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1. Introduction

Thermophysical properties of complex fluids materials (dusty plasmas) have been very actively 
investigated both experimentally and by computer simulations. These properties describe the 
physical and chemical behavior of material that remains in terms of fluids formation. Among 
all of the properties, thermal conductivity is most important; it is an intrinsic property of 
fluid materials. It is a difficult property from computational point of view because it is sensi-
tive to the internal energy of the system. Its molecular-level observations are becoming more 
important in dusty plasmas. Dust is abundant in nature. Dust particles coexist in plasmas and 
then form a complex dusty plasma. Dusty plasmas are ionized gases that contain particulates 
of condensed matter. Dusty plasmas are of interest as a non-Hamiltonian system of inter-

acting particles and as a means to study generic fundamental physics of self-organization,  
pattern formation, phase transitions, and scaling. Their discovery has therefore opened new 
ways of precision investigations in many-particle physics.

2. Dusty plasmas

Dusty plasmas are ionized gases that contain particulates of condensed matter. These particles 
have different sizes ranging from tens of nanometers to hundreds of microns. The dynamics 
of these massive charged particles happens at slower timescales than the ordinary plasma ions 
because charge to mass ratio (e/m) is orders of magnitude smaller that the corresponding (e/m) 
of either the electrons or ions. They may be in the shape of rods, irregularly shaped pancakes or 
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spheres. They are made up of dielectric, e.g., SiO
2
 or Al

2
O

3
, or conducting materials. Even though 

the particles are normally solid, they might also be liquid droplets or fluffy ice crystals [1].

3. History of dusty plasmas

Despite almost a century–long history—the first observations of dust in discharges have been 
reported by Langmuir in 1924. After that, Lyman Spitzer along with Hannes Alfven recog-

nized that dust in the universe was not merely a hindrance to optical observation, but that 
it was an essential component of the universe. One of the most exciting events in the field of 
dusty plasmas occurred in early 1980 during the Voyager 2 flyby of planet Saturn. In 2005, 
Cassini spacecraft took new and improved images of spokes with detail that would provide 
a better understanding of their origin. In 1992, the European spacecraft Ulysses flew by the 
planet Jupiter and detected the dust particles and measured their masses and impact speed. 
The current enormous interest in complex plasmas started in the mid-1980s, triggered by 
laboratory investigation of thermal conductivity of dusty plasmas [2].

4. Types of dusty plasmas

4.1. Weakly vs. strongly coupled dusty plasmas

The vital attention in the investigation of dusty plasmas is whether the particles are in the 
weakly or strongly coupled state. The description as weakly or strongly coupled denotes the 
subject of whether the particles average potential energy, due to nearest neighbor interac-

tions, are smaller or larger than their average thermal energy. Coulomb coupling parameter, 
Γ is defined as the ratio of the interparticle Coulomb potential energy to the (thermal) kinetic 
energy of the particles:

  Γ =   
 q   2 

 __ 
rT

   exp  (  
− r

 ___ 
 λ  

D
  
  )   (1)

where r = (3/4πn)1/3 is the average interparticle spacing [3].

5. Dusty plasma physics

The brief discussion of the basic principles of dusty plasma physics is given in the following 
sections.

5.1. Debye shielding

The Debye length is an important physical parameter in a plasma. It provides the distance 
over which the influence of the electric field of an individual charged particle is felt by other 
charged particles (such as ions) inside the plasma. The charged particles actually rearrange 
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themselves in order to shield all electrostatic fields within a Debye distance. In dusty plasmas, 
the Debye length can be defined as follows [4].

   λ  
D
   =   
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De

   .  λ  
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 √ 
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De

  2   +  λ  
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    (2)

where λ
De

 = √KT
e
 /4πn

e
e2 and λ

Di
 = √KT

i
 /4πn

i
e2 are the Debye lengths associated to electrons 

and ions, respectively.

5.2. Macroscopic neutrality

Dusty plasmas are characterized as a low-temperature ionized gas whose constituents are 
electrons, ions, and micron-sized dust particulates. The presence of dust particles (grains) 
changes the plasma parameters and affects the collective processes in such plasma systems. 
In particular, the charged dust grains can effectively collect electrons and ions from the back-

ground plasma. Thus, in the state of equilibrium, the electron and ion densities are deter-

mined by the neutrality condition [5], which is given by

   en  
i0   ‐  en  

e0   +  qn  
d 0   = 0  (3)

5.3. Inter-grain spacing

In a multicomponent dusty plasma, inter-grain spacing is very important to distinguish 
between dust in plasma and dusty plasma. Like the dust grain radius, b the inter-grain spac-

ing, r is usually much smaller than the Debye length λ
D
. For dust in plasma, r > λ

D
 and the dust 

particles are completely isolated from their neighbors. For dusty plasmas, r ≤ λ
D
 and the dust 

particles can be considered as massive point particles like multiple-charged negative (or posi-
tive) ions in a multispecies plasma where the effect of neighboring particles can be significant.

5.4. Coulomb coupling parameter

Charged dust grains can be either weakly or strong correlated depending on the strength of 
the Coulomb coupling parameter Eq. (1). When Γ > > 1, the dust is strongly coupled and this 
condition is met in several laboratory dusty plasmas, such as dust “plasma crystals”. When 
the dust is weakly coupled, the dispersion relation of waves is not affected by the spatial cor-

relation of the dust grains. A dusty plasma is considered as weakly coupled if Γ < < 1 [6].

5.5. Lattice parameter

In the case of Yukawa interaction, additional screening parameter becomes necessary

  κ =   
 a  

ws
  
 ___ 

 λ  
D
  
    (4)

It is how much effective and protective the shielding out behavior of a single specie against 
the external or internal stimuli (voltages) that affect inside the plasmas. a

ws
 is the Wigner-Seitz 

radius which can be estimated as a
ws

 = (4πn/3)−1/3 [7].
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6. The forces on a dust grain in a plasma

The knowledge about various forces acting on dust particles in a plasma is necessary for an 
understanding of their dynamics and transport.

6.1. Force of gravity, F
g

The dust particle is subject to gravity with a force that is proportional to its mass, but under 
microgravity condition, it is ignored.

   F  
g
   = mg =   

4
 __ 3   π  b   3  ρg   (5)

where g is the local acceleration due to gravity and ρ is the mass density of the particle [8].

6.2. The electric force, F
e

At a location in the plasma having an electric field E, the electric force acting on dust particles 
of charge q is

    F  
e
   = qE  (6)

The electric field is smaller in the bulk of the plasma while it is larger in sheaths next to the 
plasma wall boundary.

6.3. Neutral drag force, F
n

This force is produced from collisions with the background neutral gas atoms or molecules, 
and is proportional to the neutral pressure in the vacuum chamber. F

n
 is given as

   F  
n
   =  Nm  

n
     v   2   

n
   π  b   2   (7)

where N is the neutral density, m
n
 is the mass of the neutral atoms (or molecules), and v

n
 is the 

average relative velocity [1].

6.4. Thermophoretic force, F
th

This force will be produced due to the temperature gradient in the neutral gas in the plasma, 
and it‘s direction is opposite to temperature gradient. This force is given approximately by

    F  
th
   =   

16  √ 
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 π  
 ____ 15     
 b   2   k  

T
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where, v
T,n

 is the thermal speed of the neutral gas, k
T
 is the translational part of the thermal 

conductivity, and T
n
 is the temperature of the neutrals [9].
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7. Transport properties

7.1. Diffusion coefficient

The diffusion coefficient is the proportionality constant between molar fluxes which is   J  
A
   = − DΔ  C  

A
   ,  

where  Δ  is known as gradient operator, D is known as diffusion coefficient (m2. s−1), and C
A
 is the 

concentration (mole/m3). In the complex (dusty) plasma, the mass, momentum, and energy are 
transported through dust particles.

7.2. Shear viscosity

Shear viscosity is the measure of force between different layers of fluid. It is the dynamical 
property of a material such as liquid, solids, gas and dusty plasmas. For liquid, it is familiar 
thickness, for example, honey and water have different viscosity. The ideal fluid has no resis-

tance between layers in shear stress. The superfluid has zero viscosity at very low tempera-

ture. All other liquids have positive viscosity and are said to be viscous.

7.3. Thermal conductivity

The most vital property of the dusty plasma liquids (DPLs) is thermal conductivity and 
it is due to the internal energy of the molecules. The energy transference of the DPLs and 
its dependence on the applied external field can be checked by the thermal conductivity. 
The complete analysis of it is important and necessary for the designing and manufac-

turing of numerous heat flow devices. The applications in thermo-electronic devices 
e.g., in semiconductor systems, the phonon thermal conductivity has got a special atten-

tion. Due to the atoms’ oscillations, phonons of different wavelengths and frequencies 
are created in solids, and these phonons would disappear when the oscillations stop. 
Especially, nanotechnology (nanomaterials) requires the accurate calculation of heat 
transport features [10, 11]. Molecular simulation is recognized as substantial for micro- 
and nano-scale heat transport phenomena. Furthermore, the new advances require the 
complete explanations of phase change and the heat, mass transport in micrometer to 
nanometer scale regimes.

8. Applications

8.1. Dust is a good thing

In the present era, scientists do not consider the dust as an undesirable pollutant; interest-
ingly its positive impacts lead in manufacturing, designing of new devices and direct new 
developments in material science. In the plasma-chemical mechanism, fine dust particles are 
also important and having useful properties related to their size and composition. A few of 
the applications are given below:
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1. The efficiency and lifetime of silicon solar cell was increased by the incorporation of amor-

phous hydrogenated silicon particles (a-Si:H) with the nanocrystalline silicon particles 
which grow in silane plasmas.

2. Thin films of TiN in an amorphous Si
3
N

4
 matrix prepared by PECVD (plasma enhanced 

chemical vapor deposition) have enormously high hardness and elastic modulus. A thin 
film coating is applied to materials to improve surface properties.

3. Diamond whiskers made up by etching in radio frequency (rf) plasmas improve electron 
field emission. The reactive ion etching process used in rf plasma devices effectively sharp-

en the micro tips of diamond [12].

8.2. Dust in plasma processing devices (dust is a bad thing)

At first, it was presumed that the semiconductor surfaces were contaminated during handling 
of the wafers. To lighten the problem, all fabrication steps were done in clean rooms. Yet even 
with the best state-of-the art clean rooms, semiconductor wafers showed evidence of contami-
nation. It drove out that the surfaces were being soiled by dust particles generated within the 
processing plasmas. Complex plasma-enhanced chemical reactions take place within these dis-

charges that produce and grow dust particles. Several experimental devices are used to mea-

sure the presence and growth of dust particles such as transmission electron microscope (TEM), 
scanning electron microscope (SEM), laser light scattering etc. Also, theoretical and computa-

tional works are directed to investigate the dust formation, growth, charging, and transport.

9. Computational method

9.1. Simulation technique and parameters

Molecular mechanics dynamic simulation (MMDS) is a simplified approach as compared to 
other techniques. It allows study of molecular ensembles for thousands of atoms. The MMDS 
technique works as a core on a simple explanation of force between the individual atoms. 
Here, HPMD approach is implemented to determine the thermal conductivity of CDPs by 
applying external perturbation which is modeled by using Yukawa potential model use for 
the explanation of dust particles interacting with one another. Yukawa potential is used for a 
system of charged particles. While Green-Kubo relation applies to neutral particles,

  ϕ (  | r |  )  =   
 q   2 
 ____ 4  πε  0  

      e   −  | r |  / λ  
D
    _____ 

  | r |  
  ,  (9)

The plasma phase of Yukawa system is representing three dimensionless parameters [7], plasma 

coupling parameter Γ= (q2 /4πε0) (1/awsKB
T), screening strength κ = aws /λD

, and F
e
(t) = (Fz) is exter-

nal perturbation with its normalized value F* = Fzaws/JQZ
, where J

QZ
 is thermal heat energy along 

z-axis. The inverse of plasma frequency ω
p
 = (q2/2πε0maws

3)1/2 characterizes timescale. Simulations 
are performed for N = 400–14,400 particles in canonical ensemble with PBCs and minimum 
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image convention of Yukawa particles. In our case, most of the simulations are performed with 
N = 400 particles. The particles are placed in a unit cell with edge length L

x
 / L

y
 and the dimen-

sions of square simulation cell are L
x
aws × L

y
aws. The equations of motions for N-Yukawa dust 

particles are integrated through the predictor–corrector algorithm with simulation time step of 
Δt = 0.001ω

p
−1. In our case, the conductivity calculations are reported for a wide range of plasma 

coupling (1 ≤ Γ ≤ 100) and screening parameters (1 ≤ κ ≤ 4) of 2D Yukawa system at constant 
normalized external perturbation F*.

9.2. HNEMD model and thermal conductivity

The Green-Kubo relations (GKRs) are the mathematical terms for transport coefficients in the  
form of time integral correlation functions. GKR is for hydrodynamic transport coefficient of neu-

tral particles. This formula gives linear response expression for thermal conductivity. It enables our 
calculations using a time-series record of motion of individual dust particles. For thermal transport 
coefficient, it is a time integral of the correlation function of the microscopic flux of heat energy and 
where the required input includes time series for position and velocity of a dust particle.

  λ =   1 ______ 2  K  
B
    AT   2 

     ∫ 
0
  
∞
   〈 J  

Q
   (t)  .  J  

Q
   (0) 〉  dt,  (10)

where A represents the area, T denotes the absolute temperature, K
B
 is Boltzmann’s constant. 

The relation of microscopic heat energy J
Q
 is

   J  
Q
   A =  ∑ 
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N

     [ E  
i
   −   1 __ 2    ∑ 

i=j
     (ri − rj)  . Fij]  .   

 p  
i
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In this equation, r
ij
 = r

i
 – r

j
 is the position vector and F

ij
 is the force of interaction on particle i 

due to j and p
i
 represents the momentum vector of the i

th
 particle. The energy E

i
 of particle i 

is E
i
 = p

i
 / 2 m + ½ Σɸ

ij
, for i ≠ j, where ɸ

ij
 is the Yukawa pair potential given in Eq. (9) between 

particle i and j. According to linear response theory (LRT), the perturbed equations of motion, 
given by Evans-Gillan [7] is
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The tensorial phase space distribution function D
i
 (r

i
, p

i
) describes the coupling of the system. 

In the generalization of LRT to a system moving according to non-Hamiltonian dynamics, the 
response of D

i
 (r

i
, p

i
) [13] is

   〈A (t) 〉  −  〈A (0) 〉  = β   ∫ 
0
  
t

   〈A (t)    H   ̇    0   ( t   ′ ) 〉 dt,  (13)
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where Ḣ0 is the time derivative of the total energy with respect to field-dependent equation of 
motion [7] and average brackets denote the statistical average and β = 1/ K

B
 T.

   〈 J  
Q
   (t) 〉  = 𝛽A   ∫ 

0
  
t

   dt 〈 J  
 Q  

Z
  
   ( t   ′ )  .  J  

 Q  
Z
  
   (0) 〉  .  F  

e
   (t) ,  (14)

When external force is selected parallel to the z-axis F
e
(t) = δ (0, Fz), δ is Dirac delta function. 

Due to this function, the response of heat energy current is proportional to autocorrelation 
function itself rather than time integral of this function [14]. The reduced thermal conductiv-

ity has the following form:

  λ =   1 _____ 
 ATF  

Z
  
     ∫ 
0
  
∞
   〈 J  

 Q  
Z
  
   ( t   ′ )  .  J  

 Q  
Z
  
   (0) 〉  dt,  (15)

Eq. (15) is the basic formula for evaluation of autocorrelation function of heat energy current 
by a perturbation method. Here it is important to discuss some other factors that are in asso-

ciation with the thermal conductivity i.e., Ewald sum. It is used to measure force, Yukawa 
potential energy, heat energy current (GKR). In this scheme, original interaction potential is 
divided into two parts: the long-range part that converges quickly in reciprocal space, a short-
range interaction that converges quickly in the real-space part of Ewald-Yukawa potential 
[15].

10. HNEMD results and discussion

In this section, the thermal conductivity calculations are obtained through homogenous 
perturbed MD (HPMD) simulations, using Eq. (15), for 2D complex dusty plasma systems. 
The thermal conductivity is compared here with appropriate frequency normalization in 
the limit of a suitable equilibrium low value of normalized external perturbation, for an 
absolute range of plasma coupling (Γ ≥ 1) and screening strength (κ ≥ 1). For 2D case, 
the thermal conductivity of complex dusty plasmas may be represented as λ0 = λ/nmω

p
aws

2 

(normalized by plasma frequency) or λ* = λ/nmωEaws
2 (normalized by plasma frequency). 

This improved HPMD approach to 2D strongly coupled plasmas enables it possible to 
compute all the possible range of plasma states (Γ, κ) at a constant value of normalized 
perturbation F* = (Fzaws/JQZ

). In our case, the possible low value of external perturbation is 
F* = 0.02 at which 2D complex plasma system gives equilibrium thermal conductivity for 
all plasma state points. Before the external perturbation F* is switched on, the system is 
equilibrated using the Gaussian thermostat which generates the canonical ensemble given 
in Eq. (12). In practice, it is necessary for the MD system to be thermostated for the removal 
of additional heat that is generated due to work done by the external perturbation F* [16]. 
The results obtained through present HPMD approach are shown in Figures 1–4, where 
we have traced the plasma thermal conductivity through a computation of usual Yukawa 
particles in 2D within the strongly coupled regime for different screening parameters of 
κ = 1, 2, 3, and 4, respectively.
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Figure 1. Comparison of results obtained from Yukawa thermal conductivity λ0 (normalized by ω
p
) as a function of 

plasma coupling Γ (1 ≤ Γ ≤ 50) (system temperature) for SCCDPs at 𝜅 = 1.4.

Figure 2. Comparison of results obtained from Yukawa thermal conductivity λ0 (normalized by ω
p
) as a function of 

plasma coupling Γ (1 ≤ Γ ≤ 50) (system temperature) for SCCDPs at 𝜅 = 2.
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Figure 4. Comparison of results obtained from Yukawa thermal conductivity λ0 (normalized by ω
p
) as a function of 

plasma coupling Γ (1 ≤ Γ ≤ 50) (system temperature) for SCCDPs at 𝜅 = 4.

Figure 3. Comparison of results obtained from Yukawa thermal conductivity λ0 (normalized by ω
p
) as a function of 

plasma coupling Γ (1 ≤ Γ ≤ 50) (system temperature) for SCCDPs at 𝜅 = 3.
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Figures 1 and 2 show the thermal conductivity for the cases of κ = 1.4 and 2, respectively. 
For both cases, our simulations cover the appropriate range of Coulomb coupling parameter 
i.e., from the nearly liquid state to strongly coupled states. It is observed that our investiga-

tion of λ0 at low value of Γ (= 10) is definitely higher than that of GKR-EMD estimations of 
Khrustalyov and Vaulina [17] and NEMD of Hou and Piel [18] but for κ = 1.4 results are 
slightly higher than HNMED (N = 1024) simulations of Shahzad and He [19]. It is noted 
that our result for the low value of Γ shows that particle–particle interactions are very weak 
and particles have maximum kinetic energy and the effectiveness of screening parameter 
is large. At intermediate to higher Γ (= 20, 50), the present results lie closer to earlier 2D 
NEMD simulations [18] and HNMED (N = 4096) computations [19] but slightly less than 
2D dissipative Yukawa GKR-EMD numerical results [17]. For both cases, it can be seen that 
the presented λ0 is well matched with earlier 2D numerical estimations [19] at intermedi-
ate Γ (= 20). It is significant to note that a constant λ0 is observed at intermediate to higher 
plasma coupling Γ at constant external perturbation F* = 0.02; however, it is observed that a 
very slightly decreasing behavior is observed at higher Γ, contrary to earlier simulations of 
Shahzad and He [19]. But it is examined that a constant λ0 is found at intermediate to higher 
Γ at constant F*.

Two further set of simulations is plotted to illustrate the plasma λ0 behaviors of the simulated 
complex dusty plasmas at a higher value of screening. For this case, Figures 3 and 4 show the 
normalized λ0 computed by the HPMD approach for N = 400 at κ = 3 and 4 and a sequence 
of different simulations are performed. It is characterized by these figures that the present 
results lie close to the earlier 2D NEMD results of Hou and Piel [18] at intermediate to higher 
Γ (= 20, 50). For the κ = 3 at a lower value of Γ, our simulation result is slightly higher than 
earlier HNMED simulation result, however, for both cases at a lower value of Γ, it is definitely 
higher than earlier numerical results of NEMD, GKR-EMD.

11. Conclusions

The improved Evan-Gillan HPMD method is used to investigate the thermal conductivity 
of the 2D strongly coupled complex Yukawa liquid for a suitable range of plasma param-

eters of screening lengths κ (=1, 4) and Coulomb couplings Γ (=1, 100). Nonequilibrium 
molecular dynamics method uses the thermal response of heat energy current to calculate 
the preliminary results of plasma thermal conductivity. The presented method is better than 
earlier HNEMD and NEMD methods because the very small value of external perturbation 
(F* = 0.02) is only imposed on several individual particles each time step. It is concluded 
that the present approach for evaluating the thermal conductivity from homogenous PMD 
method yields consistent results and this method is quite accurate and much faster than 
the previous EMD and NEMD methods. For future work, the system size (N) and external 
perturbation strength (F*) can be varied to examine how effectively this improved HPMD 
algorithm calculates the thermal conductivities of Yukawa and other Coulomb systems. It 
is suggested that the presented HPMD technique based on Ewald summation described 
here can be used to explore the ionic and dipolar materials.
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GKR Green-Kubo relation
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PBCS periodic boundary conditions

Γ Coulomb coupling

κ screening strength

λ
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 Debye length

K
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 Boltzmann constant
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Abstract

Ionic liquids (ILs) have attracted great attention as green solvents, heat carriers, and elec-
trolytes. They can be obtained with specific thermophysical properties and functions by 
changing the kind of species of cations and anions. Knowledge of the fundamental ther-
mophysical properties of ILs, such as their densities, viscosities, and thermal conductivi-
ties, is needed to design ILs with desirable thermophysical properties. In this chapter, we 
will review the various measurement results for the thermal conductivities of the pure 
components of ILs and methods for predicting the thermal conductivity of an IL, which 
are based on its structure and physical properties, by conducting correlations between 
these parameters. In the recent years, the thermal conductivities of IoNano fluids, which 
comprise of nanoparticles dispersed in an IL, have attracted great attention. Therefore, 
we will review the unique thermal conductivities of IoNano fluids.

Keywords: thermal conductivity, ILs, nanofluids, correlation, prediction

1. Introduction

ILs are salts that exist in the liquid at ambient temperature, and their characteristics include 
nonvolatility, flame retardancy, high ionic conductivity, and exhibiting a liquid state at a wide 
temperature range, among others. Since Wilkes et al. discovered a water-stable IL system 
using BF

4
−, a nonchloroaluminate anion, in 1992 [1], the study of ILs has drastically increased, 

and ILs have drawn great attention for a variety of applications, such as an alternative reac-

tion solvent to replace organic solvents, as thermal medium, and as electrolyte in batteries. 
Figure 1 shows the cations and anions that are typically used in ILs. There are infinite poten-

tial combinations of cations and anions and, additionally, various chemical modifications can 
be made to the organic moieties of the ions. Thus, there is a possibility of creating ILs tailored 
for specific purposes; for this reason, ILs are also called “designer solvents.”

© 2018 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



A variety of ILs have been synthesized, many of which have melting points much greater than 
room temperature. For this reason, ILs are broadly defined as the ones having melting point 
below 100°C. Numerous ILs have been created; however, the prediction of their thermophysi-
cal properties such as the thermal conductivity on the basis of the molecular structure would 
be useful to develop novel ILs. In this chapter, we review the various measurement results 
for the thermal conductivities of the pure components of IL, the progress made toward the 
development of effective methods of correlating and predicting the thermal conductivities, 
and the thermal conductivities of IoNano fluids, which, in the recent years, have attracted 
great attention as high-temperature heat mediums.

2. Thermal conductivities of the pure components of ILs

2.1. Investigating the thermal conductivities of ILs

The thermal conductivity of an IL was first reported by Valkenburg et al. [2]. The known 
thermophysical properties of ILs, including their thermal conductivities, are summarized in 
ILs database of NIST [3]. During the early stages of IL research, since it was necessary to syn-

thesize an IL to measure its thermophysical properties, there was less number of researches. 
However, once ILs became commercially available, the amount of information reported 
about the thermophysical properties of ILs increased drastically. However, the number of 
the reported thermal conductivity values is fewer than the other thermophysical properties, 
and it has been reported that two or three component systems have almost no thermal con-

ductivity. Only four research groups have reported the thermal conductivities of binary mix-

tures [4–7], and only two groups have reported on ternary mixtures containing ILs [6, 8]. The 
reported thermal conductivity values for various ILs range from 0.106 [4] to 0.238 W/(m K) [7] 

at 298.15 K (Figure 2) and many reported values are around 0.15 W/(m K) [3, 9] (Figure 3). The 
thermal conductivities of ILs were found to be about the same as those of organic solvents, 
such as methanol and toluene.

Figure 1. Cations and anions typically used in ILs.
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It is well known that the thermophysical properties of ILs are influenced by impurities [10]. 
For example, it has been reported that the viscosity of an IL decreases by about 1% with 
the addition of only 100 ppm of water [11]. The influence of trace water and chloride on the 
thermal conductivity of an IL has been reported to be relatively small compared to that on 
the other thermophysical properties, such as viscosity and density, as reported by Rooney 
et al. [4] (Figure 4). Our group has also investigated the effect of chloride ions on the thermal 
conductivities of IL [5] by measuring and comparing the thermal conductivity of 1-butyl-
3-methylimidazolium tetrafluoroborate with different chloride concentrations of 421 and 
4580 ppm; the difference between the thermal conductivities of these ILs was 1.2%.

We additionally investigated the influence of the alkyl chain length on thermal conductivity 
of ILs [12–16]. Figure 5 shows the relation between alkyl chain length and thermal conduc-

tivity at 293 K. The thermal conductivity of n-alkanes was calculated by REFPROP 9.0 [17]. 
The results indicated that the alkyl chain length does not significantly affect the thermal con-

ductivity. This observation differed from the findings of other studies regarding the thermal 
conductivities of n-alkanes [18] and the influence of the viscosity of the IL [19].

Figure 2. The ILs with the highest thermal conductivity (left) [7] and the lowest thermal conductivity (right) [4] at 
298.15 K that have been reported to date.

Figure 3. Thermal conductivities of various substances at 298.15 K [3, 9].
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The temperature and pressure dependence of the thermal conductivity of ILs has been inves-

tigated [12, 14]. Figure 6 shows a comparison of the temperature dependence of thermal 
conductivities of various ILs and organic solvents. The results showed that the temperature 
dependence of the thermal conductivity of each IL is very small in comparison with those of 
toluene and benzene. This is because the temperature dependence of the density of an IL is 
small. Figure 7 shows a comparison of the thermal conductivities of various ILs and organic 

Figure 4. Effects of water and chloride on the thermal conductivities of ILs [4]: °, 1-butyl-3-methylimidazolium 
trifluoromethanesulfonate (1) + water (2); ∆, 1-ethyl-3-methylimidazolium ethylsulfate (1) + water (2); □, 1-hexyl-3-
methylimidazolium bis-(trifluoromethylsulfonyl)imides (1) + 1-hexyl3-methylimidazolium chloride (2).

Figure 5. Relationship between the alkyl chain length and the thermal conductivities of various ILs at 293 K: 1-alkyl-3-
methylimidazolium hexafluorophosphates; 1-alkyl-3-methylimidazolium tetrafluoroborates; 1-alkyl-3-methylimidazolium 
bis[(trifluoromethyl)sulfonyl] amides; N-alkylpyridinium tetrafluoroborates; and n-alkanes [12–17].
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solvents as functions of the pressure. It was found that the pressure dependence of the ther-

mal conductivity of each IL is very small (within 20 MPa) in comparison with those of toluene 
and benzene. This is because the pressure dependence of the density of an IL is small.

2.2. Prediction and correlation of the thermal conductivity of an IL with its physical 

properties

A variety of ILs has been created as “designer solvents.” Therefore, the prediction of the ther-

mal conductivity of an IL based on its structure and other physical properties would be very 
useful for designing novel ILs. So far, an empirical-prediction method [13, 20, 21], group-con-

tribution method [22–24], quantitative structure-property relationship method [25], prediction 

Figure 6. Temperature dependences of the thermal conductivities of various ILs and organic solvents.

Figure 7. Pressure dependences of the thermal conductivities of various ILs and organic solvents.
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method using a neural network [26, 27], and many other methods [28–35] have been proposed 
for the prediction of the thermal conductivities of ILs. In this section, the empirical-prediction 
method based on other physical properties and prediction method using group-contribution 
method are introduced.

We proposed a correlation equation based on the Mohanty equation [36] to describe the rela-

tion between the thermal conductivity and viscosity of an IL [13]:

  (1)

where M is the molar mass, λ is the thermal conductivity, and η is the viscosity of the 
IL. However, Eq. (1) was obtained by assuming that the molar mass of the IL is two times 
larger than the actual value. Frӧba et al. proposed another correlation method and described 
the relation between the thermal conductivity and density of an IL as follows [20]:

  (2)

where M is the molar mass, λ is the thermal conductivity, and ρ is the density of the IL. From 
45 data points for 36 ILs, the standard deviation and mean absolute deviation of the experi-
mental data relative to the predictions were 7.8 and 6.5%, respectively at 293.15 K and atmo-

spheric pressure. Koller et al. extended this model to calculate the thermal conductivity at any 
temperature as follows [21]:

  (3)

From 469 data points for 53 different ILs, the mean absolute deviation and root-mean-square 
deviation of the experimental data relative to the values predicted using Eq. (3) were 4.81 and 
6.32%, respectively.

As mentioned above, novel ILs are synthesized and many new substances will be synthesized 
in the near future. Therefore, it would be very useful to predict the thermophysical properties 
from the structure of an IL.

Gardas and Coutinho proposed predicting the thermal conductivity of an IL by the group-
contribution method [22]. When this method was proposed, few reports were available 
regarding the thermal conductivities of ILs from which a prediction equation could be 
derived. However, the following equation was derived to correlate the thermal conductivity 
to the specific cation and anion and the length of the alkyl chain of the cation:

  (4)

where T is the temperature in K and Aλ and Bλ are the fitting parameters that can be obtained 
from the group-contribution approach. These parameters can be derived as follows:
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  (5)

where n
i
 is the number of groups of type i, k is the total number of different groups in the 

molecule, and the parameters ai, λ, and b
i, λ estimated for the ILs studied are given in Table 1.

Wu et al. proposed a prediction formula in which the group is divided finely so that more ILs 
can be predicted based on their structures [24]:

  (6)

where Tr = T/T
c
 is the reduced temperature, T

c
 is the critical temperature in K (which is easy 

to obtain for many ILs by applying the group-contribution method proposed by Valderrama 
group [37]), k0 is the temperature-independent constant, n

j
 is the number of groups of type j, 

k is the total number of different groups in the molecule, and the parameters a
i
 and ∆λ0,j

 are 
estimated using Table 2. The calculated values and those reported in the literature were in 
agreement for 286 data points for 36 ILs with an average absolute deviation of 1.66%.

Species ai,λ bi,λ (K
−1)

Cations

1,3-dimethylimidazolium (+) 0.1356 1.564 × 10−5

1,1-dimethylpyrrolidinium (+) 0.1325 1.668 × 10−5

Tetramethylphosphonium (+) 0.1503 3.230 × 10−5

Anions

PF
6

− 0.0173 9.088 × 10−6

BF
4
− 0.0874 8.828 × 10−5

Tf2N− 0.0039 2.325 × 10−5

CF
3
SO

3
− 0.0305 5.284 × 10−5

EtSO
4

− 0.0700 6.552 × 10−5

Cl− 0.0166 1.000 × 10−5

Groups

CH2 0.0010 2.586 × 10−6

CH
3

0.0042 7.768 × 10−6

Table 1. Group-contribution parameters, a
i,j
 and b

i,j
, for Eq. (5) at 293–390 K [22].
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Lazzús proposed a prediction equation to calculate the thermal conductivity of an IL as a func-

tion of the temperature and pressure [23]. The experimentally measured thermal conductivi-
ties of 41 ILs (including 400 experimental data points) in the range of 0.1–0.22 W/(m K) were 
used to design the proposed method for the temperature range of 273–390 K and the pressure 
range of 0.1–20 MPa. The results showed that the proposed group-contribution method can be 
used to accurately predict the thermal conductivity of an IL as a function of the temperature 
and pressure present with lower deviations between the predicted and actual values, includ-

ing an average absolute relative deviation (AARD) of less than 1.90% and an R2 of 0.9879 for 
the correlation dataset and AARD of less than 2.33% and R2 of 0.9754 for the prediction dataset.

3. Thermal conductivities of IoNano fluids

Nanofluids are dispersions of nanoparticles and are expected to be applied as heat transfer 
media and used for inkjet printing. They were first reported by Choi [38] in 1995. Since then, 
it has been reported that the thermal conductivity of ethylene glycol is improved by 40% when 
0.3 vol% of 10-nm Cu nanoparticles are dispersed in ethylene glycol [39]. A dispersion of 
nanoparticles in an IL is called an “IoNano fluid,” as first dubbed by Castro et al. in 2010 in a 

Table 2. The coefficient values obtained by the group-contribution method using Eq. (6) [24].
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study of the thermal conductivities of nanofluids with carbon nanotubes dispersed in ILs [40, 41].  
As described above, the thermal conductivities of ILs have been reported to be about the same as 
those of ethanol and methanol, which is not high. For this reason, it is expected that the thermal 
conductivity of an IL can be enhanced by dispersing nanoparticles in it.

It is known that the thermal conductivity of a nanofluid agrees well with the Hamilton-
Crosser model [42]:

  (7)

where k0, keff, and k
p
 are the thermal conductivities of the dispersion medium, nanofluid, and 

dispersoid, respectively, in W/(m K), n is the particle shape parameter [–], and ϕ
p
 is the vol-

ume fraction of the dispersoid (also unitless).

Figure 8 shows the calculated enhancement of the thermal conductivity rate based on the 
Hamilton-Crosser model when silver, alumina, and barium titanate spherical nanoparticles 
are used as the dispersoid in 1-butyl-3-methylimidazolium tetrafluoroborate ([BMIM][BF

4
]) 

as a representative IL. Table 3 shows the thermal conductivity of each dispersoid tested. The 
results show that even with dispersoids with significantly different thermal conductivities, 
the resulting enhancement in the thermal conductivity does not vary significantly when the 
volume fraction is about 15% (n = 3). This suggests that, for the case of dispersing spherical 
nanoparticles in an IL, the thermal conductivity of the dispersoid does not significantly affect 
the thermal conductivity of the obtained nanofluid. Thus, to further increase the thermal con-

ductivity of an IL using spherical nanoparticles, the volume fraction of the dispersoid must 
be increased; however, this introduces a problem of flowability. Therefore, while considering 
the use of a nanofluid as a heating medium, it is necessary to increase the thermal conductiv-

ity using the smallest possible volume fraction of nanoparticles. To remarkably increase the 
thermal conductivity enhancement rate with a low nanoparticle concentration, it is necessary 

Figure 8. Relationship between the enhancement of the thermal conductivity and the volume fraction of nanoparticles 
based on the Hamilton-Crosser model at 298 K.
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to increase the particle diameter, n. Increasing n increases the slope; this is possible by using 
a material with a large aspect ratio.

Wang et al. reported that the thermal conductivity of an IoNano fluid of carbon nanotubes 
dispersed in 1-hexyl-3-methylimidazolium tetrafluoroborate (Figure 9) [43] was improved by 
more than 10% by adding only 0.03 wt% of graphene. In addition, the results showed that the 
thermal conductivities of the pure IL component (the dispersion medium) and the IoNano 
fluid increase with an increase in temperature. Figure 6 shows the temperature dependence of 
the thermal conductivities of benzene, toluene, and 1-hexyl-3-methylimidazolium tetrafluo-

roborate. Usually, the thermal conductivity of a liquid decreases with increasing temperature; 
it is known that this holds true for ILs and that the temperature dependence of an IL is smaller 
than those of organic solvents including benzene and toluene. The thermal conductivity val-
ues of [HMIM][BF

4
] reported by other researchers [40] indicate that the thermal conductivity 

gradually decreases as the temperature increases. Thus, it is conceivable that the thermal con-

ductivity value reported by Wang et al. was influenced by convection. Assael et al. studied the 
reported thermal conductivity values of the nanofluid in detail and pointed out that there are 
many reported cases that are affected by convection [44, 45]. Based on this finding, it is neces-

sary to carefully consider the previously reported thermal conductivity values for nanofluids 
because they may include the influence of convection.

Figure 9. Thermal conductivities of IoNano fluids and [HMIM][BF
4
] as functions of temperature [43].

k
p
, W/(m K)

Ag 428

Al2O3
36

BaTiO
3

6

Table 3. Thermal conductivities of dispersoids.
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Wang et al. measured the thermal conductivity of Au/[BMIM][PF
6
] nanofluids of Au nanopar-

ticles dispersed in a typical IL 1-butyl-3-methylimidazolium hexafluorophosphate medium 
([BMIM][PF

6
]) [46]. The thermal conductivities of the Au/[Bmim][PF

6
] nanofluids stabilized by 

cetyltrimethylammonium bromide (CTABr) increases with an increase in the temperature and 
the rate of the increase also increases with an increase in the temperature (Figure 10). However, 
it was also seen that the thermal conductivity of [BMIM][PF

6
] increases with an increase in the 

temperature (Figure 10(a)). In the thermal conductivity values of [BMIM][PF
6
] reported by other 

researchers [13, 40], the thermal conductivity gradually decreases as the temperature increases; 
thus, the thermal conductivity measured by Wang et al. likely contains the influence of convection.

Adriana et al. reported the thermal conductivities of IoNano fluids, such as Al2O3
/[C

4
 mpyrr]

[NTf2] and MWCNT/[C
4
 mim][(CF

3
SO2)2N]. The results showed that the enhancement rate of 

the thermal conductivity is almost the same as that predicted based on the Hamilton-Crosser 
equation; no significant enhancement in thermal conductivity has been confirmed in these 
systems [47].

França et al. reported that the thermal conductivity improved from 4 to 26% between MWCNT/
[C

4
mim][CF

3
SO2]2N] and MWCNT/[C2mim][EtSO

4
] [48]. Although the measurements were 

obtained by commercial equipment, KD2 Pro, which introduces a large measurement uncer-

tainty, the thermal conductivity was found to gradually decrease with an increase in the tem-

perature in the pure IL component and IoNano fluid; this indicates that the measured values 
were almost not affected by convection.

4. Summary

In this study, the thermal conductivities of ILs and IoNano fluids were reviewed. The thermal 
conductivity is one of the physical properties of ILs for which few studies have been reported. 
The thermal conductivity of an IL is difficult to measure and the observed data are often 

Figure 10. Thermal conductivity of [BMIM][PF
6
] over a range of temperatures (a) with and without 5 mmol CTABr and 

(b) the thermal conductivity enhancement in Au/[BMIM][PF
6
] nanofluids due to various Au concentrations [46].
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influenced by convection. Although the prediction and the correlation method have been pro-

posed and examined, the results are not useful unless they are based on precisely measured 
values. Therefore, it is necessary to precisely measure and publish more data regarding the 
thermal conductivities of ILs and IoNano fluids.
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Abstract

The present chapter is focused on studies concerned with three-dimensional flow and heat
transfer analysis of Carreau fluid with nanoparticle suspension. The heat transfer analysis
in the boundary was carried out with the fluid flow over a stretching surface under the
influence of nonlinear thermal radiation, mixed convection and convective boundary
condition. Suitable similarity transformations are employed to reduce the governing par-
tial differential equations into coupled nonlinear ordinary differential equations. The
equations in non-linear form are then solved numerically using Runge-Kutta-Fehlberg
fourth fifth-order method with the help of symbolic algebraic software MAPLE. The
results so extracted are well tabulated and adequate discussions on the parameters affect-
ing flow and heat transfer analysis were carried out with the help of plotted graphs.

Keywords: Carreau nano fluid, nonlinear thermal radiation, mixed convection, stretching
sheet, convective boundary condition, numerical method

1. Introduction

Thermal radiation, the fundamental mechanism of heat transfer is an indispensable activity in

rocket propulsion, plume dynamics, solar collector performance, materials processing, com-

bustion systems, fire propagation and other industrial and technological processes at high

temperatures. With the developments in computational dynamics, increasing attention has

been diverted towards thermal convection flows with the significant radiative flux. Rayleigh

initiated the theory of thermal convection, by deriving critical temperature gradient (Critical

Rayleigh number). Importance of such radiations is intensified with absolute temperatures at

© 2018 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



higher level. Thus a substantial interest is driven towards thermal boundary layer flows with a

strong radiation. Governing equation of radiative heat transfer with its integro-differential

nature makes numerical solutions of coupled radiative-convective flows even more challeng-

ing. Multiple studies were conducted employing several models to investigate heat and mass

transfer in boundary layer and fully-developed laminar convection flows. As a consequence

several simultaneous multi-physical effects in addition to radiative heat transfer including

gravity and pressure gradient effects [1], mhd flow of nanofluids [2], buoyancy effects [3, 4],

ferrofluid dynamics [5], stretching surface flow [6, 7], time-dependent, wall injection and Soret/

Dufour effects [8–11].

These studies have however been confined to Newtonian flows. But industries related with

fabrication of polymers and plastics at high temperatures show greater importance towards

radiative flows of non-Newtonian fluids. The potential of non-Newtonian flows in ducts with

radiative transfer were significantly developed after the studies on novel propellants for

spacecraft [12]. The developments are extant and diversified the application of non-Newtonian

fluid models. Most studies in this regard have employed the Rosseland model which is

generally valid for optically-thick boundary layers. Recently, Kumar et al. [13] used such

model to study melting heat transfer of hyperbolic tangent fluid over a stretching sheet with

suspended dust particles. Cortell [14] and Batalle [15] have shown their earlier contribution

towards radiative heat transfer of non-Newtonian fluids past stretching sheet under various

circumstances. Relating to the studies Khan et al. [16] developed a numerical studies correlat-

ing MHD flow of Carreau fluid over a convectively heated surface with non-linear radiation.

Appending to this studies Khan et al. [17] provided his results on hydromagnetic nonlinear

thermally radiative nanoliquid flow with Newtonian heat along with mass conditions. Mean-

while, Rana and Bhargava [18] provided a numerical elucidation to study of heat transfer

enhancement in mixed convection flow along a vertical plate with heat source/sink utilizing

nanofluids. Hayat et al. [19] investigated the mixed convection stagnation-point flow of an

incompressible non-Newtonian fluid over a stretching sheet under convective boundary con-

ditions. Many diverse -physical simulations with and without convective and/or radiative heat

transfer have been studied. Representative studies in this regard include [20–23] with analo-

gous to the property of radiation flow.

Endeavoring the complications in three dimensional flow analysis, Shehzad et al. [24] studied

the effect of thermal radiation in Jeffrey nanofluid by considering the characteristics of

thermophoresis and Brownian motion for a solar energy model. Hayat et al. [25] analyzed the

effect non-linear thermal radiation over MHD three-dimensional flow of couple stress

nanofluid in the presence of thermophoresis and Brownian motion. Rudraswamy et al. [26]

observations on Soret and Dufour effects in three-dimensional flow of Jeffery nanofluid in the

presence of nonlinear thermal radiation clearly showed that concentration and associated

boundary layer thickness are enhanced by increasing Soret and Dufour numbers. Many such

problems [27–29] were considered disclosing the feature of thermal radiation in three dimen-

sional flow of non-Newtonian fluids.

Inspired by the above works, we put forth the studies on the effect of non-linear thermal

radiation on three dimensional flow of Carreau fluid with suspended nanoparticles. Present
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studies even include the phenomenon of mixed convection and convective boundary condi-

tions. A numerical approach is provided for the above flow problem by employing Runge-

Kutta-fourth-fifth order method.

2. Mathematical formulation

A steady three-dimensional flow of an incompressible Carreau fluid with suspended nano

particles induced by bidirectional stretching surface at z ¼ 0 has been considered. The sheet is

aligned with the xy� plane z ¼ 0ð Þ and the flow takes place in the domain z > 0. Let

u ¼ uw xð Þ ¼ ax and v ¼ vw yð Þ ¼ by be the velocities of the stretching sheet along x and y

directions respectively. A constant magnetic field of strength B is applied in the z� direction.

Heat and mass transfer characteristics are taken in to account in the presence of Brownian

motion and Thermophoresis effect. The thermo physical properties of fluid are taken to be

constant.

Extra stress tensor for Carreau fluid is.

τij ¼ μ0 1þ
n� 1

2
Γ _γ
� �2

� �

_γij

In which τij is the extra stress tensor, μ0 is the zero shear rate viscosity, Γ is the time constant, _γ

is the power law index and is defined as.

_γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2

XX

_γ ij

r

_γ ji ¼

ffiffiffi

1

2

r

Π

Here Π is the second invariant strain tensor.

The governing boundary layer equations of momentum, energy and concentration for three-

dimensional flow of Carreau nanofluid can be written as,

∂u

∂x
þ

∂v

∂y
þ

∂w

∂z
¼ 0, (1)

u
∂u

∂x
þ v

∂u

∂y
þ w

∂u

∂z
¼ ν

∂
2u

∂z2
þ 3

n� 1ð Þ

2
Γ

∂u

∂z

� �2
∂
2u

∂z2
þ gβT T � T

∞
ð Þ �

σB2

r
u, (2)

u
∂v

∂x
þ v

∂v

∂y
þ w

∂v

∂z
¼ ν

∂
2v

∂z2
þ 3

n� 1ð Þ

2
Γ

∂v

∂z

� �2
∂
2v

∂z2
�
σB2

r
v, (3)

u
∂T

∂x
þ v

∂T

∂y
þ w

∂T

∂z
¼ α

∂
2T

∂z2
þ τ DB

∂T

∂z

∂C

∂z
þ
DT

T
∞

∂T

∂z

� �2
" #

�
1

rcð Þf

∂qr
∂z

, (4)

u
∂C

∂x
þ v

∂C

∂y
þ w

∂C

∂z
¼ DB

∂
2C

∂z2
þ
DT

T
∞

∂
2T

∂z2
: (5)
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The boundary conditions for the present flow analysis are,

u ¼ ax, v ¼ by, w ¼ 0, k
∂T

∂z
¼ �hf Tf � T∞

� �

, C ¼ Cw at z ¼ 0 (6)

u ! 0, v ! 0, T ! T
∞
, C ! C

∞
as z ! ∞, (7)

where ν is the kinematic viscosity of the fluid, μ is the coefficient of fluid viscosity, r is the fluid

density, B is the magnetic field, σ is the electrical conductivity of the fluid, T is the fluid

temperature, α is the thermal diffusivity of the fluid, k is the thermal conductivity. τ is the ratio

of effective heat capacity of the nanoparticle material to heat capacity of the fluid, qr is the

radiative heat flux, g is the gravitational acceleration, βT is thermal expansion coefficient of

temperature, DB is the Brownian diffusion coefficient, hf is the heat transfer coefficient, DT is the

thermophoretic diffusion coefficient, cp is the specific heat at constant pressure, Tf is the temper-

ature at the wall, T∞ is the temperatures far away from the surface. C is the concentration and C∞
is the concentration far away from the surface. The subscript w denotes the wall condition.

Using the Rosseland approximation radiation heat flux qr is simplified as,

qr ¼ � 4σ∗

3k∗
∂T4

∂z
¼ � 16σ∗

3k∗
T3 dT

dz
, (8)

where σ∗ and k∗ are the Stefan-Boltzmann constant and the mean absorption coefficient

respectively.

In view to Eq. (8), Eq. (4) reduces to.

u
∂T

∂x
þ v

∂T

∂y
þ w

∂T

∂z
¼ ∂

∂z
αþ 16σ∗T3

3k∗ rcð Þf

 !

dT

dz

" #

þ τ DB
∂T

∂z

∂C

∂z
þDT

T
∞

∂T

∂z

� �2
" #

: (9)

The momentum, energy and concentration equations can be transformed into the corresponding

ordinary differential equations by the following similarity variables,

u ¼ axf 0 ηð Þ, v ¼ byg0 ηð Þ, w ¼ �
ffiffiffiffiffi

aν
p

f ηð Þ þ g ηð Þð Þ,

θ ηð Þ ¼ T � T
∞

Tw � T
∞

,ϕ ηð Þ ¼ C� C
∞

Cw � C
∞

, η ¼
ffiffiffi

a

ν

r

(10)

where T ¼ T
∞
1þ θw � 1ð Þθ ηð Þð Þ, θw ¼ Tf

T∞
, θw > 1ð Þ being the temperature ratio parameter.

Then, we can see that Eq. (1) is automatically satisfied, and Eqs. (2)–(7)are reduced to:

f ‴ þ f þ gð Þf 00 � f 0
2 þ 3

n� 1

2
Wef 00

2
f ‴ þ λθ�Mf 0 ¼ 0 (11)

g‴ þ f þ gð Þg00 � g0
2 þ 3

n� 1

2
Weg00

2
g‴ �Mg0 ¼ 0 (12)
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1

Pr
1þ R θw � 1ð Þθð Þ3θ0 0

	 


þ f þ gð Þθ0 þNbθ0φ0 þNtθ02 ¼ 0, (13)

ϕ00 þ LePr f þ gð Þϕ0 þ Nt

Nb
θ00 ¼ 0 (14)

With the boundary conditions,

f ¼ 0, g ¼ 0, f 0 ¼ 1, g0 ¼ c,θ0 ¼ �Bi 1� θ 0ð Þð Þ, ϕ ¼ 1, at η ¼ 0,

f 0 ! 0, g0 ! 0,θ ! 0,ϕ ! 0 as η ! ∞: (15)

We ¼ cU2
wλ

2

ν is the Weissenberg number, M ¼ σB2

ra is the magnetic parameter, c ¼ b
a is the ratio of

stretching rates, Pr ¼ ν
α is Prandtl number, R ¼ 16σ∗T3

∞

3kk∗ is the radiation parameter,Nb ¼ τDB Cw�C∞ð Þ
ν

is the Brownian motion parameter, Nt ¼ τDT Tf�T∞ð Þ
νT∞

is the Thermophoresis parameter,

λ ¼ gβT Tf�T∞ð Þ
Rex

is the mixed convection parameter, Bi ¼ hf
k

ffiffi

ν
a

p

is the Biot number, Le ¼ α
DB

is the

Lewis number.

The local skin friction Cf

� �

, local Nusselt number Nuxð Þ and local number Sherwood Shxð Þ are
defined as,

Cfx ¼
τw

ruw xð Þ2
, Cfy ¼

τw

rvw yð Þ2
, Nux ¼

uwqw
ka Tf � T

∞

� � and Shx ¼
uwqm

DBa Cw � C∞ð Þ

The local skin friction, local Nusselt number and Sherwood number is given by,

ffiffiffiffiffiffiffiffi

Rex
p

Cfx ¼ f 00 0ð Þ þ n� 1ð ÞWe2

2
f 00 0ð Þ
� �3

� �

,
ffiffiffiffiffiffiffiffi

Rex
p

Cfy ¼ g00 0ð Þ þ n� 1ð ÞWe2

2
g00 0ð Þð Þ3

� �

,

Nux
ffiffiffiffiffiffiffiffi

Rex
p ¼ � 1þþRθ3

w

� �

θ0 0ð Þ, Shx
ffiffiffiffiffiffiffiffi

Rex
p ¼ �ϕ0 0ð Þ:

where Rex ¼ uwx
ν is the local Reynolds number based on the stretching velocity. uw xð Þ:

3. Numerical method

The non-linear ordinary differential Eqs. (11)–(14) subjected to boundary conditions (15) has

been solved using the Runge-Kutta-Fehlberg fourth-fifth order method with the help of sym-

bolic algebraic software MAPLE. The boundary conditions for η ¼ ∞ are replaced by

f 0 ηmax

� �

¼ 1,θ ηmax

� �

¼ 0 and ϕ ηmax

� �

¼ 0, where ηmax is a sufficiently large value of η at

which the boundary conditions (15) are satisfied. Thus, the values of η ¼ ηmax are taken to be

6. To validate the employed method, the authors have compared the results of f 00 0ð Þ and g00 0ð Þ
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with the that of published works by Wang [27] and Hayat [30] for the different values

stretching parameter. These comparisons are given in Table 1 and it shows that the results are

in very good agreement.

4. Result and discussion

The purpose of this section is to analyze the effects of various physical parameters on the

velocities, temperature and concentration fields. Therefore, for such objective, Figures 1–11 has

been plotted. Observations over these data with plotted graphs are discussed below.

c Wang [27] Hayat et al. [30] Present result

�f 00 0ð Þ �g00 0ð Þ �f 00 0ð Þ �g00 0ð Þ �f 00 0ð Þ �g00 0ð Þ

0 1 0 1 0 1 0

0.25 1.0488 0.1945 1.048810 0.19457 1.04881 0.19457

0.5 1.0930 0.4652 1.093095 0.465205 1.09309 0.46522

0.75 1.1344 0.7946 1.134500 0.794620 1.13450 0.79462

1.0 1.1737 1.1737 1.173721 1.173721 1.17372 1.17372

Table 1. Comparison of different values of c with Wang [27] and Hayat et al. [30].

Figure 1. Influence of We on velocity profiles of both f 0 ηð Þ and g0 ηð Þ.
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Figure 2. Influence of M on velocity profiles f 0 ηð Þ and g0 ηð Þ.

Figure 3. Influence of c on velocity profiles f 0 ηð Þ and g0 ηð Þ.
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Figure 4. Influence of λ on velocity profiles f 0 ηð Þ and g0 ηð Þ.

Figure 5. Influence of Nb on θ ηð Þ and ϕ ηð Þ profiles.
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Figure 6. Influence of Nt on θ ηð Þ and ϕ ηð Þ profiles.

Figure 7. Influence of Bi on temperature profile.

Thermal Conductivity in the Boundary Layer of Non-Newtonian Fluid with Particle Suspension
http://dx.doi.org/10.5772/intechopen.76345

41



Figure 8. Influence of R on temperature profile.

Figure 9. Influence of θw on temperature profile.
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Figure 1 characterizes the influence of Weissenberg number Weð Þ on velocity profiles for both x

and y direction. It is found that increasing values of the Weissenberg number increases the

momentum boundary layers in both directions. Physically, Weissenberg number is directly

proportional to the time constant and reciprocally proportional to the body. The time constant

to body magnitude relation is higher for larger values of Weissenberg number. Hence, higher

Weissenberg number causes to enhance the momentum boundary layer thickness.

The developments of a magnetic field Mð Þ on velocity profiles are circulated in Figure 2. We

tend to discover depreciation within the velocity profile for ascent values of magnetic field

parameter. Physically, the drag force will increase with a rise within the magnetic flux and as a

result, depreciation happens within the velocity field.

Figure 3 designed the velocity profiles of f 0 and g0 for various values of stretching

parameter cð Þ. The velocity profiles and associated momentum boundary layer thickness

decrease, once the stretching parameter will increase whereas velocity profile g’, exhibits the

opposite behavior of f’. Figure 4 shows the velocity profiles for different values of mixed

convection parameter λð Þ. It depicts that the velocity field and momentum boundary layer

thickness increases in both x and y direction by increasing mixed convection parameter.

Figure 5 portraits the consequences of Brownian motion parameter on temperature and con-

centration profile. The Brownian motion parameter Nbð Þ will increase the random motion of

the fluid particles and thermal boundary layer thickness conjointly will increase which ends up

Figure 10. Influence of Pr on temperature profile.
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in an additional heat to provide. Therefore, temperature profile will increase however concen-

tration profiles show opposite behavior.

The development of the thermophoresis parameter Ntð Þ on temperature and concentration

profiles is inspecting in Figure 6. Form this figure we observed that, the higher values of

thermophoresis parameter is to increases both θ ηð Þ and ϕ ηð Þ profiles. Further, the thermal

boundary layer thickness is higher for larger values of thermophoresis parameter. This is

because, it’s a mechanism within which little particles area unit force off from the new surface

to a chilly one. As a result, it maximizes the temperature and concentration of the fluid.

Figure 7 describe the influences of Biot number Bið Þ on temperature profile. One can observe

form the figure, the larger values of Biot number cause an enhancing the temperature profile.

This is because, the stronger convection leads to the maximum surface temperatures which

appreciably enhance the thermal boundary layer thickness.

Figures 8 and 9 are sketched to analyze the effect of radiation parameter Rð Þ and temperature

ratio θwð Þ parameter on temperature profile. The above graphs elucidate that, the temperature

profile and thermal boundary layer thickness area unit increased by ascent values of radiation

parameter and temperature ratio. Larger values of thermal radiation parameter provide more

heat to working fluid that shows an enhancement in the temperature and thermal boundary

layer thickness.

The effect of the Prandtl number Prð Þ on θ ηð Þ is seen in Figure 10. Since Pr is that the

magnitude relation of the viscous diffusion rate to the thermal diffusion rate, the upper worth

Figure 11. Influence of Le on concentration profile.
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of Prandtl number causes to scale back the thermal diffusivity. Consequently, for increasing

values ofPr, the temperature profile gets decreases. The impact of Lewis number Leð Þ on

nanoparticle concentration is plotted in Figure 11. It is evident that the larger values of Lewis

number cause a reduction in nanoparticles concentration distribution. Lewis number depends

on the Brownian diffusion coefficient. Higher Lewis number leads to the lower Brownian

diffusion coefficient, which shows a weaker nanoparticle concentration.

Table 2 presents the numerical values of skin friction for various physical values in the

presence and absence We ¼ n ¼ 0ð Þ of non-Newtonian fluid. It is observed that skin friction

increase in both directions with increasing c for both presence and absence of non-Newtonian

fluid. In the other hand, the skin friction coefficient decreases in both directions by

increasingBi. The skin friction is higher in the presence of non-Newtonian fluid than in the

absence of non-Newtonian fluid.

Table 3 also elucidates that, the wall temperature for different physical parameter for linear as

well as nonlinear radiation. It reveals that, the wall temperature increases for increasing values

of Bi, R and c for both linear and nonlinear radiation but the wall temperature decreases by

Bi Le R c λ M Absence Presence

Cfx Cfy Cfx Cfy

0.2 1.2240 0.7261 1.3030 0.7836

0.4 1.1795 0.7280 1.2642 0.7847

0.6 1.1532 0.7289 1.2412 0.7854

2 1.1719 0.7283 1.2575 0.7850

3 1.1648 0.7285 1.2514 0.7851

4 1.1619 0.7285 1.2489 0.7851

1 1.1598 0.7289 1.2466 0.7855

2 1.1420 0.7301 1.2300 0.7866

3 1.1220 0.7314 1.2113 0.7878

0.2 1.0852 0.2066 1.1657 0.2083

0.4 1.1265 0.4509 1.2096 0.4657

0.6 1.1648 0.7285 1.2514 0.7851

0 1.3122 0.7242 1.3787 0.7816

0.2 1.2523 0.7259 1.3143 0.7834

0.4 1.1936 0.7276 1.2514 0.7851

0 0.9611 0.5965 1.0281 0.6293

0.5 1.1648 0.7285 1.2514 0.7851

1 1.3441 0.8413 1.4521 0.9248

Table 2. Numerical result of skin friction coefficient for different physical parameter values for present and absence non

Newtonian fluid.
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increasing Le,Nb,Nt and Pr. Further, it is noticed that the wall temperature is higher for

nonlinear radiation than that linear radiation.

Table 4 clearly shows the numerical values of skin friction, Nusselt number and Sherwood

number for various physical parameters values. It reveals that, numerical values of wall

temperature θ 0ð Þ increase by increasing Bi,θw, R and c. In the other hand Nusselt number

decreases by increasing. Le,M,Nb,Nt and Pr. From this table, the skin friction coefficient

increases by increasing Bi and m. Further, the Sherwood number increases by increasing

Bi,θw, R,Pr and We.

Bi Le M Nb R Nt Pr c Linear Nonlinear

�Nux Rexð Þ�
1=2 �Nux Rexð Þ�

1=2

0.2 0.1060 0.3289

0.4 0.1356 0.4683

0.6 0.1479 0.5421

2 0.1825 0.5501

3 0.1428 0.5102

4 0.1200 0.4886

0 0.1440 0.5206

0.5 0.1428 0.5102

1 0.1418 0.5011

0.2 0.3354 0.8074

0.4 0.2771 0.6974

0.6 0.2091 0.5974

1 0.1768 0.8621

2 0.2059 1.5030

3 0.2150 2.0523

0 0.1834 0.5641

0.5 0.1331 0.4971

1 0.0913 0.4351

2 0.2165 0.4958

3 0.2059 0.5260

4 0.1875 0.5307

0.2 0.1268 0.4606

0.4 0.1352 0.4870

0.6 0.1428 0.5102

Table 3. Numerical result of Nusselt number for different physical parameter values for linear and non nonlinear

radiation.
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Bi θw Le M Nb R Nt Pr We c λ �Cfx �Cfy �Shx Rexð Þ�
1=2 �Nux Rexð Þ�

1=2

0.2 1.3030 0.7836 1.4859 0.3289

0.4 1.2642 0.7847 1.4877 0.4683

0.6 1.2412 0.7854 1.4886 0.5421

1.8 1.2434 0.7856 1.4825 0.7398

2 1.2353 0.7860 1.4812 0.9218

2.2 1.2250 0.7865 1.4814 1.1226

2 1.2575 0.7850 1.1427 0.5501

3 1.2514 0.7851 1.4882 0.5102

4 1.2489 0.7851 1.7744 0.4886

0 1.0281 0.6293 1.5340 0.5206

0.5 1.2514 0.7851 1.4882 0.5102

1 1.4521 0.9248 1.4493 0.5011

0.2 1.3140 0.7831 1.2408 0.8074

0.4 1.2926 0.7837 1.4118 0.6974

0.6 1.2713 0.7844 1.4647 0.5974

1 1.2466 0.7855 1.4781 0.8621

2 1.2300 0.7866 1.4727 1.5030

3 1.2113 0.7878 1.4740 2.0523

0 1.2674 0.7845 1.4869 0.5641

0.5 1.2472 0.7853 1.4901 0.4971

1 1.2255 0.7863 1.5060 0.4351

2 1.2113 0.7878 1.4740 0.4958

3 1.2345 0.7863 1.4731 0.5260

4 1.2449 0.7857 1.4767 0.5307

0 1.1936 0.7276 1.4746 0.5070

1 1.2974 0.8329 1.4985 0.5127

2 1.3712 0.9109 1.5141 0.5164

0.2 1.1657 0.2083 1.2770 0.4606

0.4 1.2096 0.4657 1.3862 0.4870

0.6 1.2514 0.7851 1.4882 0.5102

0 1.3787 0.7816 1.4738 0.5068

0.2 1.3143 0.7834 1.4811 0.5085

0.4 1.2514 0.7851 1.4882 0.5102

Table 4. Numerical result of local skin friction coefficient, Sherwood number and Nusselt number for different physical

parameter.
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5. Conclusions

In the present study, influence of nonlinear radiation on three dimensional flow of an incom-

pressible non-Newtonian Carreau nanofluid has been obtained. The obtained results are

presented in tabulated and graphical form with relevant discussion and the Major findings

from this study are:

The velocity profiles increase in x� directions and decrease in the y� direction by increasing

the stretching parameter.

Concentration profile increase by increasing the values Nb but in case of Nt concentration

profile decreases.

Nb and Nt parameter shows the increasing behavior for temperature profile.

Effects of Le nanoparticle fraction ϕ ηð Þ show the decreasing behavior.

Magnetic parameter reduces the velocity profiles in both x and y� directions.

Temperature and thermal boundary layer thickness are decreased when the Pr and tl number

increases.

Nonlinear thermal radiation should be kept low to use it as a coolant factor.

The rate of heat transfer increases with the increases in parameters Rd and θw.

We also noticed that the velocity profile and its associated boundary layer thickness are

increases by increasing the values of We.
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