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Abstract

Photonic crystals (PCs) are periodic systems that consist of dielectrics with different
refractive indices. Photonic crystals have many potential technological applications.
These applications are mainly based on the photonic bang gap effect. However the band
gap is not only effect that follows from the periodic changing of the refractive index in
the photonic crystal. The periodic change of the photon-matter interaction in photonic
crystal medium gives rise to the fact that the mass of an electron in the photonic crystal
must differ from its mass in vacuum. Anisotropy of a photonic crystal results in the
dependence of the electromagnetic mass correction on the orientation of the electron
momentum in a photonic crystal. This orientation dependence in turn gives rise to the
significant correction to the transition frequencies in an atom placed in air voids of a
photonic crystal. These corrections are shown to be comparable to the atomic optical
frequencies. This effect allows one to control the structure of the atomic energy levels
and hence to control resonance processes. It can serve as the basis for new line spectrum
sources. The effect provides new ways of realization of quantum interference between
decay channels that can be important for quantum information science.

Keywords: photonic crystals, electron mass, anisotropic vacuum, electromagnetic
field, Lamb shift

1. Introduction

Photonic crystals (PCs) are a major field of research having many potential applications [1–15].

These applications are mainly based on the photonic bang gap effect in the photonic crystal. In

Ref. [16], it has been shown that a strong modification of the electromagnetic interaction in

photonic crystals results in the fact that the electron mass changes its value. Actually in this

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



case, we deal with a quantum electrodynamical (QED) effect that does not manifest itself in the

free space. In fact, the interaction of an electron with its own radiation field gives rise to a

contribution to its physical mass mph known as the electromagnetic mass of the electron mem.

Nonrenormalizable ultraviolet divergences do not allow one to calculate the electron electro-

magnetic mass. However, fortunately, only physical mass mph is observable, and hence mem can

be included into it. On the other hand, the modification of the electromagnetic interaction in

PC medium gives rise to a correction to the electromagnetic mass mem. This correction δmpc

cannot be hidden in the physical mass of the electron and hence is an observable. Thus in PC

medium, the novel observable δmpc comes into play. A remarkable feature of δmpc is its

dependence on the orientation of the electron momentum in a PC, and this dependence gives

rise to significant corrections to the transition frequencies in an atom placed in air voids of a

photonic crystal, being comparable to the ordinary atomic frequencies. Such an effect is a

consequence of the fact that in the case of atoms in the PC medium, the most contribution

comes from the self-energy of electrons associated with mass correction m
pc
em rather than from

the self-energy of atoms associated with the Lamb shift being the QED corrections to the

nucleus-electrons coupling. In this chapter, we discuss the origins of the effect of the change

in the electron mass caused by the modification of the electromagnetic interaction in a PC and

its possible applications.

2. Lamb shift in hydrogen atom in the free space

The processes of the interaction of charged particles with their own radiation field play the

important role in the modern physics. These processes give rise to the fact that actually we deal

with the particles dressed by a cloud consisting of virtual particles (photons, electron-positron

pairs, and so on). In the case of electrons or muons bound to an atomic nucleus, the self-

interaction results in the Lamb shift of the atomic energy levels. The results of the recent

measurements of the Lamb shift in muonic hydrogen [17, 18] have allowed to determine the

value of the root-mean-square charge radius of the proton rp which is 4% smaller than the

radius determined by electron-proton experiments [19, 20] and precision spectroscopy of the

ordinary atomic hydrogen [21–27]. This discrepancy known as the “proton radius puzzle” has

not been explained yet. Solving the puzzle may require new insights into the problem of the

description of the self-energy of the electron and the Lamb shift.

Figure 1. The time-ordered diagrams describing the dominant contribution to the Lamb shift. The thick line denotes the

electron (positron) propagating in the Coulomb field; the wavy line denotes emission and reabsorption of a virtual

photon.
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The Lamb shift consists of the self-energy and vacuum polarization contributions. The modifi-

cation of the vacuum polarization contribution in the PC medium is negligible, and for this

reason, we will focus only on the self-energy one. At leading order self-energy of the electron,

which is bound in a hydrogen-like atom, is defined by the process in which a photon is emitted

and then is reabsorbed by the electron or positron. This process is described by the time-

ordered diagrams in Figure 1.

In quantum electrodynamics the corresponding contribution to the Lamb shift in hydrogen-

like atoms is given by the term that appears in the second-order perturbation theory and in the

Furry picture can be written as

ΔEL,n ¼ nh jHI

1

E
0ð Þ
n �HF

0

HI nj i, (1)

where HF
0 is the unperturbed Dirac-Coulomb Hamiltonian in the Furry picture

(HF
0 nj i ¼ E

0ð Þ
n nj i), |n〉 is an atomic state, and

H ¼ H0 þ

ð

d
3
xHI t ¼ 0; xð Þ, (2)

with HI(t, x) being the interaction Hamiltonian density:

HI t; xð Þ ¼
e

2
Aμ t; xð Þ Ψ t; xð Þ; γμ

Ψ t; xð Þ
� �

: (3)

HereΨ(x) is the Dirac field in the Furry picture. Usually the contributions to the Lamb shift (1)

are separated into the low and high energy parts. For the reasons explained bellow, we will

focus on the low-energy part of the shift [28]:

ΔE
<

L,n ¼
2πα

3m2
e

ð

Λ

0

d
3
k

2 kj j 2πð Þ3

X

m

nh jp mj ij j2

En � kj j � Em

, (4)

where p is the operator of the electron momentum and the cutoff Λ limits the energies of

virtual photons in the processes of their emission and reabsorption. The cutoff must be much

less than typical electron momenta but much larger than the atomic binding energies:

Zαð Þ2me << Λ << Zαð Þme: (5)

Here and below the natural unit system is used, where ℏ = c = ε0 = 1. This is the reason why one

can use the nonrelativistic Hamiltonian:

H ¼
1

2me

p� eA½ �2 (6)

instead of the Hamiltonian defined in Eqs. (2) and (3). Eq. (4) can be rewritten in the form:
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ΔEL,n ¼ �
Δm<

e

2m2
e

nh jp2 nj i þ ΔE<

L , (7)

where

Δm<

e ¼
α

p2π2

X

2

λ¼1

ð

Λ

0

d3k

2 kj j2
p � ελ kð Þj j2 (8)

is the low-energy electron mass correction caused by its self-interaction [29]. It should be noted

that ΔEL,n does not contain a term describing the electromagnetic correction to the electron mass.

This is the result of making use of the nonrelativistic Hamiltonian (6), and for this reason, the

mass correction is extracted from the first term on the right-hand part of Eq. (7) describing the

correction to the kinetic energy. Thus, in this case the electromagnetic mass correction is regarded

to be included into the physical mass of the electron. The first term on the right-hand part of

Eq. (7) must be also included into the physical mass. In this way we arrive at the ordinary

expression for the low-energy Lamb shift in hydrogen-like atoms:

ΔE<

L,m ¼
α

6π2m2
e

X

m

ð

Λ

0

d3k

2 kj j2
nh jp mj ij j2

En � kj j � Em
En � Emð Þ: (9)

Adding to ΔE<

L the high energy contribution [28]:

ΔE>

L ¼
4α

3

Zα

m2
Ψnlmj 0ð Þ
�

�

�

�

2
ln

me

2Λ
þ
11

24
�
1

5

� �

, (10)

where n, l, m, j, and Ψnlmj(x) being, respectively, the main quantum number, orbital quantum

number, magnetic quantum number, inner quantum number, and the wave function, we get

the expression to the total Lamb shift of the energies of the states of the hydrogen-like atoms.

In the S-state it reads

ΔEL,n ¼
4α Zαð Þ4

3πn2
ln

me

2E
þ
11

24
�
1

5

� �

me þ o Zαð Þ4, (11)

where E ¼ α
2me.

3. The Lamb shift in atoms placed in a PC

Investigation of the Lamb shift in hydrogen atom placed in a PC attracts much attention for a

long time since the Lamb shift is (historically and in practice) the most important phenomenon

of quantum electrodynamics. Interestingly, the calculation results obtained in different works

differed strongly in order of magnitude, and the significance of interaction with vacuum,

depending on which model of the dispersion of a photon in a photonic crystal, was used.

Theoretical Foundations and Application of Photonic Crystals6



The first attempt was made by John and Wang [4] by using the solution of the scalar wave

equation in one dimension. Thus, the photon dispersion relation was chosen to be isotropic

and satisfy the transcendental equation:

4n cos kLð Þ ¼ 1þ nð Þ2 cos 2naþ bð Þωk½ � � 1� nð Þ2 cos 2na� bð Þωk½ �: (12)

Using this dispersion relation, the authors predicted anomalous Lamb shift affecting the odd-

parity 2P1/2 state and not the even-parity 2S1/2. Magnitude of the effect makes it detectable

using microwave. The fact that the anomalous Lamb shift of the 2P1/2 state is larger than the

ordinary Lamb shift of the 2S1/2 state originates from the dimension of the phase space

occupied by band edge photons of vanishing group velocity. John and Wang overestimated

this phase space by assuming that dωk/dk vanishes over the entire sphere |k| = π/L. At the

same time for the case of real photonic crystals, the shift was expected to be comparable to the

ordinary Lamb shift of the 2S1/2 level.

The authors of work [30] noted that a real photonic crystal in general has an anisotropic

structure in momentum space and a three-dimensional dispersion relation is required because

the density of states (DOS) in isotropic or one-dimensional case has a singularity near band

edge. In this study the atomic transition frequency ω is assumed to be near the band edge ωc,

and the dispersion relation was approximated by the expression.

ωk ¼ ωс þ A k� k
i
0

�

�

�

�

2
, (13)

where A is a model-dependent constant and k
i
0 is a finite set of symmetrically placed points

leading to a three-dimensional band structure. Using this model the Schrödinger equation was

solved, and analytical expression for the Lamb shift was obtained. The value of the Lamb shift

turned out to be smaller than that for a hydrogen atom in an ordinary vacuum. Authors

explained this result by the fact that the DOS in the photonic crystals with three-dimensional

dispersion relations is much lower than that in the ordinary vacuum. This result is also very

different from that from the one-dimensional case where DOS has a singularity or from the

two-dimensional case where DOS has a sudden jump.

In paper [31] all previous approaches to calculate Lamb shift in photonic crystal were criti-

cized, because they are basically scalar. Authors of this work demonstrated the rigorous

solution of the problem of calculation of the Lamb shift in atomic hydrogen in a 3D photonic

crystal and showed that the presence of a photonic band gap (PBG) at optical wavelengths can

hardly change the Lamb shift. The correction to the energy of electronic state |m> was calcu-

lated in the second order of perturbation theory. The quantization of EM fields in a 3D

photonic crystal was made by expanding the EM fields in a set of eigenmodes (Bloch states).

These states can be solved numerically by means of a plane-wave expansion method. Finally, it

was given an expression for the energy shift containing the local density of states (LDOS):

ΔE ¼
e2ℏ

u20m
2
e

X

n

Enm pmn

�

�

�

�

2
ð

∞

0

dω
ρ ω; rð Þ

ω3 Enm þ ℏωð Þ
, (14)
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with ρ(ω, r) being LDOS:

ρ ω; rð Þ ¼
u20с

2

2ℏε0 2πð Þ3ε2 rð Þ

X

n

ð

BZ

d3k
∇�Hnk rð Þj j2

3ωnk
δ ω� ωnkð Þ, (15)

where u0 is dipole moment, ε(r) is dielectric constant function, and Hnk(r) is magnetic field

distribution of the Bloch states with energy ћωnk. The authors estimated the magnitude of the

Lamb shift and concluded that PBG at optical wavelengths will not cause an appreciable

variation to the energy-level shift induced by self-interaction for different atom positions and

different variations of the LDOS.

Vats with colleagues used the anisotropic band edge model and pseudogap model to calculate

the Lamb shift in an atom placed in photonic crystal [32]. In the first case near the band edge,

dispersion relation (13) was used and corresponding DOS derived. Calculated Lamb shift was

an order of magnitude larger than the free space Lamb shift. Then authors treated the case of a

pseudogap, for which the stop band does not extend over all propagation directions, thus

resulting in a suppression of the DOS rather than the formation of a full PBG:

N ωð Þ ¼ ω2 1� hexp �
ω� ω0ð Þ2

Γ
2

 !" #

: (16)

Here, h and Γ are parameters describing the depth and width of the pseudogap, respectively,

and ω0 is the central frequency of the pseudogap. Vats with coworkers concluded that for a

sufficiently strong pseudogap, the maximal value of Lamb shift may be on the order of 15% of

the free space value.

The authors of work [33] using method of Green functions developed a general formalism for

calculating the Lamb shift in multilevel atoms. The radiative correction to the bound level l is

determined by the expression

ω� ωl ¼
X

j

αlj

2π
ω� ωj

� �

β r;ω� ωj

� �

, (17)

where

αlj ¼
e2 plj

�

�

�

�

�

�

2

3πm2
eε0ℏc

3
(18)

is the relative linewidth of the atomic radiation from the l state to the j state in vacuum

β r;ω� ωj

� �

¼ P

ð

mec
2=ℏ

0

dω0 g r;ω0ð Þ

ω� ωj � ω0
� �

ω0
: (19)

The function g(r, ω) is the local spectral response function (LSRF) proportional to the photon

LDOS:

Theoretical Foundations and Application of Photonic Crystals8



g r;ωð Þ ¼
с
3Vpc

2πω

X

n

ð

BZ

d3k Enk rð Þj j2δ ω� ωnkð Þ (20)

with Vpc being the PC volume and Enk(r) being the electromagnetic eigenmodes. Authors

revealed that in a 3D PC, real photons make a dominant contribution to the value of the Lamb

shift, while the contribution from interaction with virtual photons is small. This differs signif-

icantly from the free space case. It was shown that the PC structure can lead to a giant Lamb

shift, that is, up to two orders of magnitude larger than that for an ordinary vacuum [34]. The

Lamb shift is sensitive to both the position of an atom in PCs and the transition frequency of

the related excited level.

4. Photonic crystal medium corrections to the electron rest mass

For a long time in investigations of QED effects in the PCmedium, researches focused on study

of the Lamb shift in hydrogen atom placed in a PC. In all the listed studies, the subtraction of

the modified by PC medium self-energy of the free electron from the modified self-energy of

the bound electron was used. This procedure was correct, if this self-energy could be included

into the electron physical mass. However this is not the case, because the electromagnetic mass

of the electron in a PC differs from that in the free space and cannot be hidden in the physical

mass. In fact

m
pc
em ¼ mem þ δmpc (21)

and hence the total electron mass m
pc
e in a PC is

m
pc
e ¼ me þ δmpc: (22)

Thus, the modification of the interaction of the electron with its own radiation field in the PC

medium results in the change in its mass. Let us now determine the mass correction δmpc. For

this we have to generalize our analysis of the electron self-energy to the case where it is in the

PC medium. It is natural to start from determining of a quantized vector potential of electro-

magnetic field inside PC. It could be made by taking into account that photon states in periodic

dielectric media have Bloch structure. Photonic Bloch states |kn〉 can be obtained by means of

the plane-wave expansion method [35]. By introducing the operators baþkn and bakn that describe
the creation and annihilation of the photon in the state |kn〉, respectively (baknþ 0j i ¼ knj i and

bakn knj i ¼ 0j i), we can construct a modified vector potential:

Apc r; tð Þ ¼
X

kn

Akn rð Þbakne
�iωknt þA∗

kn rð Þbaþkne
iωknt

� �
, (23)

where Akn rð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=Vωkn

p
Ekn rð Þ with Ekn(r) being the Bloch eigenfunctions satisfying the

following orthonormality condition:

Modification of the Electromagnetic Field in the Photonic Crystal Medium and New Ways of Applying…
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ð

V

d3rε rð ÞEkn rð ÞE∗

k0n0 rð Þ ¼ Vδkk0δnn0 : (24)

Using vector potential (23) we can define nonrelativistic interaction Hamiltonian in the form

H
pc
I ¼ � e

me
p �Apc: (25)

The matrix element p0
;k; nh jHpc

I pj i of this Hamiltonian can be represented in the form

p0
;k; nh jHpc

I pj i ¼ � e

me

ð

d3rΨ∗
p0 rð Þ �i∇rAkn rð Þð ÞΨp rð Þ ¼ e

meV
3=2 ffiffiffiffiffiffiffiffi

ωkn
p

ð

d3re�ip0r i∇rEkn rð Þð Þeipr

(26)

with Ψp(r) being the normalized wave function of the electron state Ψp(r) = 〈r|p〉. Here we

have taken into account that Ψp ¼ eipr=
ffiffiffiffi

V
p

for r∈V and Ψp = 0 for r∉V. Taking also into

account that Ekn(r) can be expanded as

Ekn rð Þ ¼
X

G

Ekn Gð Þei kþGð Þ�r (27)

with G being the reciprocal lattice vector of the photonic crystal (G =N1b1 +N2b2 +N3b3 where

bi is the basis vector of a reciprocal lattice), for p0
;k; nh jHpc

I pj i we get

p0
;k; nh jHpc

I pj i ¼ � e

me

1
ffiffiffiffiffiffiffiffiffiffiffiffi

Vωkn

p
X

G

p � Ekn Gð Þδp,q (28)

with q =p
0
+k +G. For ph jHpc

I p0
;k; nj i we find

ph jHpc
I p0

;k; nj i ¼ � e

me

1
ffiffiffiffiffiffiffiffiffiffiffiffi

Vωkn

p
X

G

p � E∗

kn Gð Þδp,q: (29)

Using these matrix elements, we can determine the mass correction δmpc as a difference of the

electromagnetic masses in PC and free space:

δmpc ¼ � 2e2

p2V

X

G

X

kn

1

ωkn

p � Ekn Gð Þj j2
p2

2me
� p�k�Gð Þ2

2me
� ωkn

�
X

k

X

2

λ¼1

1

2 kj j
p � ελ kð Þj j2

p2

2me
� p�kð Þ2

2me
� kj j

1

A:

0

@ (30)

It should be noted that this expression has a natural cutoff because dielectric constant vanishes

at higher optical energies. Taking into account that electron momentum is much higher that

photon momentum, Eq. (30) can be rewritten in the form

δmpc ¼
2e2

p2V

X

G

X

kn

p � Ekn Gð Þj j2
ω2

kn

�
X

k

X

2

λ¼1

p � ελ kð Þj j2

2k2

!

:

 

(31)
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Now in the expression of δmpc, we can replace the discreet sums by integrals:
ð
d3k
X

kn
!

V

2πð Þ3

X
n

ð
d3k,

X
k
!

V

2πð Þ3

ð
d3k: (32)

In this way we get

δmpc ¼
α

π2

X

n

ð

FBZ

d3k

ω2
kn

X

G

p

pj j
� Ekn Gð Þ

����
����
2

�

ð
d3k

2k2

X2

λ¼1

p

pj j
� ελ kð Þ

����
����
2

2
4

3
5: (33)

Accounting for the effect under study for the energy of an electron in the PC medium, we get

Ep ¼ me þ δme
dp= pj j


 �
þ

p2

2me
δmpc

dp= pj j

 �

þ o
pj j4

m4
e

 !
me: (34)

In dealing with an atomic electron, we have also to take into account that its momentum

should be described by the momentum operator bp and hence δmpc should be described by the

corresponding operator δmpc
dp= pj j


 �
. In this way we arrive at the following expression for the

mass correction ΔEmc
i to energies of the states of a hydrogen-like atom:

ΔEmc
i ¼ i δme

dp= pj j

 ����

���i
D E

þ i
pj j2

2me
δme

dp= pj j

 ������

�����i
* +

þ o ⋯ð Þme: (35)

In the ground S-state |S〉, the mean value of the operator δmpc
dp= pj j


 �
is

δmpc

� 
S
¼

4α

3π

ð
dω

N ωð Þ � ω
2

ω2
, (36)

where N(ω) =NDOS(ω)D(ω) and NDOS(ω) is the photon density of states

NDOS ωð Þ ¼
1

4π

X

n

ð

FBZ

d3kδ ω� ωknð Þ (37)

and

D ωð Þ ¼
X

G

Ekn Gð Þj j2
ωkn¼ω:j (38)

The function N(ω) is closely associated with DOS of the PC. The exact calculation of this

function is challenging for 3D PC; therefore we will use a model having the form

N ωð Þ ¼ ω
2n3eff 1� hexp �

ω� ω0ð Þ2

σ2

 !" #
F ωð Þ, (39)
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where the factor F ωð Þ ¼ n�3
eff þ 1� n�3

eff


 �

= exp ω� μ
� �

=τ
� �

þ 1
� �

with neff �
ffiffiffi

ε
p

. ε ¼ ε � fþ
1� fð Þ is an average dielectric constant with ε being the dielectric constant of the host material

and f being the dielectric fraction in the PC. This model can recapture the existence of photonic

band gap, optical density of dielectric host of PC sample, and the fact that at high enough

photon energies, N(ω) must approach the free space DOS (Figure 2). For the parameters which

were used in Figure 2, our calculations have given 〈δmpc〉S = 2.4 � 10�6me.

Let us now consider the effect of the change in the electron mass on the energies of the atomic

states and the transition frequencies. Here we will restrict ourselves to the hydrogen-like

atoms. In the free space, the energy of the atoms in the state |a〉 = |n, j, l,m〉 is the sum of the

energy derived from the solution of the Dirac equation ED =meRnj and the Lamb shift of the

energy in this state:

Enjl ¼ meRnj þ ΔEL,a, (40)

where

Rnj ¼ 1þ Zα

n� jþ 1=2ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jþ 1=2ð Þ2 � α2

q

0

B

@

1

C

A

22

6

4

3

7

5

�1=2

(41)

and ΔEL, a is the Lamb shift of the energy of the state |a〉. The transition frequency between this

state and the state |b〉 = |n', j', l',m〉 is given by

Figure 2. The model N(ω) determined by the Eq. (39) with neff = 3, h = 0.96, σ = 0.07 eV, μ = 15 eV, τ = 0.01 eV, and ω0 = 1 eV.

Dashed line denotes the free space DOS.
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ωab ¼ me Rnj � Rn0j0


 �
þ ΔEL,a � ΔEL,bð Þ: (42)

When the atom is placed in the void of a PC, the transition frequencies ω
PC
ab are modified as

follows:

ω
PC
ab ¼ me þ a δmPC

e
dp= pj j


 ����
���a

D E
 �
Rnj þ ΔEPC

L,a � me þ b δmPC
e

dp= pj j

 ����

���b
D E
 �

Rn0j0 � ΔEPC
L,b: (43)

In the case when the atom is light, Eq. (43) is reduced to the following expression:

ω
PC
ab ¼ a δmPC

e
dp= pj j


 ����
���a

D E
1�

Z2
α
2

2n2

� �
� b δmPC

e
dp= pj j


 ����
���b

D E2
1�

Z2
α
2

2n2

� �

þ
meZα

2

2

1

n2
�

1

n0ð Þ2

 !
þ ΔEPC

L,a � ΔEPC
L,b ¼

meZα
2

2

1

n2
�

1

n0ð Þ2

 !
þ Δω

PC
ab þ o Z2

α
4

� �
me,

(44)

where ΔωPC
ab is the correction to the transition frequency in the PC medium given by

Δω
PC
ab ¼ a δmPC

e
dp= pj j


 ����
���a

D E
� b δmPC

e
dp= pj j


 ����
���b

D E
: (45)

As we have shown, the values of the mass corrections i δmPC
dp= pj j


 ����
���i

D E
may be of order

10�6me, and hence the corrections to the transition frequencies are comparable to the atomic

optical frequencies.

5. Experimental observation

Since spectra remain discrete when the PCmedium affects interaction between atoms and their

own emission fields, it would be logical to conduct an experiment in which we could observe

this effect. This could be accomplished by observing the classical spectra of the atoms in the

gas phase, pumped into PC cavities. From a theoretical point of view, it would be best to

conduct the experiment with hydrogen atoms, since they are the simplest physical system.

However, the handling of atomic hydrogen creates a number of technical difficulties; from a

practical point of view, the best candidates for the role of such atoms are those of the noble

gases, for example, helium. With respect to the requirements for a PC sample, it is first of all

obvious that it should have cavities that are sufficiently interconnected to ensure the possibility

of pumping gas. Second, the material of the PC sample should have the largest possible

refractive index in the widest possible range of energies, since the effect depends strongly on

the optical contrast [36]. Finally, the larger the amount of material filling the PC volume, the

greater the effect. At the same time, the cavities must remain large enough to meet the

condition that the atoms are free to move. It should be noted that an increase in the relative

shift of the lines δω/ω, along with an increase in the main quantum number n, is unequivocal

confirmation of the effect, since the predicted shift of the lines does not depend on it.

Modification of the Electromagnetic Field in the Photonic Crystal Medium and New Ways of Applying…
http://dx.doi.org/10.5772/intechopen.71367

13



As a simple and natural way to confirm the considered effect, we propose to use a modified

experiment to measure Lamb shift in hydrogen atom placed in the voids of photonic crystal

(Figure 3). In the experiment the hydrogen atoms are exposed to electromagnetic radiation of a

certain frequency, and if this frequency corresponds to the difference between the 2S1/2 and

2P1/2 energy levels (~1058 MHz without PC medium), no excited atoms will reach the detector.

However taking into account the influence of the photonic crystal on the energy levels of atoms

the Lamb shift will differ from 1058 MHz, the excited atoms will appear on the detector which

will confirm the effect. Then we can measure new Lamb shift by adjusting the frequency of

electromagnetic radiation.

There are a number of technical issues which need to be resolved. First, all exposed atoms must

be within the photonic crystal, that is, electromagnetic radiation should be concentrated in a

relatively small volume of a photonic crystal using antennas or waveguides. Second, as

already noted, there are many requirements to the sample of photonic crystal, including the

quality of the structure and possibility of free passage of hydrogen atoms through the PC

medium. To solve the last one, we propose to use photonic crystals with inverted opal struc-

ture [37], the volume fraction of air voids which is approximately 74%. Such structures are

fabricated from synthetic opals by filling voids between spherical particles with any desired

material. After that initial particles are removed leaving a framework with spherical air voids.

However, the resulting structures have a large number of defects and have significant limita-

tions in linear dimensions.

6. Prospects of applications of the effect

The most surprising feature of the effect under study is that the electromagnetic mass of the

electron comes into play when an atom is placed in the voids of a PC. There are no analogs of

such QED effect in the free space. The correction to the electromagnetic mass caused by the

modification of the electromagnetic interaction strongly changes the character of processes of

the spontaneous emission and the absorption of atoms placed in the PC medium, and this can

open up new possibilities for applying PCs. For the first time, one can change the transitions

on the value comparable to the ordinary atomic transition frequencies. This effect becomes

possible due to the dependence of the electromagnetic mass correction on the orientation of the

Figure 3. Scheme of modified Lamb shift experiment.
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electron momentum in the PC medium. This provides a way to control the structure of the

atomic energy levels. In this way, in particular, light sources with the line spectrum of a new

type could be developed.

The line spectrum sources such as He-Ne laser play an important role in physics and technol-

ogies. However, the corresponding transition frequencies in the optical range are limited. The

mass-change effect under study opens possibilities to tune the energy levels of He and Ne

and, as a consequence, to increase the slope efficiency. It allows one to create the new He-Ne-

like lasers.

One of the most perspective applications of the effect is a realization of quantum interference.

Quantum interference among different decay channels caused by the anisotropic vacuum

is the major field of research. Several ways have been proposed to create the anisotropy and to

provide interference between atomic levels in such materials as negative-index materials [38–43],

metasurfaces [44], hyperbolic metamaterials [45], metallic nanostructures [46, 47], topological

insulators [48], and external fields [49–51]. The possibility for making use of anisotropy in the

PC medium for these purposes has been investigated in Refs. [52–55]. The authors of the listed

papers based themselves on the idea voiced by Agarwal [56] who pointed that the anisotropy

of the vacuum can cause the quantum interference between nearest energy levels (e.g.,

Zeeman sublevels) having orthogonal dipole moments. The effect of the change in the electron

mass in a PC provides new possibilities to create conditions at which quantum interference

becomes possible via nonradiative transitions between atomic levels with breaking the strict

selection rules.

7. Conclusion

The QED effects on which we focused play an important role in the physics of PCs. The Lamb

shift in atoms that is one of the most important phenomena of the QED becomes larger in the

case when the atom is placed in the air voids of PCs. But what is especially important is that in

the case where an atom is placed in the artificial PC medium, we face a phenomenon that does

not manifest itself in vacuum. This phenomenon consists in the fact that the part of the

electromagnetic mass mem of the electron that together with the bare mass m0 constitutes the

physical mass mph =m0 +mem becomes observable. In vacuum only mph is observable. This

fact is used in the renormalization theory that is of the central importance in QED. The

renormalization procedure implies that the terms describing the self-energy of the free electron

should be removed from any expressions describing the processes in which the electron takes

place. This is an explanation of the fact that for long time, this subtraction procedure was used

in describing the Lamb shift in atoms placed in PCs despite that the electromagnetic interac-

tion in the PC medium is significantly modified. The correction δmpc ¼ m
pc
em �mem to the

electromagnetic mass of the electron caused by this modification cannot be hidden in the

physical mass of the electron and for this reason is observable. Thus, in the case of the artificial

PC medium, the electromagnetic mass (more precisely its part δmpc) comes into play. In

contrast to the Lamb shift that is relatively small correction to the atomic energy levels, the
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electromagnetic mass correction δmpc can have a significant effect not only on the energy levels

of atoms placed in the PC medium but also on the physical processes in these atoms. The key

point is that δmpc depends on the orientation of the electron momentum in a PC and actually is

an operator δmpc
dp= pj j


 �
whose diagonal matrix elements determine the corrections to the

transition frequencies that are comparable to the atomic frequencies in the free space. The

nondiagonal matrix elements determine nonradiative transitions between the states with

breaking the strict selection rules. These transitions give rise to the quantum interference

between the different decay channels. The possibility of controlling these quantum-

interference processes can be important for quantum information science.

Author details

Renat Gainutdinov1*, Marat Khamadeev1,2, Albert Akhmadeev1,2 and Myakzyum Salakhov1,2

*Address all correspondence to: renat.gainutdinov@kpfu.ru

1 Institute of Physics, Kazan Federal University, Kazan, Russian Federation

2 Tatarstan Academy of Sciences, Kazan, Russian Federation

References

[1] Yablonovitch E. Inhibited spontaneous emission in solid-state physics and electronics.

Physical Review Letters. 1987;58(20):2059-2062. DOI: 10.1103/PhysRevLett.58.2059

[2] John S. Strong localization of photons in certain disordered dielectric superlattices. Phys-

ical Review Letters. 1987;58(23):2486-2489. DOI: 10.1103/PhysRevLett.58.2486

[3] Quang T, Woldeyohannes M, John S, Agarwal GS. Coherent control of spontaneous emis-

sion near a photonic band edge: A single-atom optical memory device. Physical Review

Letters. 1997;79(26):5238-5241. DOI: 10.1103/PhysRevLett.79.5238

[4] John S, Wang J. Quantum electrodynamics near a photonic band gap: Photon bound

states and dressed atoms. Physical Review Letters. 1990;64(20):2418-2421. DOI: 10.1103/

PhysRevLett.64.2418

[5] John S, Wang J. Quantum optics of localized light in a photonic band gap. Physical

Review B. 1991;43(16):12772-12789. DOI: 10.1103/PhysRevB.43.12772

[6] Bay S, Lambropoulos P, Mølmer K. Fluorescence into flat and structured radiation con-

tinua: An atomic density matrix without a master equation. Physical Review Letters.

1997;79(14):2654-2657. DOI: 10.1103/PhysRevLett.79.2654

[7] Bay S, Lambropoulos P, Mølmer K. Atom-atom interaction in strongly modified reser-

voirs. Physical Review A. 1997;55(2):1485-1496. DOI: 10.1103/PhysRevA.55.1485

Theoretical Foundations and Application of Photonic Crystals16



[8] Busch K, Vats N, John S, Sanders BC. Radiating dipoles in photonic crystals. Physical

Review E. 2000;62:4251-4260. DOI: 10.1103/PhysRevE.62.4251

[9] Zhu S-Y, Chen H, Huang H. Quantum interference effects in spontaneous emission from

an atom embedded in a photonic band gap structure. Physical Review Letters. 1997;79

(2):205-208. DOI: 10.1103/PhysRevLett.79.205

[10] John S, Quang T. Localization of superradiance near a photonic band gap. Physical

Review Letters. 1995;74(17):3419-3422. DOI: 10.1103/PhysRevLett.74.3419

[11] Lopez C. Materials aspects of photonic crystals. Advanced Materials. 2003;15:1679-1704.

DOI: 10.1002/adma.200300386

[12] Mateos L, Molina P, Galisteo J, López C, Bausá LE, Ramírez MO. Simultaneous genera-

tion of second to fifth harmonic conical beams in a two dimensional nonlinear photonic

crystal. Optics Express. 2012;20:29940-29948. DOI: 10.1364/OE.20.029940

[13] Pinto AMR, Lopez-Amo M. Photonic crystal fibers for sensing applications. Journal of

Sensors. 2012;2012:598178. DOI: 10.1155/2012/598178

[14] Tuyen LD, Liu AC, Huang C-C, Tsai PC, Lin JH, C-W W, Chau L-K, Yang TS, Minh LQ,

Kan H-C, Hsu CC. Doubly resonant surface-enhanced Raman scattering on gold nanorod

decorated inverse opal photonic crystals. Optics Express. 2012;20:29266-29275. DOI:

10.1364/OE.20.029266

[15] Callahan DM, Munday JN, Atwater HA. Solar cell light trapping beyond the ray optic

limit. Nano Letters. 2012;12:214-218. DOI: 10.1021/nl203351k

[16] Gainutdinov RK, Khamadeev MA, Salakhov MK. Electron rest mass and energy levels of

atoms in the photonic crystal medium. Physical Review A. 2012;85(5):053836(1-7). DOI:

10.1103/PhysRevA.85.053836

[17] Pohl R, Gilman R, Miller GA, Pachucki K. Muonic hydrogen and the proton radius puzzle.

Annual Review of Nuclear and Particle Science. 2013;63:175-204. DOI: 10.1146/annurev-

nucl-102212-170627

[18] Carlson CE. The proton radius puzzle. Progress in Particle and Nuclear Physics.

2045;82:59-77. DOI: 10.1016/j.ppnp.2015.01.002

[19] Sick I. On the rms-radius of the proton. Physics Letters B. 2003;576:62-67. DOI: 10.1016/j.

physletb.2003.09.092

[20] Bernauer JC et al. (A1 collaboration). High-precision determination of the electric and

magnetic form factors of the proton. Physical Review Letters. 2010;105:242001. DOI:

10.1103/PhysRevLett.105.242001

[21] NieringM, Holzwarth R, Reichert J, Pokasov P, Udem T,Weitz M, Hänsch TW, Lemonde P,

Santarelli G, Abgrall M, Laurent P, Salomon C, Clairon A. Measurement of the hydrogen

1S-2S transition frequency by phase coherent comparison with a microwave Cesium foun-

tain clock. Physical Review Letters. 2000;84:5496. DOI: 10.1103/PhysRevLett.84.5496

Modification of the Electromagnetic Field in the Photonic Crystal Medium and New Ways of Applying…
http://dx.doi.org/10.5772/intechopen.71367

17



[22] FischerM, Kolachevsky N, ZimmermannM, Holzwarth R, Udem T, Hänsch TW, Abgrall M,

Grünert J, Maksimovic I, Bize S, Marion H, Pereira dos Santos F, Lemonde P, Santarelli G,

Laurent P, Clairon A, Salomon C, Haas M, Jentschura UD, Keitel CH. New limits on the

drift of fundamental constants from laboratory measurements. Physical Review Letters.

2004;92:230802. DOI: 10.1103/PhysRevLett.92.230802

[23] Parthey CG, Matveev A, Alnis J, Bernhard B, Beyer A, Holzwarth R, Maistrou A, Pohl R,

Predehl K, Udem T,Wilken T, Kolachevsky N, Abgrall M, Rovera D, Salomon C, Laurent P,

Hänsch TW. Improved measurement of the hydrogen 1S-2S transition frequency. Physical

Review Letters. 2011;107:203001. DOI: 10.1103/PhysRevLett.107.203001

[24] Schwob C, Jozefowski L, de Beauvoir B, Hilico L, Nez F, Julien L, Biraben F, Acef O,

Zondy JJ, Clairon A. Optical frequency measurement of the 2S-12D transitions in hydro-

gen and deuterium: Rydberg constant and lamb shift determinations. Physical Review

Letters. 1999;82:4960. DOI: 10.1103/PhysRevLett.82.4960

[25] de Beauvoir B, Nez F, Julien L, Cagnac B, Biraben F, Touahri D, Hilico L, Acef O, Clairon A,

Zondy JJ. Absolute frequency measurement of the 2S-8S/D transitions in hydrogen and

deuterium: New determination of the Rydberg constant. Physical Review Letters.

1997;78:440. DOI: 10.1103/PhysRevLett.78.440

[26] de Beauvoir B, Schwob C, Acef O, Jozefowski L, Hilico L, Nez F, Julien L, Clairon A,

Biraben F. Metrology of the hydrogen and deuterium atoms: Determination of the

Rydberg constant and lamb shifts. European Physical Journal D: Atomic, Molecular,

Optical and Plasma Physics. 2000;12:61-93. DOI: 10.1007/s100530070043

[27] Arnoult O, Nez F, Julien L, Biraben F. Optical frequency measurement of the 1S-3S two-

photon transition in hydrogen. European Physical Journal D: Atomic, Molecular, Optical

and Plasma Physics. 2010;60:243-256. DOI: 10.1140/epjd/e2010-00249-6

[28] Bjorken JD, Drell SD. Relativistic Quantum Mechanics. Vol. 1. New York: McGraw-Hill;

1964. 311 p

[29] Schweber SS. An Introduction to Relativistic Quantum Field Theory. New York: Dover;

2005. 928 p

[30] Zhu S-Y, Yang Y, Chen H, Zheng H, Zubairy MS. Spontaneous radiation and lamb shift

in three-dimensional photonic crystals. Physical Review Letters. 2000;84(10):2136-2139.

DOI: 10.1103/PhysRevLett.84.2136

[31] Li Z-Y, Xia Y. Optical photonic band gaps and the lamb shift. Physical Review. B,

Condensed Matter and Materials physics. 2001;63(12):121305(1-4). DOI: 10.1103/

PhysRevB.63.121305

[32] Vats N, John S, Busch K. Theory of fluorescence in photonic crystals. Physical Review A.

2002;65(4):43808(1-13). DOI: 10.1103/PhysRevA.65.043808

[33] Wang X-H, Kivshar YS, Gu B-Y. Giant lamb shift in photonic crystals. Physical Review

Letters. 2004;93(7):073901(1-4). DOI: 10.1103/PhysRevLett93.073901

Theoretical Foundations and Application of Photonic Crystals18



[34] Wang X-H, B-Y G, Kivshar YS. Spontaneous emission and lame shift in photonic crystals.

Science and Technology of Advanced Materials. 2005;6(7):814-822. DOI: 10.1016/j.stam.

2005.06.025

[35] Sakoda K. Optical Properties of Photonic Crystals. Berlin: Springer; 2001. 227 p. DOI: 10.

1007/978-3-662-14324-7

[36] Gainutdinov RK, Salakhov MK, Khamadeev MA. Optical contrast of a photonic crystal

and the self energy shift of the energy levels of atoms. Bulletin of the Russian Academy of

Sciences: Physics. 2012;76(12):1301-1305. DOI: 10.3103/S106287381212012X

[37] Khokhlov PE, Sinitskii AS, Tretyakov YD. Inverse photonic crystals based on silica.

Doklady Chemistry. 2006;408(1):61-64. DOI: 10.1134/S0012500806050028

[38] Li G-X, Evers J, Keitel CH. Spontaneous emission interference in negative-refractive-index

waveguides. Physical Review. B, CondensedMatter andMaterials Physics. 2009;80(4):045102

(1-7). DOI: 10.1103/PhysRevB.80.045102

[39] Zeng X, Xu J, Yang Y. Spontaneous emission interference enhancement with a μ-negative

metamaterial slab. Physical Review A. 2011;84(3):033834(1-5). DOI: 10.1103/PhysRevA.

84.033834

[40] Yang Y, Xu J, Chen H, Zhu S. Quantum interference enhancement with left-handed

materials. Physical Review Letters. 2008;100(4):043601(1-4). DOI: 10.1103/PhysRevLett.

100.043601

[41] Xu J, Chang S, Yang Y, Al-Amri M. Casimir-polder force on a v-type three-level atom

near a structure containing left-handed materials. Physical Review A. 2016;93(1):012514

(1-8). DOI: 10.1103/PhysRevA.93.012514

[42] Zeng X, Yu M, Wang D, Xu J, Yang Y. Spontaneous emission spectrum of a V-type three-

level atom in a fabry-perot cavity containing left-handed materials. Journal of the Optical

Society of America B: Optical Physics. 2011;28(9):2253-2259. DOI: 10.1364/JOSAB.28.

002253

[43] Xu J-P, Yang Y-P. Quantum interference of V-type three-level atom in structures made of

left-handed materials and mirrors. Physical Review A. 2010;81(1):013816(1-8). DOI: 10.

1103/PhysRevA.81.013816

[44] Jha PK, Ni X, Wu C, Wang Y, Zhang X. Metasurface-enabled remote quantum interfer-

ence. Physical Review Letters. 2015;115(2):025501(1-5). DOI: 10.1103/PhysRevLett.115.

025501

[45] Sun L, Jiang C. Quantum interference in a single anisotropic quantum dot near hyper-

bolic metamaterials. Optics Express. 2016;24(7):7719-7727. DOI: 10.1364/OE.24.007719

[46] Yannopapas V, Paspalakis E, Vitanov NV. Plasmon-induced enhancement of quantum

interference near metallic nanostructures. Physical Review Letters. 2009;103(6):063602(1-4).

DOI: 10.1103/PhysRevLett.103.063602

Modification of the Electromagnetic Field in the Photonic Crystal Medium and New Ways of Applying…
http://dx.doi.org/10.5772/intechopen.71367

19



[47] Evangelou S, Yannopapas V, Paspalakis E. Simulating quantum interference in spontane-

ous decay near plasmonic nanostructures: Population dynamics. Physical Review A.

2011;83(5):055805(1-4). DOI: 10.1103/PhysRevA.83.055805

[48] Fang W, Yang Z-X, Li G-X. Quantum properties of an atom in a cavity constructed by

topological insulators. Journal of Physics B: Atomic, Molecular and Optical Physics.

2015;48(24):245504(1-10). DOI: 10.1088/0953-4075/48/24/245504

[49] Mortezapour A, Saleh A, Mahmoudi M. Birefringence enhancement via quantum inter-

ference in the presence of a static magnetic field. Laser Physics. 2013;23(6):065201(1-7).

DOI: 10.1088/1054-660X/23/6/065201

[50] Ficek Z, Swain S. Simulating quantum interference in a three-level system with perpen-

dicular transition dipole moments. Physical Review A. 2004;69(2):023401(1-10). DOI:

10.1103/PhysRevA.69.023401

[51] Tan H-T, Xia H-X, Li G-X. Quantum interference and phase-dependent fluorescence

spectrum of a four-level atom with antiparallel dipole moments. Journal of Physics B:

Atomic, Molecular and Optical Physics. 2009;42(12):125502(1-6). DOI: 10.1088/0953-4075/

42/12/125502

[52] J-P X, Wang L-G, Yang Y-P, Lin Q, Zhu S-Y. Quantum interference between two orthog-

onal transitions of an atom in one-dimensional photonic crystals. Optics Letters. 2008;33

(17):2005-2007. DOI: 10.1364/OL.33.002005

[53] Li G-X, Li F-L, Zhu S-Y. Quantum interference between decay channels of a three-level

atom in a multilayer dielectric medium. Physical Review A. 2001;64(1):013819(1-10). DOI:

10.1103/PhysRevA.64.013819

[54] Zhang HZ, Tang SH, Dong P, He J. Spontaneous emission spectrum from a V-type three-

level atom in a double-band photonic crystal. Journal of Optics B: Quantum and Semi-

classical Optics. 2002;4(5):300-307. DOI: 10.1088/1464-4266/4/5/312

[55] Zhang HZ, Tang SH, Dong P, He J. Quantum interference in spontaneous emission of an

atom embedded in a double-band photonic crystal. Physical Review A. 2002;65(6A):

063802(1-8). DOI: 10.1103/PhysRevA.65.063802

[56] Agarwal GS. Anisotropic vacuum-induced interference in decay channels. Physical

Review Letters. 2000;84(24):5500-5503. DOI: 10.1103/PhysRevLett.84.5500

Theoretical Foundations and Application of Photonic Crystals20



Selection of our books indexed in the Book Citation Index 

in Web of Science™ Core Collection (BKCI)

Interested in publishing with us? 
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected. 

For more information visit www.intechopen.com

Open access books available

Countries delivered to Contributors from top 500 universities

International  authors and editors

Our authors are among the

most cited scientists

Downloads

We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

12.2%

171,000 190M

TOP 1%154

6,300



Chapter 2

Anomalous Transmission Properties Modulated by
Photonic Crystal Bands

Guoyan Dong

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/intechopen.71403

Abstract

Photonic crystals (PhCs) can be utilized to control the propagation behaviors of light
within a frequency band (i.e., conduction band or stop band) for their periodic arrange-
ments of dielectric. Utilizing the effect of band gap one may introduce defects in a
photonic crystal to limit or guide the electromagnetic wave with the frequency in stop
gaps. Furthermore, based on synthetic periodic dielectric materials photonic crystals can
exhibit various anomalous transmission properties, such as negative refraction, self-
focusing, zero phase delay or effective-zero-index properties that are determined by the
characteristics of their band structures and equal frequency contours (EFC). These
extraordinary results contributing to the design of novel PhC devices and the develop-
ment of PhC application are demonstrated in this chapter.

Keywords: photonic crystal, photonic band gap, negative refraction, zero phase delay,
Dirac-like point

1. Introduction

Photonic crystals (PhCs) are structures in which the dielectric constant is periodically mod-

ulated on a length scale comparable to the desired wavelength of operation [1, 2], and the

resultant photonic dispersion may exhibit photonic band gaps (PBGs) and anomalous prop-

agation behaviors which are useful in controlling light behavior according to different

theoretical principles. Based on the PBG effect we may introduce a line defect in a photonic

crystal to guide the electromagnetic waves with the frequency in stop gap [3]. The line defect

is called a photonic crystal waveguide (PCW), which is very compact (with the typical width

is around half-wavelength) and allows sharp bends without losses for its all-dielectric struc-

ture [4]. Many attempts have been made to fabricate materials with complete photonic

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



band gaps (PBGs) at near-infrared [5] and visible frequencies [6], such as semiconductor

microfabrication [7], self-assembly of colloidal particles [8], electron-beam lithography [9],

multiphoton polymerization [10], holographic lithography (HL) [11], and so on. Among

them, HL is a very promising technique for the inexpensive fabrication of high-quality two-

and three-dimensional (2D and 3D) PhC templates with the unique advantages of one-step

recording, the ability to obtain an inverse lattice by using a template, inexpensive volume

recording and rapid prototyping. The PhCs formed by HL which usually have irregular

“atoms” or columns. Since the PBG property of resultant structure varies with the shape of

“atoms” or columns, thus the PBGs and propagation properties for PhCs made by HL will be

different from those of regular structures.

Veselago predicted a kind of materials with negative refractive index in 1968 [12] which has

attracted lots of attention in recent years. Such materials are generally referred to as left-

handed materials (LHMs), double negative materials [13], or backward-wave media et al.

[14], whose best known characteristic is to refract light in opposite direction. Shelby et al. have

accomplished one of the first experiments to demonstrate the negative-index behavior [15].

However, the absorption loss of the metal limits its potential optical applications. Different

from LHMs, PhCs made of periodic all-dielectric materials can exhibit an fascinating disper-

sion such as negative refraction and self-focusing properties which are determined by the

properties of their band structures and equal frequency contours (EFC) [16, 17].

In this chapter, the maximal complete relative photonic band gaps of 22.1% and 25.1% are

introduced how to be achieved in 2D- and 3D photonic crystals formed by HL method. The

symmetry mismatch between the incident wave and the Bloch modes of PhC can be used to

guide light efficiently. The unique features of negative refraction, dual-negative refraction,

triple refraction phenomena, and special collimation effects of symmetrical positive-negative

refraction have been verified by numerical simulations or experiments. Effective measurement

method has been proposed to identify the Dirac-like point of finite PhC arrays accurately. A

mechanism for generation of efficient zero phase delay of electromagnetic wave propagation

based on wavefront modulation is investigated with parallel wavefronts (or phasefronts)

extending along the direction of energy flow. The band structures of PBG are calculated by

the plane-wave expansion method [18], and a finite-difference time-domain (FDTD) method

[19] is used to calculate the transmission property of the guided mode. The method of wave-

vector diagram is generally used to predict the properties of beam propagation in PhCs.

2. Characteristics of photonic band gap in 2D- and 3D-PhCs

2.1. Photonic band gap in 2D-PhCs

Since the shape and size of lattice columns in 2D case or atoms in 3D case are usually determined

by the isointensity surfaces of the interference field, the columns or atoms formed by this way

often are of irregular shapes [20, 21]. Consequently, the PBG property of resultant structure is

closely related to the fabrication process. Therefore the complete PBG can be obtained and

improved by proper designs of the shape and size of lattice cells [22]. Compared with the 3D
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case, the 2D PhCs are easier to fabricate and study theoretically for the fact that, the wave

propagation of 2D PhCs can be investigated separately for two orthogonal polarizations known

as TM and TE. They have important practical significance because they offer the possibility of

guiding and manipulating light in planar defect circuits [23], photonic crystal fibers [24] and

controlling polarization through their anisotropic band structures.

A kind of 2D 3-fold PhCs conforming to the hybrid triangular configuration formed by HL was

proposed [20]. This kind of hybrid triangular lattice is formed by two sets of triangular lattices,

as depicted in Figure 1, with the big dots indicating the triangular lattice sites with lattice

constant a, while the small dots with the same lattice structure shifting
ffiffiffi

3
p

a=3 in y direction.

Different from the 6-fold rotational symmetry of regular triangular lattice structure, this hybrid

structure has 3-fold rotational symmetry.

The basis vectors of the hybrid triangular lattice may be chosen as a1 ¼ a 1=2;
ffiffiffi

3
p

=2
� �

and

a2 ¼ a �1; 0ð Þ. To produce this 2D hybrid triangular lattice holographically, we may use the

following intensity of interference field,

I ¼ 3þ cos
2π
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where the first constant has no essential effect, which can be changed by adjusting the light

intensity threshold It. The former and latter three cosine terms in this formula define the above

mentioned two sets of triangular lattices, respectively. The constant c is a modulation coeffi-

cient which has a considerable effect on the final structure and thus the corresponding PBGs.

Figure 1. Hybrid triangular lattice with the big dots define a triangular lattice while the small dots compose a same one

with a shift of
ffiffiffi

3
p

a=3 in y direction.
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It is clear that the factors of c and It can be modulated to control the PBGs. For a given c, a

certain lattice structure can be formed by washing away the region of I < It. If we fill this

structure with a material of high refractive index, such as GaAs, and then remove the template,

an inverse structure can be achieved as has been successfully demonstrated in Ref. [25].

Figure 2 represents the relative gap size of optimized structures as a function of c for the

dielectric constant contrast of 13.6 to 1 corresponding to GaAs in air. Obviously, the band gaps

of PhCs made by HL may be widened from 18.9 to 22.1% by introducing irregularity of the

columns and lowering the symmetry of the structure.

In addition, another kind of 2D 6-fold hybrid triangular configuration formed holographically

is proposed [21], in which the complete PBGs can be found even with much lower dielectric

constant (ε = 3.8). This 2D periodic structure is a hybrid triangular lattice combining two sets of

triangular sublattices as depicted in Figure 3, where the red dots denote a triangular sublattice

with lattice constant a, while the blue dots denote another set with the lattice constant of a=
ffiffiffi

3
p

which is rotated by an angle of 30� with respect to the former.

For the triangular structure formed holographically the complete PBGs always appear in

inverse structures (air columns in dielectric material) with high dielectric constant instead of

normal structures [26]. However, the complete PBG may be obtained for normal structure

(dielectric column in air background) with lower dielectric contrast (ε = 3.8). Figure 4 indicates

the relations of relative band gap Δω/ωwith maximum peak value to filling ratio f for different

dielectric contrasts. Computations show that the peak value of optimum relative PBG not

always augments with the increase of dielectric constant ε for normal structure, instead, the

peak value reaches the maximum at about ε = 8.9, such as 9.9% with f = 15.9% for ε = 8.9 and

c = 1.2, which is larger than the result (8.8%) of best designed pincushion columns with the

same dielectric constant [27]. Specially, in this kind of normal structures, the required mini-

mum permittivity to open a complete photonic band gap with Δω/ω > 1% is near 3.8, which is

much lower than the value of 6.4 in the case of pincushion columns [27] and lower than all the

results of 2D photonic crystals ever reported before. In addition, the complete PBGs of this

Figure 2. Relation between the value of c and the corresponding maximum relative band width when ε = 13.6. The two

peaks of relative band gap occur at c = �0.1 and 0.08.
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Figure 3. The hybrid triangular lattice, where red dots define triangular sublattice, blue dots define another group with

lattice constant a=
ffiffiffi

3
p

rotated 30�.

Figure 4. The relations of relative band gaps to different filling ratios f.
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normal structure exist over wide ranges of coefficient c, filling ratio f and dielectric constant,

which can relax the experimental conditions greatly.

2.2. Photonic band gap in 3D-PhCs

An important way to make 3D PhCs by HL is the interference of four umbrellalike beams

(IFUB) where three ambient beams (A-beams) form the same apex angle θwith a central beam

(C-beam), as shown in Figure 5 [28, 29]. The possible lattices that IFUB may produce and the

polarization optimization in the formation of different lattices have been discussed in the

previous works [30, 31]. As a special case of IFUB, the symmetric umbrella configuration,

where any two of the three A-beams also form the same angle, is widely used in HL since it

can be conveniently realized with the use of a diffraction beam splitter (DBS). The continuous

increasing of apex angle θ leads to continuous variation of primitive vectors, reciprocal vectors

and the irreducible Brillouin zone of the resultant structure.

The interference of four noncoplanar plane waves of the same frequency will result in an

intensity distribution

I ¼ I0 þ 2ΔI rð Þ, (2)

where

I0 ¼
X

4

j¼1

E2
j , ΔI rð Þ ¼

X

i<j

EiEjeij cos Ki � Kj

� �

� r þ ϕi0 � ϕj0 þ σij

h i

, (3)

I0 is the background intensity, ΔI is the spatial variation of intensity, φj0 is initial phase of the jth

wave, eij = |ei�ej*|, and σij = arg(ei�ej*). The four wave vectors are expressed as functions of the

apex angle θ,

K1 ¼ 2π=λð Þ
ffiffiffi

3
p

=2
� �

sinθ;� 1=2ð Þ sinθ; cosθ
� �

,

K2 ¼ 2π=λð Þ �
ffiffiffi

3
p

=2
� �

sinθ;� 1=2ð Þ sinθ; cosθ
� �

,

K3 ¼ 2π=λð Þ 0; sinθ; cosθð Þ,
K4 ¼ 2π=λð Þ 0; 0; 1ð Þ:

(4)

With the angle θ increasing from zero to 180�, the shape of Brillouin zone changes from a small

hexangular plane spreading out on xy plane to a simple cubic at θ = 70.53� and finally to a long

hexangular pillar along z axis. Figure 6 gives the lattice structure and the Brillouin zone

calculated at the special angles θ. The special case of θ = 38.94� corresponds to the fcc structure

which belongs to space group No. 166 (R3m), the structure of θ = 109.47� is approximate to

Schwarz’s triply periodic minimal D surface [32].

The plane-wave expansion method [18] was used to study the PBG properties of structures

of this kind and search for the corresponding optimum volume filling ratio f yiel-

ding maximum relative PBGs. Figure 7 shows the maximum size of the relative PBG for

the optimum filling ratio at different apex angle θ. The complete PBGs exist over a very
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Figure 5. Symmetric umbrella recording geometry and the coordinate system used for calculations.

Figure 6. (a) The lattice structure at θ = 70.53� and (b) the irreducible Brillouin zones of rhombohedral structures for

θ = 60�, (c) θ = 70.53� and (d) θ = 80�.

Figure 7. Relative band gap of optimized structures as function of apex angle for 33� < θ < 135� when ε = 11.9.
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wide range of apex angle from 33 to 135� except the narrow region from 49 to 55�, and the

resultant PBGs of simple cubic-sc, face centered cubic-fcc and body centered cubic-bcc

accord with the previous works nicely [32]. The relative PBG width is a continuous function

of apex angle with three peaks, and the PBG gradually decreases to zero at θ = 33� and 135�.

The first peak of 6.05% corresponds to the rhombohedral structure appears at θ = 36.5�.

The second of 10.23% corresponding to the sc structure occurs at θ = 70.53�; and the third

one of 21.57% corresponds to the bcc structure at θ = 109.47�.

As mentioned above, the fcc lattice can be obtained by the interference of one central beam and

three ambient beams symmetrically scattered around the former, but the structure made in this

geometry has only quite a narrow PBG of 5.35%. An alternative beam design was proposed to

fabricate the fcc lattice with a large complete PBG, but it requires four beams incident from two

opposite surfaces of a sample [33], making it difficult to realize in practice. So a five-beam

symmetric umbrella configuration is proposed to make 3D PhCs with large complete PBGs.

The proposed recording geometry of five-beam symmetric umbrella configuration is shown in

Figure 8, where the central beam (C-beam) is set along the z direction, while the four ambient

beams (A-beams) are in the yoz and xoz planes, respectively, to form the same apex angle θ.

The above mentioned five wave vectors can be expressed as,

K1 ¼ 2π=λð Þ � sinθ; 0; cosθð Þ, K2 ¼ 2π=λð Þ 0; sinθ; cosθð Þ,
K3 ¼ 2π=λð Þ sinθ; 0; cosθð Þ, K4 ¼ 2π=λð Þ 0; � sinθ; cosθð Þ,
Kc ¼ 2π=λð Þ 0; 0; 1ð Þ:

(5)

This geometry can be realized by using a DBS to obtain a zero-order diffracted beam and four

symmetric first-order diffracted beams. The polarization of the central beam is circularly polarized

and all the four A-beams are linearly polarized. The unit polarization vectors of five beams are

e1 ¼ e3 ¼ 0; 1; 0ð Þ , e2 ¼ e4 ¼ 1; 0; 0ð Þ , ec ¼
1
ffiffiffi

2
p 1; � i; 0ð Þ, respectively (6)

In general, the lattice structures are tetragonal symmetric structures. The continuous increase

of apex angle θ leads to continuous variation of primitive vectors, reciprocal vectors and the

Figure 8. Symmetric umbrella recording geometry and the coordinate system used for calculations.
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irreducible Brillouin zone of the resultant structure. At θ = 70.53�, the structure is fcc symmetry

with respect to diamond structure. Around 70.53�, the lattice is face-centered-tetragonal (fct)

symmetry. Figure 9(a) and (b) show the real fcc structure and its primitive cell fabricated by

five-beam symmetric umbrella configuration at θ = 70.53�, which obviously differ from the

rhombohedral structure of fcc symmetry and its primitive cell formed by four-beam symmetric

umbrella configuration at θ = 38.94�, as shown in Figure 9(c) and (d). At the apex angle of

θ = 90�, the body-centered-cubic (bcc) lattice can be obtained. For value of θ is near 90�, the

structure has body-centered-tetragonal (bct) symmetry.

Full photonic band gaps exist over a very wide range of apex angle with a relatively low

refractive index contrast. Figure 10 represents the relative gap sizes of optimized structures

for the apex angle range of 50� < θ < 115� with a dielectric constant contrast of 11.9 to 1

corresponding to silicon in air. It is clear that there are complete PBGs above 10% in the range

of 52� < θ < 112�, and even larger PBGs above 20% for 59� < θ < 92�. The maximum relative gap

size of 25.1% appears at θ = 70.53� corresponding to fcc structure, and the relative gap size of

Figure 9. (a) The real fcc structure formed by five-beam symmetric umbrella configuration at θ = 70.53� and It = 1.39; (b)

the primitive cell of fcc structure; (c) the rhombohedral structure of fcc symmetry constructed by four-beam symmetric

umbrella configuration for θ = 38.94�; and (d) the primitive cell of the lattice structure of (c).

Figure 10. Relative band gap for 50� < θ < 115� when ε = 11.9. The solid symbols are the date for fcc and bcc structures at

θ = 70.53� and 90�, respectively.
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bcc structure is 21.3% at θ = 90�. Figure 11 gives the band structure of the fcc lattice with a large

PBG from 0.330 to 0.425ωa/2πc between the second and third bands. Comparing with the four-

beam symmetric umbrella configuration, one can find that two results have the similar PBGs of

21.3% for the bcc lattice structures, and the biggest PBG of 25.1% for fcc lattice structure

formed by five umbrellalike beams is much larger than the value of 5.35% formed by four

umbrellalike beams for the shape reason of PhC lattice cell.

2.3. Photonic crystal waveguide

A waveguide can be created in the PhC slab by introducing a linear defect in the in-plane 2D

periodic structure [34, 35]. Since the ability to guide light waves around sharp corners with

high efficiency is crucial for photonic integrated circuits, many studies have been carried out

concerning waveguide bends through sharp bends in 2D PhC slabs [36, 37]. However, all these

works limit the studies to the structures formed by air rods with regular circular cross sections.

PBGs for PhCs made by HL may be different from those of regular structures, so will the

propagation properties.

When the 2D periodic structure is a triangular Bravais lattice formed by the interference

technique of three noncoplanar beams [26], the structure was filled with a material of high

refractive index and then removing the template, an inverse structure can be obtained. When

the intensity threshold It changes from 3.0 to 2.1, the shape of air holes of this inverse structure

changes gradually from a circle to a hexagon approximately. a waveguide with two 60� bends

are shown in Figure 12(a) with the distance between two bends of 9a.

Some peaks of transmission may result from the resonance between two bends in the wave-

guide of ordinary PhCs with circular air holes [38]. The band diagram of the PhC configuration

has been calculated with the intensity threshold of It = 2.5 and filling ratio of f = 48.7% for the

TE-like mode. Figure 12(b) indicates the transmission and reflection spectra of the waveguide.

Figure 11. Photonic band structure for the fcc structure with θ = 70.53�. The position of the high symmetry points

together with the irreducible Brillouin zone are shown in the inset.
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The red curve here corresponds to the transmission spectra and the blue one to the reflection

spectra. High transmission of more than 90% can be obtained in a wide frequency range from

0.298 to 0.310 (ωa/2πc). The transmission spectrum of similar PCWwith sole 60� bend is shown

in Figure 12(b). It is clear that the frequency range of high transmission (>90%) of Figure 12(b)

is much wider than Figure 12(c). This difference convincingly demonstrates that the existing

resonance between two bends induce strong effect on the transmission property of the PCW,

which can be used to optimize the PCWdesign effectively.

Different from the total internal reflection and photonic crystal fibers (PCF) with full 2D PBGs

by introducing line defect, a 2D photonic crystal waveguide (PCW) formed by an air core and

two identical semi-infinite layers of left-handed holographic PhC is proposed to confine light

in air waveguide. As shown in Figure 13, The EFCs plot and wave-vector diagram of TM2

band in the HL photonic crystal indicate the PhC is left-handed. Considering the symmetry of

Bloch modes of this PhC, the incident interface can be placed in ГM or ГK directions. Simula-

tions have demonstrated that the incident beam can readily travel through the PhC slab with

the input surface interface normal to ГM direction, but restrained in ГK direction, which may

originate from the symmetry mismatch between the external incident wave and the Bloch

mode of this PhC structure [39].

Figure 12. (a) Schematic of a 2D PhC waveguide with two 60� bends and transmission (red curve) and reflection spectra

(blue curve) of the PhC waveguide (b) with two bends and (c) one bend.

Figure 13. (a) The dielectric pattern of cross section with It = 2.33; (b) EFC plot and wave-vector diagram of TM2 band; (c)

effective index of TM2 band vs. the normalized frequency.
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An air waveguide is introduced in the PhC along ГK direction, as shown in Figure 14(a), with

the length 50a of PCW. The power flow can become negative in the PhC cladding when εx < 0,

but remain positive in the air core. By reducing the air width to a critical thickness for TM

mode at certain frequency, the group velocity decreases to zero due to the energy flow in the

air core was offset by the energy flow of the PhC cladding [39]. According to the result of Ref.

[40] the wave vector of guided waves can be given by kz =mπ/dwithm = 1,2,…, and the guided

waves can pass through the super waveguide composed of one air layer and LHM for the

width of air waveguide d > λ0/2 (λ0 is the wavelength in air). The larger d is, the more modes

are guided in the super waveguide. To satisfy the guided condition the width of air layer d is

chosen to be equal or greater than that of 2 layers. A Gaussian pulse with the frequency

spanning from 0.26 to 0.38 is excited at the input (left) side of the waveguide to investigate

the transmission properties of this holographic PCW. The transmission spectrums of different

widths of air waveguides are shown in Figure 14(b). Obviously, a high transmission (>90%)

happened in the frequency regime from 0.315 to 0.365 through the air waveguide with the

width of 4 layers, corresponding to 0 < |neff| < 1, which verifies the oscillating modes has a real

propagation constant [40]. With the width of air waveguide reducing from 4 to 2 layers, the

group velocities decrease gradually and backscattering loss becomes the dominant factor [41],

the critical excitation frequency changes from 0.315 to 0.334 and the transmittance decreases

gradually for the backscattering loss weakening the guided Bloch mode.

Figure 15 shows TM field in the waveguide with 3 layers of air width for the cases when

frequencies are (a) 0.28, (b) 0.315 and (c) 0.33 respectively, light attenuation can be seen clearly

in Figure 15(a) as a result of vertical scattering loss. Since air thickness decreases from 4 layers

to 3 layers, the group velocities slow down and the backscattering loss becomes a dominant

loss factor. The light with the frequency of 0.315 display a low transmission in the waveguide

as shown in Figure 15(b). Figure 15(c) verifies that the incident wave with frequency beyond

the minimum critical excitation frequency can be well confined to the air waveguide. Based on

the symmetry mismatch between the incident wave and the Bloch modes of the holographic

PhC, a holographic PCW without PBGs can also efficiently guide light in a wide frequency

region with high transmission efficiency.

Figure 14. (a) Schematic of the holographic PhC waveguide with a 4 layers width; (b) variation of transmission spectrum

for the holographic PCW with different air width.
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3. Anomalous refraction behaviors modulated by PhC bands

Photonic crystals can exhibit an extraordinarily high, nonlinear dispersion such as negative

refraction and self-focusing properties that are solely determined by the characteristics of their

band structures and equal frequency contours (EFC) [42–44]. The 2D honeycomb structures

Figure 15. Snapshots of the propagations of TM polarization monochromatic wave at the frequencies of (a) 0.28, (b) 0.315

and (c) 0.33 in the holographic PCWof It = 2.33 with 3 layers width.
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formed by single-exposure interference fabrication methods is used to investigate a series of

HL PhC structures in order to obtain comprehensive understanding of the anomalous refrac-

tive properties in PhCs.

The filling ratio of the HL PhC is determined by the ratio of the total exposure dose. Silicon with

ε = 11.56 (i.e., n = 3.4) is used to analyze the dispersion characteristics of the holographic PhCs.

Figure 16(a) gives the cross section of the HL PhC sample. The EFCs plot and wave-vector

diagram of TM2 band in Figure 16(b) illustrated the EFCs around point Г are convex and shrink

with increasing frequency, indicating the PhC is left-handed. Due to the symmetry mismatch

between the external plane wave at normal incidence and the Bloch modes of this PhC as

mentioned above, the interface between PhC and free space is arranged along the ГK direction.

As shown in Figure 16(a), the surface of dielectric PhC slab with the trigonal flange (cut 0.4a) was

disposed to reduce the reflection and scattering losses effectively [45], because of the effective

index gradually varying tomatch with free space. A continuous monochromatic TM polarization

plane wave at the desired frequency ω = 0.348 incidents on the PhC slab with the incident angles

of θ = 30� and 60�. The wave patterns are shown in Figure 16(c) and (d), respectively, with the

refracted beams and incident beams symmetrically located on the same side of normals, which

illustrate the effective refractive index of this PhC is neff = �1, and the phenomenon of negative

refraction in this PhC is an absolute left-handed behavior with Kr � Vgr < 0.

For a continuous point source of ω = 0.348 located on the upper side of the PhC slab with the

distance of do1 = 8.0a away from the upper interface (i.e., the object distance), as shown in

Figure 17(a), the image point approximately locates at the edge of the lower surface with the

image distance di1 = 0. In Figure 17(b), the relevant image distance becomes di2 ≈ 4.6a for the

object distance of do2 = 3.5a. Obviously, the sum of do and di in this PhC slab is nearly a constant

and satisfies the Snell’s law of a flat lens with neff = 1. In addition, note that there is an internal

focus inside the PhC slab of Figure 17(b), which is a clear evidence of LHMs following the

geometric optics rules.

Multi-refraction effects in the 2D triangular PhC have also been found [43]. The special EFC

distributions of different bands can be used to predicate the propagating properties of incident

electromagnetic wave (EMW). The EFC plot of the second band is shown in Figure 18(a) with

almost straight EFC in the ΓK direction at the frequency of 0.26 a/λ. The group velocity vgr of

refracted waves ought to be perpendicular to the incident surface among the incident angle region

from 0 to 35�, which have been demonstrated by the simulation results in Figure 18(b)–(d).

This unusual collimation effect has a series of exciting potential applications, such as spatial light

modulator and optical collimator.

The k-conservation relation is observed in wave-vector diagrams [44]. Traditional EMWs

propagate in media with their wavefronts perpendicular to the energy flow direction. Here,

the EMW of 0.36 a/λ incident upon the ΓK surface at θinc = 25�, the wavefronts of refracted

wave are modulated by the periodic PhC to parallel to the energy flow direction with k � vgr = 0.

Figure 19(a) gives the analysis of EFC plot and wave-vector diagram. FDTD simulations of

electric field distribution in Figure 19(b) prove with the certainty of theory analysis results

with the parallel wavefronts extending along the transmission line.
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For the normal HL structure with triangular lattice symmetry of It = 1.90 (or f = 82.8%), the

EFC plots of TM2 and TM3 bands are calculated [46]. Different from the EFCs of inverse

HL structure, TM2 and TM3 bands intersect in the frequencies regime from 0.225 to 0.343.

Figure 16. (a) Schematic view of the HL PhC slab with the trigonal dielectric flange; and (b) the wave patterns of negative

refractions for different incident angles of (c) θ = 30� and (d) θ = 60�.

Figure 17. Field patterns for the flat superlens. The object distance is 8.5a (a) and 3.5a (b) for the interface normal to ГM

direction, and (c) 3.5a for the interface normal to ГK direction.

Figure 18. (a) EFC plot of the second band with the wave-vector diagrams at 0.26a/λ and the FDTD simulations of electric

field distributions with different incident angles of (b) 20�, (c) 30� and (d) point source incident.
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When a Gaussian beam of ω = 0.31 incidents on the ΓK surface at θ = 25�, the wave-vector

diagram is shown in Figure 20(a) with the blue circle representing the EFC in air, the brown

ring denoting the EFC of TM2 band, and the green hexagram corresponding to the EFC of

TM3 band. Obviously, the dashed conservation line intersects with EFCs of TM2 and TM3

simultaneously to excite two beams of left-handed negative refraction with different refrac-

tive angles, because of the unique EFC features, as shown in Figure 20(b) to verify this result.

The more complicated refraction behaviors can be excited in the higher band regions based on

the intricate undulation of one band or the overlap of different bands. As shown in Figure 21(a),

the sixth band has dual parallel EFCs with opposite curvatures by the red rings within the

frequency range from 0.44 to 0.47 a/λ within a wide scope of incident angle. As an example,

when the working frequency is chosen to be 0.46a/λ, the incident wave at θinc = 30� can excite

positive and negative refracted waves have the symmetrical refractive angles of �30�. The

seventh band has more frequency undulations circled by the blue rings which lead to the more

intricate triple refraction within the frequency scope from 0.488 to 0.50 a/λ (Figure 21(b)).

Figure 19. (a) EFC plot of the fourth band and wave-vector diagram at 0.36a/λwith θinc = 25
�; (b) the FDTD simulations of

electric field distributions.

Figure 20. (a) Wave-vector diagram of ω = 0.31 for TM2 (brown ring) and TM3 (green hexagram); (b) field pattern with

the incident beam of ω = 0.31 at the incident angle of 25�.
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4. Phenomena of zero phase delay in PhCs and application

Recently, materials with zero or near-zero-n has attracted great focus for the characteristics

of uniform phase and infinite wavelength [47–50]. A series of exciting potential applications

have been found in zero-nmaterials, such as wavefront reshaping [51], beam self-collimation

[52], extremely convergent lenses [53], etc. One of their best known applications is optical

links in lumped nanophotonic circuits over hundreds of wavelengths without introducing

phase shifts so as to reduce the unwanted frequency dispersion. Different strategies have

been provided to realize zero permittivity ε. One is to use metallic metamaterial structures

with effective zero permittivity and/or permeability [54, 55]. However, these metamaterials

suffer from the strong absorption loss of the metals and hence with greatly deteriorated

transmittance. Some alternative approaches have been provided, include the combination

of negative- and positive-index materials [52], the microwave waveguides below cutoff [56]

or the periodic superlattice formed by positive index homogeneous dielectric media and

negative index photonic crystals (PhCs) [57].

A plane wave can be described as ~E rð Þ ¼ Aexp i k � r þ φ0

� �	 


, where the symbols of A, k, r, ϕ0

denote wave amplitude, wave vector, position vector and initial phase. The spatial phase shift

is determined by the spatial phase factor k � r, with the traditional wave vector k pointing to the

direction of energy flow (i.e. the direction of group velocity νgr). Assuming the condition of k �

r = 0 is satisfied, the wave vector k is perpendicular to the energy flow with the wavefronts

extending along the propagation direction with the stationary spatial phase along the direction

of energy flow S. In general, it is difficult to modulate the direction of wavefronts in homoge-

neous materials. Since this formula of k � r = 0 can also be expressed as k � vgr = 0, by the

definition of group velocity νgr = ∇kω in PhCs, the group velocity vector is perpendicular to

EFCs pointing to the frequency-increasing direction. Hence, by adjusting the EFC distribution,

the condition of zero phase delay with k � r = 0 can be satisfied.

Figure 21. EFC plots of (a) the sixth band and (b) the seventh band.
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The PhC sample of triangular lattice is composed of dielectric rods with εr = 10, diameter

d = 10 mm, height h = 10 mm and lattice constant a = 10 mm. When the beam of the frequency

ω = 0.376 is incident upon the ΓK surface with the incident angle of θinc = 30�. The wave-vector

diagram of the fourth band is shown in Figure 22. According to the condition of boundary

conservation, two refracted waves can be excited in the PhC. The condition of k � r = 0 is

satisfied for the positive refracted wave. Simulations and experiments in a near-field scanning

system have demonstrated that the wavefronts exactly are parallel to the energy flow with

zero phase delay, as shown in Figure 23(a) and (b). The measured phase contrast image is

shown in Figure 23(c) at 11.213 GHz. Obviously, the incident wave and the exit wave can be

connected directly as if the PhC slab did not exist. Since the PhC structure can be engineered

readily with the large design flexibility, the frequency and incident angle of zero phase delay

can be adjustable in a relaxed PhC configuration design.

Another approach to realize zero phase delay in PhCs is based on the accidental degeneracy of

two dipolar modes and a single monopole mode generates at the Dirac-like point (DLP) with the

linear dispersions of Dirac cone at the Brillouin zone center of PhCs [58]. At the DLP shown in

Figure 24(a), the PhC can mimic the zero-index medium (ZIM) with the characteristics of

uniform field distribution. Linear dispersions near the center point induced by the triple degen-

eracy display many unique scattering properties, such as conical diffraction [59], wave shaping

and cloaking [60]. The dispersion properties obeying the 1/L scaling law near the DLP in the

normal propagation direction have been verified theoretically and experimentally [61] through

the dielectric PhC ribbons with the finite thicknesses, however, it is difficult to distinguish the

precise crossing point from the wide extremum range just relying on the transmittance spectrum.

A Gaussian pulse source of TMmode was placed in front of a PhC square-lattice array with the

incident angle of 90�, thus three transmission spectrums can be measured outside the other

three output interface of the PhC array with one in parallel direction and two in perpendicular

upward and downward directions. As long as the size is large enough, the PhC array can be

Figure 22. EFCs plot of the fourth band with the wave-vector diagram at ω = 0.376a/λ with θinc = 30�.
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regarded as an infinite PhC with the similar transmittance at the different exit boundaries with

the same interface structure. As shown in Figure 24(b), the upward and downward sharp

cusps embedded in the parallel and perpendicular extremum transmittance spectra intersect at

the DLP frequency, therefore, the DLP can be identified accurately due to the property of

uniform field distribution of PhC with effective zero index at DLP.

5. Conclusion

In summary, some novel kinds of 3- and 2-D lattices formed by holographic lithography have

been investigated to find that the complete PBG over wide ranges of system parameters can be

achieved by proper design. The beam design for making this structure is also derived. By using

the interference of symmetric four umbrellalike beams one can obtain complete PBGs over a very

wide range of apex angle, three special lattice structures of fcc, sc and bcc were achieved with

different complete PBGs of 5.35%, 10.23% and 21.57%. The similar PBG of 21.3% for the bcc

lattice structures, and the biggest PBG of 25.1% for fcc lattice structure were achieved by five

Figure 23. (a, b) Wavefront distribution in the PhC slab with different incident angles; (c) measured phase contrast image.

Figure 24. (a) Band structure of TM waves for the 2D square-lattice PhC at the normalized frequency ωD = 0.541. (b) The

simulated transmission spectra in the directions parallel and perpendicular to the incident propagation direction.
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umbrellalike beams, which is much larger than the value of 5.35% formed by four umbrellalike

beams for the shape reason of PhC lattice cell. The holographic PCW can efficiently guide light in

a wide range of frequency around sharp corners and the resonance between the two bends has a

close relation with the configuration of PhC which can be regarded as an important factor to

improve the transmission property of 2D PCW. Since the absolute refractive index 1 of the air

guiding core is larger than the effective index of PhC cladding, the total internal reflections can

be achieved approximately with a high transmittance in the PhC waveguide with the effective

refraction index near zero. For PhC waveguide when the width of air layer is greater than the

critical thickness, the problems of scattering loss can be avoided. The proposed left-handed

holographic PCW is more suitable for many applications in the area of photonic integrated

circuits, and the idea and method of analysis here open a new freedom for PCWengineering.

Different from the anomalous phenomena of PhCs in the high bands, the PhCs of honeycomb-

lattice in the lower band region are more suitable to realize the effect of all-angle left-handed

negative refraction. For the straight EFCs distribution in special directions, the regular PhC can be

applied to thedesign of optical collimator.Moreover,multi-refractionhas been found in the higher

bands. There are twoways to realizemulti-refractions, one arises from a single bandwith intricate

undulations and another originates from the overlap of multi-bands. The unique phenomena of

dual-negative refraction and positive-negative refraction have been found in the higher bands of

PhC. Based on the design flexibility of PhC, the transmission properties of PhC can be engineered

with a large freedom. These results are important and useful for the design of PhC device.

An efficient way to achieve EMW propagation with zero phase delay is to modulate the

wavefronts paralleling to the direction of energy flow. This method can be extended from 2D

to 3D cases or other artificially engineered materials, which opens a new door to obtain perfect

zero-phase-delay propagation of EMW and has significant potential in many applications.

Furthermore, the research found that the Dirac-like point of PhC can be identified accurately

by measuring the transmission spectra through a finite photonic crystal square array.

All these results can be extended to the fabrication of other artificially engineered materials

and provide guidelines to the design of new type optical devices.
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Abstract

This chapter discusses the propagation of TM and TE waves in the one-dimensional
gyrotropic magnetophotonic crystals with ferrite and plasma-like layers. Elements of the
transfer matrix are calculated in closed analytical form on the base of electrodynamic
problem rigorous solution for arbitrary location of the gyrotropic elements on the struc-
ture period. Dispersion equation of the layered periodic structure with gyrotropic ele-
ments is obtained. Dispersion properties of the structure for TE and TM modes are
analyzed for different configurations of magnetophotonic crystals (ferrite and plasma-
like layers). Existence areas of transmission bands for surface and bulk waves are
obtained. The effect of problem parameters on the dispersion properties of magne-
tophotonic crystals for TM and TE modes is investigated. Regimes of complete trans-
mission of wave through limited magnetophotonic crystal are analyzed for bulk and
surface waves.

Keywords: magnetophotonic crystal, gyrotropic media, dispersion diagrams,
TE and TM modes, bulk and surface waves

1. Introduction

Photonic crystals (PCs) are artificial periodic structures with spatially modulated refractive

index in one or more coordinates [1, 2]. Their outstanding optical properties are due to the

existence of frequency band gaps where the propagation of electromagnetic waves is impossi-

ble. Application of these structures became very attractive for modern optoelectronics which

uses the various waveguides, resonators, sensors, and other devices on the basis of PC [3, 4].

Moreover, the control of the PC structure characteristics is the important problem that is

usually solved using external electric or magnetic fields. These methods of providing control-

lability are based on the variation of refractive index of special materials such as liquid crystals

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



and magnetic materials [5, 6]. Since these sensitive materials are anisotropic, then theoretical

analysis of their properties is more complicated.

When at least one of the PCs’ unit cell components is a magnetically sensitive (gyrotropic)

material, they exhibit unique magneto-optical properties and identified as magnetophotonic

crystals (MPCs). Investigations of the MPCs are begun for simplest one-dimensional structures

[7, 8]. However, one-dimensional MPCs are the basis elements for various active field-

controlling applications so far [9, 10]. Changing of the permeability by external magnetic field

is one of the main phenomena that allow developing electronically tuned devices in different

frequency bands: filters, circulators and so on [11–13].

Along with the properties inherent in conventional PCs, these structures have additional

optical and magneto-optical properties which considerably expand their functionality. Kerr

effect, Faraday rotation and optical nonlinearity can be enhanced in MPC due to light localiza-

tion within magnetic multilayer. Magneto-optical system with large Faraday or Kerr rotation

can be used for effective optical isolators [14, 15], spatial light-phase modulators [16] and

magnetic field and current sensor [17] development. Furthermore, one can obtain stronger

enhancement of the magneto-optical phenomena due to resonant effects in the MPCs [18],

which characterized by specific polarization properties. Using PCs with magneto-optical layers

provides possibility of control of optical bistability threshold in structure based on graphene

layer [19]. It should be noted that not only magnetic materials are suitable for MPC. Namely,

one-dimensional PC with plasma layers can be tunable by external magnetic field [20].

A number of applications of the MPCs are inspired by their nonreciprocal properties. For

example, special spatial structure of the MPC layers provides the asymmetry of dispersion

characteristics and, as a result, the effect of unidirectional wave propagation [21]. This phe-

nomenon allows enhancing field amplitude in the MPC without any periodicity defects. In this

case, the so-called frozen mode regime occurs instead the defect mode one.

One of the unique properties of gyrotropic materials is the possibility of negative values of

material parameters under the certain conditions. Usually, these are so-called single-negative

media that are divided into epsilon-negative media (plasma) and mu-negative ones

(gyrotropic magnetic materials). The term “double-negative media” or “left-handed materials”

is used for media with negative values of both permittivity and permeability and often

replaced by term “metamaterials.” Application of metamaterials in one-dimensional PC sys-

tems results in unusual regularities of bulk and surface wave propagation and is the subject of

experimental and theoretical research [22, 23].

Theoretical description of the various types of one-dimensional PCs is usually based on the

transfer-matrix method of Abelès [24] that was applied by Yeh et al. to periodic layered media

[25]. This method cannot be applied in general case for anisotropic multilayer structures

because of mode coupling. However, this is possible in special cases, namely, in two-

dimensional model of wave propagation in periodic layered media [26]. This case is consid-

ered in this chapter. Such an approach makes it possible to simplify significantly the analysis of

physical phenomena in complex layered media with various combinations of gyrotropic and

isotropic elements. Moreover using well-known permutation duality principle of Maxwell’s
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equations results in a reduction of unique combinations number. In turn, this allows better

understanding of regularities of bulk and surface wave propagation in one-dimensional MPC

and finding new modes for applications in modern microwave, terahertz and optical devices.

2. Formulation and solution of the problem for modes of gyrotropic

periodic structures

2.1. Basic relationships

We study electromagnetic wave propagation in periodic structure in general case with

bigyrotropic layers (one-dimensional MPC) (Figure 1). Each of two layers on the structure

period L = a + b is an anisotropic medium (plasma or ferrite or their combinations). Their

permittivity and permeability are characterized by tensor values of standard form [26]:
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For plasma media, the value of the permittivity is tensor, whereas the value of the permeability

is scalar. Such media are called electrically gyrotropic. It is opposite for the ferrite media; the

permeability is tensor, whereas permittivity is scalar. Such media are usually called magneti-

cally gyrotropic. If the permittivity and permeability are simultaneously described by the

tensors (Eq. (1)), such media are called gyrotropic or bigyrotropic. The material parameters

included in tensors ε
$

j and μ
$

j are defined by the value of the external bias magnetic field

H
!

0 ¼ z
!

0H0, which is directed along Oz axis.

The study of the general case of gyrotropic media with material parameters of form (Eq. (1))

is reasonable, primarily because it allows using the permutation duality principle when

obtaining main equations for fields and characteristic Eqs. [26]. According to this principle

generalized for gyrotropic media, namely, when simultaneously the substitution of fields

Figure 1: Schematic of the periodic structure.
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E
!

$H
!

and material parameters ε
$
$ � μ

$
is done, the receiving of general equations, from

which the equations for magneto-gyrotropic media (ferrite), electro-gyrotropic media

(plasma), and gyrotropic media (bianisotropic media) can be obtained easily, turns to be more

simple than in each of the mentioned particular cases separately.

Indeed, it follows from Maxwell equations:

rot E
!

¼ �
1

c

∂B
!

∂t
, rot H

!

¼
1

c

∂D
!

∂t
, (2)

where D
!

¼ε
$
E
!

is inductance vector of electric field and B
!

¼μ
$
H
!

is inductance vector of magnetic

field. Components of these vectors can be written as:

Dx ¼ ε
$
E
!

� �

x
¼ εEx � iεaEy, Dy ¼ ε

$
E
!

� �

y
¼ iεaEx þ εEy, Dz ¼ ε

$
E
!

� �

z
¼ ε∥Ez,

Bx ¼ μ
$
H
!

� �

x
¼ μHx � iμaHy, By ¼ μ

$
H
!

� �

y
¼ iμaHx þ μHy, Bz ¼ μ

$
H
!

� �

z
¼ μ

∥
Hz:

In general case, one can obtain two connected differential equations for longitudinal compo-

nents of electromagnetic fields Ez andHz (along Oz axis and the direction of bias magnetic field

H
!

0 ¼ z
!

0H0). In two-dimensional case (∂/∂z = 0), these equations can be broken up into two

independent Helmholtz equations with respect to the selected longitudinal field components

Ez and Hz (TM and TE waves) [26]. Indeed, we can show it for two-dimensional case and

harmonic dependence exp(�iωt) of the fields on time t.

Using the relation between field components Ez and Hz via transverse field components, one

can obtain the Helmholtz equation for two polarizations Ez and Hz, respectively:

∂2Ez

∂x2
þ

∂2Ez

∂y2
þ k2μ

⊥
ε∥Ez ¼ 0,

∂2Hz

∂x2
þ

∂2Hz

∂y2
þ k2ε⊥μ∥

Hz ¼ 0: (3)

Here:

μ
⊥j ¼ μj 1�

μ2
aj

μ2
j

 !

, ε⊥j ¼ εj 1�
ε2aj

ε2j

 !

:

Eq. (3) describes TMwaves (Hx,Hy,Ez), Ez-polarization (s-polarization) and TEwaves (Ex,Ey,Hz),

Hz-polarization (p-polarization). Therefore, the vector of the electric field for s-polarization is

directed perpendicular to the xy plane and the vector of the electric field for the p-polarization is

parallel to this plane. It is necessary to use the boundary conditions for the tangential compo-

nents of the electric and magnetic fields at the media interfaces to solve the boundary electrody-

namic problem for the eigenvalues and the eigenfunctions of the Laplace operator. We use the

conditions of continuity of the components Ez andHy for TMwaves andHz and Ey for TE waves.
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This analysis shows the important conclusion that in the general case of a gyrotropic medium,

the fields of TM and TE waves with respect to the direction of the bias magnetic field H
!

0 in the

two-dimensional case are divided into two independent solutions of the Maxwell equations.

Moreover, Eq. (3) and the expressions for the tangential components of fields Ey andHy yield the

permutation duality principle for the TM and TE waves. These equations are transformed each

other after replacing the component of field Ez by Hz, and simultaneously, the effective perme-

ability μ⊥ should be replaced by the effective permittivity (�ε⊥) and ε∥ by (�μ∥). The boundary

conditions for the components Ey andHy also satisfy the permutation duality principle. Hence, it

is possible to simplify this general electrodynamic problem, and we can consider only one type

of TM or TE waves for any kind of media in order to obtain a solution for another type of wave.

Below, we consider the propagation of Ez-polarized (TM) waves in a gyrotropic PC structure.

To determine the eigenvalues and the corresponding eigenfunctions of the two-layer gyromag-

netic MPC, we consider Helmholtz equation for the Ez-polarization with the corresponding

boundary conditions for the tangential components of the fields Ez and Hy at the interfaces of

the periodic structure layers. For the case of Hz-polarization (TE waves), it is necessary to use

the permutation duality principle in the solution for TM waves.

The solution of the Helmholtz equation for TM waves for both tangential components of the

fields Ez and Hy can be written in the following form:

E1
z x; yð Þ ¼ an�1e

iξ1 x� n�1ð ÞLð Þ þ bn�1e
�iξ1 x� n�1ð ÞLð Þ

� �

eiβy, b < x� n� 1ð ÞL < L

H1
y x; yð Þ ¼

ξ1
�kμ

⊥1

an�1g
þ
1 e

iξ1 x� n�1ð ÞLð Þ � bn�1g
�
1 e

�iξ1 x� n�1ð ÞLð Þ
� �

eiβy,
(4)

E2
z x; yð Þ ¼ cne

iξ2 x�nLð Þ þ dne
�iξ2 x�nLð Þ

� �

eiβy, 0 < x� nL < b

H2
y x; yð Þ ¼

ξ2
�kμ

⊥2

cng
þ
2 e

iξ2 x�nLð Þ � dng
�
2 e

�iξ2 x�nLð Þ
� �

eiβy:
(5)

Here, n = 1, 2,… is a number of the period; ξj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2μ
⊥jε∥j � β2

q

are the transverse wave num-

bers in gyrotropic layers in the direction of the Ox axis; β is the longitudinal wave number of

the MPC; an, bn, cn, and dn are the wave amplitudes in the layers; and g�j ¼ 1� i
μaj

μjξj
β.

Let us note one feature in the expressions for the electromagnetic fields (Eqs. (4) and (5)). The

presence of gyrotropy in the layers (μaj 6¼ 0) leads to the fact that the distributions of the

amplitude of the fields in the layers differ by factors g�j for the forward and backward waves,

which propagating in the layers along the direction of periodicity.

To find the dispersion equation that relates the longitudinal wave number β with the structure

parameters for a given frequency ω, it is necessary to use the boundary conditions on the

interfaces of the layers and the Floquet-Bloch theorem [27, 28] for the periodic structure. Using

the conditions of continuity of the Ez and Hy components of the fields at the interfaces x�

(n� 1)L = 0 and x = nL, we get matrix equations:
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an�1

bn�1

� 	

¼
a11 a12

a21 a22

� 	

cn

dn

� 	

,
cn

dn

� 	

¼
b11 b12

b21 b22

� 	

an

bn

� 	

: (6)

where

a11 ¼
1

2
g�1 þ

ξ2
ξ1

μ
⊥1

μ
⊥2

gþ2

� 	

e�iξ2L, a12 ¼
1

2
g�1 �

ξ2
ξ1

μ
⊥1

μ
⊥2

g�2

� 	

eiξ2L, (7)

a21 ¼
1

2
gþ1 �

ξ2
ξ1

μ
⊥1

μ
⊥2

gþ2

� 	

e�iξ2L, a22 ¼
1

2
gþ1 þ

ξ2
ξ1

μ
⊥1

μ
⊥2

g�2

� 	

eiξ2L: (8)

b11 ¼
1

2
g�2 þ

ξ1
ξ2

μ
⊥2

μ
⊥1

gþ1

� 	

eiξ2ae�iξ1a, b12 ¼
1

2
g�2 �

ξ1
ξ2

μ
⊥2

μ
⊥1

g�1

� 	

eiξ2aeiξ1a, (9)

b21 ¼
1

2
gþ2 �

ξ1
ξ2

μ
⊥2

μ
⊥1

gþ1

� 	

e�iξ2ae�iξ1a, b22 ¼
1

2
gþ2 þ

ξ1
ξ2

μ
⊥2

μ
⊥1

g�1

� 	

e�iξ2aeiξ1a: (10)

Eliminating the coefficients cn, dn in the matrix equations (Eq. (6)), we obtain the relation for the

coefficients in identical layers for two neighboring periods of the structure:

an�1

bn�1

� 	

¼
a11 a12

a21 a22

� 	

cn

dn

� 	

¼
a11 a12

a21 a22

� 	

b11 b12

b21 b22

� 	

an

bn

� 	

¼
A B

C D

� 	

an

bn

� 	

: (11)

The elements of the ABCDmatrix are calculated by the rule of multiplying two matrices. Using

the Eqs. (7)–(10), we find the elements of the given transfer matrix, namely:

A ¼ cos ξ2b� i
1

2

ξ1
ξ2

μ
⊥2

μ
⊥1

þ
ξ2
ξ1

μ
⊥1

μ
⊥2

þ
β2

ξ1ξ2

μ
⊥2

μ
⊥1

μa1

μ1

�
μ
⊥1

μ
⊥2

μa2

μ2

� 	2
" #

sin ξ2b

( )

e�iξ1a, (12)

D ¼ cos ξ2bþ i
1

2

ξ1
ξ2

μ
⊥2

μ
⊥1

þ
ξ2
ξ1

μ
⊥1

μ
⊥2

þ
β2

ξ1ξ2

μ
⊥2

μ
⊥1

μa1

μ1

�
μ
⊥1

μ
⊥2

μa2

μ2

� 	2
" #

sin ξ2b

( )

eiξ1a, (13)

B ¼ i
1

2
sin ξ2b �

ξ2
ξ1

μ
⊥1

μ
⊥2

þ
ξ1
ξ2

μ
⊥2

μ
⊥1

1� i
β

ξ1

μa1

μ1

�
μa2

μ2

μ
⊥1

μ
⊥2

� 	
 �2
( )

eiξ1a, (14)

C ¼ �i
1

2
sin ξ2b �

ξ2
ξ1

μ
⊥1

μ
⊥2

þ
ξ1
ξ2

μ
⊥2

μ
⊥1

1þ i
β

ξ1

μa1

μ1

�
μa2

μ2

μ
⊥1

μ
⊥2

� 	
 �2
( )

e�iξ1a
: (15)

An important property of the ABCD matrix is the unimodularity property, when the ratio

between the elements of the matrix is fulfilled: AD�BC = 1. Using the expressions for the

elements of the matrix ABCD, one can show that this condition is satisfied. We note that when

ξ1 is a real number, then the elements of the matrix A =D∗
и B =C∗ are pairwise conjugate.

The resulting matrix equation (Eq. (11)), which determines the relationship of the unknown

coefficients in two identical layers of different periods of the periodic structure and the
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Floquet-Bloch theorem, allows us to find the characteristic (dispersion) equation for determin-

ing the previously introduced unknown longitudinal wave number β for a wave propagating

along gyrotropic layers (along the Oy axis) and the Floquet-Bloch wave number K. According

to the Floquet-Bloch theorem in its matrix formulation, one can obtain

A B

C D

� 	

an

bn

� 	

¼ e�iKL an

bn

� 	

: (16)

The phase factor e�iKL is the eigenvalue of the transfer-matrix ABCD, which is determined

from the characteristic equation:

e�iKL ¼
1

2
AþDð Þ � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
1

2
AþDð Þ


 �2
s

: (17)

The unknown real values of the roots of the characteristic equation have the form:

KTM β
� �

¼
1

L
arccos cos ξ2b cos ξ1a�

1

2

ξ1
ξ2

μ
⊥2

μ
⊥1

þ
ξ2
ξ1

μ
⊥1

μ
⊥2

þ

þ
β2

ξ1ξ2

μ
⊥2

μ
⊥1

μa1

μ1

�
μ
⊥1

μ
⊥2

μa2

μ2

� 	2

2

6

6

6

6

4

3

7

7

7

7

5

sin ξ2b sin ξ1a

8

>

>

>

>

<

>

>

>

>

:

9

>

>

>

>

=

>

>

>

>

;

: (18)

It is easy to show that this expression is transformed to the well-known solution of the

dispersion equation for the case of two magnetodielectric layers (μa1 =μa2 = 0) [25].

Note that the longitudinal wave number enters into equation as β squared. This indicates that

its absolute value is the same for opposite directions of wave propagation along the Oy axis.

That is, the dispersion is the same for forward and backward waves propagating along the

layers. However, the field distributions for the case of gyrotropic media in the direction of

periodicity for forward and backward waves are different.

Using the permutation duality principle, we found the solutions of the electrodynamic prob-

lem for TE wave propagation in the gyrotropic MPC. For this case, we change the material

parameters according to the rule μ
$
$ � ε

$
in the transfer-matrix elements (Eqs. (12)–(15)), in

the dispersion relation, and in the solution (Eq. (18)). Then, we obtain

ATE ¼ cos ξ2b� i
1

2

ξ1
ξ2

ε⊥2
ε⊥1

þ
ξ2
ξ1

ε⊥1
ε⊥2

þ
β2

ξ1ξ2

ε⊥2
ε⊥1

εa1
ε1

�
ε⊥1
ε⊥2

εa2
ε2

� 	2
" #

sin ξ2b

( )

e�iξ1a, (19)

DTE ¼ cos ξ2bþ i
1

2

ξ1
ξ2

ε⊥2
ε⊥1

þ
ξ2
ξ1

ε⊥1
ε⊥2

þ
β2

ξ1ξ2

ε⊥2
ε⊥1

εa1
ε1

�
ε⊥1
ε⊥2

εa2
ε2

� 	2
" #

sin ξ2b

( )

eiξ1a, (20)

BTE ¼ i
1

2
sin ξ2b �

ξ2
ξ1

ε⊥1
ε⊥2

þ
ξ1
ξ2

ε⊥2
ε⊥1

1� i
β

ξ1

εa1
ε1

�
εa2
ε2

ε⊥1
ε⊥2

� 	
 �2
( )

eiξ1a, (21)
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CTE ¼ �i
1

2
sin ξ2b �

ξ2
ξ1

ε⊥1
ε⊥2

þ
ξ1
ξ2

ε⊥2
ε⊥1

1þ i
β

ξ1

εa1
ε1

�
εa2
ε2

ε⊥1
ε⊥2

� 	
 �2
( )

e�iξ1a
: (22)

Here ξ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2ε⊥1μ∥1 � β2
q

and ξ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2ε⊥2μ∥2 � β2
q

.

It is apparent that in this case, one can write

KTE β
� �

¼
1

L
arccos cos ξ2b cos ξ1a�

1

2

ξ1
ξ2

ε⊥2
ε⊥1

þ
ξ2
ξ1

ε⊥1
ε⊥2

þ

þ
β2

ξ1ξ2

ε⊥2
ε⊥1

εa1
ε1

�
ε⊥1
ε⊥2

εa2
ε2

� 	2

2

6

6

6

6

4

3

7

7

7

7

5

sin ξ2b sin ξ1a

8

>

>

>

>

<

>

>

>

>

:

9

>

>

>

>

=

>

>

>

>

;

: (23)

In the absence of gyrotropy (εaj = 0), this solution is transformed into the well-known expres-

sion for the Bloch wave number for TE waves for the magnetodielectric PC [25].

The given elements of the transfer-matrix ABCD and the solutions of the dispersion equations

(Eqs. (18) and (23)) for both s- and p-polarizations (TM and TE waves) are suitable for analysis

of wide variety of MPCs with different material parameters: two isotropic layers on the crystal

period (dielectric, magnetic, magnetodielectric), one isotropic layer with another anisotropic

layer, two gyroelectric layers or gyromagnetic ones or a combination of them, and two

gyrotropic layers. Such an abundance of variants makes Eq. (17) universal in terms of analyz-

ing the dispersion characteristics of TE and TM waves and establishing the features of their

propagation in various one-dimensional MPCs.

2.2. Eigen regimes of MPCs

We perform the analysis of the features for the propagation of the electromagnetic waves in

different MPCs for various eigenmodes. We identified 10 variants of such regimes.

1. The crystal contains two layers of magnetodielectric: εa1 = εa2 =μa1 =μa2 = 0.

2. The crystal contains magnetodielectric layer, εa1 =μa1 = 0, and the layer of a semiconductor plasma:

εa2 6¼ 0 and μa2 = 0.

3. The crystal contains magnetodielectric layer, εa1 =μa1 = 0, and the ferrite layer: μa2 6¼ 0 and εa2 = 0.

Taking into account the permutation duality principle, we obtain equations analogous to variant 2.

4. The crystal contains magnetodielectric layer and gyrotropic one: εa1 =μa1 = 0, εa2 6¼ 0, and μa2 6¼ 0.

5. The crystal contains layer of semiconductor plasma: εa1 6¼ 0 and μa1 = 0 and the ferrite layer: εa2 = 0

and μa2 6¼ 0.

6. The crystal contains two layers of semiconductor plasma: εa1 6¼ 0, εa2 6¼ 0 and μa1 = 0,μa2 = 0.

7. The crystal contains two ferrite layers: μa1 6¼ 0,μa2 6¼ 0 and εa1 = 0, εa2 = 0.

Taking into account the permutation duality principle, we obtain equations analogous to variant 6.
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8. The crystal contains the plasma layer and gyrotropic layer: εa1 6¼ 0, εa2 6¼ 0 and μa1 = 0,μa2 6¼ 0.

9. The crystal contains the ferrite layer and gyrotropic layer: εa1 = 0, εa2 6¼ 0 and μa1 6¼ 0,μa2 6¼ 0.

Taking into account the permutation duality principle, we obtain equations analogous to

variant 8.

10. The crystal contains two gyrotropic layers μa1 6¼ 0,μa2 6¼ 0 and εa1 6¼ 0, εa2 6¼ 0

In this case, one can use solutions Eqs. (18) and (23) for TM and TE waves, respectively.

3. Analysis of the propagation of TE and TM waves in MPCs

3.1. General aspects of wave propagation in MPCs

Let us do a physical analysis of the obtained results and determine general rules of electro-

magnetic wave propagation in MPC. If the wave number K(β) is real, then the electromagnetic

wave propagates in a MPC without attenuation. These particular Floquet-Bloch wave num-

bers K(β) correspond to the transmission bands and satisfy the condition |cosK(β)L| ≤ 1. On

the other hand, a different behavior is observed when the wave number is complex: K(β)

=K
0

(β) + iK
00

(β). Such waves cannot propagate in a MPC and thus decay along the direction of

periodicity. As a result, the forbidden zones are formed that satisfied the condition |cosK(β)

L| > 1. This condition allows easy determination of the imaginary part K
00

(β) of the wave

number. When K
00

(β) 6¼ 0, then sinK
0

(β)L = 0 and K
0

(β)L =πm (where m = 0, 1, 2… are forbidden

zone numbers). As a result, we can obtain the equation for K
00

(β): chK00 β
� �

L ¼ �1ð Þm 1
2 AþDð Þ.

The value m = 0 corresponds to the zeroth forbidden zone where the wave number is purely

imaginary. It is important to distinguish two cases: the absence (εaj = 0, μaj = 0) and presence

(εaj 6¼ 0, μaj 6¼ 0) of gyrotropy in a MPC. Besides of that, if in jth layer the conditions

k2ε⊥jμ∥j� β2 < 0 or k2μ⊥jε∥j� β2 < 0 are satisfied, and in one layer ε⊥1 < 0 (orμ⊥1 < 0) and in

another layer ε⊥2 > 0(μ⊥2 > 0), then the wave in such layer would decay in amplitude along the

x-axis. This wave is a surface wave and delayed in respect to the speed of light.

3.2. Analysis of dispersion characteristics

Let us consider first the case of a MPC in the absence of gyrotropy (εaj = 0 and μaj = 0). This

structure is a periodic sequence of magnetodielectric layers. Dispersion equations for these

structures were previously considered in a simplified version by many authors. However,

the first investigation of such characteristic (dispersion) equations was carried out as early as

the nineteenth century by Rayleigh [29] in the solution of the one-dimensional Hill equation.

If the medium is periodic, then the latter equation becomes the traditional one-dimensional

Helmholtz equation. Further investigations were performed by various researchers, for

example, Brillouin [30], Yeh et al. [25], and Bass [31].

The solutions of the dispersion equations for the magnetodielectric periodic structures written

out in this section include all possible combinations of the signs andmagnitudes of the material
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parameters. As an example, let us consider dispersion characteristics of one-dimensional

magnetodielectric PCs for several combinations of the parameters.

Figure 2 shows dispersion curves for the value of the longitudinal wave number β = 0.9. In this

case, the periodic structure consists of two dielectrics (μ1 =μ2 =μ∥ = 1) with positive values of

permittivity ε1 = ε∥1 = 2 and ε2 = ε∥2 = 9. The normalized width of the layers is a/L = 0.8 and b/

L = 0.2. Solid and dotted curves denote the real and imaginary parts of the Floquet-Bloch wave

number, respectively. The imaginary parts of the Floquet-Bloch wave number characterize the

degree of wave decay in the forbidden bands. The wave decay is different in forbidden zones.

Moreover, the maximum attenuation is observed for the zeroth zone.

If we consider a MPC consisting of two different magnetodielectrics, then there are no funda-

mental differences.

Figure 3 shows the dispersion diagrams for PC with two dielectric layers (μ1 =μ2 = 1) on the

structure period and with different signs of the permittivities (ε1 > 0 and ε2 < 0), namely,

ε1 = ε∥1 = 2 and ε2 = ε∥2 = � 6. First the problem of wave propagation at the boundary of two

half-spaces from dielectrics with opposite signs of permittivity values was considered by

Sommerfeld [32].

The existence of surface waves at the boundaries of PC layers is illustrated in the dispersion

diagram (Figure 3) for TE waves (p-polarization). The region of these waves existence is

located below the light line k = β(ε1)
�1/2 (the solid line on the diagram). Taking into account

the identical physical nature of the surface wave existence in PC and Zenneck-Sommerfeld

wave for two media [33], this regime can be classified as a modified surface Zenneck-

Sommerfeld wave. For this wave, the condition β ¼ k
ffiffiffiffiffiffiffiffiffi

ε1ε2
ε1þε2

q

is satisfied approximately, as

follows from the dispersion equation. It should be noted that if we consider PC with magnetic

layers, then a surface wave will exist for s-polarization.

Figure 2: Dispersion characteristics of the one-dimensional photonic crystal.
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With the advent of new artificial media (metamaterials) for which the permittivity and perme-

ability are simultaneously negative, optoelectronics devices with new functionalities are devel-

oped. In this connection, it is expedient to consider a MPC, one of whose layers on the

structure period is a metamaterial (e.g., ε2 < 0,μ2 < 0).

In Figure 4, dispersion diagrams are calculated for the one-dimensional PC with alternative

layers of magnetodielectric and metamaterial (ε2 < 0,μ2 < 0). The following parameters were

Figure 3. Dispersion diagrams for both polarizations.

Figure 4. Dispersion diagram of the photonic crystal with metamaterial layer.
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selected: ε1 = 4,μ1 = 3, ε2 = � 2,μ2 = � 6, and a/L = 0.5. Figure 5a and b shows the dispersion

characteristics for such MPC at the values β = 0 and β = 2π/L, respectively. On the presented

graphs, identical dispersion diagrams for both polarizations are seen. Therefore, it is a case of

polarization indifference for the forbidden zones and transmission ones. For the presented

case, the refractive indices of the layers are the same in absolute value and have phase

difference of π, namely, n1 ¼ ffiffiffiffiffiffiffiffiffiffi

ε1μ1

p ¼
ffiffiffiffiffi

12
p

and n2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2j je�iπ μ2

�

�

�

�e�iπ
q

¼ e�iπ
ffiffiffiffiffi

12
p

. For this case,

the complete Floquet-Bloch wave transmission in PC for two polarizations is possible.

It is clear that there are transmission bands only for surface slow waves (modified Zenneck-

Sommerfeld waves) that are located below the light line ω
ffiffiffiffiffi

12
p

¼ βc. For bulk waves (k2εjμj > β
2),

the transmission bands degenerate into curves. These curves are described by equation (2πm)2 =

(k2|εjμj|� β2)L2 (m =1, 2,…) for both polarizations.

Dispersion curves for real K
0
and imaginary K

00
values (Figure 5a and b) show that the wave

decay for both polarizations is the same. The propagation of waves is observed at discrete

points on which the conditions K
00
= 0 and |cosK(β)L| = 1 are satisfied. These points are located

outside the transmission bands of surface waves. The phenomenon of polarization indifference

makes it possible to develop devices with a finite number of periods of a MPC in which a

complete narrow-band propagation of the wave is possible simultaneously for a whole spec-

trum of discrete frequencies and both polarizations [34].

We now turn to an analysis of the propagation of waves in MPC consisting of a magnetodi-

electric and a semiconductor plasma layer [35]. It is advisable to consider two cases in the

presence of gyrotropy of the medium (εa2 6¼ 0), when ε⊥2 > 0 and ε⊥2 < 0 for TE waves. We note

that the dispersion characteristics for TM waves are the same as for a conventional magnetodi-

electric. Let us first consider the features of TE wave propagation inMPCwhen the plasma layer

gyrotropy is such that condition ε⊥2 > 0 (εa2 < ε2) is fulfilled. From an analysis of the solutions of

the dispersion equation, it follows that in the periodic structure at such a value of the effective

permittivity of a plasma medium, there can exist two modes of TE wave propagation. The first

Figure 5. Dispersion characteristics for different values of longitudinal wavenumber: (a) β = 0; (b) β = 2π/L.
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mode is bulk waves whose domain of existence is determined by the simultaneous fulfillment of

two conditions: k2ε⊥1μ∥1� β2 > 0 and k
2ε⊥2μ∥2� β2 > 0. The second mode is the propagation

mode of gyrotropic surface waves. This mode is observed when three conditions are fulfilled

simultaneously: k2ε⊥1μ∥1� β2 < 0, k2ε⊥2μ∥2� β2 < 0, and ξ1
ξ2

ε⊥2
ε1

þ ξ2
ξ1

ε1
ε⊥2

þ
β2

ξ1ξ2

ε1
ε⊥2

εa2
ε2

� �2
< 0.

If the above conditions are satisfied, then the existence of real values of the Floquet-Bloch wave

number other than zero is possible when the condition |cosK(β)L| ≤ 1 is fulfilled for pure

imaginary values of transverse wave numbers ξ1 and ξ2.

The results of calculations of the dispersion diagram are shown in Figure 6. The calculation

was carried out with the following parameters: a/L = 0.8, μ1 =μ2 =μ∥1 =μ∥2 = 1, ε1 = 2, ε2 = 4,

εa2 = 3.2, and ε⊥2 = 1.44. The solid line shows the light line for the first layer on the period

of the structure. It can be seen from the figure that when the conditionsk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε⊥2μ∥2

p

< β,

k
ffiffiffiffiffiffiffiffiffiffiffi

ε1μ∥1

p

< β, and ε⊥2
ε⊥2j j

β2

ξ1j j ξ2j j
ε1
ε⊥2j j

εa2
ε2

� �2
� ξ1

ξ2

�

�

�

�

�

�

ε⊥2j j
ε1

þ ξ2
ξ1

�

�

�

�

�

�

ε1
ε⊥2j j

� �


 �

> 0 are satisfied, there exists a

region of real values of the Floquet-Bloch wave number for which the gyrotropic surface wave

regime is observed (more shaded area of the transmission zone).

In the case ε⊥2 < 0, as for PC with dielectric layers, the regime of a modified Zenneck-

Sommerfeld surface wave can exist in MPC. However, in addition to that wave, there is also a

gyrotropic surface wave for other parameters of the problem. Indeed, such a wave exists when

both transverse wave numbers in two layers are pure imaginary ξ21 < 0; ξ22 < 0
� �

. Also under

these conditions and ε⊥2 < 0, the condition
β2

ξ1j j ξ2j j
ε1
ε⊥2j j

εa2
ε2

� �2
<

ξ1
ξ2

�

�

�

�

�

�

ε⊥2j j
ε1

þ ξ2
ξ1

�

�

�

�

�

�

ε1
ε⊥2j j must be fulfilled,

that is, opposite to the condition for positive values of the second-layer effective permittivity.

Figure 6. Band structure for TE polarization.
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Figure 7 shows the dispersion diagrams for both polarizations in the case ε⊥2 < 0. Parameters of

the problem were chosen as follows: a/L = 0.8, μ1 =μ2 =μ∥1 =μ∥2 = 1, ε1 = 2, ε2 = 4, εa2 = 6.7, and

ε⊥2 = � 7.2. The solid line k = β(ε⊥1μ∥1)
�1/2 separates the areas of the existence of bulk waves

and surface waves for p-polarization. One area relates to the modified Zenneck-Sommerfeld

waves, and the other one relates to the gyrotropic surface wave which also exists for positive

values of the effective permittivity, as shown above. We note that in the transmission bands of

TE waves in dispersion diagrams, there are two regions in which surface waves propagate.

The case of MPC with a magnetodielectric and ferrite layer is analogous to that considered

earlier by virtue of the permutation duality principle. Let us now consider the following case,

when both layers on the structure period are ferrite with different material parameters. In this

case, modes of bulk wave’s existence in the transmission bands can be observed when two

conditions ξ21 ¼ k2μ
⊥1ε∥1 � β2 > 0 and ξ22 ¼ k2μ2⊥ε∥2 � β2 > 0 are fulfilled. Regime of surface

waves is realized when opposite conditions (ξ21 < 0, ξ22 < 0) and also the additional condition

are fulfilled:

μ
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μ
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�

�

�

�

μ
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μ
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�

�

�
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⊥1

μ
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� 	2
" #

< 0 (24)

Note that this condition is equally suitable for both positive and negative values of the effective

magnetic permeability of ferrite μ⊥j. Here, as in the case of the plasma semiconductor layer, the

existence of gyrotropic surface waves is possible [36].

In Figure 8, we represent the dispersion diagrams of TM waves for the considered above MPC

with two ferrite layers at the period of the structure. In the calculation, the following task

parameters were chosen: a/L = 0.5, μ1 =μ∥1 = 2, μ2 =μ∥2 = 3, ε1 = 2, ε2 = 4, μa2 = 2.9,μ⊥2 = 0.197μa1 = 0.1,

and μ⊥1 = 1.995.

Figure 7. Dispersion diagrams of the magnetophotonic crystal containing plasma layers.
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The solid line in the figure, below which the solutions of the dispersion equation are in the

regime of surface waves, is determined by the equation k = β(μ⊥1ε∥1)
�1/2. Analysis of the

dispersion equation solutions and the conditions for the existence of surface waves show that

for the chosen values of the material parameters in the ferrite MPC, there exists a range of

parameters on the dispersion diagram that corresponds to the regime of propagation of the

surface wave at the boundaries of the layers (in this figure it is marked as more shaded area in

transmission zone). We emphasize that the regime of the surface wave is realized with positive

values of the both magnetic permeabilities of the ferrite layers.

Figure 9 illustrates the case of the existence of a modified Zenneck-Sommerfeld wave for the

case when the effective magnetic permeability of one of the layers is negative. Here, the

dispersion diagrams are calculated with the following parameters of the problem: a/L = 0.85,

μ1 =μ∥1 = 2, μ2 =μ∥2 = 3, ε1 = 1.5, ε2 = 1.8, μa2 = 7.9, μ⊥2 = � 17.8, μa1 = 0.7, and μ⊥1 = 1.755.

Figure 10 illustrates the evolution of dispersion diagrams at change of ferrite effective mag-

netic permeability μ⊥2(μa2 = 5.6; 5.8; 6.1) for a/L = 0.83, μ1 =μ∥1 = 2, μ2 =μ∥2 = 3, ε1 = 4, ε2 = 2, and

μa1 = 0.4. A darker shade shows the transmission bands in which the conditions of existence of

surface waves are fulfilled. The change of the bias magnetic field value leads to a significant

change of the parameters of these areas. An increase in the value of the effective magnetic

permeability μ⊥2 owing to the magnitude μa2 results in a change in the width and location of

the transmission band of the modified Zenneck-Sommerfeld surface wave.

Figure 11 shows dispersion diagrams for the modified Zenneck-Sommerfeld surface wave of

MPC with two ferrite layers on the structure period at change of width of the layer b (b/

L = 0.3; 0.5; 0.7; 0.8) with μ⊥2 < 0 and for the following parameters of the problem: μ1 =μ∥1 = 2,

μ2 =μ∥2 = 3, ε1 = 4, ε2 = 2, μa1 = 0.4, μ⊥1 = 1.92, μa1 = 5.6, and μ⊥2 = � 7.45.

Increase of the second-layer width b leads to an expansion of existence area of surface waves

with a simultaneous shift of the bandwidth toward the value β = 0 (Figure 11a and b). The

Figure 8. Band structure of the ferrite magnetophotonic crystal.
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largest existence area of surface waves is realized in dispersion diagram for approximately

equal values of the layer thicknesses. Further increase of the parameter b is accompanied by a

displacement of this area to the opposite direction (Figure 11c and d). Thus the surface wave

modes in a ferrite MPC are determined both by the material parameters of the system and by

the width of the layers on the period of the structure.

Let us move on the dispersion diagrams for two bigyrotropic layers on the structure period.

Taking into account the complete symmetry of the dispersion for TE and TMwaves, the case of

polarization indifference can be realized in this case. We will show this by example.

Figure 12 shows the dispersion diagrams for TE and TM waves for MPC consisting of two

bigyrotropic layers on the period of the structure. Figure 12a corresponds to the following

Figure 9. Dispersion diagrams of the ferrite magnetophotonic crystal for both polarizations.

Figure 10. Dispersion diagrams for different values of bias magnetic field: (a) μa2 = 5.6; (b) μa2 = 5.8; (c) μa2 = 6.1.
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values of the parameters: a/L = 0.85, μj =μ∥j = 2, εj = ε∥j = 2, εa1 =μa1 = 0.5, εa2 =μa2 = 5.2, μ⊥1 = 1.875,

and μ⊥2 = � 11.52. In Figure 12b, only the values of the effective permittivity and permeability

of the second layer differ: εa2 =μa2 = 6.8.

The solid lines in the figures distinguish the area of fast (upper part of figures) and slow wave

(the lower part of figures). The complete identity of the dispersion diagrams for the transmis-

sion bands of both surface and bulk waves follows from the figures and formulas (18) and (23).

By changing the bias magnetic field, it is possible to control the width and location of trans-

mission bands for both polarizations.

Dispersion diagrams in Figure 13 correspond to the case when only the surface wave trans-

mission bands for both polarizations are realized. The parameters of the problem were chosen

as follows: a/L = 0.28, μ1 =μ∥1 = 1.5, μ2 =μ∥2 = 2, ε1 = ε∥1 = 1.2, ε2 = ε∥2 = 1.8, εa1 = 4.95, εa2 = 1.7,

μa1 = 0.7, and μa2 = 5. The polarization sensitivity of the MPC is realized in this case. Only the

surface waves with certain polarization can propagate through the periodic structure for

defined values of parameters k and β.

Figure 11. Dispersion diagrams for different values of second layer thickness: (a) b/L = 0.3; (b) b/L = 0.5; (c) b/L = 0.7; (d) b/L = 0.8.
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Therefore, we have considered the main features of the propagation of TE and TM waves in

various magnetophotonic gyrotropic crystals. Important application of this one-dimensional

PC theory is the problem of the electromagnetic waves scattering by a structures with limited

number of periods.

4. Scattering of a plane wave by a MPC

In this section, the scattering of the plane wave on gyromagnetic MPC with N periods is

considered. When a p-polarized plane wave is scattered on MPC with a limited number of

periods, the problem is divided into three stages. At the first stage, the problem of scattering

of a plane wave on the first gyromagnetic layer of MPC is solved. In the second stage, the

coupling between the field coefficients of the first and last layers of the MPC is used in the

problem for the MPC modes. And, finally, in the third stage, the problem of wave transmis-

sion from the last layer of the structure to the surrounding area is considered. Following

Figure 12. Dispersion diagrams of the bigyrotropic magnetophotonic crystal: (a) εa2 =μa2 = 5.2; (b) εa2 =μa2 = 6.8.

Figure 13. Transmission bands for surface waves in the bigyrotropic magnetophotonic crystal.
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[37], we write out the final expression for the reflection and transmission coefficients for

gyrotropic MPC:

R ¼
n21M11 þ n22M21ð Þk11 þ n21M12 þ n22M22ð Þk21½ �

n11M11 þ n12M21ð Þk11 þ n11M12 þ n12M22ð Þk21½ �
(25)

T ¼
1

n11M11 þ n12M21ð Þk11 þ n11M12 þ n12M22ð Þk21½ �
(26)

Here, matrix M is the Nth power of an ABCD matrix. Other notations correspond to Ref. [37].

Figure 14a shows the dependences of the transmission coefficient modulus on the normalized

frequency in the case of normal wave incidence (β = 0) on MPC with 20 periods in the regime of

bulk waves. Calculation parameters are the same as in Figure 7.

There are three transmission bands in the frequency range under consideration. Each of these

bands contains resonances which observed with respect to the frequency of the complete

transmission of the wave (Figure 14b and c). Frequency resonances correspond to different

modes of the periodic structure. The number of modes is determined by the number of periods

of the structure (N� 1).

Figure 15 depicts the frequency dependences of the transmission coefficient modulus in the

regime of the surface waves. In this case the incident angle of wave is greater than the angle of

total internal reflection. We can see one transmission band in this case. Inset in Figure 15 shows

enlarged frequency dependence within this band. Complete propagation is observed for each

resonant frequency of modes of the limited periodic structure.

Figure 14. The transmittance vs frequencies for the case of normal incidence ofwave: (a) spectral characteristic; (b) fine structure

of spectral characteristic in second transmission band; (c) fine structure of spectral characteristic in third transmission band.
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5. Conclusions

The electrodynamic problem is solved for the proper TE and TM waves of a MPC with two

gyrotropic layers. The elements of the transmission matrix, the dispersion equation, and its

solution are obtained analytically. An analysis of the dispersion properties of TE and TM

waves for MPC is carried out, and features of the existence of fast and slow waves are revealed.

Different regimes of gyrotropic surface waves are found. The conditions for the existence of

surface waves are established for positive and negative values of the permittivity and perme-

ability. Analytic expressions for the reflection and transmission coefficients for a limited MPC

are obtained, and their analysis is performed for the regime of bulk and surface waves.

Complete transmission of the wave through this structure is realized at resonant frequencies

that correspond to different spatial distributions of the mode field in limited MPC.
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