigger methods of ultrafast opti-
cal switching.

Thermoswitching has shown impressive high SHG-switching contrasts, but 
the fast decay of thermally induced states demands constant heat sources to 
maintain the specific SHG intensities. Xing and coworkers [32] synthesized a 
photochromic and thermochromic bistable acentric compound, β-[(MQ )ZnCl3] 
(MQ+ = N-methyl-4,4′-bipyridinium), which represents the first crystalline 
compound with both heat- and photoinduced SHG switching behavior and the 
first example of a thermo-switchable NLO crystal that can maintain its expected 
second-order NLO intensity without any heat source. The SHG-switching contrast 
could reach about eight times after laser irradiation or two times after thermal 
annealing. The former value happens to be the highest recorded for photoswitchable 
NLO crystals. This work evidences that the higher SHG switching contrasts could 
be obtained by increasing the electron-transfer efficiency, self-absorption, and 
variation of permanent dipole moment.

3.3 Chemically activated optical switches

In the field of Biology, chemically responsive switches and machines are used 
to regulate the myriad of processes, which include the creation of protein folding, 
proton gradients, and viral entry and translocation [37]. Sakata et al. [38] reported 
the design, synthesis, and characterization of a family of thiol-reactive optical 
switches for labeling the proteins and other biomolecules. The site-selective intro-
duction of photochromic probes within biomolecules is being employed as part of a 
new approach for optical control of bio-molecular activities and interactions within 
the cells. The thiol-reactive photochromic probes presented in this report cover 
spironaphthoxazine and five spirobenzopyrans. The location of the thiol-reactive 
group on the spirobenzopyran is different for each probe, and this feature could 
be used to control the geometry of the optical switch within a bio-conjugate. As 
indicated in Figure 5, the photochromes undergo rapid and reversible, and optically 
driven transitions between the states of a colorless spiro (SP) and a brightly colored 

Figure 5. 
Schematic representation of the reversible optical switching between the SP and MC states of a 
spirobenzopyran linked to a cysteine residue in a protein (Reused from [38]; American Chemical Society 
Publication, 2005).
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merocyanine (MC). The absorption of MC of a spironaphthoxazine conjugate was 
red-shifted by more than 100 nm compared to the equivalent spirobenzopyran, 
which could be exploited for the independent control of the transition of MC to SP 
for up to two different spironaphthoxazine and spirobenzopyran conjugates within 
the sample.

4. Molecular switches based on materials

4.1 Optical switches based on organic chromophores

4.1.1 Design of chromophores

One of the major advantages of employing organic materials is that their physi-
cal and chemical properties can be customized through specific and well-defined 
synthetic modifications of the molecular structures. The properties such as posi-
tions and strengths of the low-energy one-photon and two-photon electronic 
resonances, the solubility, the aggregation propensity, the nonlinear polarizabilities, 
the strength of ion-pairing interactions in case of molecular salts dissolved in 
polymer hosts or in solution, the compatibility with various polymer host materials. 
Moreover, the photochemical and thermal stability of the NLO molecules can be 
logically controlled [39].

In NLO switches, most of the systems synthesized to date are π-conjugated 
donor-acceptor molecules, which consist of strong electron-donor (D) and elec-
tron-acceptor (A) groups anchored onto a π-conjugated linker. Coe [40] proposed 
to categorize the several systems based on the part of a molecule that could be 
altered while performing the reaction, i.e., the donor part (type I), the acceptor 
part (type II), or the conjugated bridge (type III), as shown in Figure 6. The NLO 
switches of type I and type II rely on redox switching, where the electron-donating 
capability of the donor group is reduced by oxidation, or on acido-switching, 
wherein the capability of the electron-donating group is reduced by protonation. 
The NLO switching based on redox interconversion has been established in a wide 
range of organometallic complexes. Most of the NLO switches of type III are photo-
chromic compounds characterized by different commutation processes, including 
intramolecular proton transfer as in aniline derivatives, cis-trans photoisomeriza-
tion in azobenzenes, and opening/closure of a conjugated ring in diarylethenes or 
spiropyrans [6].

Hales et al. [39] designed a class of chromophores using a relatively simple 
model, namely cyanine-like polymethines. The challenges associated with 
 changing these microscopic properties of the chromophores into macroscopic 
properties for the suitable device applications are discussed in detail, along 
with the molecular engineering approaches to overcome these drawbacks.  

Figure 6. 
The different types of NLO switching in dipolar D-π-A molecules, wherein the push-pull character is 
tuned upon switching, Type I = redox/proton transfer on D; TYPE II = redox/proton transfer on A; Type 
III = alteration of the bridge π-conjugation (Adopted from [6]; American Chemical Society, 2013).
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merocyanine (MC). The absorption of MC of a spironaphthoxazine conjugate was 
red-shifted by more than 100 nm compared to the equivalent spirobenzopyran, 
which could be exploited for the independent control of the transition of MC to SP 
for up to two different spironaphthoxazine and spirobenzopyran conjugates within 
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One of the major advantages of employing organic materials is that their physi-
cal and chemical properties can be customized through specific and well-defined 
synthetic modifications of the molecular structures. The properties such as posi-
tions and strengths of the low-energy one-photon and two-photon electronic 
resonances, the solubility, the aggregation propensity, the nonlinear polarizabilities, 
the strength of ion-pairing interactions in case of molecular salts dissolved in 
polymer hosts or in solution, the compatibility with various polymer host materials. 
Moreover, the photochemical and thermal stability of the NLO molecules can be 
logically controlled [39].

In NLO switches, most of the systems synthesized to date are π-conjugated 
donor-acceptor molecules, which consist of strong electron-donor (D) and elec-
tron-acceptor (A) groups anchored onto a π-conjugated linker. Coe [40] proposed 
to categorize the several systems based on the part of a molecule that could be 
altered while performing the reaction, i.e., the donor part (type I), the acceptor 
part (type II), or the conjugated bridge (type III), as shown in Figure 6. The NLO 
switches of type I and type II rely on redox switching, where the electron-donating 
capability of the donor group is reduced by oxidation, or on acido-switching, 
wherein the capability of the electron-donating group is reduced by protonation. 
The NLO switching based on redox interconversion has been established in a wide 
range of organometallic complexes. Most of the NLO switches of type III are photo-
chromic compounds characterized by different commutation processes, including 
intramolecular proton transfer as in aniline derivatives, cis-trans photoisomeriza-
tion in azobenzenes, and opening/closure of a conjugated ring in diarylethenes or 
spiropyrans [6].

Hales et al. [39] designed a class of chromophores using a relatively simple 
model, namely cyanine-like polymethines. The challenges associated with 
 changing these microscopic properties of the chromophores into macroscopic 
properties for the suitable device applications are discussed in detail, along 
with the molecular engineering approaches to overcome these drawbacks.  
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The different types of NLO switching in dipolar D-π-A molecules, wherein the push-pull character is 
tuned upon switching, Type I = redox/proton transfer on D; TYPE II = redox/proton transfer on A; Type 
III = alteration of the bridge π-conjugation (Adopted from [6]; American Chemical Society, 2013).



Nonlinear Optics - From Solitons to Similaritons

196

Prabhu et al. [41] synthesized and crystallized a new chalcone compound (2E)-3-
(3-methyl phenyl)-1-(4-nitrophenyl)prop-2-en-1-one based on the results obtained 
by Hirshfeld analysis, and nonlinear optical studies showed that the material 
is of a potential candidate for optical device applications such as optical limit-
ers and optical switches. Tomas et al. [42] synthesized two molecules namely, 
2,2′;-(1,4-phenylene-bis(ethyne-2,1-diyl))bis(N,N-diethyl-4-nitroaniline) (PDNA) 
and 2,2′-(1,4-phenylene bis(ethyne-2,1-diyl))bis(4-nitroaniline) (PNA), built 
up from two p-nitroaniline “push-pull” NLO chromophores slightly conjugated 
through a 1,4-phenylene bis(ethyne-2,1-diyl) bridge. The crystal structure of PNA 
reveals that the ground (off) state conformation corresponds to the centrosymmet-
ric anti-conformer in which the molecular hyperpolarizability is equal to zero. Also, 
a computational investigation performed by the group reveals that once submitted 
to an intense electric field, the two p-nitroaniline subunits are gradually aligned in 
the direction of the field with the appearance of a metastable (on) state, stabilized 
by conjugation. During the on/off cycle, a loop of hysteresis was observed and 
thereby formed molecular bistability. This behavior was evidenced by investigating 
the NLO response of PNA at different field intensities by the electric field induced 
second-harmonic (EFISH) technique.

Kumar et al. [43] in their work proposed an optical switch based on nonlinear 
one-dimensional photonic bandgap material with polystyrene and SiO2 as chosen 
constituent materials. The propagation of optical waves through these multilayered 
structures was studied for different intensities. The simulation of the device and its 
performance was carried out by transfer matrix method. The results suggest that 
the polystyrene/SiO2 based nonlinear photonic bandgap material performed here 
can work as an optical switch. Also, the proposed device could be useful in optical 
time-division multiplexing (OTDM), demultiplexing, all-optical information pro-
cessing, etc. This device could be a strong candidate for the variety of applications 
in the field of integrated optoelectronics, owing to its simple geometric structure 
and operating principle.

The physical properties of phase transition materials are directly linked to the 
transformation of structural moieties. In this context, Jing et al. [44] reported a 
new H-bonded binary crystal of cyclohexylaminium chlorodifluoroacetate, consist-
ing of two distinct types of the anion-cationic structural moieties, which shows an 
order–disorder phase transition around 153 K (phase transition point, Tc). Thermal 
analyses, dielectric and second-order nonlinear optical measurements confirm the 
symmetry transformation from the point group mmm to mm2. It is noteworthy that 
cyclohexylaminium chlorodifluoroacetate exhibits a coexistence of switchable dielec-
tric behaviors and bistable NLO effects. It exhibits NLO-activity below Tc, while 
its quadratic NLO effects disappear completely above Tc. Such an effect reveals the 
bistable feature of its quadratic NLO properties. The temperature variable-structure 
analyses reveal that the emergence of NLO effects below Tc is as to the partial order-
ing of anions as well as the small-angle reorientation of cations. This mechanism is 
different from that of the precedent NLO-switching materials, as it offers a poten-
tial way to design new electric-ordered molecular compounds as multifunctional 
materials.

4.2 Optical switches based on metallochromophores

The last two decades have been in the great boom in the development of 
metal–organic frameworks and coordination compounds. The resulting materi-
als have proved to be excellent sorbents for catalysts, gases, objects for storing 
hydrogen as a fuel, elements of analytical devices for separating substances, as well 
as demonstrating unique physical properties in the field of nonlinear optics and 
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ferroelectricity magnetism. Recently, unique features such as strong optical anisot-
ropy in the visible region have also been studied in addition to the existing scope of 
applications, and this is mainly due to a vast surface area [45].

In this context, Green et al. [46] reviewed the progress in employing metal 
alkynyl complexes as switchable NLO systems. The origin of NLO effects in 
molecules is summarized, molecular switching stimuli and read-outs were briefly 
reviewed, and switching NLO properties using other organic, inorganic, and 
organometallic molecules were also briefly discussed. NLO properties using other 
organic, inorganic, and organometallic molecules were also briefly summarized. 
Sarbjeet et al. [47], in their review, the aspects of new ferrocene-based chromo-
phores have presented, and structure–property correlations have been studied, as 
the ferrocene unit behaves as an extremely strong donor or acceptor in its chromo-
phore. This property has been used extensively in fine-tuning the electronic proper-
ties of the organometallic chromophores.

Juan et al. [48] reported three organic–inorganic hybrid analogs, (1) [Et3(n-Pr)
P][Mn(dca)3], (2) ([Et3(CH2CHCH2)P][Mn(dca)3]) and (3) ([Et3(MeOCH2)P]
[Mn(dca)3]) (dca = dicyanamide, N(CN)2-), and showed similar 3-dimensional 
perovskite frameworks, wherein the cavities are occupied by the guest phospho-
nium cations. At room temperature, the analogs 1 and 3 correspond to the ortho-
rhombic noncentrosymmetric space group P212121, while analogue 2 crystallizes 
in the monoclinic centrosymmetric space group P21/c. Both DSC and dielectric 
measurements confirmed the phase transitions in 1–3, where subtle structural 
distinctions of guest cations affect the crystal lattices, phase transition temperature, 
and physical properties. The analogs 1 and 3 are SHG active at room temperature 
and which can be used as NLO switches tuned by guest cations.

A series of dipolar bis(dibutyl-amino styryl)bipyridine M(II) dichloride com-
plexes (M = Co, Ni, Cu, Zn) and octupolar tris(bipyridine) M(II) coordination 
compounds of D3 symmetry (M = Fe, Ru, Os, Ni, Cu, Zn) was studied by Bozec 
et al. [49]. The quadratic NLO susceptibilities of these complexes were evaluated 
with the harmonic light scattering technique and found to be at 1.91 mm. From the 
study, it was clear that the nature of the metallic centers strongly influenced the 
optical and NLO properties, and the first hyperpolarizability could be tuned by 
changing the nature of the metal ion. Thus, this could be a competent approach to 
the design of switchable NLO materials. This is the reason; the photochromic metal 
complexes yielded an efficient on/off reversible switching μβ values as determined 
by EFISH at 1.91 mm.

Qiang et al. [50] successfully synthesized and grown block crystals of 
[trimethyl(chloromethyl)ammonium]2[ZnCl4] [(TMCM)2-ZnCl4], which under-
goes two reversible solid-state phase transitions at 337 K (Tc1) and 258 K (Tc2), 
respectively, with coexisting switchable nonlinear optical and dielectric properties. 
Exceptionally, variable-temperature x-ray single-crystal structural analyses also 
revealed that the unusual space group changes between Tc2 and Tc1 and above Tc1. 
As expected, the dielectric value of (TMCM)2-ZnCl4, indicated that it exhibits a 
low dielectric state, an intermediate dielectric state, and a high dielectric state. The 
transitions of (TMCM)2-ZnCl4 could be intrinsically ascribed to the sequential 
order–disorder transformations of both the cations and anions. In particular, the 
second harmonic generation efficiency shows a sharp step-like increase from almost 
zero to 0.47. All these results demonstrate its potential application as a switchable 
and tunable molecular dielectric and NLO material. By Ming and coworkers [51] 
proposed and numerically investigated all-optical switching based metal–insulator–
metal (MIM) waveguide resonator with an outer portion smooth bend structure 
containing Kerr nonlinear materials. In the structure, pump light locates at mixed-
modes (the dips overlap), and then resonance in the resonator, which supports for 
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the improvement of nonlinear response. Light signal locates at split modes, which 
provides the full width at half-maximum of dips decrease significantly, and increase 
the difference of signal light transmittance; as a result, when pump light is on or off. 
This was also verified by the finite-difference time-domain simulations, with tiny 
optical bistability with signal light appear by varying the control-light intensity, and 
the switching time is at approximately the picosecond level.

Further, Benoit et al. [52] developed a robust and multi-usage detection tool that 
could recognize cations by molecular switches with a significant contrast of the sec-
ond-order NLO optical properties. The concept of proof is given by evidencing by 
ab initio calculation, the ability of spiropyran/merocyanine systems to detect alkali, 
alkaline earth, and transition metal cations selectively. The complexes can have a 
broadband spectral and temporal response and strong reverse saturable absorption 
and two-photon absorption in the visible and near-IR region. Accordingly, Sun 
et al. [53] Pt (II) provided tridentate or bidentate complexes containing heterocyclic 
ligands with excellent nonlinear optical properties. As such, the complexes were 
useful for organic light-emitting diodes and optical-switching or sensing devices. To 
switch quadratic nonlinear optical effect has become an exciting branch of material 
science. However, solid-state molecular crystals exhibiting tunable and switchable 
NLO behaviors remain scanty. Herein, Adnan et al. [54] reported the picrate-based 
binary organic molecular crystal, triethylammonium picrate (TEAP), which 
undergoes a phase transition at Tc = 319 K above-room-temperature, being solidly 
confirmed by the dielectric and thermal measurements. A sizeable thermal hystere-
sis of ~7 K reveals the first-order feature for its phase transition. The quadratic NLO 
effects of TEAP can be switched in the vicinity of Tc, i.e., TEAP exhibits NLO-active 
response of ~1.5 times as large as that of KDP below Tc (NLO-on state); however, its 
NLO effects completely disappear above Tc (NLO-off state). The structure analyses 
reveal that the order–disorder transformations of triethylammonium cations and 
picrate anions together contribute to its both switchable NLO behavior and phase-
transition. This work provides a new direction to the designing and assembling 
of stimuli-responsive materials. Efficient NLO properties of topological switches 
can be obtained from the push-pull chromophores with π-conjugated spacer and 
strong electron-withdrawing and releasing groups located on opposite sides of the 
skeleton ring. Sucarrat et al. [55] achieved this, as they generated unique Huckel-
to-Mobius topology switches, with the macrocyclic ring of expanded porphyrins, 
which presents a conformational versatility that leads to original structural motifs. 
These systems could act as optoelectronic materials, and their range of applicability 
depends on the values of the nonlinear optical properties as well as the on substan-
tial differences between the Huckel and Mobius structures.

Ting et al. [56] studied spirooxazine molecular switches, a photochromic 
material, which transform into open-form of metallic merocyanine by molecular 
switching and giving rise to significant contrasts in its second-order NLO properties 
as selective cation sensors. The resulting merocyanine derivatives exhibit 10–21 fold 
higher static second-order NLO responses. The large first hyperpolarizability relies 
on the alkaline earth metals present, causing values to increase nearly 21 fold, as 
evidenced by the larger charge distribution, lower transition energy, and separation 
distribution of the first hyperpolarizability. Therefore, spiropyran-to-merocyanine 
molecular switching could be employed to distinguish alkaline earth metals and 
determine the efficiency of cation detection.

4.3 Optical switches based on supramolecular systems

Chemically, photochemically and electrochemically controllable conforma-
tional motion of interlocked molecules such as catenanes, rotaxanes (as shown in 
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Figure 7), and pseudorotaxanes have been extensively investigated and reviewed 
[58]. The stimuli induced molecular motions in these systems may undoubtedly 
play a key role in the development of optoelectronic devices.

The nonlinear optical properties of phthalocyanines (Pcs) depend not only on 
the chemical structure of component monomers but also on their packing arrange-
ment, which provides the possibility to incorporate switchability into the third NLO 
behavior of such materials at supramolecular level. Based on this, Hui et al. [59] 
rationally designed three series supramolecular third-order NLO photochromic 
moiety (switching materials) containing Pcs. By utilizing the photoinduced changes 
in the geometry and electronic delocalization distributions of photochromic 
moieties under the alternative illumination of suitable UV and visible light, the 
self-assemblies of Pcs were successfully photo-controlled in an efficient manner. 
Besides, they also showed large molecular second hyperpolarizabilities at the order 
of 10−30 esu both in “on” and “off” states. The results suggest that these materials 
would be of potential in emerging optoelectronics and photonic technologies.

Important features of the rotaxane system derived from noncovalent interac-
tions between a component that contains complementary recognition sites. Such 
interactions, which are also responsible for the efficient template-directed synthesis 
of rotaxanes, include electron donor-acceptor ability, hydrogen bonding, hydropho-
bic–hydrophilic character, π-π stacking, electrostatic forces, metal-ligand bonding. 
Rotaxanes have, therefore, both molecular and supramolecular character: molecular 
because the components are held together mechanically and can be unlinked only 
by breaking strong covalent bonds; supramolecular because of the presence of weak 
noncovalent interactions [60].

Similarly, solid-solid-state reversible phase transitions are widely used in the 
switchable dielectric, ferroelectric, piezoelectrical, and pyroelectrical and NLO 
materials. For instance, Yi [61] reported a new crown ether clathrate, [Habf-(18-
crown-6)1.5]+ [PF6]− (Habf = p-ammonium benzene formamide) synthesis scheme 
as shown in Figure 8, which showed an interesting reversible phase transition and 

Figure 7. 
Interlocked molecules: (a) Catenanes and (b) Rotaxanes (Adopted from [57]; American Chemical Society, 2001).
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switchable dielectric behaviors near room temperature (263 K) which was trig-
gered by rotation and order–disorder motions of crowns. The synergetic rotation 
motion between the 18-crown-6 crown ethers and the order–disorder motions of 
both hexafluorophosphate guest anions and 18-crown-6 crown ether host molecules 
was analyzed by X-ray single-crystal diffraction. The apparent step-like dielectric 
change around the phase transition indicates that it has potential applications in 
dielectric switches.

Khan et al. [62] synthesized a novel molecular phase transition material, 
1-methylpiperidinium perchlorate [18-crown-6] monohydrate, which exhibited 
reversible switchable dielectric anomalies near room temperature (260 K). The 
phase transition is from noncentrosymmetric to noncentrosymmetric, exhibiting 
a second harmonic generation response of ~0.8 times high than that of potassium 
dihydrogen phosphate. The temperature-dependent single-crystal X-ray diffraction 
reveals that the origin of its phase transition was attributed to the order-disorder 
transformation of perchlorate anion, the Me group of cation and the torsional 
angular change in the crown molecule; i.e., all three components contribute to the 
appearance of this phase change. The results of the work suggest that the synthe-
sized compound could be conceived as a potential switchable dielectric and NLO 
material. Work also provided a practical approach to design novel NLO switch 
materials.

4.4 Optical switches based on graphene/carbon materials

The optoelectronic properties of graphene attracted much interest in recent 
years. Shiramin and Van [63] reported a comprehensive study, investigating the dif-
ferent design trade-offs involved in realizing, in particular, graphene-based modu-
lators and switches. This involved the comparative study of representative hybrid 
graphene-waveguide configurations, focusing on optimizing their dimensions, the 
gate-oxide thickness, the polarization, the operating wavelength, and contact defi-
nition. Minmin et al. [64] fabricated MoS2/graphene nanocomposite films with high 
optical homogeneity and large scale. Using a Z-scan technique with a femto-second 
laser at 800 nm, the saturable absorption of MoS2/graphene nanocomposite films 
was enhanced as compared to pristine MoS2 film and graphene film. The nonlinear 
absorption coefficient of MoS2/graphene nanocomposite film measured at the same 
condition was close to −1217.8 cm/GW, and this is higher than those of MoS2 film 
(−136.1 cm/GW) and graphene film (−961.6 cm/GW) [45].

In the same line, Amos et al. [65] reviewed on the optical properties of car-
bon nanotube (CNT) and their most relevant applications, including saturable 
absorption for the passive mode-locking of fiber lasers and optical switching for 
wavelength conversion. Several demonstrations of integrated graphene-based 
modulators, switches, detectors, and nonlinear devices have been reported [63].

Figure 8. 
The preparation of [Habf-(18-crown-6)1.5]+ [PF6]− (Habf = p-ammonium benzene formamide) (Adopted 
from [61]; Royal Society of Chemistry, 2013).
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4.5 Optical switches based on nanoparticles

Recent studies have shown an NLO response in inorganic nanocomposite materials 
with enhanced SHG coefficient. Some studies have reported the preparation and NLO 
properties of inorganic nanocomposite materials with noble metals [66]. Herein, Sun 
et al. [67] reviewed on recent theoretical progress in understanding the nonlinear 
optical response of noble metal nanocomposite materials with an enhanced third-
order nonlinear susceptibility application on optical switchers and optical limiters. 
The enhanced third-order nonlinear susceptibility results from the surface plasmon 
resonance of noble metal nanoparticles, which strongly depends on irradiation light 
wavelength, concentration, and surrounding medium of noble metal particles. 
Furthermore, their applications as optical switchers with ultrashort time response and 
optical limiters of intense laser radiation were also reviewed and discussed.

Jagannath et al. [68] fabricated gold nanoparticles (NPs) embedded in sodium 
antimony borate glass system, and their optical, physical, structural, and ultrafast 
nonlinear optical properties were studied and analyzed. UV–visible spectroscopy 
measurements revealed the characteristic surface plasmon resonance of Au NPs at 
565 nm and attributed to interband transition. The ultrafast NLO properties of gold 
doped glasses were studied by the Z-scan technique at a non-resonant wavelength 
(λ = 800 nm, 80 MHz repetition rate) with femtosecond Ti: sapphire laser pulses. 
The Z-scan data demonstrated that the investigated glasses are potential materials 
for the applications in NLO devices, particularly in optical switching devices.

5. Device fabrication of optical switches

The molecular switch is a multifunctional device, which identifies in telecom-
munication networks to even human body muscles as a modern optical device. 
In this context, light is a critical element of optical switches, which influences 
the switching mechanism to bring on/off state [69]. Fabrication of such optical 
switches mainly depends on the functions of the optical switch, internal architec-
ture, and substrate materials. Most of the optical switches are based on the silicon 
platform; in some cases, SiGe is also used. The deposition of the material on the 
substrate is broadly classified into two classes, viz., physical vapor deposition and 
chemical vapor deposition. To reduce the errors in device fabrication, generally, the 
chemical vapor deposition technique preferred.

Light guided through couplers by varying the coupling ratio comes under the 
section of electro-optic switches. In telecommunication networks, they operate 
between the wavelengths 850 and 1550 nm, and the widely used materials are based 
on LiNbO, III-V group conductors, GaAs or InP, polymers, silicon. However, these 
switches always suffer from fabrication errors [70–78]. Qiao et al. [70] developed 
optical switches with a complementary metal-oxide-semiconductor (CMOS) and 
microfabrication techniques having low power consumption, high-speed cross talk, 
high insertion loss, nanosecond response speed and with excellent long-term stabil-
ity which implies to be suitable for lightwave circuit applications. Abel et al. [79] 
designed and developed the high speed ultrafast low power consumption optical 
switch with CMOS combined monolithic integrated fabrication technique.

Wavelength multiplexing divisions-based operation in optical switches is prefer-
ably carried out with a variation of the refractive index of the material by thermo-
optic coefficient. The phase changing materials are generally preferred in the 
thermo-optic switches as they have thermo optic effect. These switches are classi-
fied into interferometric and digital optical switches [78]. Thermo optical switches 
are relatively slow, and the biggest problem is in tuning the material properties 
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lators and switches. This involved the comparative study of representative hybrid 
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optical homogeneity and large scale. Using a Z-scan technique with a femto-second 
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The preparation of [Habf-(18-crown-6)1.5]+ [PF6]− (Habf = p-ammonium benzene formamide) (Adopted 
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Figure 9. 
Simple process for fabricating a micro-cantilever using surface micromachining technique (Reused from [82]).

with the limiting switch speed and thermo isolation problem [80–84]. Zequin et al. 
[81] designed with low energy consumption Mach Zehnder Interferometer (MZI) 
based switch with improved compatibility for configurable and high-bandwidth 
wavelength division multiplexing application. The fabrication techniques used were 
CMOS and Silicon-on-Insulator (SOI), which are proved to be the best. Thermo 
optic switches are highly applicable for MZI, as can have suitable configuration, 
operating between wavelengths 850 and 1500 nm.

A combination of optical switches based on reflecting surface-micromirror 
operation called micromechanical electro-mechanical system (MEMS) optical 
switches which have replaced various optical switches to overcome the various 
issues. These are the most dominant and promising switches in switching technol-
ogy, available in 2D, 3D configurations as they possess advantages of good potential 
in high volume and with low cost with its compactness and optical transparency. 
It is well-known that silicon is the dominant material for the fabrication process. 
Surface micromachining, which sounds similar to surface milling, whereas one can 
only subtract the material from a device, with exterior micromachining, one can 
both add and subtract material, or one can match layers of material more precisely. 
Figure 9 [82] gives a detailed schematic of the process from a plain silicon substrate 
to an entire surface assembled micromotor. The patterning is performed using a 
lithography mask, a thin film of metal wrapped within the glass with the fancy 
pattern on it (in this case, the shape of a micro-cantilever). Ultraviolet light is then 
illuminated through the holes in the mask, which suppresses some parts of the 
photoresist, allowing it to be quickly washed away. For instance, Sattari et al. [85] 
designed and experimentally demonstrated 64 × 64 silicon photonic switches with 
3.7 dB on-chip losses, 0.91 μs switching times, digital operation and broadband 
response from 1460 to 1580 nm. These are scalable when compared to previously 
reported silicon photonic switches, through its MEMS-actuated adiabatic couplers 
with high on/off ratios, with no loss in the off state. In its present embodiment, this 
switch integrated 4096 MEMS-actuated adiabatic couplers on a 7 mm × 7 mm area, 
as reported is the largest silicon photonic integrated circuit so far demonstrated. 
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MEMS optical switches are promising with low cost, lightweight, high speed, high 
resolution, and high sensitivity [6, 81]. Figure 10 shows the operation process of 
the MEMS switching [86]. Based on the various advantages, the MEMS-based 
optical switches are the dominant and promising switches in switching technol-
ogy. Primarily switches are fabricated with silicon platform and CMOS fabrication 
technique, which is compatible with other techniques. The internal architecture also 
matters in the efficiency of the performance of the device.

6.  Applications of switches and future prospectus of designing new 
molecules

This chapter addresses the molecular design strategies to engineer new SHG 
materials, which are quite advanced and well employed. It is hoped that the recently 
introduced algorithm by which the SHG-relevant D-π-A motif can be identified 
and assessed its strength, which will help to move this field towards a more rational 
approach to materials discovery of dipolar SHG chromophores. Future challenges 
depend on extending the investigated objects to supramolecular (e.g., rotaxanes) 
architectures, which involves many NLO-responsive units, in order to exploit their 
cooperative effects for enhancing the NLO responses and contrasts [87].

The discovery of more materials is essential before sufficient data are available 
for establishing the generic relationships between the structure and SHG proper-
ties. Nevertheless, the SHG materials have exciting prospects for the NLO applica-
tions that employ SHG in a more 3D fashion, in particular to optical switches. Thus, 
this chapter focused on numerous examples of discrete molecules, as reflects the 
natural progress of the field [88]. Through these representative examples, one could 
demonstrate that the rational design of molecular NLO switches, which combines 
experimental and theoretical approaches.

In order to compare the performance of memory devices, the specifications are 
yet to be determined. The literature does not fulfill these requirements. Then one 
should ask whether any structure, with the right materials, is eventually compe-
tent in achieving the expected performance. To reply this, it is essential to know 

Figure 10. 
Ideal MEMS optical switch (Reused from [86]; OSA Publishing).
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pattern on it (in this case, the shape of a micro-cantilever). Ultraviolet light is then 
illuminated through the holes in the mask, which suppresses some parts of the 
photoresist, allowing it to be quickly washed away. For instance, Sattari et al. [85] 
designed and experimentally demonstrated 64 × 64 silicon photonic switches with 
3.7 dB on-chip losses, 0.91 μs switching times, digital operation and broadband 
response from 1460 to 1580 nm. These are scalable when compared to previously 
reported silicon photonic switches, through its MEMS-actuated adiabatic couplers 
with high on/off ratios, with no loss in the off state. In its present embodiment, this 
switch integrated 4096 MEMS-actuated adiabatic couplers on a 7 mm × 7 mm area, 
as reported is the largest silicon photonic integrated circuit so far demonstrated. 
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MEMS optical switches are promising with low cost, lightweight, high speed, high 
resolution, and high sensitivity [6, 81]. Figure 10 shows the operation process of 
the MEMS switching [86]. Based on the various advantages, the MEMS-based 
optical switches are the dominant and promising switches in switching technol-
ogy. Primarily switches are fabricated with silicon platform and CMOS fabrication 
technique, which is compatible with other techniques. The internal architecture also 
matters in the efficiency of the performance of the device.

6.  Applications of switches and future prospectus of designing new 
molecules

This chapter addresses the molecular design strategies to engineer new SHG 
materials, which are quite advanced and well employed. It is hoped that the recently 
introduced algorithm by which the SHG-relevant D-π-A motif can be identified 
and assessed its strength, which will help to move this field towards a more rational 
approach to materials discovery of dipolar SHG chromophores. Future challenges 
depend on extending the investigated objects to supramolecular (e.g., rotaxanes) 
architectures, which involves many NLO-responsive units, in order to exploit their 
cooperative effects for enhancing the NLO responses and contrasts [87].

The discovery of more materials is essential before sufficient data are available 
for establishing the generic relationships between the structure and SHG proper-
ties. Nevertheless, the SHG materials have exciting prospects for the NLO applica-
tions that employ SHG in a more 3D fashion, in particular to optical switches. Thus, 
this chapter focused on numerous examples of discrete molecules, as reflects the 
natural progress of the field [88]. Through these representative examples, one could 
demonstrate that the rational design of molecular NLO switches, which combines 
experimental and theoretical approaches.

In order to compare the performance of memory devices, the specifications are 
yet to be determined. The literature does not fulfill these requirements. Then one 
should ask whether any structure, with the right materials, is eventually compe-
tent in achieving the expected performance. To reply this, it is essential to know 

Figure 10. 
Ideal MEMS optical switch (Reused from [86]; OSA Publishing).
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the mechanisms accountable for switching and conductance as the active mecha-
nisms are still the subjects of debate, complicated by the fact that the experimental 
results are not always reproducible, even within the same laboratory. Therefore, it 
is not easy to study the trade-offs between, for example, in the case of switching 
and retention times or on-state current and retention time. Endurance may vary 
in a system that involves mass transport like electrochemistry, electromigration, 
and molecular reorientation as compared to the one in which only charge trans-
ports [89].
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Chapter 10

Bright, Dark, and Kink
Solitary Waves in a
Cubic-Quintic-Septic-Nonical
Medium
Mati Youssoufa, Ousmanou Dafounansou
and Alidou Mohamadou

Abstract

In this chapter, evolution of light beams in a cubic-quintic-septic-nonical
medium is investigated. As the model equation, an extended form of the well-
known nonlinear Schrödinger (NLS) equation is taken into account. By the use of a
special ansatz, exact analytical solutions describing bright/dark and kink solitons
are constructed. The existence of the wave solutions is discussed in a parameter
regime. Moreover, the stability properties of the obtained solutions are investigated,
and by employing Stuart and DiPrima’s stability analysis method, an analytical
expression for the modulational stability is found.

Keywords: higher-order nonlinear Schrödinger equation, spatial solitons,
stability analysis method, modulational instability, optical fibers

1. Introduction

The study of spatial solitons in the field of fiber-optical communication has
attracted considerable interest in recent years. In a uniform nonlinear fiber, soliton
can propagate over relatively long distance without any considerable attenuation. The
formation of optical solitons in optical fibers results from an exact balancing between
the diffraction and/or group velocity dispersion (GVD) and the self-phase modula-
tion (SPM). The theorical prediction of a train of soliton pulses from a continuous-
wave (CW) light in optical fibers was first suggested by Hasegawa and Tappert [1, 2]
and first experimentally demonstrated by Mollenauer et al. [3] in single-mode fibers
in the case of negative GVD, in liquid CS2 by Barthelemy et al. in 1985 [4]. In
nonlinear optic, optical solitons are localized electromagnetic waves that transmit in
nonlinear Kerr or non-Kerr media with dispersion or (and) diffraction without any
change in shapes. In nonlinear media, the dynamics of spatial optical solitons is
governed by the well-known nonlinear Schrödinger (NLS) equation. Depending on
the signs of GVD, the NLS equation admits two distinct types of soliton, namely,
bright and dark solitons. The bright soliton exists in the regime of anomalous GVD,
and the dark soliton arises in the regime of normal GVD. The physics governing the
soliton differs depending on whether one considers a bright or a dark soliton and
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nonlinear Kerr or non-Kerr media with dispersion or (and) diffraction without any
change in shapes. In nonlinear media, the dynamics of spatial optical solitons is
governed by the well-known nonlinear Schrödinger (NLS) equation. Depending on
the signs of GVD, the NLS equation admits two distinct types of soliton, namely,
bright and dark solitons. The bright soliton exists in the regime of anomalous GVD,
and the dark soliton arises in the regime of normal GVD. The physics governing the
soliton differs depending on whether one considers a bright or a dark soliton and
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accordingly features distinct applications [5–8]. The unique property of optical soli-
tons, either bright or dark, is their particle-like behavior in interaction [9].

In addition to fundamental bright and dark solitons, various other forms and
shapes of solitary waves can appear in nonlinear media. Kink solitons, for example,
are an important class of solitons which may propagate in nonlinear media
exhibiting higher-order effects such as third-order dispersion, self-steepening,
higher-order nonlinearity, and intrapulse stimulated Raman scattering. In the set-
ting of nonlinear optics, a kink soliton represents a shock front that propagates
undistorted inside the dispersive nonlinear medium [10]. This type of solitons has
been studied extensively, both analytically and numerically [11–13]. These spatial
soliton solutions can maintain their overall shapes but allow their widths and
amplitudes and the pulse center to change according to the management of the
system’s parameters, such as the dispersion, nonlinearity, gain, and so on [14].

The cubic nonlinear Schrödinger equation (CNLSE) has been widely used to
model the propagation of light pulse in material’s systems involving third-order
susceptibility χ 3ð Þ, though, for moderate pulse intensity, the higher-order nonlinear-
ities are related to higher-order nonlinear susceptibilities (nonlinear responses) of a
material. For example, the cubic-quintic-nonlinear Schrödinger equation (CQNLSE)
models materials with fifth-order susceptibility χ 5ð Þ. This kind of nonlinearity (cubic-
quintic CQ) is named as parabolic law nonlinearity and existing in nonlinear media
such as the p-toluene sulfonate (PTS) crystals. The parabolic law can closely describe
the nonlinear interaction between the high-frequency Langmuir waves and the ion
acoustic waves by ponderomotive forces [15, 16], in a region of reduced plasma
density, and the nonlinear interaction between Langmuir waves and electrons. In
addition, CQ was experimentally proposed as an empirical description of special
semiconductor (e.g., AlGaAs, CdS, etc.) waveguides and semiconductor-doped
glasses, particularly for the CdSxSe1�x-doped glass, which exhibit a significant fifth-
order susceptibilities χ 5ð Þ as experimentally reported earlier [17, 18]. Moreover, using
high laser intensity, the saturation of nonlinearity has been established experimen-
tally in many materials such as nonlinear organic polymers, semiconductor-doped
glasses, and so on, which have the property that their absorption coefficient decreases
[19]. More generally, a self-defocusing χ 5ð Þ usually accounts for the saturation of χ 3ð Þ.

In recent years, many influential works have devoted to construct exact analyt-
ical solutions of CQNLSE, such as the pioneering work of Serkin et al. [20]. In
particular, Dai et al. [21–25] obtained exact self-similar solutions (similaritons),
their nonlinear tunneling effects of the generalized CQNLSE, and their higher-
dimensional forms with spatially inhomogeneous group velocity dispersion, cubic-
quintic nonlinearity, and amplification or attenuation.

Since the measurement of third-, fifth-, and seventh-order nonlinearities of silver
nanoplatelet colloids using a femtosecond laser [26], an extension of nonlinear
Schrödinger equation including the cubic-quintic-septic nonlinearity was used to
model the propagation of spatial solitons. In [27], for example, the authors performed
numerical calculations based on higher-order nonlinearity parameters including
seventh-order susceptibility χ 7ð Þ (a chalcogenide glass is an example). This seeds
several motivations to discover new features of solitons with combined effects of
higher-order nonlinear parameters. In this regard, Houria et al. [28] constructed dark
spatial solitary waves in a cubic-quintic-septic-nonlinear medium, with a profile in a
functional form given in terms of “sech2=3”. They have also investigated chirped
solitary pulses for a derivative nonical-NLS equation on a CW background [29]. It is
obvious to notice that the contributions of the higher-order nonlinearities can give
way to generate stable solitons in homogeneous isotropic media and influence many
aspects of filamentation in gases and condensed matters [30–33].
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Recently, the study of modulational instability (MI) in non-Kerr media has
receiving particular attention. MI is a fundamental and ubiquitous process that
appears in most nonlinear systems [6, 9, 34–37]. This instability is referred to as
modulation instability because it leads to a spontaneous temporal modulation of the
CW beam and transforms it into a pulse train. During this process, small perturba-
tions upon a uniform intensity beam grow exponentially due to the interplay
between nonlinearity and dispersion or diffraction. As a result, under specific
conditions, a CW light often breaks up into trains of ultrashort solitons like pulses
[9]. To date, there has not been any report of MI in the cubic-quintic-septic-
nonical-nonlinear Schrödinger equation (CQSNNLSE).

Our study will be focused on the analysis of solitary wave’s solutions of systems
described by the higher-order NLSE named CQSNNLSE. We will discuss the model
with higher-order nonlinearities and explore the dynamics of bright, dark, and kink
soliton solutions. Finally, the linear stability analysis of the MI is formulated, and
the analytical expression of the gain of MI is obtained. Moreover, the typical
outcomes of the nonlinear development of the MI are reported.

2. Model equation

The dynamics of (1 + 1)-dimensional (one spatial and one temporal variables)
spatial optical solitons is the well-known nonlinear Schrödinger equation. If we
consider the higher-order effects, an extended model is required, and the propaga-
tion of optical pulses through the highly nonlinear waveguides can be described by
the CQSNNLSE:

Ez ¼ iα1Ett þ iα2|E|2Eþ iα3|E|4Eþ iα4|E|6Eþ iα5|E|8E, (1)

where E z, tð Þ is the slowly varying envelope of the electric field, the subscripts z
and t are the spatial and temporal partial derivatives in the frame moving with the
pulsed solutions, α1 is the parameter of diffraction or dispersion, and α2, α3, α4, and α5
are the cubic, quintic, septic, and nonical nonlinear terms, respectively. This model is
relevant to some applications in which higher-order nonlinearities are important.

For example, Eq. (1) with α1 ¼ 1
2, α4 ¼ 1, and α5 ¼ 0 was used to study numer-

ically the stability conditions of one-dimensional spatial solitons [38]. Recently,
Eq. (1) with α5 ¼ 0 was analyzed for systems that are valid for several types of
septic nonlinear materials [28]. Here, we consider arbitrary parameters
α j j ¼ 1, 2, 3, 4, 5ð Þ for the sake of a general analysis that is valid for several types of
nonical media.

To obtain the exact analytic optical solitary-wave solutions of Eq. (1), we can
employ the following transformation:

E z, tð Þ ¼ θ t þ βzð Þei kz�ωtð Þ ¼ θ ζð Þei kz�ωtð Þ: (2)

Here, θ ζð Þ is a real function and β is a real constant to be determined.
Upon substituting Eq. (2) into Eq. (1) and separating the real and imaginary

parts, one obtains

β ¼ 2α1ω, (3)

θζζ ¼ kþ α1ω2

α1
θ� α2

α1
θ3 � α3

α1
θ5 � α4

α1
θ7 � α5

α1
θ9, (4)
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accordingly features distinct applications [5–8]. The unique property of optical soli-
tons, either bright or dark, is their particle-like behavior in interaction [9].

In addition to fundamental bright and dark solitons, various other forms and
shapes of solitary waves can appear in nonlinear media. Kink solitons, for example,
are an important class of solitons which may propagate in nonlinear media
exhibiting higher-order effects such as third-order dispersion, self-steepening,
higher-order nonlinearity, and intrapulse stimulated Raman scattering. In the set-
ting of nonlinear optics, a kink soliton represents a shock front that propagates
undistorted inside the dispersive nonlinear medium [10]. This type of solitons has
been studied extensively, both analytically and numerically [11–13]. These spatial
soliton solutions can maintain their overall shapes but allow their widths and
amplitudes and the pulse center to change according to the management of the
system’s parameters, such as the dispersion, nonlinearity, gain, and so on [14].

The cubic nonlinear Schrödinger equation (CNLSE) has been widely used to
model the propagation of light pulse in material’s systems involving third-order
susceptibility χ 3ð Þ, though, for moderate pulse intensity, the higher-order nonlinear-
ities are related to higher-order nonlinear susceptibilities (nonlinear responses) of a
material. For example, the cubic-quintic-nonlinear Schrödinger equation (CQNLSE)
models materials with fifth-order susceptibility χ 5ð Þ. This kind of nonlinearity (cubic-
quintic CQ) is named as parabolic law nonlinearity and existing in nonlinear media
such as the p-toluene sulfonate (PTS) crystals. The parabolic law can closely describe
the nonlinear interaction between the high-frequency Langmuir waves and the ion
acoustic waves by ponderomotive forces [15, 16], in a region of reduced plasma
density, and the nonlinear interaction between Langmuir waves and electrons. In
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semiconductor (e.g., AlGaAs, CdS, etc.) waveguides and semiconductor-doped
glasses, particularly for the CdSxSe1�x-doped glass, which exhibit a significant fifth-
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high laser intensity, the saturation of nonlinearity has been established experimen-
tally in many materials such as nonlinear organic polymers, semiconductor-doped
glasses, and so on, which have the property that their absorption coefficient decreases
[19]. More generally, a self-defocusing χ 5ð Þ usually accounts for the saturation of χ 3ð Þ.

In recent years, many influential works have devoted to construct exact analyt-
ical solutions of CQNLSE, such as the pioneering work of Serkin et al. [20]. In
particular, Dai et al. [21–25] obtained exact self-similar solutions (similaritons),
their nonlinear tunneling effects of the generalized CQNLSE, and their higher-
dimensional forms with spatially inhomogeneous group velocity dispersion, cubic-
quintic nonlinearity, and amplification or attenuation.

Since the measurement of third-, fifth-, and seventh-order nonlinearities of silver
nanoplatelet colloids using a femtosecond laser [26], an extension of nonlinear
Schrödinger equation including the cubic-quintic-septic nonlinearity was used to
model the propagation of spatial solitons. In [27], for example, the authors performed
numerical calculations based on higher-order nonlinearity parameters including
seventh-order susceptibility χ 7ð Þ (a chalcogenide glass is an example). This seeds
several motivations to discover new features of solitons with combined effects of
higher-order nonlinear parameters. In this regard, Houria et al. [28] constructed dark
spatial solitary waves in a cubic-quintic-septic-nonlinear medium, with a profile in a
functional form given in terms of “sech2=3”. They have also investigated chirped
solitary pulses for a derivative nonical-NLS equation on a CW background [29]. It is
obvious to notice that the contributions of the higher-order nonlinearities can give
way to generate stable solitons in homogeneous isotropic media and influence many
aspects of filamentation in gases and condensed matters [30–33].
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Recently, the study of modulational instability (MI) in non-Kerr media has
receiving particular attention. MI is a fundamental and ubiquitous process that
appears in most nonlinear systems [6, 9, 34–37]. This instability is referred to as
modulation instability because it leads to a spontaneous temporal modulation of the
CW beam and transforms it into a pulse train. During this process, small perturba-
tions upon a uniform intensity beam grow exponentially due to the interplay
between nonlinearity and dispersion or diffraction. As a result, under specific
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nonical-nonlinear Schrödinger equation (CQSNNLSE).
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with higher-order nonlinearities and explore the dynamics of bright, dark, and kink
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outcomes of the nonlinear development of the MI are reported.

2. Model equation

The dynamics of (1 + 1)-dimensional (one spatial and one temporal variables)
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pulsed solutions, α1 is the parameter of diffraction or dispersion, and α2, α3, α4, and α5
are the cubic, quintic, septic, and nonical nonlinear terms, respectively. This model is
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For example, Eq. (1) with α1 ¼ 1
2, α4 ¼ 1, and α5 ¼ 0 was used to study numer-
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Eq. (1) with α5 ¼ 0 was analyzed for systems that are valid for several types of
septic nonlinear materials [28]. Here, we consider arbitrary parameters
α j j ¼ 1, 2, 3, 4, 5ð Þ for the sake of a general analysis that is valid for several types of
nonical media.

To obtain the exact analytic optical solitary-wave solutions of Eq. (1), we can
employ the following transformation:

E z, tð Þ ¼ θ t þ βzð Þei kz�ωtð Þ ¼ θ ζð Þei kz�ωtð Þ: (2)

Here, θ ζð Þ is a real function and β is a real constant to be determined.
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parts, one obtains
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α1
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Eq. (4) represents the evolution of an anharmonic oscillator with an effective
potential energy V [28] defined by

V θð Þ ¼ � kþ α1ω2

2α1
θ2 þ α2

4α1
θ4 þ α3

6α1
θ6 þ α4

8α1
θ8 þ α5

10α1
θ10: (5)

Integrating Eq. (4) yields

θζ
� �2 ¼ a1θ2 � a2θ4 � a3θ6 � a4θ8 � a5θ10 þ 2ξ, (6)

where

a1 ¼ kþ α1ω2

2α1
, an ¼ αn

nα1
n ¼ 2, 3,4, 5ð Þ, (7)

and ξ is the constant of integration, which can represent the energy of the
anharmonic oscillator [39].

In order to get the exact soliton solutions, we first rewrite Eq. (6) in a simplified
form by using transformation:

θ ζð Þ ¼ u1=2 ζð Þ: (8)

By substituting Eq. (8) into Eq. (6), we obtain a new auxiliary equation
possessing a sixth-degree nonlinear term:

1
4

uζ
� �2 ¼ a1u2 � a2u3 � a3u4 � a4u5 � a5u6 þ 2ξ: (9)

To solve Eq. (9), we will employ three types of localized solutions named bright,
dark, and kink solitons. In the following, we solve Eq. (9) by using appropriate
ansatz and obtain alternative types of solitary-wave solutions on a CW background
and investigate parameter domains in which these optical spatial solitary waves
exist.

3. Exact solitary-wave solutions

In this section, we find bright-, dark-, and kink-solitary-wave localized solutions
of Eq. (9), by using a special ansatz:

3.1 Bright solitary-wave solutions

The bright solitary solutions of Eq. (9) have the form:

ub ζð Þ ¼ Abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNb cosh αbζð Þp , (10)

where Ab, Nb, and αb are real constants which represent wave parameters
(Ab and αb related to the amplitude and pulse width of the bright wave profiles,
respectively) to be determined by the physical coefficients of the model.

Substituting the ansatz Eq. (10) into Eq. (9), we obtain the unknown parameters
Ab, Nb, αb, and energy ξ:
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Ab ¼
ffiffiffiffiffiffiffi
2a1
a3

r

αb ¼ ffiffiffiffiffi
a14

p

Nb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a32 þ 4a1a5

a32

s

ξ ¼ a1a2
2a3

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

, (11)

with parametric conditions

a2a3 þ 4a1a4 ¼ 0,a1 >0, a3 >0, a32 þ 4a1a5 >0: (12)

Thus, the exact bright solitary-wave solutions on a CW background of Eq. (1)
are of the form:

Eb z, tð Þ ¼
2a1
a3

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a32þ4a1a5

a32

q
cosh

ffiffiffiffiffi
a14

p
t þ 2α1ωzð Þ� �

8><
>:

9>=
>;

1
4

� ei kz�ωtð Þ: (13)

3.2 Dark solitary-wave solutions

The dark solitary solutions of Eq. (9) take the form [40]:

ud ζð Þ ¼ Ad sinh αdζð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNd sinh

2 αdζð Þ
q : (14)

Here Nd is a real constant supposed to be positive. Real parameters Ad and αd
are related to the amplitude and pulse width of the dark wave profiles, respectively.

By substituting the ansatz Eq. (14) into Eq. (9), we get the unknown parameters
Ad, αd, and energy ξ:

Ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a1Nd

a3

r

αd ¼ ffiffiffiffiffi
a12

p

ξ ¼ a1
2a3

8>>>>>><
>>>>>>:

, (15)

subject to the parametric conditions

2 a2a3 þ 2a1a4ð Þ � a3 ¼ 0, a1 >0, a3 >0,a32 þ 4a1a5 >0: (16)

The exact dark solitary-wave solutions on a CW background of Eq. (1) are of the
form:

Ed z, tð Þ ¼ 2a1Nd

a3

sinh 2 ffiffiffiffiffi
a12

p
t þ βzð Þ� �

1þNd sinh
2 ffiffiffiffiffi

a12
p

t þ 2α1ωzð Þ� �
( )1

4

� ei kz�ωtð Þ: (17)
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Eq. (4) represents the evolution of an anharmonic oscillator with an effective
potential energy V [28] defined by
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and ξ is the constant of integration, which can represent the energy of the
anharmonic oscillator [39].

In order to get the exact soliton solutions, we first rewrite Eq. (6) in a simplified
form by using transformation:

θ ζð Þ ¼ u1=2 ζð Þ: (8)

By substituting Eq. (8) into Eq. (6), we obtain a new auxiliary equation
possessing a sixth-degree nonlinear term:

1
4

uζ
� �2 ¼ a1u2 � a2u3 � a3u4 � a4u5 � a5u6 þ 2ξ: (9)

To solve Eq. (9), we will employ three types of localized solutions named bright,
dark, and kink solitons. In the following, we solve Eq. (9) by using appropriate
ansatz and obtain alternative types of solitary-wave solutions on a CW background
and investigate parameter domains in which these optical spatial solitary waves
exist.

3. Exact solitary-wave solutions

In this section, we find bright-, dark-, and kink-solitary-wave localized solutions
of Eq. (9), by using a special ansatz:

3.1 Bright solitary-wave solutions

The bright solitary solutions of Eq. (9) have the form:

ub ζð Þ ¼ Abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNb cosh αbζð Þp , (10)

where Ab, Nb, and αb are real constants which represent wave parameters
(Ab and αb related to the amplitude and pulse width of the bright wave profiles,
respectively) to be determined by the physical coefficients of the model.

Substituting the ansatz Eq. (10) into Eq. (9), we obtain the unknown parameters
Ab, Nb, αb, and energy ξ:
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>>>>>>>>>>>>>>:

, (11)

with parametric conditions

a2a3 þ 4a1a4 ¼ 0,a1 >0, a3 >0, a32 þ 4a1a5 >0: (12)

Thus, the exact bright solitary-wave solutions on a CW background of Eq. (1)
are of the form:

Eb z, tð Þ ¼
2a1
a3

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a32þ4a1a5

a32

q
cosh

ffiffiffiffiffi
a14

p
t þ 2α1ωzð Þ� �

8><
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9>=
>;

1
4

� ei kz�ωtð Þ: (13)

3.2 Dark solitary-wave solutions

The dark solitary solutions of Eq. (9) take the form [40]:

ud ζð Þ ¼ Ad sinh αdζð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNd sinh

2 αdζð Þ
q : (14)

Here Nd is a real constant supposed to be positive. Real parameters Ad and αd
are related to the amplitude and pulse width of the dark wave profiles, respectively.

By substituting the ansatz Eq. (14) into Eq. (9), we get the unknown parameters
Ad, αd, and energy ξ:

Ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a1Nd

a3

r

αd ¼ ffiffiffiffiffi
a12

p

ξ ¼ a1
2a3

8>>>>>><
>>>>>>:

, (15)

subject to the parametric conditions

2 a2a3 þ 2a1a4ð Þ � a3 ¼ 0, a1 >0, a3 >0,a32 þ 4a1a5 >0: (16)

The exact dark solitary-wave solutions on a CW background of Eq. (1) are of the
form:

Ed z, tð Þ ¼ 2a1Nd

a3

sinh 2 ffiffiffiffiffi
a12

p
t þ βzð Þ� �

1þNd sinh
2 ffiffiffiffiffi

a12
p

t þ 2α1ωzð Þ� �
( )1

4

� ei kz�ωtð Þ: (17)
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3.3 Kink solitary-wave solutions

The kink solitary solutions of Eq. (9) are in the following form:

uk ζð Þ ¼ Ak
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tanh αkζð Þ

p
, (18)

where Ak and αk are real parameters related to the amplitude and pulse width of
the kink wave profiles, respectively.

Substituting Eq. (18) into Eq. (9), we get

Ak ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
� a3
4a5

r

αk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
� a32

4a5

s

ξ ¼ � a22

4a4

8>>>>>>>><
>>>>>>>>:

, (19)

under the parametric conditions

2a2a5 � a3a4 ¼ 0,a32 þ 4a1a5 ¼ 0,a3 >0, a5 <0: (20)

Thus, the exact bright solitary-wave solutions on a CW background of Eq. (1)
are of the form:

Ek z, tð Þ ¼ � a3
4a5

1þ tanh

ffiffiffiffiffiffiffiffiffiffiffiffi
� a32

4a5

s
t þ 2α1ωzð Þ

 !" #( )1
4

� ei kz�ωtð Þ: (21)

The previous three exact solitary-wave solutions (13), (17), and (21) exist for the
governing nonical-NLS model due to a balance among diffraction (or dispersion)
and competing cubic-quintic-septic-nonical nonlinearities. For better insight,
we plot in Figure 1 the intensity profile on top of the related first two exact
solution solitons named bright and dark, corresponding to the CQNLS models

Figure 1.
Intensity |Ej(z, t)|

2 distribution of the (a) bright and (b) dark solitons given by Eqs. (14) and (17),
respectively, with the parameter values corresponding to CQNLS models as α1 ¼ 0:5, α2 ¼ 0, α3 ¼ 1, α4 ¼ 0,
α5 ¼ 0, k ¼ 1, and ω ¼ 1.
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(with α4 ¼ 0,α5 ¼ 0) that is available in the current literature. As we can see from
Eq. (21), the kink solitons exist only if a5 6¼ 0, consequently α5 6¼ 0; thus, we cannot
plot the corresponding CQNLS kink solution.

4. Modulational instability of the CW background

One of the essential aspects of solitary waves is their stability on propagation, in
particular their ability to propagate in a perturbed environment over an appreciable
distance [41]. Unlike the conventional pulses of different forms, the solitons are
relatively stable, even in an environment subjected to external perturbations.

The previous three exact solitary-wave solutions given by the expressions (13),
(17), and (21) are sitting on a CW background, which may be subject to MI. If this
phenomenon occurs, then the CW background will be quickly destroyed, which
will inevitably cause the destruction of the soliton. It is therefore of paramount
importance to verify whether the condition of the existence of the soliton can be
compatible with the condition of the stability of the CW background. Since MI
properties can be used to understand the different excitation patterns on a CW in
nonlinear systems, in this section, we perform the standard linear stability analysis
[9, 34] on a generic CW:

E0 z, tð Þ ¼
ffiffiffiffiffiffi
P0

p
eiϕnl , (22)

in the system modeled by Eq. (1), where ϕnl ¼ P0 α2 þ α3P0 þ α4P0
2 þ α5P0

3� �
z

is the nonlinear phase shift induced by self-phase modulation and non-Kerr quintic-
septic-nonical nonlinear terms, P0 being the initial power inside a medium
exhibiting optical nonlinearities up to the ninth order. A perturbed nonlinear back-
ground plane-wave field for the CQSNNLSE (Eq. (1)) can be written as

E z, tð Þ ¼
ffiffiffiffiffiffi
P0

p
þ a z, tð Þ

h i
eiϕnl , (23)

where a z, tð Þ is a small perturbation field which is given by collecting the Fourier
modes as

a z, tð Þ ¼ aþei Kz�Ωtð Þ þ a�e�i Kz�Ωtð Þ, (24)

aþ and a� are much less than the background amplitude P0, and Ω represents
the perturbed frequency. Here, the complex field |a z, tð Þ|≪P0. Thus, if the
perturbed field grows exponentially, the steady state (CW) becomes unstable.
Inserting the expression of a perturbed nonlinear background Eq. (23) into Eq. (1),
with respect to Eq. (24), we obtain after linearization the following dispersion
relation:

K ¼ |α1||Ω|
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 � sgn α1ð ÞΩc

2
q

, (25)

where Ωc ¼ 1ffiffiffiffiffi
⎸α1⎸

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2α2P0 þ 4α3P0

2 þ 6α4P0
3 þ 8α5P0

4
p

and sgn α1ð Þ ¼ �1

depending on the sign of α1 sgn α1ð Þ ¼ þ1, for α1 >0, and sgn α1ð Þ ¼ �1, for α1 <0½ �.
The dispersion relation (25) shows that the steady-state stability depends critically
on whether the light experiences normal or anomalous GVD inside the fiber. In the
case of normal GVD (α1 <0), the wave number K is real for all Ω, and the steady
state is stable against small perturbations. By contrast, in the case of anomalous
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3.3 Kink solitary-wave solutions
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under the parametric conditions
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Thus, the exact bright solitary-wave solutions on a CW background of Eq. (1)
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4a5
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 !" #( )1
4
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(with α4 ¼ 0,α5 ¼ 0) that is available in the current literature. As we can see from
Eq. (21), the kink solitons exist only if a5 6¼ 0, consequently α5 6¼ 0; thus, we cannot
plot the corresponding CQNLS kink solution.

4. Modulational instability of the CW background

One of the essential aspects of solitary waves is their stability on propagation, in
particular their ability to propagate in a perturbed environment over an appreciable
distance [41]. Unlike the conventional pulses of different forms, the solitons are
relatively stable, even in an environment subjected to external perturbations.

The previous three exact solitary-wave solutions given by the expressions (13),
(17), and (21) are sitting on a CW background, which may be subject to MI. If this
phenomenon occurs, then the CW background will be quickly destroyed, which
will inevitably cause the destruction of the soliton. It is therefore of paramount
importance to verify whether the condition of the existence of the soliton can be
compatible with the condition of the stability of the CW background. Since MI
properties can be used to understand the different excitation patterns on a CW in
nonlinear systems, in this section, we perform the standard linear stability analysis
[9, 34] on a generic CW:

E0 z, tð Þ ¼
ffiffiffiffiffiffi
P0

p
eiϕnl , (22)

in the system modeled by Eq. (1), where ϕnl ¼ P0 α2 þ α3P0 þ α4P0
2 þ α5P0

3� �
z

is the nonlinear phase shift induced by self-phase modulation and non-Kerr quintic-
septic-nonical nonlinear terms, P0 being the initial power inside a medium
exhibiting optical nonlinearities up to the ninth order. A perturbed nonlinear back-
ground plane-wave field for the CQSNNLSE (Eq. (1)) can be written as

E z, tð Þ ¼
ffiffiffiffiffiffi
P0

p
þ a z, tð Þ

h i
eiϕnl , (23)

where a z, tð Þ is a small perturbation field which is given by collecting the Fourier
modes as

a z, tð Þ ¼ aþei Kz�Ωtð Þ þ a�e�i Kz�Ωtð Þ, (24)

aþ and a� are much less than the background amplitude P0, and Ω represents
the perturbed frequency. Here, the complex field |a z, tð Þ|≪P0. Thus, if the
perturbed field grows exponentially, the steady state (CW) becomes unstable.
Inserting the expression of a perturbed nonlinear background Eq. (23) into Eq. (1),
with respect to Eq. (24), we obtain after linearization the following dispersion
relation:

K ¼ |α1||Ω|
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 � sgn α1ð ÞΩc

2
q

, (25)

where Ωc ¼ 1ffiffiffiffiffi
⎸α1⎸

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2α2P0 þ 4α3P0

2 þ 6α4P0
3 þ 8α5P0

4
p

and sgn α1ð Þ ¼ �1

depending on the sign of α1 sgn α1ð Þ ¼ þ1, for α1 >0, and sgn α1ð Þ ¼ �1, for α1 <0½ �.
The dispersion relation (25) shows that the steady-state stability depends critically
on whether the light experiences normal or anomalous GVD inside the fiber. In the
case of normal GVD (α1 <0), the wave number K is real for all Ω, and the steady
state is stable against small perturbations. By contrast, in the case of anomalous
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GVD (α1 >0), K becomes imaginary for ⎸Ω⎸<Ωc, and the perturbation a z, tð Þ grows
exponentially with z. As a result, the CW solution E0 is inherently unstable for
α1 >0. This instability is referred to as modulation instability because it leads to a
spontaneous temporal modulation of the CW beam and transforms it into a pulse
train. Similar instabilities occur in many other nonlinear systems and are often
called self-pulsing instabilities [9, 42–45]. Then, by setting sgn α1ð Þ ¼ 1, one can
obtain the MI gain G ¼ 2⎸Im Kð Þ, where the factor 2 convert G to power gain. The
gain exists only if for |Ω|<Ωc and is given by

G Ωð Þ ¼ 2|α1Ω|
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωc

2 �Ω2
q

: (26)

The gain attains its peak values when the modulated frequency reaches its
optimum value, i.e., its optimum modulation frequency (OMF). The OMF
corresponding to the gain spectrum (26) is given by

Ωop ¼ � Ωcffiffiffi
2

p , (27)

and the peak value given by

Gop ¼ G Ωop
� � ¼ |α1Ωc

2|: (28)

In Figure 2, we have shown the variation of OMF, computed from Eq. (27) as a
function of the GVD parameter (α1). The parameter values we have used are given
as [34]

P0 ¼ 15W,α2 ¼ 2736W�1=km,α3 ¼ 2:63W�2=km,

α4 ¼ �9:12� 10�4W�3=km,α5 ¼ 0:5W�4=km:
(29)

Figure 2.
Variation of optimum modulation frequency Ωop as a function of second-order dispersion α1.
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We can observe that the OMF increases (respectively decreases) with the
increasing α1 <0 (respectively with the increasing α1 >0).

Figure 3 shows the variation of MI gain as a function of the nonic nonlinearity α5.
The MI gain increases with the decreasing nonic nonlinearity. In Figure 4, as the
input power increases, the maximum gain also increases.

Figure 3.
Variation of the MI gain G as a function of the nonic nonlinearity α5, with the same parameter values as in
Figure 2.

Figure 4.
Variation of the MI gain G km�1ð Þ as a function of frequency Ω Hzð Þ, at a four-power level P0 for an
optical fiber. The other parameters are α5 ¼ 0:5ps2=km, α2 ¼ 2736W�1=km, α3 ¼ 2:63W�2=km,
α4 ¼ �9:12� 10�4W�3=km, α5 ¼ 0:5W�4=km.
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The MI gain spectrum in Figure 5 is a constitutive of two symmetrical sidebands
which stand symmetrically along the line Ω ¼ 0. The maximum gain is nil at the
zero perturbation frequency Ω ¼ 0; thus, there is no instability at the zero
perturbation frequency.

5. Conclusion

In this chapter, we have investigated the higher-order nonlinear Schrödinger
equation involving nonlinearity up to the ninth order. We have constructed exact
solutions of this equation by means of a special ansatz. We showed the existence of a
family of solitonic solutions: bright, dark, and kink solitons. The conditions on the
physical parameters for the existence of this propagating envelope have also been
reported. These conditions show a subtle balance among the diffraction or dispersion,
Kerr nonlinearity, and quintic-septic-nonical non-Kerr nonlinearities, which has a
profound implication to control the wave dynamics. Moreover, by employing Stuart
and DiPrima’s stability analysis method, an analytical expression for the MI gain has
been obtained. The outcomes of the instability development depend on the
nonlinearity and dispersion (or diffraction) parameters. Results may find straightfor-
ward applications in nonlinear optics, particularly in fiber-optical communication.
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Figure 5.
Variation of the MI gain G km�1ð Þ as a function of frequency Ω and the GVD α1. The other parameters are
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Abstract

We analyze the modulation instability induced by cross-phase modulation of
two co-propagating optical beams in nonlinear fiber with the effect of higher-order
dispersion and septic nonlinearity. We investigate in detail the effect of relaxation
nonlinear response to the gain spectrum both in normal group velocity dispersion
(GVD) and anomalous dispersion regime. We show that the walk-off, the
relaxation nonlinear response time as well as the higher-order process particularly
influence the generation of the modulation instability gain. Our results shows that
the emerging Raman peaks is observable both in the case of weak dispersion and in
a higher-order dispersion for mixed GVD regime with slow response time. These
Raman peaks are shifted toward higher frequencies with the decrease of their
magnitude, when the walk-off increases.
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1. Introduction

The generation of a wave train is a preoccupying subject in the realm of
nonlinear science. This is mainly due to two effects: nonlinearity and dispersion.
These two notions are essential in the propagation of the wave over long distances
and the optical pulse resulting from this interaction gives rise to an optical soliton.
The dynamic evolution of nonlinear pulses in nonlinear optical systems can be
modeled by the well known nonlinear Schrödinger (NLS) equation which repre-
sents the lowest-order nontrivial condition describing the propagation process [1].
The co-propagation of two nonlinear waves in nonlinear optical Kerr media under a
slowly varying amplitude approximation is made by using extensions of the NLS
equation, whose analytical results provide the dispersion relation, the unstable
conditions, as well as the gain spectra. This extension of NLS equation can take into
account a large variety of physical properties such as higher-orders dispersion (like
third-order dispersion (TOD) and fourth-order dispersion (FOD)) [2–9]; multiple
optical beams [10]; negative index material [11]; saturable nonlinearity [12]; and
non-instantaneous nonlinear response [13]. Third-order dispersion is used to
describe the proprieties of ultrashort pulses in the subpicosecond to femtosecond
domain. Usually in nonlinear optic, Kerr nonlinearity is used to compensate the
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describe the proprieties of ultrashort pulses in the subpicosecond to femtosecond
domain. Usually in nonlinear optic, Kerr nonlinearity is used to compensate the
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dispersion effects leading to the formation of soliton. Due to this property, focusing
Kerr-type media promote the stable propagation of bright solitons [14]. Despite
this, the diffraction effect is not enough to balance the self-focusing in focusing
quintic nonlinear media and therefore the pulse undergoes critical collapse [15].
Thus, higher-order nonlinearities (HON) play an important role in the description
and the propagation of the pulses in Kerr media. Consequently, the extension of
NLS equation can also take into account the effect of HON. Reyna et al. [16–18]
have experimentally and numerically investigated the nonlinearity management
and spatial modulation instability for cubic, quintic, and septic nonlinearity for
optical beams propagation in metal-dielectric nanocomposites.

The study of the propagation of an intense optical beams through a nonlinear
and dispersive media may lead to fascinating effects such as exponential growth of
amplitude due to modulation in amplitude and frequency. This effect is called
modulation instability (MI). Modulation instability is a fundamental phenomenon
firstly detected in hydrodynamic systems [19] and appears in most nonlinear wave
systems. In nonlinear Kerr media such as optical fiber, MI results from the interac-
tion between the nonlinear and dispersive effects [20] characterized by the insta-
bility undergone by a continuous wave (cw) or quasi-cw when it propagates inside a
nonlinear dispersive system with low noise [21]. Modulation instability has been
studied for waves in fluids dynamics [22], plasmas physic [23], dielectric media
[24], electrodynamics [25], and atomic Bose-Einstein condensates [26, 27] and was
first analyzed theoretically in glass fiber by Hasegawa and Brinkman [28] in 1984 to
study the generation of ultrashort optical beams. This phenomenon is generally
studied in the anomalous dispersion regime, but it can also be observed in normal
dispersion regime when the pumping is carried out close to the zero dispersion
subject to certain conditions on the higher order dispersion (HOD) coefficients
[29, 30]. Cavalcanti et al. [31] predicted the possibility of MI to occur even in
normal group velocity dispersion regime due to the negative values of fourth-order
dispersion (FOD). The effects of FOD was also been investigated by many authors
who show their inclusion leads to generation of new spectral window. Tchofo et al.
have analytically and numerically investigated the behavior of MI under the com-
bined effects of HOD and delayed Raman response [5, 6]. In Ref. [7], the authors
shown that FOD shifts the MI peak gain to the higher frequency side and also
increases the instability region. Nithyanandan et al. [8] analyzed that the cumula-
tive effect of HOD and walk-off brings new characteristic spectral bands at a
definite frequency window.

Wang et al. have shown in their work that the distribution of speed of system
flow and the speed of sound determining the occurrence of the sonic horizon is in
agreement with the corresponding quantities obtained from a pure numerical eval-
uation for quantum system incorporating septic nonlinearity modeled by NLS
equation [32]. An essential manifestation of the intensity dependence of the refrac-
tive index in nonlinear optical media rises through self-phase modulation (SPM)
[33], which leads to spectral spreading of optical pulses. It is well known that the co-
propagation of two optical waves in nonlinear Kerr media is coupled due to refrac-
tive index of the media through the nonlinear phenomenon called cross-phase
modulation (XPM) [29, 34].

In this paper, we study the MI in non-instantaneous Kerr media with cubic-
quintic-septic nonlinearity, described by a system of two-coupled NLS equation.
We mainly focus on revealing the contribution of group velocity mismatch δ,
relaxing Kerr nonlinearity, delay response time, cross-phase modulation, and
higher-order terms. Analyzing the interplay between instantaneous and non-
instantaneous Kerr response for the case of the beams is experiencing normal GVD,
and the order beams undergo anomalous GVD. In Section 2, we present the model
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equation and the linear stability analysis approach; Section 3 features the investiga-
tion of MI in the case of weak dispersion regime with the effects of HON. Section 4
is devoted to the analysis of MI gain spectrum by considering the relation between
higher-order effects and delay response time. And finally, the conclusion is given in
Section 5.

2. Model equations and linear stability analysis

The optical electromagnetic field propagations are described, under a slowly
varying amplitude approximation by a coupled nonlinear Schrödinger equation
(CNLSE) with higher order dispersion [8] in a single-mode optical Kerr media
where higher-order nonlinearities [16] are taken into account. These equations
result from two optical beams at different frequencies and the same polarizations
where time-dependent nonlinear response is incorporated in the system. The
governing systems are read as:

i
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κ1, κ4ð Þ, κ2, κ5ð Þ, and κ3, κ6ð Þ are respectively cubic, quintic, and septic
nonlinearities parameters.

The nonlinear Kerr parameters γi can be expressed as γ1 ¼ γ2 ¼ n2=n0, the cubic
parameters κi defined by κ1 ¼ κ4 ¼ 1 are control parameters and the quintic-septic
parameters can be given, respectively, by κ2 ¼ κ5 ¼ n4=n2 and κ3 ¼ κ6 ¼ n6=n2.
Where k ¼ 2πn0=λ with λ being the wavelength of the laser pump, n0 is the linear
refractive index of the host medium, n2, n4, and n6 are, respectively, the character-
istic nonlinear coefficients of the material related to third, fifth and seventh-order
susceptibility.

Reyna et al. [16] have proposed this class of HON to study the spatial phase
modulation induced by quintic and septic nonlinearities for optical beams propaga-
tion in metal colloids, where septic nonlinearity arises from the development up to
seventh-order susceptibility of theoretical treatment of Maxwell-Garnett model.
Quintic nonlinearity has been considered by Kumar [35] to show the influence of
spatial delay on the modulational instability in a composite system with a
controllable nonlinearity.

We extend the previous works on MI taking into account the CNLS with
higher-order effects and using the linear stability approach. Therefore, we study the
stability of the steady-state solution of the above dynamical equations against the
small harmonic perturbations; the steady-state solution of the continuous wave
(cw) is obtained by setting the time derivative in Eqs. (1)–(4) to zero. This leads the
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equation and the linear stability analysis approach; Section 3 features the investiga-
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Section 5.

2. Model equations and linear stability analysis

The optical electromagnetic field propagations are described, under a slowly
varying amplitude approximation by a coupled nonlinear Schrödinger equation
(CNLSE) with higher order dispersion [8] in a single-mode optical Kerr media
where higher-order nonlinearities [16] are taken into account. These equations
result from two optical beams at different frequencies and the same polarizations
where time-dependent nonlinear response is incorporated in the system. The
governing systems are read as:

i
∂A1

∂z
þ δ

2
∂A1

∂t

� �
¼ β21

2
∂
2A1

∂t2
þ i

β31
6

∂
3A1

∂t3
� β41

24
∂
4A1

∂t4
� γ1N1A1, (1)

i
∂A2

∂z
� δ

2
∂A2

∂t

� �
¼ β22

2
∂
2A2

∂t2
þ i

β32
6

∂
3A2

∂t3
� β42

24
∂
4A2

∂t4
� γ2N2A2: (2)

∂N1

∂t
¼ 1

τ
½�N1 þ κ1 A1j j2 þ 2 A2j j2

� �
þ κ2 A1j j4 þ 6 A1j j2 A2j j2 þ 3 A2j j4

� �

þκ3 A1j j6 þ 18 A1j j2 A2j j4 þ 12 A1j j4 A2j j2 þ 4 A2j j6
� �

�,
(3)

∂N2

∂t
¼ 1

τ
½�N2 þ κ4 2 A1j j2 þ A2j j2

� �
þ κ5 3 A1j j4 þ 6 A1j j2 A2j j2 þ A2j j4

� �

þκ6 4 A1j j6 þ 12 A1j j2 A2j j4 þ 18 A1j j4 A2j j2 þ A2j j6
� �

�
(4)

κ1, κ4ð Þ, κ2, κ5ð Þ, and κ3, κ6ð Þ are respectively cubic, quintic, and septic
nonlinearities parameters.

The nonlinear Kerr parameters γi can be expressed as γ1 ¼ γ2 ¼ n2=n0, the cubic
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studied by taking into account the small perturbation using the linear stability
analysis theory. Hence, we impose a slight modulation on plane wave as:

A1 ¼ A0
1 þ a1 z, tð Þ� �

e iγ1N
cw
1 z½ �, (5)

A2 ¼ A0
2 þ a2 z, tð Þ� �

e iγ2N
cw
2 z½ �: (6)

and

N1 ¼ n1 z, tð Þ þNcw
1 , (7)

N2 ¼ n2 z, tð Þ þNcw
2 : (8)

where a j z, tð Þ are the complex functions and assumed to be small in comparison

with the amplitude of the carrier wave ( a j z, tð Þ�� ��2 ≪ A0
j

���
���
2
), and n j z, tð Þ are a small

deviation from the stationary solution of the nonlinear index. Then inserting
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where a ∗
j is the complex conjugate of a j. At this step, to study the stability of the

above set of linear equations, we used the Fourier and Laplace transform of the
perturbation as follows:
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where â j Ω, kð Þ and n̂ j Ω, kð Þ stands as Fourier transform in time and Laplace
transform in space, Ω and k are, respectively, the frequency pump and wave
number of perturbation. Putting Eq. (13) in the previous set of equations (Eqs.
(9)–(12)) and after eliminating (n̂ j Ω, kð Þ), we obtain a set of two homogeneous
equations for a1, a ∗

1 , a2, and a ∗
2 . Then by considering their conjugates, we obtain a

set of four homogeneous equations. The resulting matrix presents a nontrivial
solution only when the dispersion relation satisfies the following relation:

k� Ω
vg1

� �2

� f 1

" #
k� Ω

vg2

� �2

� f 2

" #
¼ CXPM, (15)

where the parameters of this equation are defined by the following relation:

f 1 ¼ B1 Ωð Þ½B1 Ωð Þ þ 2~γ1κ1 A
0
1

�� ��2 þ 4~γ1κ2 A0
1

�� ��4 þ 3 A0
1

�� ��2 A0
2

�� ��2� �

þ6~γ1κ3 A0
1

�� ��6 þ 6 A0
1

�� ��2 A0
2

�� ��4 þ 8 A0
1

�� ��4 A0
2

�� ��2� �
�,

(16)

f 2 ¼ B2 Ωð Þ½B2 Ωð Þ þ 2~γ2κ4 A0
2

�� ��2 þ 4~γ2κ5 A0
2

�� ��4 þ 3 A0
1

�� ��2 A0
2

�� ��2� �

þ6~γ1κ6 A0
2

�� ��6 þ 6 A0
1

�� ��4 A0
2

�� ��2 þ 8 A0
1

�� ��2 A0
2

�� ��4� �
�

(17)

CXPM ¼ 16B1 Ωð ÞB2 Ωð Þ~γ1κ1~γ2κ4 A0
1

�� ��2 A0
2

�� ��2

þ16B1 Ωð ÞB2 Ωð Þ½9~γ1κ2~γ2κ5 A0
1

�� ��2 A0
2

�� ��6 þ A0
1

�� ��6 A0
2

�� ��2 þ 2 A0
1

�� ��4 A0
2

�� ��4� �

þ3~γ1κ1~γ2κ5 A0
1

�� ��2 A0
2

�� ��4 þ A0
1

�� ��4 A0
2

�� ��2� �
þ 3~γ1κ2~γ2κ4 A0

1

�� ��4 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��4� �

þ6~γ1κ1~γ2κ6 A0
1

�� ��6 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��6 þ 3 A0
1

�� ��4 A0
2

�� ��4� �
þ 6~γ1κ3~γ2κ4ð A0

1

�� ��6 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��6

þ3 A0
1

�� ��4 A0
2

�� ��4Þ þ 18~γ2κ2~γ2κ6 A0
1

�� ��8 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��8 þ 4 A0
1

�� ��4 A0
2

�� ��6 þ 4 A0
1

�� ��6 A0
2

�� ��4� �

þ18~γ1κ3~γ2κ5 A0
1

�� ��8 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��8 þ 4 A0
1

�� ��6 A0
2

�� ��4 þ 4 A0
1

�� ��4 A0
2

�� ��6� �

þ36~γ1κ3~γ2κ6 6 A0
1

�� ��8 A0
2

�� ��4 þ 6 A0
1

�� ��4 A0
2

�� ��8 þ A0
1

�� ��10 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��10 þ 11 A0
1

�� ��6 A0
2

�� ��6� �
�

(18)

With the parameters B1 Ωð Þ ¼ β21
Ω2

2 � β31
Ω3

6 þ β41
Ω4

24 and B2 Ωð Þ ¼ β22
Ω2

2 �
β32

Ω3

6 þ β42
Ω4

24. Eq. (15) looks similar to the case of dispersion relation obtained from
nonlinear Schrödinger equation with second order dispersion. However, the differ-
ence here arising from the definition of the parameters f 1, f 2, and CXPM. Hence, the
dispersion relation obtained above [Eqs. (15)–(18)] regulates the stability condition
for the steady-state solution against harmonic perturbations. This stability condi-
tion depends on XPM, HOD, and HON. The perturbations grow exponentially if the
wave vector k acquires an imaginary part, along the medium with the MI gain given
by the relation g Ωð Þ ¼ 2Im kð Þ. Consequently, we can examine qualitatively and
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exacts solution in the form: A1 ¼ A0
1 e

iγ1N
cw
1 z½ �, A2 ¼ A0

2 e
iγ2N

cw
2 z½ �, where Ncw

1 and Ncw
2

reads as: Ncw
1 ¼ κ1 A0

1

�� ��2 þ 2 A0
2

�� ��2� �
þ κ2 A0

1

�� ��4 þ 6 A0
1

�� ��2 A0
2

�� ��2 þ 3 A0
2

�� ��4� �
þ

κ3 A0
1

�� ��6 þ 18 A0
1

�� ��2 A0
2

�� ��4 þ 12 A0
2

�� ��4 A0
2

�� ��2 þ 4 A0
2

�� ��6� �
, Ncw

1 ¼ κ4 2 A0
1

�� ��2 þ A0
2

�� ��2� �

þκ5 3 A0
1

�� ��4 þ 6 A0
1

�� ��2 A0
2

�� ��2 þ A0
2

�� ��4� �
þ κ6 4 A0

1

�� ��6 þ 12 A0
1

�� ��2 A0
2

�� ��4 þ 18 A0
1

�� ��4�
A0

2

�� ��2 þ
A0

2

�� ��6Þ and corresponding to nonlinear phase shift. The dynamic of the system is
studied by taking into account the small perturbation using the linear stability
analysis theory. Hence, we impose a slight modulation on plane wave as:

A1 ¼ A0
1 þ a1 z, tð Þ� �

e iγ1N
cw
1 z½ �, (5)

A2 ¼ A0
2 þ a2 z, tð Þ� �

e iγ2N
cw
2 z½ �: (6)

and

N1 ¼ n1 z, tð Þ þNcw
1 , (7)

N2 ¼ n2 z, tð Þ þNcw
2 : (8)

where a j z, tð Þ are the complex functions and assumed to be small in comparison

with the amplitude of the carrier wave ( a j z, tð Þ�� ��2 ≪ A0
j

���
���
2
), and n j z, tð Þ are a small

deviation from the stationary solution of the nonlinear index. Then inserting
Eqs. (5)–(8) in Eqs. (1)–(4), we obtain a set of coupled complex linearized
nonlinear Schrödinger equations satisfying the perturbation a j z, tð Þ and n j z, tð Þ as
follows:

i
∂a1
∂z

þ i
vg1

∂a1
∂t

¼ 1
2
β21

∂
2a1
∂t2

þ i
1
6
β31

∂
3a1
∂t3

� 1
24

β41
∂
4a1
∂t4

� γ1n1A
0
1 , (9)

i
∂a2
∂z

þ i
vg2

∂a2
∂t

¼ 1
2
β22

∂
2a2
∂t2

þ i
1
6
β32

∂
3a2
∂t3

� 1
24

β42
∂
4a2
∂t4

� γ2n2A
0
2 : (10)

∂n1
∂t

¼ 1
τ

�n1 þ κ1 A0
1 a1 þ a ∗

1

� �þ 2A0
2 a2 þ a ∗

2

� �� �þ κ2½2 A0
1

�� ��3 a1 þ a ∗
1

� �h

þ6 A0
1

�� ��2A0
2 a2 þ a ∗

2

� �þ6 A0
2

�� ��2A0
1 a1 þ a ∗

1

� �þ 6 A0
2

�� ��3 a2 þ a ∗
2

� �� þ X1

i
,

(11)

∂n2
∂t

¼ 1
τ

�n2 þ κ4 2A0
1 a1 þ a ∗

1

� �þ A0
2 a2 þ a ∗

2

� �� �þ κ5½6 A0
1

�� ��3 a1 þ a ∗
1

� �h

þ6 A0
1

�� ��2A0
2 a2 þ a ∗

2

� �þ6 A0
2

�� ��2A0
1 a1 þ a ∗

1

� �þ 2 A0
2

�� ��3 a2 þ a ∗
2

� �� þ X2

i

(12)

with X1 and X2 given by:

X1 ¼ κ3½3 A0
1

�� ��5 a1 þ a ∗
1

� �þ 36 A0
1

�� ��3 A0
2

�� ��2 a2 þ a ∗
2

� �þ 18 A0
2

�� ��4A0
1 a1 þ a ∗

1

� �

þ12 A0
1

�� ��4A0
2 a2 þ a ∗

2

� �þ 24 A0
1

�� ��3 A0
2

�� ��2 a1 þ a ∗
1

� �þ 12 A0
2

�� ��5 a2 þ a ∗
2

� ��
,

X2 ¼ κ6½12 A0
1

�� ��5 a1 þ a ∗
1

� �þ 24 A0
2

�� ��3 A0
1

�� ��2 a2 þ a ∗
2

� �þþ12 A0
2

�� ��4A0
1 a1 þ a ∗

1

� �

þ18 A0
1

�� ��4A0
2 a2 þ a ∗

2

� �þ 36 A0
1

�� ��3 A0
2

�� ��2 a1 þ a ∗
1

� �þ 3 A0
2

�� ��5 a2 þ a ∗
2

� ��
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where a ∗
j is the complex conjugate of a j. At this step, to study the stability of the

above set of linear equations, we used the Fourier and Laplace transform of the
perturbation as follows:

a j z, tð Þ ¼ 1ffiffiffiffiffi
2π

p
ð
a�ikzaiΩtâ j Ω, kð ÞdkdΩ, (13)

n j z, tð Þ ¼ 1ffiffiffiffiffi
2π

p
ð
a�ikzaiΩtn̂ j Ω, kð ÞdkdΩ, (14)

where â j Ω, kð Þ and n̂ j Ω, kð Þ stands as Fourier transform in time and Laplace
transform in space, Ω and k are, respectively, the frequency pump and wave
number of perturbation. Putting Eq. (13) in the previous set of equations (Eqs.
(9)–(12)) and after eliminating (n̂ j Ω, kð Þ), we obtain a set of two homogeneous
equations for a1, a ∗

1 , a2, and a ∗
2 . Then by considering their conjugates, we obtain a

set of four homogeneous equations. The resulting matrix presents a nontrivial
solution only when the dispersion relation satisfies the following relation:

k� Ω
vg1

� �2

� f 1

" #
k� Ω

vg2

� �2

� f 2

" #
¼ CXPM, (15)

where the parameters of this equation are defined by the following relation:

f 1 ¼ B1 Ωð Þ½B1 Ωð Þ þ 2~γ1κ1 A
0
1

�� ��2 þ 4~γ1κ2 A0
1

�� ��4 þ 3 A0
1

�� ��2 A0
2

�� ��2� �

þ6~γ1κ3 A0
1

�� ��6 þ 6 A0
1

�� ��2 A0
2

�� ��4 þ 8 A0
1

�� ��4 A0
2

�� ��2� �
�,

(16)

f 2 ¼ B2 Ωð Þ½B2 Ωð Þ þ 2~γ2κ4 A0
2

�� ��2 þ 4~γ2κ5 A0
2

�� ��4 þ 3 A0
1

�� ��2 A0
2

�� ��2� �

þ6~γ1κ6 A0
2

�� ��6 þ 6 A0
1

�� ��4 A0
2

�� ��2 þ 8 A0
1

�� ��2 A0
2

�� ��4� �
�

(17)

CXPM ¼ 16B1 Ωð ÞB2 Ωð Þ~γ1κ1~γ2κ4 A0
1

�� ��2 A0
2

�� ��2

þ16B1 Ωð ÞB2 Ωð Þ½9~γ1κ2~γ2κ5 A0
1

�� ��2 A0
2

�� ��6 þ A0
1

�� ��6 A0
2

�� ��2 þ 2 A0
1

�� ��4 A0
2

�� ��4� �

þ3~γ1κ1~γ2κ5 A0
1

�� ��2 A0
2

�� ��4 þ A0
1

�� ��4 A0
2

�� ��2� �
þ 3~γ1κ2~γ2κ4 A0

1

�� ��4 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��4� �

þ6~γ1κ1~γ2κ6 A0
1

�� ��6 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��6 þ 3 A0
1

�� ��4 A0
2

�� ��4� �
þ 6~γ1κ3~γ2κ4ð A0

1

�� ��6 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��6

þ3 A0
1

�� ��4 A0
2

�� ��4Þ þ 18~γ2κ2~γ2κ6 A0
1

�� ��8 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��8 þ 4 A0
1

�� ��4 A0
2

�� ��6 þ 4 A0
1

�� ��6 A0
2

�� ��4� �

þ18~γ1κ3~γ2κ5 A0
1

�� ��8 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��8 þ 4 A0
1

�� ��6 A0
2

�� ��4 þ 4 A0
1

�� ��4 A0
2

�� ��6� �

þ36~γ1κ3~γ2κ6 6 A0
1

�� ��8 A0
2

�� ��4 þ 6 A0
1

�� ��4 A0
2

�� ��8 þ A0
1

�� ��10 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��10 þ 11 A0
1

�� ��6 A0
2

�� ��6� �
�

(18)

With the parameters B1 Ωð Þ ¼ β21
Ω2

2 � β31
Ω3

6 þ β41
Ω4

24 and B2 Ωð Þ ¼ β22
Ω2

2 �
β32

Ω3

6 þ β42
Ω4

24. Eq. (15) looks similar to the case of dispersion relation obtained from
nonlinear Schrödinger equation with second order dispersion. However, the differ-
ence here arising from the definition of the parameters f 1, f 2, and CXPM. Hence, the
dispersion relation obtained above [Eqs. (15)–(18)] regulates the stability condition
for the steady-state solution against harmonic perturbations. This stability condi-
tion depends on XPM, HOD, and HON. The perturbations grow exponentially if the
wave vector k acquires an imaginary part, along the medium with the MI gain given
by the relation g Ωð Þ ¼ 2Im kð Þ. Consequently, we can examine qualitatively and
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quantitatively the role played by the delayed nonlinear response τð Þ and the group
velocity mismatch δð Þ.

Hence, for usual Kerr approach τ ¼ 0 psð Þ and for non null XPM CXPM 6¼ 0ð Þ, it is
straightforward to notice that the dispersion relation is fourth order polynomial
with real coefficients in k which yields four solutions. From these four solutions,
two are always real and thus, irrelevant to investigations of MI. However, the two
other can probably be a complex conjugate pair, thereby could affect the MI
dynamics and leading to only one unstable gain sideband in the case of cubic
nonlinearity as extensively studied in diverse previous works [8, 20, 29, 33,
34, 36–38]. On the other hand, all the four solutions are complex conjugate pairs as
far as higher-order effects are concerned and therefore can participate in the MI
dynamics; this feature leads to the possibility of two unstable gain sidebands [9]. As
the GVM is defined by δ ¼ ∣v�1

g1 � v�1
g2 ∣, then while considering that the two optical

beams are so close to each other by assuming vg1 ≈ vg2, that is, the GVM is negligible
[29], these four solutions are given by:

k ¼ Ω
vg1

� 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 1 þ f 2 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 1 þ f 2

� �2 þ 4 CXPM � f 1 f 2
� �qr

, (19)

The condition so that MI can occur read as: CXPM > f 1 f 2. Thus using Eqs. (16),
(17), and (18), this condition reads as:

B1 Ωð Þ
2~γ1κ1 A

0
1

�� ��2 þ
X

sgn βji

� �
þ
2κ2 A0

1

�� ��2 þ 3 A0
2

�� ��2� �

κ1
þ
6κ3 A0

1

�� ��4 þ 6 A0
2

�� ��4 þ 8 A0
1

�� ��2 A0
2

�� ��2� �

κ1

2
4

3
5

� B2 Ωð Þ
2~γ2κ4 A0

2

�� ��2 þ
X

sgn βji

� �
þ
2κ5 3 A0

1

�� ��2 þ A0
2

�� ��2� �

κ4
þ
6κ6 6 A0

1

�� ��4 þ A0
2

�� ��4 þ 8 A0
1

�� ��2 A0
2

�� ��2� �

κ4

2
4

3
5<4

þ 4
κ1κ4

A0
1

�� ��2 þ A0
2

�� ��2� �
9κ2κ5 E0

1

�� ��2 þ A0
2

�� ��2� �
þ 3 κ1κ5 þ κ2κ4ð Þ� þ ½6 κ1κ6 þ κ3κ4ð Þð A0

1

�� ��6 A0
2

�� ��2hn

þ A0
1

�� ��2 A0
2

�� ��6 þ 3 A0
1

�� ��4 A0
2

�� ��4Þ þ 18 κ2κ6 þ κ3κ5ð Þ A0
1

�� ��8 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��8 þ 4 A0
1

�� ��4 A0
2

�� ��6 þ 4 A0
1

�� ��6 A0
2

�� ��4� �

þ36κ3κ6 6 A0
1

�� ��8 A0
2

�� ��4 þ 6 A0
1

�� ��4 A0
2

�� ��8 þ A0
1

�� ��10 A0
2

�� ��2 þ A0
1

�� ��2 A0
2

�� ��10 þ 11 A0
1

�� ��6 A0
2

�� ��6� �io

(20)

This condition shows that MI depends on the sign of βji and there is a range of
frequency Ωð Þ over which the MI gain can exist. Thus at these frequencies, the
steady-state solution becomes unstable to perturbations. Then, irrespective of the
sign of dispersion parameters, this condition can lead to instability because of the
presence of XPM that enhanced the MI.

By considering the effects of relaxation time τ 6¼ 0ð Þ, from dispersion relation
[Eqs. (15)–(18)], one can observe that the terms CXPM and f j are complex and
consequently produce an imaginary part to the wave number k at any frequency,
despite the sign of dispersion parameters. The dispersion relation [Eq. (15)] gives
rise to fourth-order polynomial equation with complex coefficients for any finite
value of delay response time τð Þ. Due to the fact that the complex roots do not really
appear in conjugate pairs, one has the possibility to obtain until four unstable modes
for a given frequency Ω [38]. Therefore, the combine effect of relaxation time and
XPM gives rise to four unstable modes contrarily to the case of an instantaneous
system. Hence, the role of septic nonlinearity inducing MI is illustrated taking into
consideration the effects of walk-off and delay response time for the case in which
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one of the beams is experiencing normal GVD ðβij >0Þ and the other beam
undergoes anomalous GVD β21 <0, β22 <0ð Þ as well as mixed GVD β21 <0, β22 >0ð Þ
and “total mixed” GVD βi1 <0, βi2 >0ð Þ, i ¼ 2, 3, 4; j ¼ 1, 2ð Þ. We will separately
discuss these cases. Firstly, we illustrate directly the effect of septic nonlinearity on
MI gain spectrum for low dispersion and discuss the role of walk-off, the delay
response time, and the combine effect of these two parameters. Secondly, we
investigate the impact of HOD and HON as well as the nonlinear response time on
MI gain spectrum. We end our analysis with the investigation of the septic param-
eters κ3. In numerical calculation, we use the following value parameters: the non-
linear terms are given by γ1 ¼ γ2 ¼ 0:015 W�1m�1, the dispersion parameters are
β21 ¼ β22 ¼ �0:060 ps2m�1, β41 ¼ β42 ¼ �0:00010 ps4m�1, the TOD is giving in the

range δ1 ¼ 0� 8ð Þ � 10�4 ps3m�1, and the input power is given by E0
j

���
���
2
¼ 100 V:m�1.

3. Effects of weak dispersion on XPM-induced modulation instability

We investigate the effect of HON on MI gain in the case of low dispersion
regime (β31 ¼ β32 ¼ β41 ¼ β42 ¼ 0), considering the effects of walk-off, nonlinear
response time, and their combination. In this regime, several studies have been
conducted and authors have shown the interplay between walk-off and delay
response time [8, 9, 13, 34, 38, 39].

3.1 Roles of walk-off and relaxation of nonlinear response on modulation
instability gain spectra

First, let us briefly consider the case of instantaneous response time τ ¼ 0ð Þ. In
this case, Eq. (15) gives rise to four roots as defined by Eq. (19) which turns to two
for null GVM δ ¼ 0ð Þ in normal dispersion regime and to one for mixed dispersion
regime, while these equations also turn to two for non null GVM and as GVM
reaches certain values, these two roots turned to one. This feature is given in
Figure 1(a) where one can note different MI gain spectra. Obviously, we noted
from this figure that, for null GVM in normal and mixed GVD, the behavior of MI

Figure 1.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz): (a) for different value of GVMwith τ ¼ 0 and
(b) in non-instantaneous response time τ 6¼ 0ð Þ system with null GVM.
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quantitatively the role played by the delayed nonlinear response τð Þ and the group
velocity mismatch δð Þ.

Hence, for usual Kerr approach τ ¼ 0 psð Þ and for non null XPM CXPM 6¼ 0ð Þ, it is
straightforward to notice that the dispersion relation is fourth order polynomial
with real coefficients in k which yields four solutions. From these four solutions,
two are always real and thus, irrelevant to investigations of MI. However, the two
other can probably be a complex conjugate pair, thereby could affect the MI
dynamics and leading to only one unstable gain sideband in the case of cubic
nonlinearity as extensively studied in diverse previous works [8, 20, 29, 33,
34, 36–38]. On the other hand, all the four solutions are complex conjugate pairs as
far as higher-order effects are concerned and therefore can participate in the MI
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The condition so that MI can occur read as: CXPM > f 1 f 2. Thus using Eqs. (16),
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This condition shows that MI depends on the sign of βji and there is a range of
frequency Ωð Þ over which the MI gain can exist. Thus at these frequencies, the
steady-state solution becomes unstable to perturbations. Then, irrespective of the
sign of dispersion parameters, this condition can lead to instability because of the
presence of XPM that enhanced the MI.

By considering the effects of relaxation time τ 6¼ 0ð Þ, from dispersion relation
[Eqs. (15)–(18)], one can observe that the terms CXPM and f j are complex and
consequently produce an imaginary part to the wave number k at any frequency,
despite the sign of dispersion parameters. The dispersion relation [Eq. (15)] gives
rise to fourth-order polynomial equation with complex coefficients for any finite
value of delay response time τð Þ. Due to the fact that the complex roots do not really
appear in conjugate pairs, one has the possibility to obtain until four unstable modes
for a given frequency Ω [38]. Therefore, the combine effect of relaxation time and
XPM gives rise to four unstable modes contrarily to the case of an instantaneous
system. Hence, the role of septic nonlinearity inducing MI is illustrated taking into
consideration the effects of walk-off and delay response time for the case in which
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one of the beams is experiencing normal GVD ðβij >0Þ and the other beam
undergoes anomalous GVD β21 <0, β22 <0ð Þ as well as mixed GVD β21 <0, β22 >0ð Þ
and “total mixed” GVD βi1 <0, βi2 >0ð Þ, i ¼ 2, 3, 4; j ¼ 1, 2ð Þ. We will separately
discuss these cases. Firstly, we illustrate directly the effect of septic nonlinearity on
MI gain spectrum for low dispersion and discuss the role of walk-off, the delay
response time, and the combine effect of these two parameters. Secondly, we
investigate the impact of HOD and HON as well as the nonlinear response time on
MI gain spectrum. We end our analysis with the investigation of the septic param-
eters κ3. In numerical calculation, we use the following value parameters: the non-
linear terms are given by γ1 ¼ γ2 ¼ 0:015 W�1m�1, the dispersion parameters are
β21 ¼ β22 ¼ �0:060 ps2m�1, β41 ¼ β42 ¼ �0:00010 ps4m�1, the TOD is giving in the

range δ1 ¼ 0� 8ð Þ � 10�4 ps3m�1, and the input power is given by E0
j

���
���
2
¼ 100 V:m�1.

3. Effects of weak dispersion on XPM-induced modulation instability

We investigate the effect of HON on MI gain in the case of low dispersion
regime (β31 ¼ β32 ¼ β41 ¼ β42 ¼ 0), considering the effects of walk-off, nonlinear
response time, and their combination. In this regime, several studies have been
conducted and authors have shown the interplay between walk-off and delay
response time [8, 9, 13, 34, 38, 39].

3.1 Roles of walk-off and relaxation of nonlinear response on modulation
instability gain spectra

First, let us briefly consider the case of instantaneous response time τ ¼ 0ð Þ. In
this case, Eq. (15) gives rise to four roots as defined by Eq. (19) which turns to two
for null GVM δ ¼ 0ð Þ in normal dispersion regime and to one for mixed dispersion
regime, while these equations also turn to two for non null GVM and as GVM
reaches certain values, these two roots turned to one. This feature is given in
Figure 1(a) where one can note different MI gain spectra. Obviously, we noted
from this figure that, for null GVM in normal and mixed GVD, the behavior of MI

Figure 1.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz): (a) for different value of GVMwith τ ¼ 0 and
(b) in non-instantaneous response time τ 6¼ 0ð Þ system with null GVM.
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gain spectrum is as described in Ref. [39]. Its mean that, taking into account the
effect of GVM, the description remain; however, we showed that, as GVM increases
the MI gain increase till reach certain values δ ¼ 7ð Þ and started decrease. We also
got two gain maxima for more value of delta than in [39] (see blue to magenta
curves). This aspect is due to septic nonlinearity.

Now, considering the effect of delay response time by setting GVM null, Eq. (15)
leads to four unstable modes which turns to two as given in Figure 1(b). We note
from this figure that, for ultra-fast response time, the behavior is as for fast
response time for cubic nonlinearity, and the rest of the curves is as described in
quintic nonlinearity [39]. As already mentioned, the non-instantaneous response
time brings new bands attributed to Raman effect involves in the fibers.

3.2 Combined effects of walk-off and delay response time on modulation
instability gain spectra

Taking into account the combined effects of delay response time and GVM,
Eq. (15) leads to four unstable modes that turns to two for response time reaching
certain value τ ¼ 1ð Þ and coalesce into one at high frequencies. This is given in
Figure 2 where we have fixed the value of δ and varied the nonlinear response time.
For mixed GVD, our results shows that, for fast response time (τ ¼ 0:01ps, see blue
curve), the conventional band increases when GVM increases, while the Raman
band decreases and their width shift toward lower frequencies. The spectra seem
the same as in the case of quintic nonlinearity [39].

Now considering that GVM varies with fixed nonlinear response time, we have
observed that when the GVM increases, the behavior of the MI gain spectra changes
drastically as given in Figure 3 for mixed GVD. In this figure, the four unstable
modes coalesce into one at high frequencies.

Figure 2.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for non null GVM and nonlinear response
time.
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However, for fast response time gives in Figure 3(a), we observe that for
conventional and Raman band, the magnitude increases when δ increases; it is the
inverse for the sporadic band while their width slightly enlarge and shift toward
higher frequencies. The situation is different in the case of slow response time
τ ¼ 0:1psð Þ as given in Figure 3(b). We observe that as δ increases, the magnitude
of conventional MI gain decreases with the appearance of the Raman peaks that
shift toward higher frequencies as GVM increases. The behavior of the Raman band
remains as in panel (a). However for the sporadic band, their magnitude increases
as δ increases and their width enlarges with the appearance of the sporadic peaks
that shift toward higher frequencies. These Raman and sporadic peaks are probably
brought by the combined effect of delay response time and opposite sign of SOD.

In the case of anomalous dispersion regime, the four unstable mode turns to two
modes as given in Figure 4. One can observe from this figure that, for conventional
spectral band, as GVM increases, the MI gain decreases, while for Raman band
(second spectral band), it is inverted. However, the behavior of the MI gain spectra
is different from these panels and we can see that as nonlinear response time
increases, the magnitude of the gain decreases. In panel (a), we note that before
extended in all frequencies, the curves are neutralized at a given frequency and

Figure 3.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in mixed GVD.
(a) for τ = 0.01ps, (b) for τ = 0.1ps.

Figure 4.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in anomalous GVD.
(a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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from this figure that, for ultra-fast response time, the behavior is as for fast
response time for cubic nonlinearity, and the rest of the curves is as described in
quintic nonlinearity [39]. As already mentioned, the non-instantaneous response
time brings new bands attributed to Raman effect involves in the fibers.

3.2 Combined effects of walk-off and delay response time on modulation
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Taking into account the combined effects of delay response time and GVM,
Eq. (15) leads to four unstable modes that turns to two for response time reaching
certain value τ ¼ 1ð Þ and coalesce into one at high frequencies. This is given in
Figure 2 where we have fixed the value of δ and varied the nonlinear response time.
For mixed GVD, our results shows that, for fast response time (τ ¼ 0:01ps, see blue
curve), the conventional band increases when GVM increases, while the Raman
band decreases and their width shift toward lower frequencies. The spectra seem
the same as in the case of quintic nonlinearity [39].

Now considering that GVM varies with fixed nonlinear response time, we have
observed that when the GVM increases, the behavior of the MI gain spectra changes
drastically as given in Figure 3 for mixed GVD. In this figure, the four unstable
modes coalesce into one at high frequencies.

Figure 2.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for non null GVM and nonlinear response
time.
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However, for fast response time gives in Figure 3(a), we observe that for
conventional and Raman band, the magnitude increases when δ increases; it is the
inverse for the sporadic band while their width slightly enlarge and shift toward
higher frequencies. The situation is different in the case of slow response time
τ ¼ 0:1psð Þ as given in Figure 3(b). We observe that as δ increases, the magnitude
of conventional MI gain decreases with the appearance of the Raman peaks that
shift toward higher frequencies as GVM increases. The behavior of the Raman band
remains as in panel (a). However for the sporadic band, their magnitude increases
as δ increases and their width enlarges with the appearance of the sporadic peaks
that shift toward higher frequencies. These Raman and sporadic peaks are probably
brought by the combined effect of delay response time and opposite sign of SOD.

In the case of anomalous dispersion regime, the four unstable mode turns to two
modes as given in Figure 4. One can observe from this figure that, for conventional
spectral band, as GVM increases, the MI gain decreases, while for Raman band
(second spectral band), it is inverted. However, the behavior of the MI gain spectra
is different from these panels and we can see that as nonlinear response time
increases, the magnitude of the gain decreases. In panel (a), we note that before
extended in all frequencies, the curves are neutralized at a given frequency and

Figure 3.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in mixed GVD.
(a) for τ = 0.01ps, (b) for τ = 0.1ps.

Figure 4.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in anomalous GVD.
(a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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move slowly toward high frequencies while in panel (b), they move rapidly as GVM
increases.

In the case of normal dispersion regime, for slow response time [panel (a)], the
two unstable modes turn to one for lower frequencies and to two at characteristic
frequency until colliding to one at high frequencies. The previous description in
anomalous case remains the same. Meanwhile for fast response time [panel (b)], the
situation is slightly different where one can observe two unstable modes that collid
to one as GVM increases. Figure 5 portrays this feature. The Raman and sporadic
peaks observed previously in Figure 3 disappeared in these figures due probably to
the sign of SOD (they have the same sign).

4. Impact of higher-order dispersion and septic nonlinearity on
XPM-induced modulation instability

It has been shown that HOD effects such as FOD and TOD are most essential and
give rise to a wide diversity of information concerning the MI dynamics.

4.1 Effect of fourth-order dispersion on modulation instability

The inclusion of FOD brings a great change to the MI spectrum and we obtain
for each GVM value four gain spectra. In the case of mixed dispersion regime, from
Figure 6 we note that, the spectrum presents two regions of instability which are
connected to each other. The first one at the pump frequency is separated to the
second one due to the effect of FOD. Thus in the case of fast delay response time
gives in panel (a), one can observe that for the first instability region, the primary
band remains unchanged for all GVM values; while for the Raman band as GVM
increases, the MI gain spectra increase. For the second instability region, the
situation remains the same as in the mixed case for weak dispersion regime
(Figure 3(a)). In panel (b), our work unveiled that for first instability region, the
conventional spectral MI gain decreases as GVM increases, while it is inverted for
Raman bands. According to the second instability region, we revealed the presence
of Raman and sporadic peaks that magnitude and width decrease as GVM increases
and they move toward high frequencies. The fourth unstable mode turns to one at
high frequencies. In addition at around Ω ¼ 15Thz, we observe a singularity brought
by FOD. In panel (a), this effect neutralized the spectra at this point.

Figure 5.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in normal GVD.
(a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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Taking into account the propagation with anomalous GVM qualitatively changes
the MI spectrum, like shape as in Figure 7 that for the primary spectral band as
GVM increases, the MI gain spectra decrease, contrarily to the Raman bands which
increase as GVM increases. In addition, when increasing the delay response time,
the magnitude and the width of MI gain spectra decrease considerably with a
singularity around Ω ¼ 14Thz brought by the effect of FOD. Meanwhile in the case
of normal GVD as in Figure 8, contrarily to what are observed in previous figures,
the inclusion of FOD hardly brings any changes to the MI spectrum due mainly to
the dominance of normal GVD over FOD. However, the magnitude of the MI gain
has considerably increases precisely for the second spectral band.

4.2 Effect of third-order dispersion on modulation instability

We now shift our analysis to the effect of walk-off and delay response time in
virtue of TOD. In the case of mixed GVD as seen in Figure 9, the spectra hardly

Figure 7.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in anomalous GVD
with the inclusion of FOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in
Figure 3.

Figure 6.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in mixed GVD with the
inclusion of FOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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move slowly toward high frequencies while in panel (b), they move rapidly as GVM
increases.

In the case of normal dispersion regime, for slow response time [panel (a)], the
two unstable modes turn to one for lower frequencies and to two at characteristic
frequency until colliding to one at high frequencies. The previous description in
anomalous case remains the same. Meanwhile for fast response time [panel (b)], the
situation is slightly different where one can observe two unstable modes that collid
to one as GVM increases. Figure 5 portrays this feature. The Raman and sporadic
peaks observed previously in Figure 3 disappeared in these figures due probably to
the sign of SOD (they have the same sign).

4. Impact of higher-order dispersion and septic nonlinearity on
XPM-induced modulation instability

It has been shown that HOD effects such as FOD and TOD are most essential and
give rise to a wide diversity of information concerning the MI dynamics.

4.1 Effect of fourth-order dispersion on modulation instability

The inclusion of FOD brings a great change to the MI spectrum and we obtain
for each GVM value four gain spectra. In the case of mixed dispersion regime, from
Figure 6 we note that, the spectrum presents two regions of instability which are
connected to each other. The first one at the pump frequency is separated to the
second one due to the effect of FOD. Thus in the case of fast delay response time
gives in panel (a), one can observe that for the first instability region, the primary
band remains unchanged for all GVM values; while for the Raman band as GVM
increases, the MI gain spectra increase. For the second instability region, the
situation remains the same as in the mixed case for weak dispersion regime
(Figure 3(a)). In panel (b), our work unveiled that for first instability region, the
conventional spectral MI gain decreases as GVM increases, while it is inverted for
Raman bands. According to the second instability region, we revealed the presence
of Raman and sporadic peaks that magnitude and width decrease as GVM increases
and they move toward high frequencies. The fourth unstable mode turns to one at
high frequencies. In addition at around Ω ¼ 15Thz, we observe a singularity brought
by FOD. In panel (a), this effect neutralized the spectra at this point.

Figure 5.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in normal GVD.
(a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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Taking into account the propagation with anomalous GVM qualitatively changes
the MI spectrum, like shape as in Figure 7 that for the primary spectral band as
GVM increases, the MI gain spectra decrease, contrarily to the Raman bands which
increase as GVM increases. In addition, when increasing the delay response time,
the magnitude and the width of MI gain spectra decrease considerably with a
singularity around Ω ¼ 14Thz brought by the effect of FOD. Meanwhile in the case
of normal GVD as in Figure 8, contrarily to what are observed in previous figures,
the inclusion of FOD hardly brings any changes to the MI spectrum due mainly to
the dominance of normal GVD over FOD. However, the magnitude of the MI gain
has considerably increases precisely for the second spectral band.

4.2 Effect of third-order dispersion on modulation instability

We now shift our analysis to the effect of walk-off and delay response time in
virtue of TOD. In the case of mixed GVD as seen in Figure 9, the spectra hardly

Figure 7.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in anomalous GVD
with the inclusion of FOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in
Figure 3.

Figure 6.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in mixed GVD with the
inclusion of FOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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change for τ ¼ 0:01 [panel (a)] in comparison to Figure 6 where we considered
FOD effect. However, for first instability region, concerning the primary spectral
band the magnitude of MI gain slowly increases when GVM increases and their
width slightly shifts toward higher frequencies, whereas it is the reverse for second
spectral band in this region. In addition, in the case of quintic nonlinearity as done
in Ref. [39], the spectrum extended over all frequencies while in this case, we find
that the gain spectrum is neutralized three times before extend over all frequencies.
The second instability region remains as described in Figure 6. Then at high fre-
quencies, the four gain spectra coalesce into one. For slow response time τ ¼ 0:1ð Þ in
panel (b), the first instability region remains unchanged, whereas for the second
instability region, we note that as GVM increases, the MI gain spectra increase until
it reaches a value δ ¼ 8 before it starts decreasing.

In the case of anomalous dispersion regime, the four obtained solution leads to
four unstable modes that coalesce to one at higher frequencies. Figure 10 depicts

Figure 9.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in mixed GVD with the
inclusion of TOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.

Figure 8.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in normal GVD with
the inclusion of FOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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the MI gain spectrum for some GVM value. One observed two singularities due
certainly by HOD effects. In the case of fast response time, for first spectral region in
panel (a), the primary and Raman bands decrease as GVM increases while for
spectra obtained at low MI gain in this region the situation is inverted. In the second
region, the inclusion of TOD brings Raman and sporadic peaks that shifted toward
higher frequencies due to GVM effect. For slow response time given in panel (b), the
situation is almost different as earlier. The sporadic and Raman peaks get shrink and
still move toward higher frequencies. It is to explain the behavior of the obtained
modes at lower frequencies coalesce to two at middle frequencies and to one at high
frequencies. Contrarily to what observed in the case of quintic nonlinearity, in these
figures (Figure 10), HOD acts in the case of septic nonlinearity.

We now turn our attention to the case of normal dispersion regime as given in
Figure 11. We note that, the second spectral region remains almost the same as
described in previous figure. However, in the first spectral region, the four solution

Figure 10.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in anomalous GVD
with the inclusion of TOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in
Figure 3.

Figure 11.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in normal GVD with
the inclusion of TOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.

237

Emergence of Raman Peaks Due to Septic Nonlinearity in Noninstantaneous Kerr Media
DOI: http://dx.doi.org/10.5772/intechopen.93179



change for τ ¼ 0:01 [panel (a)] in comparison to Figure 6 where we considered
FOD effect. However, for first instability region, concerning the primary spectral
band the magnitude of MI gain slowly increases when GVM increases and their
width slightly shifts toward higher frequencies, whereas it is the reverse for second
spectral band in this region. In addition, in the case of quintic nonlinearity as done
in Ref. [39], the spectrum extended over all frequencies while in this case, we find
that the gain spectrum is neutralized three times before extend over all frequencies.
The second instability region remains as described in Figure 6. Then at high fre-
quencies, the four gain spectra coalesce into one. For slow response time τ ¼ 0:1ð Þ in
panel (b), the first instability region remains unchanged, whereas for the second
instability region, we note that as GVM increases, the MI gain spectra increase until
it reaches a value δ ¼ 8 before it starts decreasing.

In the case of anomalous dispersion regime, the four obtained solution leads to
four unstable modes that coalesce to one at higher frequencies. Figure 10 depicts

Figure 9.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in mixed GVD with the
inclusion of TOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.

Figure 8.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in normal GVD with
the inclusion of FOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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the MI gain spectrum for some GVM value. One observed two singularities due
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panel (a), the primary and Raman bands decrease as GVM increases while for
spectra obtained at low MI gain in this region the situation is inverted. In the second
region, the inclusion of TOD brings Raman and sporadic peaks that shifted toward
higher frequencies due to GVM effect. For slow response time given in panel (b), the
situation is almost different as earlier. The sporadic and Raman peaks get shrink and
still move toward higher frequencies. It is to explain the behavior of the obtained
modes at lower frequencies coalesce to two at middle frequencies and to one at high
frequencies. Contrarily to what observed in the case of quintic nonlinearity, in these
figures (Figure 10), HOD acts in the case of septic nonlinearity.

We now turn our attention to the case of normal dispersion regime as given in
Figure 11. We note that, the second spectral region remains almost the same as
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MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in normal GVD with
the inclusion of TOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in Figure 3.
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leads to two unstable modes in panel (a) and to one in panel (b) for lower frequen-
cies. The effect of FOD vanishes due probably to the dominance of SOD and HON.
Obviously, we note that as response time increases, the Raman and sporadic peaks
get shrink.

Figure 12 depicts the evolution of MI gain spectra in the case of “total mixed”
GVD. It is obvious to see from panel (a) (fast response time) that as GVM increases,
the conventional bands decrease while it is inverted for Raman bands. The effects of
TOD is visible around Ω ¼ 60Thz where the spectra are neutralized before
extended over all frequencies. According to panel (b) for slow response time, we
observe the appearance of Raman peaks in conventional bands brought by the effect
of SOD that magnitude decreases as GVM increases and they shifted toward high
frequencies however their width get shrink over what observe in Figure 12(a). Also
we note the existence of non-conventional bands between Ω ¼ 11� 14ð ÞThz due to
the effect of FOD that decreases and shift toward high frequencies when GVM
increases while is it inverted for the other bands between Ω ¼ 2� 13ð ÞThz as the
magnitude increases, the width widens toward both the low and high frequencies.
The effect of TOD is visible around Ω ¼ 60Thz with the appearance of singularity.
It is important to note from this figure that the Raman peaks observe at higher
frequencies in previous figures vanish due probably to the sign of used value.

We generally note from these different figures that, the inclusion of TOD and
FOD increases considerably the MI gain spectrum and their width. In addition, the
formation of Raman and sporadic peaks observed is due on the one hand to the
combined effect of SOD and relaxation time and on the other hand due to the
combined effect of TOD. They move toward high frequencies due to the effect of
GVM. From fast to slow response time, we note that the magnitude of MI gain spectra
decreases considerably. TheMI occurs in the case of HOD and septic nonlinearity only
when the interactions between beams are less (gives here by walk-off parameter δ).

4.3 Effect of septic nonlinearity parameter κ3 on modulation instability gain

To better appreciate the effect of septic nonlinearity on MI gain, we portrayed
the latter versus κ6 in different cases above. In other to do this, the solution of
Eq. (15) gives rise to four roots that turn to two pairs of roots due to HON effect.

Figure 12.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) for different values of δ in “total mixed” GVD
with the inclusion of TOD. (a) for τ = 0.01ps, (b) for τ = 0.1ps. The colors and the δ values are the same in
Figure 3.
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Figure 14.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) and the nonlinear parameter κ3 in the case of
anomalous GVD for null GVM δ ¼ 0ð Þ. (a) τ = 0.0ps, (b) τ = 0.01ps, (c) τ = 0.1ps, (d) τ = 1ps.

Figure 13.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) and the nonlinear parameter κ3 in the case of
normal GVD for null GVM δ ¼ 0ð Þ. (a) τ = 0.0ps, (b) τ = 0.01ps, (c) τ = 0.1ps, (d) τ = 1ps.
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Obviously, we note that as response time increases, the Raman and sporadic peaks
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Eq. (15) gives rise to four roots that turn to two pairs of roots due to HON effect.
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We have plotted the behavior of the MI gain in Figure 13 for normal GVD. We
observe from this figure that MI appears on both side of κ3. Each panel shows that
the distinct side bands are antisymmetric. As κ3 increases, the MI gain increases and
the bandwidth enlarges. The high value of MI gain is obtained for κ3 >0 and the
bandwidth increases when delay response time increases for Ω<0, while it is
inverted for Ω>0. For instantaneous response time [see panel (a)], we note the
appearance of two high side bands for κ3 >0 due to the effect of SOD, while there
are three side bands for κ3 <0 brought by TOD around Ω ¼ �500 Thz and by FOD
around Ω ¼ 0 Thz that slowly increases for negative value of κ3. Considering non-
instantaneous response time [see panels (b), (c), and (d)], we note that the side
bands are unstable for Ω<0, while it is slightly unstable for Ω>0. In addition, as
delay response time increases, we note more side bands. The latter information
remains in the case of “total mixed” dispersion regime; however, the bandwidth is
reversed due probably to opposite signs of the dispersion parameter.

In the case of anomalous dispersion regime plotted in Figure 14, we notice that
the side bands brought by FOD are suppressed due to their opposite sign with the
sign of SOD, the latter dominates and leads to the observed spectrum. Apart from
this difference, the information obtained in the normal case remains almost the
same. We now turns our attention in the case of mixed dispersion regime gives in
Figure 15. Our results show that contrarily to what are observed in previous figures,
the bandwidth is clearly visible for κ3 >0 where the band rapidly increases as κ
increases by enlarging their bandwidth meanwhile for κ3 <0, we notice that the
bandwidth progressively appears as delay response time increases. In each panels,
the effect of TOD is suppressed due probably to the opposite sign of SOD; this leads
to symmetric bandwidth observed. For instantaneous response time in panel (a),
the MI gain spectrum appears only for κ3 <0. For non-instantaneous response time,

Figure 15.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) and the nonlinear parameter κ3 in the case of
mixed GVD for null GVM δ ¼ 0ð Þ. (a) τ = 0.0ps, (b) τ = 0.01ps, (c) τ = 0.1ps, (d) τ = 1ps.
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we observe that for κ3 <0, the band slightly appears due to the effect of FOD that
bandwidth decreases as delay response time increases.

5. Conclusion

In this work, we have investigated analytically and numerically the MI process in
nonlinear Kerr media with delayed Kerr nonlinearity and subjected to XPM,
described by a system of two coupled NLS equation with cubic-quintic-septic non-
linearities, experiencing diverse GVD regime. The system is considered by incorpo-
rating the Debye relaxational time-dependent nonlinearities in NLS equation with
combined high-order effects modeling the propagation of ultrashort optical pulses in
highly nonlinear Kerr media. By considering a small harmonic perturbations to the
stationary solutions, we derive the exact dispersion relation for the components of the
perturbation fields that include both the XPM and relaxation effects. Our study
revealed the effects of septic nonlinearity in the case of the pulses co-propagating in
diverse GVD regime. Obviously from our work, the incorporation of septic
nonlinearity increases considerably the MI gain spectrum with the emergence of
new instabilities frequencies contrarily to that was observed in Ref. [8, 9, 38, 39],
while the increase of delay response time decreases the magnitude and the width of
the MI gain.

Our study unveiled in the case of weak dispersion regime that, in instantaneous
Kerr media, the typical frequency converges to finite value for mixed GVD regime
with two gain maxima for certain GVM, meanwhile the MI gain continuously grows
with the GVM until it reaches certain values before decays. In non-instantaneous
Kerr media, we note the appearance of Raman band with the emergence of Raman
peaks for slow response time τ ¼ 0:1psð Þ in the case of mixed dispersion regime
contrarily to what was done in [39]. We note that, these emerged Raman peaks
decrease in width and magnitude when the GVM increases and shifts toward higher
frequencies.

Now considering the effect of HOD, we observed that their incorporation hardly
change the spectrum. The inclusion of FOD does’t affect the MI gain in normal
dispersion regime contrarily to the works done in the case of cubic and quintic
nonlinearities [8, 9, 39] where the effect of FOD vanishes in the case of anomalous
GVD. The effects of TOD vanish in the case of mixed dispersion regime. However,
in the case of anomalous and normal dispersion regime, we note the appearance of
Raman peaks that width and magnitude decrease as GVM increases and get shrink
as response time increases. In addition, the four unstable modes observed in fast
response time leads to two unstable modes for slow response time. For “total
mixed” dispersion regime, we also note the appearance of Raman peaks that slightly
shifted toward higher frequencies due to the effects of GVM. The effects of septic
nonlinearity was also portrayed and our results unveil the appearance of instability
in both side of septic nonlinearity parameter. This aspect shows that MI can be
investigated as well as in focusing nonlinearity as in defocusing nonlinearity.

Due to the fact that the MI gain increases when taking into account the effect of
HON, we can conclude that the system is more stable against harmonic perturba-
tions. In addition, the incorporation of higher order effects lead to the emergence of
Raman peaks on the Raman bands. This means that the incident particles after
collision with the molecules of the medium, diffuse with a new energy thus creating
the Raman peaks observed resulting to the generation of new frequencies range.
The study of MI gain has aroused great enthusiasm within the scientific community,
motivated in large part by their potential in innovative applications in information
technology and telecommunications.

241

Emergence of Raman Peaks Due to Septic Nonlinearity in Noninstantaneous Kerr Media
DOI: http://dx.doi.org/10.5772/intechopen.93179



We have plotted the behavior of the MI gain in Figure 13 for normal GVD. We
observe from this figure that MI appears on both side of κ3. Each panel shows that
the distinct side bands are antisymmetric. As κ3 increases, the MI gain increases and
the bandwidth enlarges. The high value of MI gain is obtained for κ3 >0 and the
bandwidth increases when delay response time increases for Ω<0, while it is
inverted for Ω>0. For instantaneous response time [see panel (a)], we note the
appearance of two high side bands for κ3 >0 due to the effect of SOD, while there
are three side bands for κ3 <0 brought by TOD around Ω ¼ �500 Thz and by FOD
around Ω ¼ 0 Thz that slowly increases for negative value of κ3. Considering non-
instantaneous response time [see panels (b), (c), and (d)], we note that the side
bands are unstable for Ω<0, while it is slightly unstable for Ω>0. In addition, as
delay response time increases, we note more side bands. The latter information
remains in the case of “total mixed” dispersion regime; however, the bandwidth is
reversed due probably to opposite signs of the dispersion parameter.

In the case of anomalous dispersion regime plotted in Figure 14, we notice that
the side bands brought by FOD are suppressed due to their opposite sign with the
sign of SOD, the latter dominates and leads to the observed spectrum. Apart from
this difference, the information obtained in the normal case remains almost the
same. We now turns our attention in the case of mixed dispersion regime gives in
Figure 15. Our results show that contrarily to what are observed in previous figures,
the bandwidth is clearly visible for κ3 >0 where the band rapidly increases as κ
increases by enlarging their bandwidth meanwhile for κ3 <0, we notice that the
bandwidth progressively appears as delay response time increases. In each panels,
the effect of TOD is suppressed due probably to the opposite sign of SOD; this leads
to symmetric bandwidth observed. For instantaneous response time in panel (a),
the MI gain spectrum appears only for κ3 <0. For non-instantaneous response time,

Figure 15.
MI gain spectra g m�1ð Þ as a function of the frequency Ω (THz) and the nonlinear parameter κ3 in the case of
mixed GVD for null GVM δ ¼ 0ð Þ. (a) τ = 0.0ps, (b) τ = 0.01ps, (c) τ = 0.1ps, (d) τ = 1ps.
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we observe that for κ3 <0, the band slightly appears due to the effect of FOD that
bandwidth decreases as delay response time increases.

5. Conclusion

In this work, we have investigated analytically and numerically the MI process in
nonlinear Kerr media with delayed Kerr nonlinearity and subjected to XPM,
described by a system of two coupled NLS equation with cubic-quintic-septic non-
linearities, experiencing diverse GVD regime. The system is considered by incorpo-
rating the Debye relaxational time-dependent nonlinearities in NLS equation with
combined high-order effects modeling the propagation of ultrashort optical pulses in
highly nonlinear Kerr media. By considering a small harmonic perturbations to the
stationary solutions, we derive the exact dispersion relation for the components of the
perturbation fields that include both the XPM and relaxation effects. Our study
revealed the effects of septic nonlinearity in the case of the pulses co-propagating in
diverse GVD regime. Obviously from our work, the incorporation of septic
nonlinearity increases considerably the MI gain spectrum with the emergence of
new instabilities frequencies contrarily to that was observed in Ref. [8, 9, 38, 39],
while the increase of delay response time decreases the magnitude and the width of
the MI gain.

Our study unveiled in the case of weak dispersion regime that, in instantaneous
Kerr media, the typical frequency converges to finite value for mixed GVD regime
with two gain maxima for certain GVM, meanwhile the MI gain continuously grows
with the GVM until it reaches certain values before decays. In non-instantaneous
Kerr media, we note the appearance of Raman band with the emergence of Raman
peaks for slow response time τ ¼ 0:1psð Þ in the case of mixed dispersion regime
contrarily to what was done in [39]. We note that, these emerged Raman peaks
decrease in width and magnitude when the GVM increases and shifts toward higher
frequencies.

Now considering the effect of HOD, we observed that their incorporation hardly
change the spectrum. The inclusion of FOD does’t affect the MI gain in normal
dispersion regime contrarily to the works done in the case of cubic and quintic
nonlinearities [8, 9, 39] where the effect of FOD vanishes in the case of anomalous
GVD. The effects of TOD vanish in the case of mixed dispersion regime. However,
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nonlinearity was also portrayed and our results unveil the appearance of instability
in both side of septic nonlinearity parameter. This aspect shows that MI can be
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Due to the fact that the MI gain increases when taking into account the effect of
HON, we can conclude that the system is more stable against harmonic perturba-
tions. In addition, the incorporation of higher order effects lead to the emergence of
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