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4 | DIFFERENTIATION OF
FUNCTIONS OF SEVERAL
VARIABLES

-

Figure 4.1 Americans use (and ose) millions of golf balls a year, which keeps golf ball manufacturers in business. In this
chapter, we study a profit model and learn methods for calculating optimal production levels for a typical golf ball manufacturing
company. (credit: modification of work by oatsy40, Flickr)
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Introduction

In Introduction to Applications of Derivatives (http://cnx.org/content/m53602/latest/) , we studied how to
determine the maximum and minimum of a function of one variable over a closed interval. This function might represent
the temperature over a given time interval, the position of a car as a function of time, or the altitude of a jet plane as it travels
from New York to San Francisco. In each of these examples, the function has one independent variable.

Suppose, however, that we have a quantity that depends on more than one variable. For example, temperature can depend
on location and the time of day, or a company’s profit model might depend on the number of units sold and the amount
of money spent on advertising. In this chapter, we look at a company that produces golf balls. We develop a profit model
and, under various restrictions, we find that the optimal level of production and advertising dollars spent determines the
maximum possible profit. Depending on the nature of the restrictions, both the method of solution and the solution itself
changes (see Example 4.41).

When dealing with a function of more than one independent variable, several questions naturally arise. For example, how
do we calculate limits of functions of more than one variable? The definition of derivative we used before involved a limit.
Does the new definition of derivative involve limits as well? Do the rules of differentiation apply in this context? Can we
find relative extrema of functions using derivatives? All these questions are answered in this chapter.

4.1 | Functions of Several Variables

Learning Objectives

4.1.1 Recognize a function of two variables and identify its domain and range.
4.1.2 Sketch a graph of a function of two variables.

4.1.3 Sketch several traces or level curves of a function of two variables.

4.1.4 Recognize a function of three or more variables and identify its level surfaces.

Our first step is to explain what a function of more than one variable is, starting with functions of two independent variables.
This step includes identifying the domain and range of such functions and learning how to graph them. We also examine
ways to relate the graphs of functions in three dimensions to graphs of more familiar planar functions.

Functions of Two Variables

The definition of a function of two variables is very similar to the definition for a function of one variable. The main
difference is that, instead of mapping values of one variable to values of another variable, we map ordered pairs of variables
to another variable.

Definition

A function of two variables z = f(x, y) maps each ordered pair (x, y) in a subset D of the real plane R? t0a

unique real number z. The set D is called the domain of the function. The range of f is the set of all real numbers
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z that has at least one ordered pair (x, y) € D such that f(x, y) = z as shown in the following figure.

Ne®

Domain Range
Figure 4.2 The domain of a function of two variables consists
of ordered pairs (x, y).

Determining the domain of a function of two variables involves taking into account any domain restrictions that may exist.
Let’s take a look.

Example 4.1
Domains and Ranges for Functions of Two Variables

Find the domain and range of each of the following functions:

a. f(x,y)=3x+5y+2
b. g, y) =19 —x? —y2

Solution
a. This is an example of a linear function in two variables. There are no values or combinations of x and
y that cause f(x, y) to be undefined, so the domain of f is R?. To determine the range, first pick
a value for z. We need to find a solution to the equation f(x, y) =z, or 3x —5y+2 = z. One such
solution can be obtained by first setting y =0, which yields the equation 3x 4+ 2 = z. The solution

= z2—2
3 3
f(x, y) = z for any value of z. Therefore, the range of the function is all real numbers, or .

to this equation is x = 2, which gives the ordered pair ( , 0) as a solution to the equation

b. For the function g(x, y) to have a real value, the quantity under the square root must be nonnegative:

9—x2—y220.

This inequality can be written in the form

x2+y2<9.

Therefore, the domain of g(x, y) is {(x, y) € R2|x2 + y2 < 9}. The graph of this set of points can be

described as a disk of radius 3 centered at the origin. The domain includes the boundary circle as shown
in the following graph.
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-5l

Figure 4.3 The domain of the function

glx, y) =19 - X2 - y2 is a closed disk of radius 3.

To determine the range of g(x, y) =19 — X% - y2 we start with a point (x, yg) on the boundary of the

domain, which is defined by the relation X+ y2 = 9. It follows that x% + y% =9 and

8(xg, )70)=\/9—x%—y%=\/9—(x%+y%)= 9-9=0.

If x% + y% =0 (in other words, xy = yy=0), then

gk y0) = 10— x3 =3 =0 - (x3+ ) =0 -0 =3.

This is the maximum value of the function. Given any value ¢ between 0and 3, we can find an entire

set of points inside the domain of g such that g(x, y) = c:

\/9—x2—y2 = c

9—)(2—y2 = ¢?
x2+y2 = 9-¢%

Since 9 — ¢Z > 0, this describes a circle of radius V9 — 2

centered at the origin. Any point on this
circle satisfies the equation g(x, y) = c¢. Therefore, the range of this function can be written in interval

notation as [0, 3].

@ 4.1 Eind the domain and range of the function f(x, y) =136 — ox% — 9y2.
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Graphing Functions of Two Variables

Suppose we wish to graph the function z = (x, y). This function has two independent variables (xandy) and one
dependent variable (z). When graphing a function y = f(x) of one variable, we use the Cartesian plane. We are able to
graph any ordered pair (x, y) in the plane, and every point in the plane has an ordered pair (x, y) associated with it. With a
function of two variables, each ordered pair (x, y) in the domain of the function is mapped to a real number z. Therefore,
the graph of the function f consists of ordered triples (x, y, z). The graph of a function z = (x, y) of two variables is
called a surface.

To understand more completely the concept of plotting a set of ordered triples to obtain a surface in three-dimensional
space, imagine the (x, y) coordinate system laying flat. Then, every point in the domain of the function f has a unique

z-value associated with it. If z is positive, then the graphed point is located above the xy-plane, if z is negative, then the
graphed point is located below the xy-plane. The set of all the graphed points becomes the two-dimensional surface that is

the graph of the function f.

Example 4.2

Graphing Functions of Two Variables

Create a graph of each of the following functions:

a. g, y)=19- g y2

b. f(x,y) = ¥+ y2

Solution
a. In Example 4.1, we determined that the domain of g(x,y)=19— x? - y2 is
{(x, y) € Rz‘x2 + y2 < 9} and the range is {z € R2|O <z< 3}. When x2+ y2 =9 we have
g(x, y) = 0. Therefore any point on the circle of radius 3 centered at the origin in the x, y-plane maps
to z=0in R>. If x>+ y2 =8, then g(x, y) = 1, so any point on the circle of radius 2V2 centered
at the origin in the x, y-plane mapsto z=1 in R3. As x>+ y2 gets closer to zero, the value of z

approaches 3. When X%+ y2 =0, then g(x, y) = 3. This is the origin in the x, y-plane. If X+ y2 is
equal to any other value between Oand9, then g(x, y) equals some other constant between 0 and 3.

The surface described by this function is a hemisphere centered at the origin with radius 3 as shown in
the following graph.
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X
Figure 4.4 Graph of the hemisphere represented by the given function of
two variables.

b. This function also contains the expression X+ y2. Setting this expression equal to various values
starting at zero, we obtain circles of increasing radius. The minimum value of f(x, y) = x>+ y2 is
zero (attained when x =y =0.). When x =0, the function becomes z = y2, and when y =0,
then the function becomes z = x2. These are cross-sections of the graph, and are parabolas. Recall from

Introduction to Vectors in Space that the name of the graph of f(x, y) = 2+ y2 is a paraboloid.
The graph of f appears in the following graph.
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= flx ) =2 +y?

X
Figure 4.5 A paraboloid is the graph of the given function of two
variables.

Example 4.3

Nuts and Bolts

A profit function for a hardware manufacturer is given by
fl y) =16 = (x=3)" =y = 2%

where x is the number of nuts sold per month (measured in thousands) and y represents the number of bolts sold

per month (measured in thousands). Profit is measured in thousands of dollars. Sketch a graph of this function.

Solution
This function is a polynomial function in two variables. The domain of f consists of (x, y) coordinate pairs that
yield a nonnegative profit:

16-(x-3)7*-(y—-2*>0

(x=3)2+(y-2?<16.

This is a disk of radius 4 centered at (3, 2). A further restriction is that both xand y must be nonnegative.
When x =3 and y =2, f(x, y) = 16. Note that it is possible for either value to be a noninteger; for example,

it is possible to sell 2.5 thousand nuts in a month. The domain, therefore, contains thousands of points, so we
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can consider all points within the disk. For any z < 16, we can solve the equation f(x, y) = 16:

16-(x=3)2-(y=2?% = z

x=3)2+@y-2?% = 16—z
Since z < 16, we know that 16 —z > 0, so the previous equation describes a circle with radius V16 — z

centered at the point (3, 2). Therefore. the range of f(x, y) is {z € RIz < 16}. The graph of f(x, y) is also a

paraboloid, and this paraboloid points downward as shown.
z

Z=1(x,y) =16 — (x — 3)2 — (y — 2)2

Figure 4.6 The graph of the given function of two variables is
also a paraboloid.

Level Curves

If hikers walk along rugged trails, they might use a topographical map that shows how steeply the trails change. A
topographical map contains curved lines called contour lines. Each contour line corresponds to the points on the map that
have equal elevation (Figure 4.7). A level curve of a function of two variables f(x, y) is completely analogous to a

contour line on a topographical map.
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(a) (b)
Figure 4.7 (a) A topographical map of Devil’s Tower, Wyoming. Lines that are close together indicate very steep terrain. (b) A
perspective photo of Devil’s Tower shows just how steep its sides are. Notice the top of the tower has the same shape as the
center of the topographical map.

Definition

Given a function f(x, y) and a number c¢ in the range of f, a level curve of a function of two variables for the

value c is defined to be the set of points satisfying the equation f(x, y) = c.

Returning to the function g(x, y) =9 — X - y2, we can determine the level curves of this function. The range of g is
the closed interval [0, 3]. First, we choose any number in this closed interval—say, ¢ = 2. The level curve corresponding

to ¢ = 2 is described by the equation

\/9—ch—y2 =2
To simplify, square both sides of this equation:
9-x2- y2 =4.
Now, multiply both sides of the equation by —1 and add 9 to each side:
X2+ y2 =35.

This equation describes a circle centered at the origin with radius V5. Using values of ¢ between 0and3 yields other
circles also centered at the origin. If ¢ = 3, then the circle has radius 0, so it consists solely of the origin. Figure 4.8
is a graph of the level curves of this function corresponding to ¢ = 0, 1, 2, and 3. Note that in the previous derivation it

may be possible that we introduced extra solutions by squaring both sides. This is not the case here because the range of the
square root function is nonnegative.
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Figure 4.8 Level curves of the function

glx, y) =19 —xz—yz, using c=0,1,2, and 3 (c=3

corresponds to the origin).

A graph of the various level curves of a function is called a contour map.

Example 4.4

Making a Contour Map

Given the function f(x, y) = \/8 +8x—4y— 4x% — y2, find the level curve corresponding to ¢ = 0. Then

create a contour map for this function. What are the domain and range of f?

Solution

To find the level curve for ¢ =0, weset f(x, y) =0 and solve. This gives

0 =8 + 8x — dy — d4x% — y2.
We then square both sides and multiply both sides of the equation by —1:
4x? +y? = 8x+4y—8=0.
Now, we rearrange the terms, putting the x terms together and the y terms together, and add 8 to each side:
4x% —8x+y> +4y=8.
Next, we group the pairs of terms containing the same variable in parentheses, and factor 4 from the first pair:
4()62 - 2x) + (y2 + 4y) =38.
Then we complete the square in each pair of parentheses and add the correct value to the right-hand side:
A —2x+1)+(y* +4y+4)=8+4(1) +4.
Next, we factor the left-hand side and simplify the right-hand side:
4x-1D2+y+2>%=16.

Last, we divide both sides by 16:
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G D2, (ler62>2 _1 @1

This equation describes an ellipse centered at (1, —2). The graph of this ellipse appears in the following graph.

Figure 4.9 Level curve of the function

Sl y) = \/8 + 8x — 4y — 4x% — y? corresponding to
c=0.

We can repeat the same derivation for values of ¢ less than 4. Then, Equation 4.1 becomes

2 2
4()6—1)2 +(y+2)2=1
16 —c¢ 16 — ¢

for an arbitrary value of ¢. Figure 4.10 shows a contour map for f(x, y) using the values ¢ =0, 1, 2, and 3.

When ¢ =4, the level curve is the point (-1, 2).
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Figure 4.10 Contour map for the function
fx,y)= \/8 +8x—4y— 4x2 - y2 using the values
c=0,1,2,3, and4.

@ 4.2 Find and graph the level curve of the function g(x, y) = X+ y2 — 6x + 2y corresponding to ¢ = 15.

Another useful tool for understanding the graph of a function of two variables is called a vertical trace. Level curves are
always graphed in the xy-plane, but as their name implies, vertical traces are graphed in the xz- or yz-planes.

Definition

Consider a function z = f(x, y) with domain D C R?. A vertical trace of the function can be either the set of points

that solves the equation f(a, y) = z for a given constant x = a or f(x, b) = z for a given constant y = b.

Example 4.5

Finding Vertical Traces

Find vertical traces for the function f(x, y) =sinxcosy corresponding to x = — %, 0, and %, and
y= —%, 0, and%.

Solution

First set x = —Z in the equation z = sin x cos y:

4
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. V2 cos
_ _z - _ Y~
7= sm( 4 )c0s Y 5 0.7071 cos y.
This describes a cosine graph in the plane x = — % The other values of z appear in the following table.
c Vertical Trace for x =c
_r
i R @

0 z=0

% _V2cosy

2
Table 4.1

Vertical Traces Parallel to the xz-Plane
for the Function f(x, y) =sinxcosy

In a similar fashion, we can substitute the y-values in the equation f(x, y) to obtain the traces in the yz-plane,

as listed in the following table.

d Vertical Trace for y =d
0 z=sinx
Table 4.2

Vertical Traces Parallel to the yz-Plane
for the Function f(x, y) =sinxcosy

The three traces in the xz-plane are cosine functions; the three traces in the yz-plane are sine functions.

These curves appear in the intersections of the surface with the planes x = — %, x=0,x= % and
y= — %, y=0,y= % as shown in the following figure.

345
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f(x, ¥) = sinxcosy

1010

Traces in the xz-planes Traces in the yz-planes

(@) (b)

Figure 4.11 Vertical traces of the function f(x, y) are cosine curves in the xz-planes (a) and sine curves in the

yz-planes (b).

4.3 Determine the equation of the vertical trace of the function g(x, y)= —xz—y2+2x+4y—1

corresponding to y = 3, and describe its graph.

Functions of two variables can produce some striking-looking surfaces. The following figure shows two examples.

fx,y) = x*siny f(x, y) = sin(e) cos(In y)

(@) (b)
Figure 4.12 Examples of surfaces representing functions of two variables: (a) a combination of a power function and a sine
function and (b) a combination of trigonometric, exponential, and logarithmic functions.

Functions of More Than Two Variables

So far, we have examined only functions of two variables. However, it is useful to take a brief look at functions of more
than two variables. Two such examples are
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fx,y,2)= x?— 2xy + y2 +3yz — 2+ 4x— 2y + 3x — 6 (a polynomial in three variables)
and
—(+2 2\.;
glx, v, 1) = (x —4xy+y )sm t—(3x + 5y)cos 1.
In the first function, (x, y, z) represents a point in space, and the function f maps each point in space to a fourth quantity,

such as temperature or wind speed. In the second function, (x, y) can represent a point in the plane, and ¢ can represent

time. The function might map a point in the plane to a third quantity (for example, pressure) at a given time ¢. The method

for finding the domain of a function of more than two variables is analogous to the method for functions of one or two
variables.

Example 4.6

Domains for Functions of Three Variables

Find the domain of each of the following functions:

3x—4y+2
a. flny=——2 T
9—x"—-y"—z
b glxy, n=22=%
X =Yy

Solution
3x —4y+2z

a. Forthe function f(x, y, z) = to be defined (and be a real value), two conditions must

9—x2— y2 -2
hold:
1. The denominator cannot be zero.
2. The radicand cannot be negative.

Combining these conditions leads to the inequality

9—x2—y2—12>0.

Moving the variables to the other side and reversing the inequality gives the domain as

domain(f) = {(x, ¥, 2) € R3|x2 + y2 +7%< 9},

which describes a ball of radius 3 centered at the origin. (Note: The surface of the ball is not included in
this domain.)
V2t —4

x2 y2

b. For the function g(x, y, 1) = to be defined (and be a real value), two conditions must hold:

1. The radicand cannot be negative.

2. The denominator cannot be zero.
Since the radicand cannot be negative, this implies 2t —4 > 0, and therefore that # > 2. Since the
denominator cannot be zero, x2 - y2 #0, or x2 * yz, Which can be rewritten as y = +x, which

are the equations of two lines passing through the origin. Therefore, the domain of g is

domain(g) = {(x, y, |y # +x, t > 2}.
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@ 44 Eind the domain of the function h(x, y, 1) = (3t — 6)\y — 4x2 + 4.

Functions of two variables have level curves, which are shown as curves in the xy-plane. However, when the function has

three variables, the curves become surfaces, so we can define level surfaces for functions of three variables.

Definition

Given a function f(x, y, z) and a number ¢ in the range of f, a level surface of a function of three variables is

defined to be the set of points satisfying the equation f(x, y, z) = c.

Example 4.7

Finding a Level Surface
Find the level surface for the function f(x, y, z) = 4x2 + 9y2 -2 corresponding to ¢ = 1.

Solution

The level surface is defined by the equation 4x% + 9y2 —z?=1. This equation describes a hyperboloid of one

sheet as shown in the following figure.
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c=2
Figure 4.13 A hyperboloid of one sheet with some of its level surfaces.

@ 4.5 Find the equation of the level surface of the function
g, vy, ) =x2+ 2+ 72— 2x + 4y — 62

corresponding to ¢ =2, and describe the surface, if possible.
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4.1 EXERCISES

For the following exercises, evaluate each function at the
indicated values.

1. W(x, y) =4x*+y% Find W2, 1), W(=3, 6).
2. W(x, y)=4x>+y> Find W2 +h, 3 + h).

3. The volume of a right circular cylinder is calculated by
a function of two variables, V(x, y) = zrxzy, where x is

the radius of the right circular cylinder and y represents the
height of the cylinder. Evaluate V(2, 5) and explain what

this means.

4. An oxygen tank is constructed of a right cylinder of
height y and radius x with two hemispheres of radius x

mounted on the top and bottom of the cylinder. Express
the volume of the cylinder as a function of two variables,
xandy, find V(10, 2), and explain what this means.

For the following exercises, find the domain of the
function.

5 V(x,y)= 4x% + y2

6. flx,y)=\x2+y>-4
7. fx, y) =41In(y* —x)

8. gx,y)=V16- 4x* - y2

9. zlx,y) = y2 —x?

+2
0. fx,y)=22=
X

Find the range of the functions.

1. g(x, y)=1\16 - 4x2 - y2

12. V(x,y) = 4x% + y2

13. z=y2—x2

For the following exercises, find the level curves of each
function at the indicated value of ¢ to visualize the given

function.

14. z(x, y)=y2—x2, c=1
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15. z(x, y)=y*—x% c=4

16. g(x,y)=x2+y2;c=4,c=9
17. gx,y)=4—-x—y;c=0,4
18. f(x,y)=xy;c=1l;c=-1
19. h(x,y)=2x—-y;¢c=0,-2,2

20. fo,y)=x*-ye=1,2

X o
x+y’c_ 1,0, 2

21, g(x, y) =
22, g(x, y)=x3—y;c=—l,0,2
23. glx,y)= exy; c= %, 3
24. f(x,y) = x%c=4,9

25. f(x,y)=xy—x;¢c=-2,0,2

26. h(x,y) = ln(x2 + yz); c=-1,0,1

27. glx,y) = 1n(12); c=-2,0,2

X

28. z=f(x,y)= \/x2+y2, c=3
y+2

29. f(x,y)= 5 C= any constant

X

For the following exercises, find the vertical traces of the
functions at the indicated values of x and y, and plot the

traces.

30 z=4—-x—y,x=2
31, f(x,y)=3x+y,x=1

32. z:cos\/x2+y2 x=1

Find the domain of the following functions.

33, 7=1100 — 4x2 — 252

34. z= ln(x - y2)
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_ |
B S n = 136 — 4x% —9y2 — ;2

36. f(r.y.2) =149 —x2 )2 -2

3 5 5 5
7. fny 9 =116-x -2
38. f(x,y) = cosm

For the following exercises, plot a graph of the function.
39. z=f(x,y) = \/x2 +y2

40. z=x2+y2

41. Use technology to graph z = x2 y.

Sketch the following by finding the level curves. Verify the
graph using technology.

42, f(x,y)=Y4- X2 - y2

43. f(x, y)=2-"\x*+y?

2 2

44, z=1+¢ " 77

45. z=cos\/)cz+y2
2

46. z=y2—x

47. Describe the contour lines for several values of ¢ for

z=x2+y2—2x—2y.

Find the level surface for the functions of three variables
and describe it.

48. wx,y,2)=x—-2y+z,c=4
49. w(x, y, z)=x2+y2+zz,c=9

2,c=—4

50. w(x,y, 2) = x2 + y2 -z
51. w(x, y, z)=x2+y2—z2, c=4
52. w(x, v, 2) = 9x% — 4y% + 3622, ¢ =0

For the following exercises, find an equation of the level
curve of f that contains the point P.

53. f(x,y)=1—-4x>=y2% P, 1)

351

54. g(x,y) = yzarctan x, P(1, 2)
5. g(x, y) = e (x> +y7), P(1, 0)

56. The strength E of an electric field at point (x, y, z)
resulting from an infinitely long charged wire lying along
the y-axis is givenby E(x, y, z) = k/ X+ yz, where k
is a positive constant. For simplicity, let K = 1 and find the
equations of the level surfaces for E = 10 and E = 100.

57. A thin plate made of iron is located in the xy-plane.
The temperature T in degrees Celsius at a point P(x, y) is

inversely proportional to the square of its distance from the
origin. Express T as a function of x and y.

58. Refer to the preceding problem. Using the temperature
function found there, determine the proportionality
constant if the temperature at point P(1, 2)is 50°C. Use

this constant to determine the temperature at point

0@, 4).

59. Refer to the preceding problem. Find the level curves
for T =40°CandT = 100°C, and describe what the

level curves represent.
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4.2 | Limits and Continuity

Learning Objectives

4.2.1 Calculate the limit of a function of two variables.

4.2.2 Learn how a function of two variables can approach different values at a boundary point,
depending on the path of approach.

4.2.3 State the conditions for continuity of a function of two variables.
4.2.4 Verify the continuity of a function of two variables at a point.

4.2.5 Calculate the limit of a function of three or more variables and verify the continuity of the
function at a point.

We have now examined functions of more than one variable and seen how to graph them. In this section, we see how to take
the limit of a function of more than one variable, and what it means for a function of more than one variable to be continuous
at a point in its domain. It turns out these concepts have aspects that just don’t occur with functions of one variable.

Limit of a Function of Two Variables
Recall from Section 2.2 the definition of a limit of a function of one variable:

Let f(x) be defined for all x # a in an open interval containing a. Let L be a real number. Then
Jim, /()= L

if for every € > 0, there existsa 6 > 0, suchthatif O < |x —al < é forall x inthe domain of f, then
[f(x)=L| > e

Before we can adapt this definition to define a limit of a function of two variables, we first need to see how to extend the
idea of an open interval in one variable to an open interval in two variables.

Definition

Consider a point (a, b) € R?* A & disk centered at point (a, b) is defined to be an open disk of radius & centered
at point (a, b) —that is,

(. y) € R|(x—a)* + (v - b)* < 57}

as shown in the following graph.

s

ol @1 5

-15-1-05 0 05 1 15 2 25 3 35X
-4

Figure 4.14 A 6 disk centered around the point (2, 1).

The idea of a § disk appears in the definition of the limit of a function of two variables. If ¢ is small, then all the points
(x, ¥) inthe ¢ disk are close to (a, b). This is completely analogous to x being close to a in the definition of a limit of

a function of one variable. In one dimension, we express this restriction as

a—-6<x<a+?d.
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In more than one dimension, we use a 6 disk.

Definition

Let f be a function of two variables, x and y. The limit of f(x, y) as (x, y) approaches (a, b) is L, written

lim X, y) =1L
(x, y) = (a, b)f( Y

if for each &€ > 0 there exists a small enough 6 > 0 such that for all points (x, y) ina § disk around (a, b), except
possibly for (a, b) itself, the value of f(x, y) is no more than ¢ away from L (Figure 4.15). Using symbols, we

write the following: For any & > 0, there exists a number 6 > 0 such that

If(x, v) = L| < e whenever 0 < {/(x — @)% + (y — b)? < 6.

—neighborhood e
of L =

& disk

A G W

X
Figure 4.15 The limit of a function involving two variables requires that f(x, y)

be within & of L whenever (x, y) is within 6 of (a, b). The smaller the value of

g, the smaller the value of 6.

Proving that a limit exists using the definition of a limit of a function of two variables can be challenging. Instead, we use
the following theorem, which gives us shortcuts to finding limits. The formulas in this theorem are an extension of the
formulas in the limit laws theorem in The Limit Laws (http://cnx.org/content/m53492/latest/) .

Theorem 4.1: Limit laws for functions of two variables

Let f(x,y) and g(x, y) be defined for all (x, y) # (a, b) in a neighborhood around (a, ), and assume the
neighborhood is contained completely inside the domain of f. Assume that L and M are real numbers such

that lim  f(x, y) =L and lim  g(x, y) =M, andlet ¢ be a constant. Then each of the following
(x, y) = (a, b) (x, y) = (a, b)
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statements holds:

Constant Law:

) T, =€ (42)
Identity Laws:
e A (4-3)
o y)l . b) =b (4.4)
Sum Law:
- y)liin(a’ b)(f (x»+gkx, )=L+M (4.5)
Difference Law:
e b)(f(x -8, y)=L-M (4.6)
Constant Multiple Law:
. y)liin(a’ b)(Cf (x, y)=cL (4.7)
Product Law:
i (f (x, Y)glx, y)) = (4.8)
Quotient Law:
9ol b)% = -
Power Law:
(fCe, W) = (4.10)

(x, y) (a b)
for any positive integer n.

Root Law:

m (4.11)

(xy)—>(

for all L if n is odd and positive, and for L > 0 if » is even and positive.

The proofs of these properties are similar to those for the limits of functions of one variable. We can apply these laws to
finding limits of various functions.

Example 4.8

Finding the Limit of a Function of Two Variables

Find each of the following limits:

lim x2—2xy+3y2—4x+3y—6
(x,yw(z,—l)( yy y=6)
2x + 3y

b. 1
(. y) = (2 ~1)3x = 3y
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Solution

a. First use the sum and difference laws to separate the terms:

lim x2=2xy+3y2—4x+3y—6

o y) = 2. —1>( yoy y=6)

= lim xz)—( lim 2xy)+( lim 3 2)—( lim 4x)
x =2, -1 (1) > (2, —1) () > (2, ~1) (o 3) > (2, —1)

+ lim 3 ) ( lim 6
@x =2, -1 (x, ) = (2, =1)

Next, use the constant multiple law on the second, third, fourth, and fifth limits:

=( lim xz)—Z( lim ) 3( lim 2)—4( lim )
6 y) = (2, 1) () =2 -1 oy = -1y ) = 2, =)

+3( lim lim 6.
(x, y) = (2 —1) Gy (2 -b

Now, use the power law on the first and third limits, and the product law on the second limit:

2 2

e, ) =21 Ko B2 i )
(5 3) = 2, =) oy =0 -0 Ny = =17 )T Ny 2 -1

—4( lim )+3( lim ) lim 6.
(x, )= @2, -D (x, y) = (2 —1) (x, y) = (2 -

Last, use the identity laws on the first six limits and the constant law on the last limit:
lim  (x*=2xy+3y* —4x+3y—6) =27 =22 (=) +3(-)*-4Q2)+3(-1) -6
(=2 -D

=—6.

b. Before applying the quotient law, we need to verify that the limit of the denominator is nonzero. Using
the difference law, constant multiple law, and identity law,

lim (4x—3y) = lim 4x — lim 3y
(x y) = 2 - (x, ») = (2 -1 (x,y) = 2 -

gL Wy R P )
@y = -0 \ay=e -1

=42) = 3(=1) = 11.

Since the limit of the denominator is nonzero, the quotient law applies. We now calculate the limit of the
numerator using the difference law, constant multiple law, and identity law:

lim 2x+3y = lim 2x lim 3y
(=2, -1 () =2, -1 (x ») = 2 -
= 2( lim )+ 3( lim y)
(x,y) =2 =D (x, y) = (2 -
=2(2)+3(-1)
=1

Therefore, according to the quotient law we have




356 Chapter 4 | Differentiation of Functions of Several Variables

lim 2x+ 3y)

lim 2x+3y _ (-2 -D _1
L) = (2, -D4x =3 lim 4x -3 11"
@y =@ -1 Yy imy ) y)

@ 4.6 Evaluate the following limit:
3 2
lim =
=6 -y +x—1

Since we are taking the limit of a function of two variables, the point (a, b) is in R? anditis possible to approach this

point from an infinite number of directions. Sometimes when calculating a limit, the answer varies depending on the path
taken toward (a, b). If this is the case, then the limit fails to exist. In other words, the limit must be unique, regardless of

path taken.

Example 4.9

Limits That Fail to Exist

Show that neither of the following limits exist:

. 2xy
a. lim ———
(@) = (0, 0352 42
2
b lim Y
@) = 0,052 4 394
Solution
a. The domain of the function f(x, y) = % consists of all points in the xy-plane except for the
X~ +y

point (0, 0) (Figure 4.16). To show that the limit does not exist as (x, y) approaches (0, 0), we note

that it is impossible to satisfy the definition of a limit of a function of two variables because of the fact
that the function takes different values along different lines passing through point (0, 0). First, consider

the line y = 0 in the xy-plane. Substituting y = 0 into f(x, y) gives

2x(0)
s O = —_— =
J 0 3x2 402

for any value of x. Therefore the value of f remains constant for any point on the x-axis, and as y

approaches zero, the function remains fixed at zero.
Next, consider the line y = x. Substituting y = x into f(x, y) gives

2x(x) 22 _ 1
Sflx, x) = = .
3l +x2 4x? 2

This is true for any point on the line y = x. If we let x approach zero while staying on this line, the
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value of the function remains fixed at %, regardless of how small x is.

Choose a value for & that is less than 1/2—say, 1/4. Then, no matter how small a 6 disk we

draw around (0, 0), the values of f(x, y) for points inside that ¢ disk will include both 0 and %

Therefore, the definition of limit at a point is never satisfied and the limit fails to exist.

z

2X
9 = 5045

X
Figure 4.16 Graph of the function

flx, y)= (2xy)/(3x2 + yz). Along the line y = 0, the
function is equal to zero; along the line y = x, the function is

equal to l.

2

In a similar fashion to a., we can approach the origin along any straight line passing through the origin. If
we try the x-axis (i.e., y =0), then the function remains fixed at zero. The same is true for the y-axis.

Suppose we approach the origin along a straight line of slope k. The equation of this line is y = kx.

Then the limit becomes

2 2
lim 4xy lim Ax(kx)

im = L LI
@0 = 0,0x2 43y @ =0 0x2 4 3(kx)*
= qim A2
() = (0. 0)x2 4 3k* x*

= lim L%C

@ 3) = 0. 01 4 3k*x?

lim (4k2x)
@) = 0,0

(1+3k*x?)

lim
(x, y) = (0, 0)
=0

regardless of the value of k. It would seem that the limit is equal to zero. What if we chose a curve
passing through the origin instead? For example, we can consider the parabola given by the equation
x= y2. Substituting y2 in place of x in f(x, y) gives
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2 4 2),2
o Jim O)_24xy3 7=, m O)—(Z b
X, y) — , X, y) — ,
X"+ dy (yZ) +3y4
4
= lim
) = 0, 0y4 4 394

= lim 1
(x, y) = (0, 0)
=1.

By the same logic in a., it is impossible to find a § disk around the origin that satisfies the definition of

4xy 2

lim —— does not exist.
() = 0, 0 x~ + 3y

the limit for any value of & < 1. Therefore,

@ 4.7 Show that
. x=2)y-1)

x5 =2 D(x—2)2 +(y—1)?

does not exist.

Interior Points and Boundary Points

To study continuity and differentiability of a function of two or more variables, we first need to learn some new terminology.

Definition

Let S be a subset of R? (Figure 4.17).
1. Apoint P is called an interior point of S if thereis a ¢ disk centered around P, contained completely in
S.
2. Apoint P is called a boundary poeint of S if every ¢ disk centered around P(, contains points both inside

and outside S.
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Figure 4.17 Inthe set S shown, (—1, 1) is an interior point

and (2, 3) is a boundary point.

Definition

Let S be a subset of R? (Figure 4.17).
1. § is called an open set if every point of S is an interior point.

2. S is called a closed set if it contains all its boundary points.

An example of an open set is a ¢ disk. If we include the boundary of the disk, then it becomes a closed set. A set that

contains some, but not all, of its boundary points is neither open nor closed. For example if we include half the boundary of
a ¢ disk but not the other half, then the set is neither open nor closed.

Definition

Let S be a subset of R? (Figure 4.17).

1. Anopenset S is a connected set if it cannot be represented as the union of two or more disjoint, nonempty
open subsets.

2. Aset S is aregion if it is open, connected, and nonempty.

The definition of a limit of a function of two variables requires the § disk to be contained inside the domain of the function.
However, if we wish to find the limit of a function at a boundary point of the domain, the §disk is not contained inside
the domain. By definition, some of the points of the 6 disk are inside the domain and some are outside. Therefore, we need
only consider points that are inside both the & disk and the domain of the function. This leads to the definition of the limit
of a function at a boundary point.

Definition

Let f be a function of two variables, x and y, and suppose (a, b) is on the boundary of the domain of f. Then,

the limit of f(x, y) as (x, y) approaches (a, b) is L, written

lim xX,y) =1L,
(x, y) = (a, b)f( Y
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if for any € > 0, there exists a number 6 > 0 such that for any point (x, y) inside the domain of f and within a

suitably small distance positive 6 of (a, b), the value of f(x, y) is no more than & away from L (Figure 4.15).

Using symbols, we can write: For any & > 0, there exists a number 6 > 0 such that

If(x, y) — L| < € whenever 0 < {(x — @)% + (y — b)* < 6.

Example 4.10

Limit of a Function at a Boundary Point
Prove lim 25— x2— y2 =0.

(x, y) > 4, 3)

Solution

radius 5 centered at the origin, along with its interior as shown in the following graph.

Figure 4.18 Domain of the function

fx, y) =125 - x2— y2.

We can use the limit laws, which apply to limits at the boundary of domains as well as interior points:

lim 25 —x2—y2 :V lim (25— x%—y?
@) — @, 3)V Y @ y) - @, 3>( ¥)

2

=V lim 25—  lim _x lim
EN=@®3) T @-@3  @y—@3)

=125-4%2-32

=0.
See the following graph.
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10,) = B E =7

X
Figure 4.19 Graph of the function

fx, y) =125 —x* =y~

@’ 4.8 Evaluate the following limit:

lim \29 — X% - yz.

x y) =6, -2)

Continuity of Functions of Two Variables

In Continuity (http://cnx.org/content/m53489/latest/) , we defined the continuity of a function of one variable and
saw how it relied on the limit of a function of one variable. In particular, three conditions are necessary for f(x) to be

continuous at point x = a:

1. f(a) exists.

2. xli_I)na f(x) exists.

3. Jim f(x) = f(a).

These three conditions are necessary for continuity of a function of two variables as well.

Definition

A function f(x, y) is continuous at a point (a, b) in its domain if the following conditions are satisfied:

1. f(a, b) exists.

2. Jim G ) exists
3. lim ) = fa b,
x, y) — (a, b)f( y) f( )
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Example 4.11

Demonstrating Continuity for a Function of Two Variables

3x+2y

Show that the function f(x, y) = TEyeT

is continuous at point (5, —3).

Solution

There are three conditions to be satisfied, per the definition of continuity. In this example, a =5 and b = 3.
1. f(a, b) exists. This is true because the domain of the function f consists of those ordered pairs

for which the denominator is nonzero (i.e., x+ y+ 1 # 0). Point (5, —3) satisfies this condition.

Furthermore,

fla by =75, -3 = 3PHLA - L= 3,

2. f(x, y) exists. This is also true:

lim
(x, y) = (a, b)

. 3x + 2y
lim _—
(r.y) =6 -3)x+y+1
lim (Bx+2y)

b)f (x,y) =

lim
x, y) = (a,

_ »=06.-3)
lim x+y+1
(x, » -G, —3)( Y )
__15-6
5-3+1
=3.

( )1im( b f(x, y) = f(a, b). This is true because we have just shown that both sides of this equation
X, y - (a,

equal three.

@ 4.9 ghow that the function flx, y) =126 - 2% = y2 is continuous at point (2, —3).

Continuity of a function of any number of variables can also be defined in terms of delta and epsilon. A function of two
variables is continuous at a point (xg, yy) in its domain if for every &> 0 there exists a 6 > 0 such that, whenever

\/(x — xo)2 + - yo)2 < § itistrue, |[f(x, y) — f(a, b)| < e. This definition can be combined with the formal definition

(that is, the epsilon—delta definition) of continuity of a function of one variable to prove the following theorems:

Theorem 4.2: The Sum of Continuous Functions Is Continuous

If f(x, y) is continuous at (x, yy), and g(x, y) is continuous at (xq, yo), then f(x, y)+ g(x, y) is continuous
at (xg, yp)-

Theorem 4.3: The Product of Continuous Functions Is Continuous

If g(x) is continuous at x and A(y) is continuous at y,, then f(x, y) = g(x)h(y) is continuous at (xg, y)-
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Theorem 4.4: The Composition of Continuous Functions Is Continuous

Let g be a function of two variables from a domain D C R? toa range R C R. Suppose g is continuous at some
point (xg, yo) € D and define z, = g(x(, yo). Let f be a function that maps R to R such that z(, is in the domain

of f. Last, assume f is continuous at z. Then feg is continuous at (xg, y,) as shown in the following figure.

g f

2

N ®

range of g
domain of g domain of f range of f
Figure 4.20 The composition of two continuous functions is continuous.

Let’s now use the previous theorems to show continuity of functions in the following examples.

Example 4.12

More Examples of Continuity of a Function of Two Variables
Show that the functions f(x, y) = 453 y2 and g(x, y) = cos(4x3 yz) are continuous everywhere.

Solution

The polynomials g(x) = 4x3 and h(y) = y2 are continuous at every real number, and therefore by the product
of continuous functions theorem, f(x, y) = 453 y2 is continuous at every point (x, y) in the xy-plane. Since
fx, y) = 453 y2 is continuous at every point (x, y) in the xy-plane and g(x) = cos x is continuous at every
real number x, the continuity of the composition of functions tells us that g(x, y) = Cos(4x3 yz) is continuous

at every point (x, y) in the xy-plane.

4.10 . 2.3 2.3 4 ;
Show that the functions f(x, y) =2x“y” + 3 and g(x, y) = (2x Y+ 3) are continuous everywhere.

Functions of Three or More Variables

The limit of a function of three or more variables occurs readily in applications. For example, suppose we have a
function f(x, y, z) that gives the temperature at a physical location (x, y, z) in three dimensions. Or perhaps a function

g(x, v, z, ) can indicate air pressure at a location (x, y, z) at time z. How can we take a limit at a point in R3? What
does it mean to be continuous at a point in four dimensions?

The answers to these questions rely on extending the concept of a ¢ disk into more than two dimensions. Then, the ideas of

the limit of a function of three or more variables and the continuity of a function of three or more variables are very similar
to the definitions given earlier for a function of two variables.
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Definition

Let (xq, g, Zg) be a point in R3. Then, a § ball in three dimensions consists of all points in R3 lying at a distance

of less than 6 from (xg, y(, zo) —that is,

{3 2 € Rir—x0% + 0= 30 + 2 - 20° < 8}

To define a 6 ball in higher dimensions, add additional terms under the radical to correspond to each additional

dimension. For example, given a point P = (W, X, ¥q, Zg) in R*, a 5 ball around P can be described by

{(w, X, ¥, 2) € R4|\/(w - wo)2 + (x — xo)2 + - yo)2 +(z— zo)2 < 5}.

To show that a limit of a function of three variables exists at a point (x(, y(, z(), it suffices to show that for any point in a
o0 ball centered at (x(, yq, Z), the value of the function at that point is arbitrarily close to a fixed value (the limit value).

All the limit laws for functions of two variables hold for functions of more than two variables as well.

Example 4.13

Finding the Limit of a Function of Three Variables

xy 3z

Find lim —_—
n *x, y,2) = (41-3)2x+5y—z

Solution

Before we can apply the quotient law, we need to verify that the limit of the denominator is nonzero. Using the
difference law, the identity law, and the constant law,

lim Q2x+5y—2) =2( lim )+5( lim )—( lim )
(032 — (4 1, -3) (3,0 > O, 1, -3) G- 1 -3) Ny o1, -3
=2(4) + 5(1) — (=3)
= 16.

Since this is nonzero, we next find the limit of the numerator. Using the product law, difference law, constant
multiple law, and identity law,

2
lim (x?y—32) =( lim )( lim )—3 lim
(57,9 =t 1, =3) o=t 1,-3") \er o=t 1-9") “wro—1 -3
= (4%)1) = 3(=3)

=16+9
=25.
Last, applying the quotient law:
lim 2y -
lim P2y-3  _ oyl (xy 3Z)
UL -32x+ 5y -2 lim 2x + 5y —
(3,2 = ( 2x+35y-z o hm )(x y—12)
_25
16
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@ 411 gig lim \/13 —-x?= 2y2 +22
x,y,2)— 4, —1,3)
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4.2 EXERCISES

For the following exercises, find the limit of the function.

60. lim X
x )= (1,2)
61, lim 5x_y
(x, y)—>(1 2)x2 +y
- 5x2 y . .
62. Show that the limit lim ——— exists and is

(x, y) = (0, 0) 2 +y
the same along the paths: y-axis and x-axis, and along
y=2Xx.

For the following exercises, evaluate the limits at the
indicated values of x and y. If the limit does not exist, state

this and explain why the limit does not exist.

4x% + 10y> + 4
lim —_—
@) = 0. 04x2 — 10y> + 6

64. 1i F
¥ S, 1313y

63.

2 .
65. lim Y202
(x,y) = (0, 1)
8 7
66. lim  sin|l-XFY
(x, y) = (0 0 (x—y+10
67. 1- ytanx
xy) - @4 Hy+1
68 lim sec x +2
" (xy) -0, 74)3x —tany
69. li 1_5
(x, ¥) 1—I>n(2, 5)(x )’)
70. lim xlny
x,y)— 4,4
2.2
71. lim e+ 77
(x,y)— 4, 4)
72 lim_ fo-x2—y?
(x, y) = (0, 0)
73. li 2.3_.3.2 2
e 2)(x ¥ =10y +3x+2y)
74. lim X sin(x +y )
x, y) = (7, © 4

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

Chapter 4 | Differentiation of Functions of Several Variables

75 lim o+l
@)= 0,052 4 y2 41
2 2
76. lim & — Xy
(5 )= (0,0 X2y +1-1
77. lim ~ In(x? + y?)

) = (0 0)

For the following exercises, complete the statement.

78. A point (xq, ¥o) in a plane region R is an interior

point of R if

79. A point (xq, yo) in a plane region R is called a
boundary point of R if

For the following exercises, use algebraic techniques to
evaluate the limit.

. -1
80. 1 i
(x, y (2 DYxX =y WVx—y—1
4_ 404
81. lim )‘2—4y2
(. 9) = (0, 0)x2 4 2y
3.3
82.  lim =%
(e ) 210, 0)
83. x? — xy

lim
L) = (0, VX =Y

—~
=

For the following exercises, evaluate the limits of the
functions of three variables.

2

84 lim x? =y
' (xyz)—»(lzs) xyz — 1
x2—y -z2

85. lim 5
(x, y,2) = (OOO)x +y -z

For the following exercises, evaluate the limit of the
function by determining the value the function approaches
along the indicated paths. If the limit does not exist, explain

why not.
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xy+y°
@ ) = 0,052 4 y?

86.

Along the x-axis (y =0)
b. Along the y-axis (x =0)
c. Along the path y = 2x

xy+y3

87. Evaluate lim 3

3 using the results of
=0, 0x%+y

previous problem.

2
88. lim
)= 0,0x% +y
a. Along the x-axis (y = 0)
b. Along the y-axis (x = 0)

c. Along the path y = x2

2

89. Evaluate lim f Y
3 =0, 0%+ y

5 using the results of

previous problem.

Discuss the continuity of the following functions. Find the
largest region in the xy-plane in which the following

functions are continuous.
90. f(x, y) = sin(xy)

91. f(x,y)=In(x+y)
92. f(x,y)= e3xy

9B. flx,)) =5

For the following exercises, determine the region in which
the function is continuous. Explain your answer.

2

X
9. fx,y)=——
X" +y

)Czy i
95,  fr.y)={ 2ty (x, y) # (0, 0)

0 if (x, y) = (0, 0)

Show that the function approaches different values along
two different paths.)

(Hint:

-2 2

sin(x” +
9. f(r, y =Gy

xX“+y
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P y2 . .
3 5 Is continuous
xX“+y

97. Determine whether g(x, y) =
at (0, 0).

98. Create a plot using graphing software to determine

where the limit does not exist. Determine the region of

1
2

the coordinate plane in which f(x, y) = is

continuous.

99. Determine the region of the xy-plane in which the

2
composite  function g(x, y) = arct an[ xx_{ y) is

continuous. Use technology to support your conclusion.

100. Determine the region of the xy-plane in which

fx,y) = ln(x2 + y2 — 1) is continuous. Use technology

to support your conclusion. (Hint: Choose the range of
values for xand y carefully!)

101. At what points in space is
g(x, y, ) = x* + y> — 2z% continuous?
o . _ 1
102. At what points in space is g(x, y, z) = 5>
x“+z7-1

continuous?

103. Show that lim % does not exist at

(x, ) = (0, 0)x2 4 y
(0, 0) by plotting the graph of the function.

104. [T] Evaluate lim
@ 3) = (0,00 x2 4 y*

by plotting the

function using a CAS. Determine analytically the limit

along the path x = yz.

105. [T]
a. Use a CAS to draw a contour

z= \/9—x2—y2.

map of

b. What is the name of the geometric shape of the
level curves?

c. Give the general equation of the level curves.

d. What is the maximum value of z?

e. What is the domain of the function?

f. What is the range of the function?
106. True or False: If we evaluate lim  f(x)

(x, ») = (0,0

along several paths and each time the limit is 1, we can
conclude that lim f(x)=1.

(x, )= (0,0
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107. Use polar coordinates to find
) 1_r>n(0’ 0)%' You can also find the limit using
L’Hopital’s rule.

108. Use polar coordinates to find

lim cos(x? + y2).
(x, ) = (0, 0) *+57)

109. Discuss the continuity of f(g(x, y)) where
f(@®) =1/t and g(x, y) = 2x — 5y.

110. Given fx, y) = x% — 4y, find
lim f(-x+ ]’l, )’) _f(.X, y)

h—0 h

111. Given flx, y) = x% - 4y, find
i LA+ 9) = £, )

h—0 h
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4.3 | Partial Derivatives

Learning Objectives

4.3.1 Calculate the partial derivatives of a function of two variables.

4.3.2 Calculate the partial derivatives of a function of more than two variables.
4.3.3 Determine the higher-order derivatives of a function of two variables.
4.3.4 Explain the meaning of a partial differential equation and give an example.

Now that we have examined limits and continuity of functions of two variables, we can proceed to study derivatives.
Finding derivatives of functions of two variables is the key concept in this chapter, with as many applications in
mathematics, science, and engineering as differentiation of single-variable functions. However, we have already seen that
limits and continuity of multivariable functions have new issues and require new terminology and ideas to deal with them.
This carries over into differentiation as well.

Derivatives of a Function of Two Variables

When studying derivatives of functions of one variable, we found that one interpretation of the derivative is an instantaneous
rate of change of y as a function of x. Leibniz notation for the derivative is dy/dx, which implies that y is the dependent

variable and x is the independent variable. For a function z = f(x, y) of two variables, x and y are the independent

variables and z is the dependent variable. This raises two questions right away: How do we adapt Leibniz notation for
functions of two variables? Also, what is an interpretation of the derivative? The answer lies in partial derivatives.

Definition

Let f(x, y) be a function of two variables. Then the partial derivative of f with respectto x, written as 0 f/dx,

or fy, is defined as

fx+h, y) = f(x, y) (4.12)
0X h—-0 h ’

The partial derivative of f with respectto y, writtenas 0f/dy, or fy, is defined as

ﬂ = lim f(x’ Yy + k)_ f(-x, y) (4'13)
dy k-0 k ’

This definition shows two differences already. First, the notation changes, in the sense that we still use a version of Leibniz
notation, but the d in the original notation is replaced with the symbol 0. (This rounded “d” is usually called “partial,” so

d flox is spoken as the “partial of f with respect to x.”) This is the first hint that we are dealing with partial derivatives.

Second, we now have two different derivatives we can take, since there are two different independent variables. Depending
on which variable we choose, we can come up with different partial derivatives altogether, and often do.

Example 4.14

Calculating Partial Derivatives from the Definition

Use the definition of the partial derivative as a limit to calculate 0 f/dx and 0 f/dy for the function
flx, y)=x2=3xy+2y2 —4x+5y— 12.

Solution
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First, calculate f(x + A, y).

fx+h,y = (x+h)2—3(x+h)y+2y2—4(x+h)+5y— 12
= x2 4 2xh + h?> = 3xy = 3hy + 2y* — 4x — 4h + 5y — 12.
Next, substitute this into Equation 4.12 and simplify:

ﬂ = lim f(x+h’ y)—f(x, }’)

0x >0 h
2 2 2 2 2
; (x% +2xh + h? = 3xy — 3hy + 2y% — 4x — 4h + 5y — 12) — (x* — 3xy + 2y* — dx + 5y — 12)
T hD0 h
— lim x2+2xh+h2—3xy—3hy+2y2—4x—4h+5y—12—x2+3xy—2y2+4x—5y+12
TR0 h
i 2xh + h% — 3hy — 4h
= lim
=0 h
- lim h2x+h—3y—4)
h—=0 h
= lim 2x+h—-3y—4
hl—I>nO(x+ Y )
=2x-3y—4.
of ..
To calculate oy first calculate f(x, y + h):

fx+h,y) =x>=3xy+h)+20+h?—4x+5y+h)—12
= x% = 3xy = 3xh + 2y% + 4yh + 2h%> — 4x + 5y + 5h — 12.
Next, substitute this into Equation 4.13 and simplify:

0f _ p L0y 1) =[x, y)

ay h—=0 h
2 2 2 2 2

i (x* = 3xy — 3xh + 2y* + 4yh + 2h* — 4x + 5y + 5h — 12) — (x> = 3xy + 2y* — 4x + 5y — 12)
= h
~ lim x% —3xy — 3xh + 2y% + 4yh + 2h% — 4x + 5y + 5h — 12 — x> 4+ 3xy — 2y> + 4x — 5y + 12
_h—>0 h

. —3xh+4yh+2h* + 5h
= lim

h—-0 h
:mﬁwh+®+M+ﬁ

h—0 h
=£m%—ﬁ+4y+2h+$
=-3x+4y+5.

@ 4.12 Use the definition of the partial derivative as a limit to calculate d f/0x and d f/dy for the function

Flx, y) =4x2+2xy — y? +3x =2y + 5.

The idea to keep in mind when calculating partial derivatives is to treat all independent variables, other than the variable
with respect to which we are differentiating, as constants. Then proceed to differentiate as with a function of a single
variable. To see why this is true, first fix y and define g(x) = f(x, y) as a function of x. Then
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h—=0 h

The same is true for calculating the partial derivative of f with respect to y. This time, fix x and define h(y) = f(x, y)

as a function of y. Then

b i B —h) . y+ K= fhy) _df
W& _kh—% k _kh—r}lo k ~ oy’

All differentiation rules from Introduction to Derivatives (http://cnx.org/content/m53494/latest/) apply.

Example 4.15

Calculating Partial Derivatives

Calculate df/dx and df/dy for the following functions by holding the opposite variable constant then

differentiating:

a. f(x, y)=x2—3xy+2y2—4x+5y—12

b. g(x,y) =sin(x?y - 2x +4)

Solution
a. To calculate 0 f/dx, treat the variable y as a constant. Then differentiate f(x, y) with respect to x

using the sum, difference, and power rules:

of _or.2_ 2_ _
5x —ax[x 3xy + 2y —4x+ 5y 12]

= 212 - 3o+ L0y?] - Liaa) + Lisy) - 212
=2x—3y+0—4+0—0
=2x-3y—-4.

The derivatives of the third, fifth, and sixth terms are all zero because they do not contain the variable x,
so they are treated as constant terms. The derivative of the second term is equal to the coefficient of x,
which is —3y. Calculating d f/dy:

af
_6y[x —3xy+2y —4x+5y—12]

dy
S = Sul+ 227 - Liax + L5yl - £02)

=—3x+4y—0+5—0
=-3x+4y+5.

These are the same answers obtained in Example 4.14.
b. To calculate dg/dx, treat the variable y as a constant. Then differentiate g(x, y) with respect to x using

the chain rule and power rule:

g—i = %[sin(x2 y—2x+ 4)]

= cos(xzy —2x+ 4)%[)62)] Coxt 4]
= (2xy — 2)cos(x2 y—2x+ 4).
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To calculate dg/dy, treat the variable x as a constant. Then differentiate g(x, y) with respect to y

using the chain rule and power rule:

g—‘i = aiy[sin(xzy - 2x+ 4)]
= cos(xzy —2x+ 4)aa—y[x2y —2x+ 4]

=x? cos(x2y —2x+ 4).

@ 4.13 Calculate df/0x and df/dy for the function f(x, y) =tan(x3—3x2y2+2y4) by holding the

opposite variable constant, then differentiating.

How can we interpret these partial derivatives? Recall that the graph of a function of two variables is a surface in R3. 1f
we remove the limit from the definition of the partial derivative with respect to x, the difference quotient remains:

f(x+h7 y)—f(X, y)
7 .

This resembles the difference quotient for the derivative of a function of one variable, except for the presence of the y

variable. Figure 4.21 illustrates a surface described by an arbitrary function z = f(x, y).

z

(X! ¥, f(xv Y)) secant line

(x+hy fix+hy)

Figure 4.21 Secant line passing through the points
(x, y, f(x, ) and (x+h, y, flx+h, y)

In Figure 4.21, the value of h is positive. If we graph f(x, y) and f(x+ &, y) for an arbitrary point (x, y), then the

slope of the secant line passing through these two points is given by

f(x+h7 y)—f(X, y)
7 .

This line is parallel to the x-axis. Therefore, the slope of the secant line represents an average rate of change of the function
f as we travel parallel to the x-axis. As h approaches zero, the slope of the secant line approaches the slope of the tangent

line.
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If we choose to change y instead of x by the same incremental value %, then the secant line is parallel to the y-axis and
so is the tangent line. Therefore, 0 f/0x represents the slope of the tangent line passing through the point (x, y, f(x, y))
parallel to the x-axis and 0 f/0y represents the slope of the tangent line passing through the point (x, y, f(x, y)) parallel
to the y-axis. If we wish to find the slope of a tangent line passing through the same point in any other direction, then we
need what are called directional derivatives, which we discuss in Directional Derivatives and the Gradient.

We now return to the idea of contour maps, which we introduced in Functions of Several Variables. We can use a
contour map to estimate partial derivatives of a function g(x, y).

Example 4.16

Partial Derivatives from a Contour Map

Use a contour map to estimate dg/dx at the point (\/5, 0) for the function g(x, y) =19 — x? - yz.

Solution

The following graph represents a contour map for the function g(x, y) =19 — x? - yz.
Yi
A

-g(x. Y)=y9-x2-y?

Figure 4.22 Contour map for the function

gx, ) =19—x*—y% usingc =0, 1,2, and 3

(¢ = 3 corresponds to the origin).

The inner circle on the contour map corresponds to ¢ = 2 and the next circle out corresponds to ¢ = 1. The first
circle is given by the equation 2 =9 — X2 - yz; the second circle is given by the equation 1 =19 — x? - yz.
The first equation simplifies to X%+ y2 =5 and the second equation simplifies to X%+ y2 = 8. The
x-intercept of the first circle is (\/g, O) and the x-intercept of the second circle is (2\/5, 0). We can estimate

the value of dg/dx evaluated at the point (V§ , 0) using the slope formula:

ag

o L850 —g22,0) 5 ~ —1.688.

~ = = 1 ~
) =(15,0) V5—212 V5—22 V5-22

To calculate the exact value of dg/0x evaluated at the point (\/5, O), we start by finding dg/dx using the
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172
chain rule. First, we rewrite the function as g(x, y) =9 — X% — y2 = (9 —x2- y2) and then differentiate
with respect to x while holding y constant:

08 _1(g_ 2 .V X
ax_§(9 * y) (=2x) = 9_x2_y2'

Next, we evaluate this expression using x = V5 and y = 0:

og
0x

- _ V5 Vs
cn=05.07 T 02 V4

The estimate for the partial derivative corresponds to the slope of the secant line passing through the points
(W/g, 0, g(\/g, O)) and (2\/5, 0, g(ZW/f, 0)) It represents an approximation to the slope of the tangent line to the

=B g8
S 51118,

surface through the point (W/g, 0, g(\/g, O)), which is parallel to the x-axis.

@ 4.14  Use a contour map to estimate 9 f/dy at point (0, V2) for the function

[y =x2=y2

Compare this with the exact answer.

Functions of More Than Two Variables

Suppose we have a function of three variables, such as w = f(x, y, 7). We can calculate partial derivatives of w with

respect to any of the independent variables, simply as extensions of the definitions for partial derivatives of functions of two
variables.

Definition

Let f(x, y, z) be a function of three variables. Then, the partial derivative of f with respect to x, written as d f/dx,

or fy, 1is defined to be

Of _ i Lo+ Y, D= [y, 2) (4.14)
0x h—0 h ’

The partial derivative of f with respect to y, writtenas d f/dy, or fy, is defined to be

of _ ..
oy kh—I>n0

fx, y+k 2)— f(x, v, 2) (4.15)
- :

The partial derivative of f with respect to z, written as df/dz, or f,, isdefined to be

Of _ i L&y 2+m) — &, y, 2) (4.16)
02 m-0 m ’

We can calculate a partial derivative of a function of three variables using the same idea we used for a function of two

variables. For example, if we have a function f of x, y, andz, and we wish to calculate 0 f/dx, then we treat the other

two independent variables as if they are constants, then differentiate with respect to x.
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Example 4.17

Calculating Partial Derivatives for a Function of Three Variables

Use the limit definition of partial derivatives to calculate 0 f/dx for the function

fx,y,2)= x? - 3xy + 2y2 —4xz + 5yz2 —12x+4y -3z

Then, find 0 f/dy and 0 f/0z by setting the other two variables constant and differentiating accordingly.

Solution

We first calculate 0 f/dx using Equation 4.14, then we calculate the other two partial derivatives by holding

the remaining variables constant. To use the equation to find 0 f/dx, we first need to calculate f(x + A, y, z):

foc+h y,2) =@+h)?>=30+h)y+2y% —4(x+h)z+5yz2 — 12(x + h) + 4y — 3z
= x2+ 2xh + h® = 3xy — 3xh + 2y% — 4xz — 4hz + 5yz> — 12x — 12h + 4y — 37

and recall that f(x, y, z) = x2 - 3xy+ 2y2 —4dzx + 5yz2 — 12x +4y —3z. Next, we substitute these two
expressions into the equation:

af _ hm[x2+2xh+h2—3xy—3hy+2y2—4xz—4hz+5yz2—12x—12h+4y—3z
0X  h-0 h

_ X2 — ?axy+2y2 —4xz+ 5yz2 —12x+4y - 3z]
h

h— 0 h
i [h(2x+h—3y—4z— 12)]

i [th +h%—3hy — 4hz — 1zh]
= lum

h
= hh_r)no(2x +h-3y—4z-12)

=2x—3y—4z— 12.

Then we find df/dy by holding xandz constant. Therefore, any term that does not include the variable y

is constant, and its derivative is zero. We can apply the sum, difference, and power rules for functions of one
variable:

i[xz —3xy+ 2y2 —4xz + 5yz2 —12x+4y - 31]

~0[,2]_ 0, 07,2]_ 0 0 05,,2]_0_ i) _ 9
= 0y[x ] ay[3xy]+ 0y[2y ] ay[4xz] + ay[Syz ] ay[12x] +d_y[4y] ay[3z]
=0-3x+4y—-0+52-04+4-0

= 3x+4y+572+4.

To calculate df/dz, we hold x and y constant and apply the sum, difference, and power rules for functions of
one variable:

ai[xz —3xy+ 2y2 —4xz + 5yz2 —12x+4y - 3z]

Z

~0d[,2]1_0 0[~,2]_ 0 d 2]1_ 0 o) _ 0

= az[x] S+ aZ[Zy] az[4xz]+a—z[5yz] L[12x] + L fdy] - L3z
=0-0+0-4x+10yz—0+0-3

= —4x+ 10yz — 3.
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@ 4.15 Use the limit definition of partial derivatives to calculate 0 f/dx for the function
Fx, v, 2) = 2x% — 4x%y + 2y + 5xz% — 6x + 3z — 8.

Then find df/0y and 0 f/dz by setting the other two variables constant and differentiating accordingly.

Example 4.18

Calculating Partial Derivatives for a Function of Three Variables

Calculate the three partial derivatives of the following functions.

xzy—4xz+y2

a fony ) =""—"712 3z

2

b. g, y,2) = sin(xzy - z) + cos(x — yz)

Solution

In each case, treat all variables as constants except the one whose partial derivative you are calculating.

af _i[xzy—4xz+y2]

ox ~ ox x—3yz
B (;)—x(xzy —4dx7+ yz)(x —3yz) - (xzy — dxz + yz)[;’—x(x - 3yz)
B (v = 3y2)°

. _ (2xy — 4z)x — 3yz) - (xzy —4dxz + yz)(l)
(x — 3yz)2
_ 2x2y — 6xy2z —4xz+ 12yz2 — xzy + 4xz — y2
(x = 3yz)?

_ xzy - 6xyzz —4dxz+ 12yz2 + 4xz — y2
B (x — 3yz)2

af =i[x2y—4xz+y2]

dy dy x—3yz
i aiy(x2y —4xz+ yz)(x —3yz) - (xzy —4xz+ yz);—y(x —3yz)
B r—3y2)°
3 (x2 + 2y)(x —3yz)— (xzy —4xz + yz)(—3z)
B r = 3y2)°
_ X3 - 3x2yz + 2xy — 6yzz + 3x2yz —12xz2 + 3yzz
B (x— 3yz)2

_ x>+ 2xy — 3y2z — 12x7°
(x - 3y2)?
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af i[xzy—4xz+y2]

0z 0z x—3yz
2y =y =l (P — ey — 3
(x — 3yz2)?
2 2
_ (—40)lx - 3y7)— (x?y — 4xz+ y%)-3y)
(x — 3y2)?*
_ —4x% + 12xyz + ?axzy2 — 12xyz + 3y3
(x = 3yz2)?

—4x% + 3)62)/2 + 3y3
(v = 3y2)?

% = %[sin(xzy — z) + cos()c2 — yz)]

= (cos(xzy - z))a‘)—x(xzy - z) - (sin(x2 - yz) aax X% - yz)

= 2xy cos(xzy - z) —2x sin()c2 - yz)
% = aiy[sin(x2 y - z) + cos(x2 - yz)]
b. = (cos(xzy - z))aa—y(xzy - z) - (Sin(x2 - yz) aay(x2 - yz)
= x? cos(x2 y - z) +z sin(x2 - yz)
% = (%[sin(xzy - z) + cos(x2 - yz)]
= (cos(xzy - z) aaz xzy - z) - (sin()c2 - yz) aaz(xz - yz)

2

= —cos(xzy - z) +y sin(x - yz)

@ 4.16 Calculate 0f/ox, 9f/dy, and 0f/0z for the function f(x, y, z) = sec(x?y) — tan(x’ yz?).

Higher-Order Partial Derivatives

Consider the function
flx, y)= 253 — 4xy2 + Sy3 —6xy+ 5x —4y+ 12.
Its partial derivatives are

9 _6x2—ay? —6y+5and 2L = _gxy + 1592 — 6x— 4.

dx dy
Each of these partial derivatives is a function of two variables, so we can calculate partial derivatives of these functions.
Just as with derivatives of single-variable functions, we can call these second-order derivatives, third-order derivatives, and
so on. In general, they are referred to as higher-order partial derivatives. There are four second-order partial derivatives
for any function (provided they all exist):

Ssp) Sh-al) Sh-sRY -3

ox2 oxLoxI axay ~ dx|ay dyox _ dylox 0y2 = oyl oy
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An alternative notation for each is fyy, fyx, fxy» and fyy, respectively. Higher-order partial derivatives calculated with

respect to different variables, such as fy, and fy,, are commonly called mixed partial derivatives.

Example 4.19

Calculating Second Partial Derivatives

Calculate all four second partial derivatives for the function
flx, ) = xe 4 sin2x — 5y).

Solution

To calculate 9 f/dx> and 9% f/dyox, we first calculate 0 f/dx:
% —e 42 cos(2x — 5y).

To calculate 92 f/dxz, differentiate d f/dx with respect to x:

4]

ox2  oxlox

— 0, _
= ax[e + 2 cos(2x 5y)]
= —4sin2x — 5y).

To calculate 9? floyox, differentiate 0 f/dx with respectto y:

S H

0yox ~ dyldx
—0f,~¥ _
—ay[e + 2 cos(2x 5y)]

= —3e_3y + 10 sin(2x — 5y).
To calculate 92 floxdy and 0? f/dyz, first calculate 0 f/dy:

O _ 307 _ -
ay = 3xe 5 cos(2x — Sy).

To calculate 9” floxdy, differentiate 0 f/0y with respect to x:

o =]
0x0y ~ 0x| 0y
— 0] 3,7 _ -
= 0x[ 3xe 5 cos(2x Sy)]

= 3¢ 4 10 sin(2x — 5y).

To calculate 92 f/dyz, differentiate d f/dy with respectto y:
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*f _ L[ﬂ]

oy 9ylLoy

=0 3.7 _ -
= 0y[ 3xe 5cos(2x Sy)]

= 9xe Y — 25 sin(2x — 5y).

@ 4.17 Calculate all four second partial derivatives for the function
f(x, y) = sin(3x — 2y) + cos(x + 4y).

At this point we should notice that, in both Example 4.19 and the checkpoint, it was true that 02 floxoy = 02 floyox.

Under certain conditions, this is always true. In fact, it is a direct consequence of the following theorem.

Theorem 4.5: Equality of Mixed Partial Derivatives (Clairaut’s Theorem)

Suppose that f(x, y) is defined on an open disk D that contains the point (a, b). If the functions fy, and f,, are

continuous on D, then fy, = fy,.

Clairaut’s theorem guarantees that as long as mixed second-order derivatives are continuous, the order in which we choose
to differentiate the functions (i.e., which variable goes first, then second, and so on) does not matter. It can be extended to
higher-order derivatives as well. The proof of Clairaut’s theorem can be found in most advanced calculus books.

Two other second-order partial derivatives can be calculated for any function f(x, y). The partial derivative fyy is equal

to the partial derivative of fy with respectto x, and fy, is equal to the partial derivative of f, with respect to y.

Partial Differential Equations

In Introduction to Differential Equations (http:/lcnx.org/lcontent/m53696/latest/) , we studied differential
equations in which the unknown function had one independent variable. A partial differential equation is an equation that
involves an unknown function of more than one independent variable and one or more of its partial derivatives. Examples
of partial differential equations are

ty = ¢ (e + ttyy) (4.17)
( heat equation in two dimensions)
Uy = > (i + hyy) (4.18)
('wave equation in two dimensions)
Uy +uyy =0 (4.19)

( Laplace’s equation in two dimensions)
In the first two equations, the unknown function u has three independent variables— ¢, x, and y—and c is an arbitrary
constant. The independent variables x and y are considered to be spatial variables, and the variable 7 represents time. In

Laplace’s equation, the unknown function u# has two independent variables x and y.


http://cnx.org/content/m53696/latest/
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Example 4.20

A Solution to the Wave Equation

Verify that
u(x, y, t) = 5 sin(3zx)sin(@ry)cos(10xt)

is a solution to the wave equation

Uy = 4(Mxx + uyy)- (4.20)

Solution

First, we calculate uy, tyy, and uyy:

o - 413
0

=3 t[5 sin(3zx)sin(@zy)—107z sin(10x7))]

= %[—507[ sin(3zx)sin(@zy)sin(1071)]

= —50072sin(37x)sin(@my)cos(1077)
_ 0|ou

Ure = dx[ax]
= %{15;[ cos(3zx)sin(dry)cos(10)]

= —457% sin(3zx)sindxy)cos(107t)
o - 3]

= aiy[s sin(3mx)(dx cos(dmy)cos(10xt))]

= (%[2011 sin(3zx)cos(@ry)cos(1071)]

= —80xsin(3zx)sindxy)cos(10x1).

Next, we substitute each of these into the right-hand side of Equation 4.20 and simplify:

Mty + uyy) = 4(—457% sin(3ax)sin(dzycos(10mr) + — 807 sin(3zx)sin(dzylcos(1071))

4(-1257* sin(3zx)sin(4zy)cos(101))

—50072 sin(3zx)sin(4zy)cos(1077)
= Uy.

This verifies the solution.

@ 4.18 Verify that u(x, y, t) =2 sin(%)sin(%)e ~25t/16 ¢ a solution to the heat equation

U, = 9(uxx + uyy). (4.21)

Since the solution to the two-dimensional heat equation is a function of three variables, it is not easy to create a visual
representation of the solution. We can graph the solution for fixed values of t, which amounts to snapshots of the heat
distributions at fixed times. These snapshots show how the heat is distributed over a two-dimensional surface as time
progresses. The graph of the preceding solution at time ¢ = 0 appears in the following figure. As time progresses, the

extremes level out, approaching zero as t approaches infinity.
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Figure 4.23

If we consider the heat equation in one dimension, then it is possible to graph the solution over time. The heat equation in
one dimension becomes

2
Up = C Uxy,

where ¢ represents the thermal diffusivity of the material in question. A solution of this differential equation can be written
in the form

222, . 4.22
Uy (x, 1) = e % ™ < lsin(mx) (4.22)

where m is any positive integer. A graph of this solution using m =1 appears in Figure 4.24, where the initial
temperature distribution over a wire of length 1 is given by u(x, 0) = sin zx. Notice that as time progresses, the wire

cools off. This is seen because, from left to right, the highest temperature (which occurs in the middle of the wire) decreases
and changes color from red to blue.
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80

t = 1.00

100
Figure 4.24 Graph of a solution of the heat equation in one dimension over time.
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Student PROJEC

Lord Kelvin and the Age of Earth

@) (b)
Figure 4.25 (a) William Thomson (Lord Kelvin), 1824-1907, was a British physicist and
electrical engineer; (b) Kelvin used the heat diffusion equation to estimate the age of Earth
(credit: modification of work by NASA).

During the late 1800s, the scientists of the new field of geology were coming to the conclusion that Earth must be
“millions and millions” of years old. At about the same time, Charles Darwin had published his treatise on evolution.
Darwin’s view was that evolution needed many millions of years to take place, and he made a bold claim that the
Weald chalk fields, where important fossils were found, were the result of 300 million years of erosion.

At that time, eminent physicist William Thomson (Lord Kelvin) used an important partial differential equation, known
as the heat diffusion equation, to estimate the age of Earth by determining how long it would take Earth to cool from
molten rock to what we had at that time. His conclusion was a range of 20 to 400 million years, but most likely

about 50 million years. For many decades, the proclamations of this irrefutable icon of science did not sit well with
geologists or with Darwin.

. Read Kelvin’s paper (http://lwww.openstaxcollege.org/l/20_KelEarthAge) on estimating the age of
the Earth.

Kelvin made reasonable assumptions based on what was known in his time, but he also made several assumptions
that turned out to be wrong. One incorrect assumption was that Earth is solid and that the cooling was therefore
via conduction only, hence justifying the use of the diffusion equation. But the most serious error was a forgivable
one—omission of the fact that Earth contains radioactive elements that continually supply heat beneath Earth’s mantle.
The discovery of radioactivity came near the end of Kelvin’s life and he acknowledged that his calculation would have
to be modified.

Kelvin used the simple one-dimensional model applied only to Earth’s outer shell, and derived the age from graphs
and the roughly known temperature gradient near Earth’s surface. Let’s take a look at a more appropriate version of
the diffusion equation in radial coordinates, which has the form

OT _ ¢ 0°T , 20T (4.23)
oL = K2+ 39|


http://www.openstaxcollege.org/l/20_KelEarthAge
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Here, T(r, t) is temperature as a function of r (measured from the center of Earth) and time ¢. K is the heat

conductivity—for molten rock, in this case. The standard method of solving such a partial differential equation is by
separation of variables, where we express the solution as the product of functions containing each variable separately.
In this case, we would write the temperature as

T(r, t) = R(r)f(?).
1. Substitute this form into Equation 4.13 and, noting that f(z) is constant with respect to distance (r) and
R(r) is constant with respect to time (#), show that
fot R|g2 Tor
2. This equation represents the separation of variables we want. The left-hand side is only a function of ¢ and

19f _ 5[021% +2M]_

the right-hand side is only a function of », and they must be equal for all values of r and ¢. Therefore, they

both must be equal to a constant. Let’s call that constant 2 (The convenience of this choice is seen on
substitution.) So, we have

19f _ _p2 k[d*R  20R]|_ _2
For = A and [ S ]_ -,

2
Now, we can verify through direct substitution for each equation that the solutions are f(z) = Ae " and

. 2
R(r) = B(smrar ) + C(984%) where a = A/VK. Note that f(7) = Ae™”! is also a valid solution, so we

could have chosen +47 for our constant. Can you see why it would not be valid for this case as time increases?

3. Let’s now apply boundary conditions.

a. The temperature must be finite at the center of Earth, » = 0. Which of the two constants, B or C,
must therefore be zero to keep R finite at » = 0? (Recall that sin(ar)/r > a= as r — 0, but
cos(ar)/r behaves very differently.)

b. Kelvin argued that when magma reaches Earth’s surface, it cools very rapidly. A person can often touch

the surface within weeks of the flow. Therefore, the surface reached a moderate temperature very early
and remained nearly constant at a surface temperature 7. For simplicity, let’s set 7= Oatr = Rg

and find a such that this is the temperature there for all time z. (Kelvin took the value to be
300 K ~ 80°F. We can add this 300 K constant to our solution later.) For this to be true, the sine
argument must be zero at r = Rg. Note that a has an infinite series of values that satisfies this

condition. Each value of a represents a valid solution (each with its own value for A). The total or
general solution is the sum of all these solutions.

c. At t=0, we assume that all of Earth was at an initial hot temperature 7, (Kelvin took this to be
about 7000 K.) The application of this boundary condition involves the more advanced application of
Fourier coefficients. As noted in part b. each value of @, represents a valid solution, and the general

solution is a sum of all these solutions. This results in a series solution:

ToR D=l _2,si
I(r,n= ( L E)Z ( 121 e ’Sln(?" D where an = nn/Rg.
n

n—1
Note how the values of «, come from the boundary condition applied in part b. The term % is the constant
A, for each term in the series, determined from applying the Fourier method. Letting S = RL’ examine the first
E

few terms of this solution shown here and note how 4 in the exponential causes the higher terms to decrease quickly
as time progresses:
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_Kp2 _app2 o2
e P l(sin ﬁr)—le kP ‘(sin 2ﬂr)+le oKp l(sin 3pr)
T(r, 1) = L0RE 2 3
T _ 2 _ 2 I
—ie 16Kp t(sin4ﬂr)+%e 25Kp t(sin 5pr)...

Near time # =0, many terms of the solution are needed for accuracy. Inserting values for the conductivity K and
B = n/Rg for time approaching merely thousands of years, only the first few terms make a significant contribution.

Kelvin only needed to look at the solution near Earth’s surface (Figure 4.26) and, after a long time, determine what
time best yielded the estimated temperature gradient known during his era (1°F increase per 50 ft). He simply chose

a range of times with a gradient close to this value. In Figure 4.26, the solutions are plotted and scaled, with the
300 — K surface temperature added. Note that the center of Earth would be relatively cool. At the time, it was thought

Earth must be solid.

4
1600 360 |
1400 4 350 +
1200 340 +
< 3
o 1000 + S 330+
s 5 — 20 million years
€ 800t g 3204 — 50 million years
E' g_ — 200 million years
& 6001 8 3107
400 + 300 +
200 + 290 +
0 | | } ' o 280 | | } " o
0 02 04 06 08 1% .999 .9992 .9994 9996 .9998 1*
Fraction of Earth’s Radius 4.0 miles below Earth’s Radius
() (b)

Figure 4.26 Temperature versus radial distance from the center of Earth. (a) Kelvin’s results, plotted to scale. (b) A
close-up of the results at a depth of 4.0 mi below Earth’s surface.

Epilog

On May 20, 1904, physicist Ernest Rutherford spoke at the Royal Institution to announce a revised calculation that
included the contribution of radioactivity as a source of Earth’s heat. In Rutherford’s own words:

“I came into the room, which was half-dark, and presently spotted Lord Kelvin in the audience, and realised that I was
in for trouble at the last part of my speech dealing with the age of the Earth, where my views conflicted with his. To

my relief, Kelvin fell fast asleep, but as I came to the important point, I saw the old bird sit up, open an eye and cock a
baleful glance at me.

Then a sudden inspiration came, and I said Lord Kelvin had limited the age of the Earth, provided no new source [of
heat] was discovered. That prophetic utterance referred to what we are now considering tonight, radium! Behold! The
old boy beamed upon me.”

Rutherford calculated an age for Earth of about 500 million years. Today’s accepted value of Earth’s age is about 4.6

billion years.
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4.3 EXERCISES

For the following exercises, calculate the partial derivative
using the limit definitions only.

112. 92 for 1=x- 3xy +y2
113.

== for z=x2—3xy+y2

For the following exercises, calculate the sign of the partial
derivative using the graph of the surface.

114. f(1, D)

115. fi(—=1, 1)

116.  fy(1,

117. (0, 0)

For the following exercises, calculate the partial

derivatives.

118. t))ZC for z = sin(3x)cos(3y)
0z —
119. y for z = sin(3x)cos(3y)

120. 9z and 9z for z = 8 e3y
ox ay

9z 9z = Infx® + v*
121. ox and Jy for z—ln(x +y )
122. Find fy(x, y) for f(x, y) = e cos(x)sin(y).

123. Let z= ¢, Find 9z and 9z

dx ay’
124. Let z = 1n(§). Find % and g—;.
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- - ind 92 and 92

125. Let z = tan(2x — y). Find ox and dy’
126. Let z = sinh(2x + 3y). Find 92 gpq 92
’ ) 0x dy’

127. Let f(x, y):arctan(%). Evaluate fy(2, —2) and
(2, =2).

128.  Let
2, =2).

flx,y) =525 Find  f(2,-2) and

Evaluate the partial derivatives at point P(0, 1).

az

129. Find ox

at (0, 1) for z = e " cos(y).
2
130. Given f(x,y,2) = P yzz, find M and

dxdy
fz(1, 1, 1).

131. Given f(x, y, 2) =2sin(x + y), find

£:(0.Z, -4} £,(0.Z, -4}, and f:(0, Z, -4}

132. The area of a parallelogram with adjacent side
lengths that are a and b, and in which the angle between

these two sides is 6,
A(a, b, 0) = ba sin(0). Find the rate of change of the area

is given by the function

of the parallelogram with respect to the following:

a. Sidea
b. Sideb
c. Angled

133. Express the volume of a right circular cylinder as a
function of two variables:
a. itsradius r and its height .

b. Show that the rate of change of the volume of the
cylinder with respect to its radius is the product of
its circumference multiplied by its height.

c. Show that the rate of change of the volume of the
cylinder with respect to its height is equal to the
area of the circular base.

134. Calculate 9¥ for w =z sin(xy? + 2z2).

daz

Find the indicated higher-order partial derivatives.

135.  fyy for z=In(x —y)
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136.  fyx for z=1In(x - y)

2 2
137. Let z=x”+ 3xy + 2y2. Find d_g and d_g
dx ay
138, Given z = e*tany, find 0% and 0%
’ 0x0y dyox’

139. Given f(x, y, z) =xyz, find fxyy, fyxy, and

fyyx

140. Given f(x,y,z)= e show that

Fryy = fyxy-

sin(z 2 y),

141. Show that z = l(ey - e_y)sinx is a solution of the

0z+dz 0.

differential equation
x> 9y? y

2
142. Find fu(x, y) for f(x, y) = 4a® +2—.

143. Let f(x,y,2) = x2y3z - 3xy2z3 +5x%7— y3z.
Find fyy;.

144.  Let
Find Fyy,.

F(x, y, 2) = x> yz% = 2x% yz + 3xz — 2y°z.

145. Given f(x,y)=x2+x—-3xy+y>—5, find all

points at which fy = f, = 0 simultaneously.

146. Given f(x,y)=2x>+2xy+y>+2x—3, find

9f =0 and 9f = 0 simultaneously.

all points at which ox 3y

147. Given f(x,y) = y3 - 3yx2 - 3y2 —3x2+1, find

all points on f* at which fy = fy = 0 simultaneously.

148. Given f(x,y)= 15x° — 3xy + 15y3, find all

points at which fy(x, y) = fy(x, y) = 0 simultaneously.

149. Show that z=e"siny satisfies the equation
2 2

9 L+l 9 <=0

ox 6y
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150. Show that f(x, y) = ln()c2 + yz) solves Laplace’s

equation —=

151. Show that z = e’ cos(%) satisfies the heat equation

dz _ -t

G5 = ¢ cos(Z)

152 Find lim L&A = fx y) for
' Ax—0 Ax

SO, y)==Tx=2xy+Ty.

153 Find lim L&Y+ Ay = f(x, y) for
' Ay—0 Ay

SO, y) =—=Tx—2xy+Ty.

154. Find lim Af _ fx+Ax, y) = f(x, y)
. Ax > 0AX  Ax—=0 Ax

for f(x,y)=x2y*+xy+y.

155. Find lim 2f = jim f&+HAG Y - fx )

Ax - 0Ax Ax—0 Ax

for f(x, y) = sin(xy).

156. The function P(T, V) = glves the pressure at

a point in a gas as a function of temperature 7 and volume

oP oP
V. The letters n and R are constants. Find oV and oT

and explain what these quantities represent.

157. The equation for heat flow in the xy-plane is

af _ 62f L9
ar  9x? 0y2

fo,y, n=e

Show that

sin x sin y is a solution.

158. The basic wave equation is f;; = fx,. Verify that
f(x,)=sin(x+1) and f(x,?)=sin(x—¢) are

solutions.

159. The law of cosines can be thought of as a function
of three variables. Let x, y, and @ be two sides of any

triangle where the angle @ is the included angle between
the two sides. Then, F(x,y, 0) = 2+ y2 —2xycos 6

4 9F

gives the square of the third side of the triangle. Fin 00

and oF

ox and 0 =

when x =2, y =3,

o
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160. Suppose the sides of a rectangle are changing with
respect to time. The first side is changing at a rate of 2

in./sec whereas the second side is changing at the rate of 4

in/sec. How fast is the diagonal of the rectangle changing
when the first side measures 16 in. and the second side

measures 20 in.? (Round answer to three decimal places.)

161. A Cobb-Douglas production function is
f(x, y)=20()x0‘7y0‘3, where xandy represent the

amount of labor and capital available. Let x = 500 and

y = 1000. Find of and of at these values, which
ox oy

represent the marginal productivity of labor and capital,
respectively.

162. The apparent temperature index is a measure of how
the temperature feels, and it is based on two variables:
h, which is relative humidity, and ¢, which is the air

temperature. A = 0.885¢ — 22.4h + 1.20th — 0.544. Find

0A 0A — 700 _
51 and oh when ¢ = 20°F and /& = 0.90.
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4.4 | Tangent Planes and Linear Approximations

Learning Objectives

4.4.1 Determine the equation of a plane tangent to a given surface at a point.

4.4.2 Use the tangent plane to approximate a function of two variables at a point.

4.4.3 Explain when a function of two variables is differentiable.

4.4.4 Use the total differential to approximate the change in a function of two variables.

In this section, we consider the problem of finding the tangent plane to a surface, which is analogous to finding the equation
of a tangent line to a curve when the curve is defined by the graph of a function of one variable, y = f(x). The slope of the

tangent line at the point x = a is given by m = f’(a); what is the slope of a tangent plane? We learned about the equation
of a plane in Equations of Lines and Planes in Space; in this section, we see how it can be applied to the problem at
hand.

Tangent Planes

Intuitively, it seems clear that, in a plane, only one line can be tangent to a curve at a point. However, in three-dimensional
space, many lines can be tangent to a given point. If these lines lie in the same plane, they determine the tangent plane at
that point. A tangent plane at a regular point contains all of the lines tangent to that point. A more intuitive way to think of
a tangent plane is to assume the surface is smooth at that point (no corners). Then, a tangent line to the surface at that point
in any direction does not have any abrupt changes in slope because the direction changes smoothly.

Definition

Let Py = (xg, Yo, Z¢) be a point on a surface S, andlet C be any curve passing through P(, and lying entirely in
S. If the tangent lines to all such curves C at Py, lie in the same plane, then this plane is called the tangent plane to
S at Py (Figure 4.27).
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Tangent plane at
Pofxo. Yo, Zo}

Curve C
passes through
Pﬂ{xﬂs yﬂs ZD}

S

/
/

Figure 4.27 The tangent plane to a surface S at a point PO' contains all the tangent lines

to curves in S that pass through P,

For a tangent plane to a surface to exist at a point on that surface, it is sufficient for the function that defines the surface to
be differentiable at that point. We define the term tangent plane here and then explore the idea intuitively.

Definition

Let S be a surface defined by a differentiable function z = f(x, y), andlet Py = (x(, y,) be a point in the domain
of f. Then, the equation of the tangent plane to S at P, is given by

z= f(xg, yo) + fx (xg, Yo)x — xg) + fy (X0, YOO = Yo)- (4.24)

To see why this formula is correct, let’s first find two tangent lines to the surface S. The equation of the tangent
line to the curve that is represented by the intersection of S with the vertical trace given by x=x, is

2= f(xg, o) + fy(xp, yp)(y — yg). Similarly, the equation of the tangent line to the curve that is represented by the
intersection of S with the vertical trace given by y =y is z= f(xq, yg) + fx (xg, Yo)(x — x(). A parallel vector to the
first tangent line is a = j + f (x(, yo)k; a parallel vector to the second tangent line is b =i + f(x(, yo)k. We can take

the cross product of these two vectors:
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axb

(3 + fy (g yOK) X (i + fx (xg, y)K)
i j k

01 fy(xp yo)

10 fi(xp yo)

fx(an yo)i + fy(xO’ yO)j -k

This vector is perpendicular to both lines and is therefore perpendicular to the tangent plane. We can use this vector as a
normal vector to the tangent plane, along with the point Py = (x, y¢, f(x(, ¥¢)) in the equation for a plane:

n-((x—xpi+(y—yoi+—flxp. yo)k) = 0

(f Gegs YO+ £y (xg, ¥0)iK) - ((x = x0)i + (v = v + (z — f(xg, yp)k) = O
Fx (g yo)x = x0) + fy (X0, YO = ¥o) — [z = f(x0, ¥0)) 0.

Solving this equation for z gives Equation 4.24.

Example 4.21

Finding a Tangent Plane

Find the equation of the tangent plane to the surface defined by the function
flx, y) = 2% = 3xy + 8y2 +2x —4y+4 atpoint (2, —1).

Solution
First, we must calculate f5(x, y) and fy(x, y), thenuse Equation 4.24 with x; =2 and yy= —1:

fr(oy) = 4x—=3y+2

Sy y) = 3x+16y—4

f@, -1) = 222 =32Q)(-1)+8(-1)% +2(2) — 4(—1) + 4 = 34.
fr2,-1) = 42)-3(-D)+2=13
fy@2, =1 = =3(2)+16(-1) — 4 = -26.

Then Equation 4.24 becomes
2= flxg, yo) + fx (xg, Yyo)(x — x0) + fy (xg, Yo)¥ — yo)
z=344+13(x—-2)—26(y — (1))
z=34+13x—-26 — 26y — 26
z=13x—-26y - 18.

(See the following figure).
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f,y) =2x2 - 3xy + 8y2 + 2x + 4y + 4

Tangent plane
z=13x — 26y — 18

Figure 4.28 Calculating the equation of a tangent plane to a given surface at a given point.

4.19 Find the equation of the tangent plane to the surface defined by the function
fx, y)=x3=x2y+y?=2x+3y—2 atpoint (-1, 3).

Example 4.22

Finding Another Tangent Plane

Find the equation of the tangent plane to the surface defined by the function f(x, y) = sin(2x)cos(3y) at the point
(n/3, n/4).

Solution
First, calculate fy(x, y) and fy(x, y), thenuse Equation 4.24 with xy = #/3 and y, = n/4:

frx, y) = 2cos(2x)cos(3y)
fy(x,y) = =3sin(2x)sin(3y)
() = sl ols5) - (73)(—%% =
145:%) = 2eofg sl =2-3A-5) =%

I:x

16:4) = i) -=(32)- -2

Then Equation 4.24 becomes
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2= f(xg, o) + fx(xg, Yo)(X — x0) + fy (xg, y0)(y — ¥o)

__ 6,02 W6
2= = -5 0 -5)

A tangent plane to a surface does not always exist at every point on the surface. Consider the function

xy
—= (x,y) # (0, 0)
fooy) =1 Va2 +y?

0 (x, ) = (0, 0).

The graph of this function follows.

x ¥) * (0,0

x ¥) =(0,0)

X
Figure 4.29 Graph of a function that does not have a tangent plane at the
origin.

If either x =0 or y=0, then f(x, y) =0, so the value of the function does not change on either the x- or y-axis.
Therefore, fy(x, 0) = fy(0, y)=0, so as either xory approach zero, these partial derivatives stay equal to zero.

Substituting them into Equation 4.24 gives z = 0 as the equation of the tangent line. However, if we approach the origin
from a different direction, we get a different story. For example, suppose we approach the origin along the line y = x. If

we put y = x into the original function, it becomes

fx, x) = X x? —

When x > 0, the slope of this curve is equal to V2/2; when x < 0, the slope of this curve is equal to —(\/5/2). This

presents a problem. In the definition of tangent plane, we presumed that all tangent lines through point P (in this case, the

origin) lay in the same plane. This is clearly not the case here. When we study differentiable functions, we will see that this
function is not differentiable at the origin.

Linear Approximations

Recall from Linear Approximations and Differentials (http://cnx.org/content/m53605/latest/) that the formula


http://cnx.org/content/m53605/latest/
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for the linear approximation of a function f(x) at the point x = a is given by

y = fla)+ f'a)x - a).

The diagram for the linear approximation of a function of one variable appears in the following graph.

Yi

tangent line
approximation

Figure 4.30 Linear approximation of a function in one
variable.

The tangent line can be used as an approximation to the function f(x) for values of x reasonably close to x = a. When

working with a function of two variables, the tangent line is replaced by a tangent plane, but the approximation idea is much
the same.

Definition

Given a function z = f(x, y) with continuous partial derivatives that exist at the point (xg, yg), the linear

approximation of f at the point (x(, y() is given by the equation

L(x, y) = f(xqg, yo) + fx (xg, Yo)x = xg) + fy (xg, Y0) = Yo)- (4.25)

Notice that this equation also represents the tangent plane to the surface defined by z = f(x, y) at the point (x(, y(). The
idea behind using a linear approximation is that, if there is a point (x(, y() at which the precise value of f(x, y) is known,
then for values of (x, y) reasonably close to (x(, yg), the linear approximation (i.e., tangent plane) yields a value that
is also reasonably close to the exact value of f(x, y) (Figure 4.31). Furthermore the plane that is used to find the linear

approximation is also the tangent plane to the surface at the point (x, y).
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Surface z
zZ=(x,y) __T_ o Tangent plane
,_/""_____ \
o
r//
A
/

Linear approximation
/ LX) 10 f(xo, Yo)
L

(X0, Yo)

Figure 4.31 Using a tangent plane for linear approximation at a point.

Example 4.23

Using a Tangent Plane Approximation

Given the function f(x, y)="141— 4x% - y2, approximate f(2.1, 2.9) using point (2, 3) for (xq, yq).
What is the approximate value of f(2.1, 2.9) to four decimal places?

Solution
To apply Equation 4.25, we first must calculate f(xq, yg), fx(xg, Yo)» and fy(xq, o) using xo =2 and

Yo =3:
&g vy = f2,3)=141-402)? - (3)*=V41-16-9=116=4
fx (xs }’) = _¢ SO fx (XO, yo) = — 4(2) =-2
41 —4x? - y? 41 — 4(2)% — (3)2

Y 3 —

Sy y) — 50 fy (X, Yo) = — =
’ far—a2—y2 0 41— 42)2 - (3)2

Now we substitute these values into Equation 4.25:

sk
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L(x, y) = f(xg, yo) + [x (X0, y0)(x — x0) + fy (xg, Yoy — ¥p)
=4-2(x-2)—3y-3)

=4l

—2x-3
i 2x 1

Last, we substitute x =2.1 and y =2.9 into L(x, y):
L(22.1,29) = % -22.1) - %(2.9) =1025-42-2.175 = 3.875.

The approximate value of (2.1, 2.9) to four decimal places is

F2.1,2.9) = 41 — 42.1)% = (2.9)2 = V14.95 ~ 3.8665,

which corresponds to a 0.2% error in approximation.

—2x+ 3y

@ 4.20  Given the function flx,y) = e5 , approximate f(4.1, 0.9) using point (4, 1) for (xq, ).

What is the approximate value of f(4.1, 0.9) to four decimal places?

Differentiability

When working with a function y = f(x) of one variable, the function is said to be differentiable at a point x = a if f’(a)

exists. Furthermore, if a function of one variable is differentiable at a point, the graph is “smooth” at that point (i.e., no
corners exist) and a tangent line is well-defined at that point.

The idea behind differentiability of a function of two variables is connected to the idea of smoothness at that point. In this
case, a surface is considered to be smooth at point P if a tangent plane to the surface exists at that point. If a function is

differentiable at a point, then a tangent plane to the surface exists at that point. Recall the formula for a tangent plane at a
point (xg, o) is given by

7= f(xg, yo) + fx(xg, Y0)(x — x0) + fy (X0, y0)(¥ = ¥o)s

For a tangent plane to exist at the point (x(, o), the partial derivatives must therefore exist at that point. However, this is

not a sufficient condition for smoothness, as was illustrated in Figure 4.29. In that case, the partial derivatives existed at
the origin, but the function also had a corner on the graph at the origin.

Definition

A function f(x, y) is differentiable at a point P(x, y) if, for all points (x, y) in a ¢ disk around P, we can

write
f(x’ y) = f(x09 )’0) + fx (Xo, yO)(x - Xo) + fy ()Co, y())(y - yO) + E()C, y)a (426)

where the error term E satisfies

i 805, ) —0.
@9 =~ @0 Y0 (x — x0)% + (v — yo)

The last term in Equation 4.26 is referred to as the error term and it represents how closely the tangent plane comes to the
surface in a small neighborhood (6 disk) of point P. For the function f to be differentiable at P, the function must be

smooth—that is, the graph of f must be close to the tangent plane for points near P.
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Example 4.24

Solution

Demonstrating Differentiability

Show that the function f(x, y) = 2% = 4y is differentiable at point (2, —3).

First, we calculate f(xg, yg), fx(xg, o), and fy(xq, yo) using xq =2 and y, = —3, then we use Equation

4.26:
fQ2,-3) = 2(2)2 —4(-3)=8+12=20
fr2.-3) = 4Q2) =8
2, =-3) = -4

Therefore m; = 8 and m, = —4, and Equation 4.26 becomes

S y)

2624y =

f@2, =3)+ f(2, =3)(x=2)+ f, (2, =3)y + 3) + E(x, y)
20 + 8(x — 2) — 4y + 3)+ E(x, )

2x2 — 4y 20+ 8x— 16 — 4y — 12+ E(x, y)
2x2—4y Sx_4y_8+E(-x9 y)
E(x,y) = 2x°>—8x+8.
Next, we calculate li B, )

E(x, y)

x, ) = (xq, yo)V(x —x) 2+ (-

y0)2

2x>—8x+8

Since E(x, y) >0 for any value of xory,

lim
@9 = G030 (x - x0)? + (v = )

—~
=

lim
D= Q= 2)2 4 (y + 3

. 2(x? - 4x + 4)
lim
D= Q= 2)2 4 (y + 3
= lim 2x—2)°
D= @ —2)? 4 (y 43
_ 2((x = 2% +(y+3)%)
lim
D= (-2 4 (y 4+ 3
)2\/@; —2)2+(y+3?

—~
=

—
=

IA

—~
=

= lim
(x, y» -2, -3
=0.

the original limit must be equal to zero. Therefore,

fx, y) = 2% - 4y is differentiable at point (2, —3).

@ 4.21 Show that the function f(x, y) = 3x — 4y? is differentiable at point (-1, 2).
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5 () #(0,0)
The function f(x, y) = x2 + y is not differentiable at the origin. We can see this by calculating

0 (x, ») = (0, 0)
the partial derivatives. This function appeared earlier in the section, where we showed that f%(0, 0) = f}(0, 0) =0

Substituting this information into Equation 4.26 using x5 =0 and y, =0, we get

fG,y) = f0,0)+ £ (0, 0)(x = 0) + £, (0, 0)y — 0) + E(x, y)
E(x,y) = —2—
\/x2 + y2
E(x, y)

Calculating

gives

xﬁ(WWMxx@+@ o)’

xy
E(x, y) _ li /x2 + y2

lim im
(x. 3) = Gigy YO(x —xp) 2 + (y —yg)?  ® W= 00324 )2

lim bl
T ) 210,02 4 y2

Depending on the path taken toward the origin, this limit takes different values. Therefore, the limit does not exist and the
function f is not differentiable at the origin as shown in the following figure.

Xy

. xy)#(0,0
o y) = Ay BN O.0

0 (i y) =(0,0)

Figure 4.32 This function f(x, y) is not differentiable at the origin.

Differentiability and continuity for functions of two or more variables are connected, the same as for functions of one
variable. In fact, with some adjustments of notation, the basic theorem is the same.

Theorem 4.6: Differentiability Implies Continuity

Let z= f(x, y) be a function of two variables with (x(, yy) in the domain of f. If f(x, y) is differentiable at
(xg, yo)» then f(x, y) is continuous at (xq, y).
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Differentiability Implies Continuity shows that if a function is differentiable at a point, then it is continuous there.
However, if a function is continuous at a point, then it is not necessarily differentiable at that point. For example,

—_ (x, ) # (0, 0)
foo ) =R Va2 +y?
0 (x, ) = (0, 0)

is continuous at the origin, but it is not differentiable at the origin. This observation is also similar to the situation in single-
variable calculus.

Continuity of First Partials Implies Differentiability further explores the connection between continuity and
differentiability at a point. This theorem says that if the function and its partial derivatives are continuous at a point, the
function is differentiable.

Theorem 4.7: Continuity of First Partials Implies Differentiability

Let z= f(x, y) be a function of two variables with (x, yy) in the domain of f. If f(x,y), fx(x,y), and
fy(x, y) all exist in a neighborhood of (x(, y() and are continuous at (x, yg), then f(x, y) is differentiable there.

Recall that earlier we showed that the function

—2— . ) #0.0)
fGey) =91 +y?
0 (x, y)=(0,0)

was not differentiable at the origin. Let’s calculate the partial derivatives f, and fy:
J 3 9 3
_f — Yy f X

e T eyt

The contrapositive of the preceding theorem states that if a function is not differentiable, then at least one of the hypotheses
must be false. Let’s explore the condition that f,(0, 0) must be continuous. For this to be true, it must be true that

(x, y) To. O)f"(o 0) = fx (0, 0):

. Yy
X, lim _
(x, y) (0 O)f x (% y) = x, ) = (0, 0) (x2 32

Let x = ky. Then

3 3
372

lim Y
(x, y) = (0, 0)(x2 + y2)

9 3/2 5 3/2
If y> 0, then this expression equals ll(k + 1) ; if y <0, then it equals — 1/(k + 1) . In either case, the value
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depends on k, so the limit fails to exist.

Differentials

In Linear Approximations and Differentials (http://cnx.org/content/m53605/latest/) we first studied the concept
of differentials. The differential of y, written dy, is defined as f’(x)dx. The differential is used to approximate

Ay = f(x+ Ax) — f(x), where Ax = dx. Extending this idea to the linear approximation of a function of two variables

at the point (x, yg) yields the formula for the total differential for a function of two variables.

Definition

Let z = f(x, y) be a function of two variables with (x(, y¢) in the domain of f, andlet Ax and Ay be chosen so
that (xo+ Ax, yo + Ay) is also in the domain of f. If f is differentiable at the point (x(, y¢), then the differentials
dx and dy are defined as

dx = Axand dy = Ay.

The differential dz, also called the total differential of z = f(x, y) at (x(, y¢), is defined as

dz = fx(xg, yp)dx + fy (xg, yo)dy- (4.27)

Notice that the symbol 0 is not used to denote the total differential; rather, d appears in front of z. Now, let’s define

Az = flx+ Ax, y+ Ay)— f(x, y). We use dz to approximate Az, so
Az = dz = fr(xg, yoldx + fy(xp, yo)dy.

Therefore, the differential is used to approximate the change in the function z = f(x(, y) at the point (x(, y) for
given values of Ax and Ay. Since Az = f(x+ Ax, y+ Ay)— f(x, ¥), this can be used further to approximate
flx+ Ax, y+ Ay):

flx+Ax, y+ Ay) = f(x, y) + Az
R f(x, )+ fo(xg yo)Ax + fy (xg. yo)AYy.

See the following figure.

Tangent plane at (x, y, f(x, ¥))
z)

x
Figure 4.33 The linear approximation is calculated via the
formula

fx+Ax, y+ Ay) & f(x, y) + fx(xg. Yo)AX + £y (xg, yo)AY.

One such application of this idea is to determine error propagation. For example, if we are manufacturing a gadget and are
off by a certain amount in measuring a given quantity, the differential can be used to estimate the error in the total volume

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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of the gadget.

Example 4.25

Approximation by Differentials

Find the differential dz of the function f(x, y) = 3x2 - 2xy + y2 and use it to approximate Az at point
(2, =3). Use Ax=0.1 and Ay = —0.05. What is the exact value of Az?

Solution
First, we must calculate f(xg, y), fx(xg, yo)» and fy(xq, yo) using xy =2 and yy= —3:

fGg yp) = f2,-3)= 32)2=22)(=3)+(=3)2=12+12+9 =33
Sxlx,y) = 6x—=2y
fy(y) = —2x+42y
fixg yo) = fx@2,-3)=6(12)-2(-3)=12+6=18

Sy ye) = f1(2,=3)=-22)+2(-3)=-4-6=-10.

Then, we substitute these quantities into Equation 4.27:

dz = fx(xg, yp)dx + fy (xg, yo)dy
dz = 18(0.1) — 10(-0.05) = 1.8 + 0.5 = 2.3.

This is the approximation to Az = f(xg+ Ax, yo+ Ay) — f(xg, yo)- The exact value of Az is given by

Az = flxg+ Ax, yo+ Ay) = f(xp, yo)
— F2+0.1, =3 -0.05) - f2, =3)
= f(2.1, =3.05) — f(2, =3)
= 2.3425.

4.22  Find the differential dz of the function f(x, y) = 4y2 + xzy — 2xy and use it to approximate Az at
point (1, —1). Use Ax =0.03 and Ay = —0.02. What is the exact value of Az?

Differentiability of a Function of Three Variables

All of the preceding results for differentiability of functions of two variables can be generalized to functions of three
variables. First, the definition:

Definition

A function f(x, y, z) is differentiable at a point P(x(, y(, z¢) if for all points (x, y, z) ina ¢ disk around P we
can write
@ y) = f(xo. Yo, 20) + fx (X0, Y0, 20)(X = X0) + £y (X0, Y0 20)(¥ = ¥o) (4.28)
+ 12 (xg, Y0» 20)(@ — 2¢) + E(x, ¥, 2),

where the error term E satisfies
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lim E(x, y, 2) - 0.
(32> (5030 20\ (x — x0)% + (v = yp) 2 + (2 - 20

If a function of three variables is differentiable at a point (x, ¥, Z¢), then it is continuous there. Furthermore, continuity

of first partial derivatives at that point guarantees differentiability.
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4.4 EXERCISES

For the following exercises, find a unit normal vector to the
surface at the indicated point.

163. f(x,y) =x°, (2, -1, 8)

164. ln(yfz)=0 when x=y=1

For the following exercises, as a useful review for
techniques used in this section, find a normal vector and a
tangent vector at point P.

165. x> +xy+y>=3, P(-1, 1)

166. (x*+ y2)2 =9(x* = y?), P(V2, 1)

167. xy2 —2x2 4+ y+5x=6, P4, 2)

168. 2x3—x2y*=3x—y—-1, P(1, =2)

2 2
169. ze* Y =3=0, P22 3)

For the following exercises, find the equation for the
tangent plane to the surface at the indicated point. (Hint:
Solve for z in terms of x and y.)

170. —-8x—-3y—-T7z=-19, P(1, -1, 2)
_ 2 2
171. z=-9x° -3y~ P2, 1, =39)
2 2 2 _
172. x“+ 10xyz+y“+ 8z =0, P(-1, —1, —1)
173. z=1In(10x>+2y? + 1), P(0, 0, 0)

2 2
174, z=¢ 5 TH

, P0,0,1)
175. xy+yz+zx =11, P(1, 2, 3)
176. x2+4y> =72 P(3, 2, 5)

3,.3_ 3
177. x> +y” =3xyz, P(l, 2, 2)
178. z = axy, P(l, %, 1)

179. z=sinx +siny + sin(x + y), P(0, 0, 0)

180. h(x, y) = In|x>+y2, P(3, 4)

403

181. z=x>=2xy+y% P(1,2, 1)

For the following exercises, find parametric equations for
the normal line to the surface at the indicated point. (Recall
that to find the equation of a line in space, you need a
point on the line, Py(xy yg. zp), and a vector

n= (a,b,c) that is parallel to the line. Then the
equation of the line is
X—xg=at,y—yo=bt,z—zp=ct.)

182. —-3x+9y+4z=-4, P(1, -1, 2)

183. z=5x2-2y% P2, 1, 18)

184. x> —=8xyz+y>+6z2=0, P(1, 1, 1)

185. z=In(3x*+7y* +1). P(0, 0, 0)

2 2
186. z=¢"" """ P, 0, 1)
187. z=x%— 2xy+y2 at point P(1, 2, 1)

For the following exercises, use the figure shown here.

- ? z=1fx, y)

Z|

df(xo, Yo)

<t

(X0 Vo) ¢

x »D
(Xo + Ax, yp + Ay)

188. The length of line segment AC is equal to what
mathematical expression?

189. The length of line segment BC is equal to what
mathematical expression?

190. Using the figure, explain what the length of line
segment AB represents.
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For the following exercises, complete each task.

191. Show that f(x, y) = ¢ x is differentiable at point
1, 0).

192. Find the
w = e cos(x) + 22

total differential of the function

193. Show that f(x, y) = X2+ 3y is differentiable at

every point. In  other words, show that
Az=f(x+ Ax, y+ Ay) — f(x, y) = fox+fyAy+ e1Ax+ e, Ay,

where both ¢; and &, approach zero as (Ax, Ay)
approaches (0, 0).

Xy

194. Find the total differential of the function z = TR

where x changes from 10to 10.5 and y changes from
15to 13.

195. Let z = f(x, y) = xe”. Compute Az from P(l, 2)
to Q(1.05,2.1) and then find the approximate change
point Q. Recall
Az = f(x+ Ax, y+ Ay) — f(x, y), and dz and Az are

approximately equal.

in z from point P to

196. The volume of a right circular cylinder is given by
V(r, h) = arZh. Find the differential dV. Interpret the

formula geometrically.

197. See the preceding problem. Use differentials to
estimate the amount of aluminum in an enclosed aluminum
can with diameter 8.0cm and height 12cm if the

aluminum is 0.04 cm thick.

198. Use the differential dz to approximate the change in

z=\4- x? - y2 as (x, y) moves from point (1, 1) to

point (1.01, 0.97). Compare this approximation with the

actual change in the function.

199. Let z= f(x,y) = X%+ 3xy — y2. Find the exact

change in the function and the approximate change in the
function as x changes from 2.00to2.05 and y changes

from 3.00to 2.96.
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200. The centripetal acceleration of a particle moving

2
in a circle is given by a(r, v) = VT where v is the

velocity and 7 is the radius of the circle. Approximate

the maximum percent error in measuring the acceleration
resulting from errors of 3% in v and 2% in r. (Recall
that the percentage error is the ratio of the amount of error
over the original amount. So, in this case, the percentage

error in a is given by %.)

201. The radius r and height 2 of a right circular
cylinder are measured with possible errors of 4% and 5%,

respectively. Approximate the maximum possible
percentage error in measuring the volume (Recall that the

percentage error is the ratio of the amount of error over the

original amount. So, in this case, the percentage error in V
is given by dTV.)

202. The base radius and height of a right circular cone
are measured as 10 in. and 25 in., respectively, with

a possible error in measurement of as much as 0.1 in.

each. Use differentials to estimate the maximum error in the
calculated volume of the cone.

203. The electrical resistance R produced by wiring
resistors R; and R, in parallel can be calculated from the

formula & = L + -1 1f R, and R, are measured to be

R R, R,
7Q and 6L, respectively, and if these measurements are
accurate to within 0.05€2, estimate the maximum possible

error in computing R. (The symbol Q represents an ohm,
the unit of electrical resistance.)

204. The area of an ellipse with axes of length 2a and
2b is given by the formula A = zab. Approximate the
percent change in the area when a increases by 2% and
b increases by 1.5%.

205. The period T of a simple pendulum with small

oscillations is calculated from the formula 7 = 27r\/§,
where L is the length of the pendulum and g is the
acceleration resulting from gravity. Suppose that L and g
have errors of, at most, 0.5% and 0.1%, respectively.

Use differentials to approximate the maximum percentage
error in the calculated value of 7.
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2
206. Electrical power P is given by P :V—, where

V is the voltage and R is the resistance. Approximate
the maximum percentage error in calculating power if 120
V is applied to a 2000 — Q resistor and the possible
percent errors in measuring V and R are 3% and 4%,

respectively.

For the following exercises, find the linear approximation
of each function at the indicated point.

207. f(x,y)=xVy, P(1,4)
208. f(x, y) =e“cosy; P(0, 0)

209. f(x, y) = arctan(x + 2y), P(1, 0)
210. f(x, y) =\20—x>=7y%, P2, 1)
211, f(x, y, ) =\x2+y2+z%  P@3,2,6)

212. [T] Find the equation of the tangent plane to the
surface f(x, y) = X%+ y2 at point (1, 2, 5), and graph
the surface and the tangent plane at the point.

213. [T] Find the equation for the tangent plane to the
surface at the indicated point, and graph the surface and the

tangent plane: z = ln(le2 + 2y2 + 1), P(0, 0, 0).

214. [T] Find the equation of the tangent plane to the
surface z = f(x, y) = sin(x + y2) at point (%, 0, g),

and graph the surface and the tangent plane.

405
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4.5 | The Chain Rule

Learning Objectives

4.5.1 State the chain rules for one or two independent variables.

4.5.2 Use tree diagrams as an aid to understanding the chain rule for several independent and
intermediate variables.

4.5.3 Perform implicit differentiation of a function of two or more variables.

In single-variable calculus, we found that one of the most useful differentiation rules is the chain rule, which allows us to
find the derivative of the composition of two functions. The same thing is true for multivariable calculus, but this time we
have to deal with more than one form of the chain rule. In this section, we study extensions of the chain rule and learn how
to take derivatives of compositions of functions of more than one variable.

Chain Rules for One or Two Independent Variables

Recall that the chain rule for the derivative of a composite of two functions can be written in the form
L(f(g() = f(g(x)g' ).

In this equation, both f(x) and g(x) are functions of one variable. Now suppose that f is a function of two variables and
g is a function of one variable. Or perhaps they are both functions of two variables, or even more. How would we calculate

the derivative in these cases? The following theorem gives us the answer for the case of one independent variable.

Theorem 4.8: Chain Rule for One Independent Variable

Suppose that x = g(¢) and y = h(¢) are differentiable functions of ¢ and z = f(x, y) is a differentiable function of
xandy. Then z = f(x(¢), y(¢)) is a differentiable function of ¢ and

dz _ 0z dx , 0z 4y (4.29)

dt~ 0x dt  dy dt’

where the ordinary derivatives are evaluated at ¢ and the partial derivatives are evaluated at (x, y).

Proof

The proof of this theorem uses the definition of differentiability of a function of two variables. Suppose that f is
differentiable at the point P(x, yg), where xy= g(ty) and y, = h(tq) for a fixed value of ;. We wish to prove that

z = flx(?), y(t)) is differentiable at ¢ = #, and that Equation 4.29 holds at that point as well.
Since f is differentiable at P, we know that

z2(D) = f(x, y) = f(xg, yo) + [x (X0, Y0)(x = x0) + fy (xg, YOIV — yo) + E(x, ¥), (4.30)

where lim Ex, y)
() =030 (x = 22+ (v = yg)?

= 0. We then subtract zy = f(x(, yo) from both sides of this equation:

2D —z(ty) = flx@®), yO) = flx(ty), y(tp)
= fr(xg, YOX(®) — x(20)) + fy (x, yo) (1) — y(t)) + E(x(2), y(1)).

Next, we divide both sides by 7 —z:

_ . - E
L0200 — o 30 MGZI) 4, (g (R0 D20
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Then we take the limit as 7 approaches 7;:

) — <(tg) - (x(0) — x(tg) ()~ (1)
Nim =7 = S, yo)tlin}o(t——zoo) + fy (o, yO)tlin}o(z——too)
+ lim E0@, (@)

t— tO t—1 0
The left-hand side of this equation is equal to dz/dt, which leads to

d d . Ex@), y(t
d_izfx(x()y yo)%+fy(x0, yo)d—);+thm —( (), ¥( ))

=1 t— lo
The last term can be rewritten as
Jox =20+ 0 —yp)?
— t—t t—1t 2 2 t— tO
=10 0 ol —x)% + (v = yg)

= lim [ E(x7 )’) lim [\/(x _'xO)z + (y - yO)z]'
=0\ = x) 2 + (5 =y 2 f 0 =

As t approaches t, (x(¢), y(f)) approaches (x(q), ¥(fy)), so we can rewrite the last product as

im E(x, y) i [Je=x0+0-y0°)
() = (0, ¥0) V(x —x0)2 + (y — y) 2 J& ¥ = (3o y0) I=1g

Since the first limit is equal to zero, we need only show that the second limit is finite:

fo-x0>+0-90%) _ . (0= x0) + (0 = y9)?
im = lim
x, ) = (g, ¥0) =1 (x, ) = (xg, ¥ \f (t —t)?

2 2
. xX—Xx Yy—Y0
SRRL (<=t I Cy
(. y) = (xq, yo)( =1 =1
2 2
= ( lim (x_xo)) +( lim (y_yo)).
(x. y) > (xg. yo\ ! Lo (. y) = (xg. yo\ ! ~ Lo

Since x(#) and y(¢) are both differentiable functions of #, both limits inside the last radical exist. Therefore, this value

is finite. This proves the chain rule at # = f(; the rest of the theorem follows from the assumption that all functions are
differentiable over their entire domains.

O

Closer examination of Equation 4.29 reveals an interesting pattern. The first term in the equation is 9f .dx and the

Jx dt
second term is %% Recall that when multiplying fractions, cancelation can be used. If we treat these derivatives

as fractions, then each product “simplifies” to something resembling 0 f/dt. The variables xandy that disappear in
this simplification are often called intermediate variables: they are independent variables for the function f, but are
dependent variables for the variable z. Two terms appear on the right-hand side of the formula, and f is a function of two

variables. This pattern works with functions of more than two variables as well, as we see later in this section.

Example 4.26
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Using the Chain Rule

Calculate dz/dt for each of the following functions:

a. z=f(x,y)=4x?+3y% x = x(t) =sint, y = y(t) = cost
b. z=f(x,y) = \/x2 — y2, x=x(t) = eZt, y=y{1) = e!

Solution
a. To use the chain rule, we need four quantities— 0z/0x, dz/dy, dx/dt, and dy/dt:

92 _ gy =% =6y

ox
dx _ ay _ _
dt—cost r sin ¢

Now, we substitute each of these into Equation 4.29:

dz _ 9z dx, 9z dy

dt ox dt OJdy dt
= (8x)(cos 1) + (6y)(—sin £)
= 8xcost— 6ysint.

This answer has three variables in it. To reduce it to one variable, use the fact that
x(t) = sin t and y(¢) = cos r. We obtain

dz

i = 8xcost—6ysint

= 8(sin f)cos t — 6(cos t)sin ¢
= 2sintcost.

This derivative can also be calculated by first substituting x(#) and y(r) into f(x,y), then

differentiating with respect to #:

z =f(xy)
= flx(@®), y(1))
= 4(x(0)* + 3((1))
= 4sin® ¢ + 3cos>t.
Then
% = 2(4 sinr)(cos t) + 2(3 cos 1)(—sin t)

= 8sintcost—6sintcost
= 2sintcost,

which is the same solution. However, it may not always be this easy to differentiate in this form.

b. To use the chain rule, we again need four quantities— 0z/0x, dz/dy, dx/dt, and dy/dt:
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dz___ x = Odz__ =y
0x xz_yz dy xz_yz
dx _ ~,2t dx _ _ -t
dt_ze dt €

We substitute each of these into Equation 4.29:

dz _ 0z dx 0z 4y
dt dx dt 0y dt

_ 2xe? — ye ™!

To reduce this to one variable, we use the fact that x(z) = e and y(t) = e~!. Therefore,

dz _ 2xe’ + ye™!

dt 2_ 2

xXT=y
_ 2(€2t)€2t + (e_l)e_t
e4t _ e—2t
2e4t+ e—2t
e4t _ e—2t

ﬂ _2e4t+e—21. ezz
dt oM _ o2 4t

Again, this derivative can also be calculated by first substituting x(¢) and y(¢) into f(x, y), then

differentiating with respect to #:

z = flx,y)
= flx(@), y(®))

= \(x(1)? = (y(1))?

Then
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% =%(e4t_e—Zt)_1/2(4e4t+ze—2t)
2t

— 2eM 4 e~

e4t _ e—Zz

This is the same solution.

@ 4.23 Calculate dz/dt given the following functions. Express the final answer in terms of .
2= f(x, y) = x> = 3xy+2y% x = x(t) = 3sin 2t, y = y(t) = 4 cos 2t
It is often useful to create a visual representation of Equation 4.29 for the chain rule. This is called a tree diagram for the

chain rule for functions of one variable and it provides a way to remember the formula (Figure 4.34). This diagram can be
expanded for functions of more than one variable, as we shall see very shortly.

dx
x = x(t) t , 0z dx
iz ax dt
ax
z=1(x,y)
iz
4 ; 92y
y=yo d 9 &
dt

Figure 4.34 Tree diagram for the case

dz _ 9z dx 9z dy
dt 0dx dt 0y dt’

In this diagram, the leftmost corner corresponds to z = f(x, y). Since f has two independent variables, there are two lines

coming from this corner. The upper branch corresponds to the variable x and the lower branch corresponds to the variable
y. Since each of these variables is then dependent on one variable #, one branch then comes from x and one branch

comes from y. Last, each of the branches on the far right has a label that represents the path traveled to reach that branch.
The top branch is reached by following the x branch, then the ¢ branch; therefore, it is labeled (dz/dx) X (dx/dt). The
bottom branch is similar: first the y branch, then the ¢ branch. This branch is labeled (0z/0y) X (dy/dt). To get the formula
for dz/dt, add all the terms that appear on the rightmost side of the diagram. This gives us Equation 4.29.

In Chain Rule for Two Independent Variables, z = f(x, y) is a function of xandy, and both x = g(u, v) and

y = h(u, v) are functions of the independent variables u and v.

Theorem 4.9: Chain Rule for Two Independent Variables

Suppose x = g(u, v) and y = h(u, v) are differentiable functions of # and v, and z = f(x, y) is a differentiable

function of xandy. Then, z = f(g(u, v), h(u, v)) is a differentiable function of uandv, and
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and

9z _9z0x , 9z9x
du OJxou 0dydu
0z _0z0x, 029y
dv  0xadv 0y dv’

We can draw a tree diagram for each of these formulas as well as follows.

To derive the formula for dz/du,
and add the terms that appear at the end of those branches. For the formula for dz/dv,

with

x y 72X

au ax du

dz dx

V TR

ax av

z=f{x,y)
ay du
y = h(u, v)
ay v 923
v dy av

: : 0z _ 0z 9x 4 0z 9Y
Figure 4.35 Tree diagram for ou ox 0u+ay ou and

0z _ 0z 0x, 9z 0y
ov_ 0x dv  dy ov’

v and add the terms that appear at the end of those branches.
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(4.31)

(4.32)

start from the left side of the diagram, then follow only the branches that end with u
follow only the branches that end

There is an important difference between these two chain rule theorems. In Chain Rule for One Independent Variable,
the left-hand side of the formula for the derivative is not a partial derivative, but in Chain Rule for Two Independent
Variables it is. The reason is that, in Chain Rule for One Independent Variable, z is ultimately a function of ¢

alone, whereas in Chain Rule for Two Independent Variables, z is a function of both u and v.

Example 4.27

Using the Chain Rule for Two Variables

Calculate dz/0u and 0z/0dv using the following functions:

7= f(x, y)=3x2—2xy+y2,x=x(u, v)=3u+2v,y=y(u,v)=

Solution

To implement the chain rule for two variables, we need six
dz/0x, 0z/dy, dx/du, 0x/0v, dy/lou, and dy/dv:

4y —v.

partial

derivatives—
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9Z _ ¢, _ 9z _ _
ax—6x 2y Jy 2x + 2y
dx 9x _

6u_3 ov 2

9y 9y _ _
614_4 ov L.

To find 0z/0u, we use Equation 4.31:
9z _0z 9x, 0z 0y
ou dx du 0y Ju
=3(6x — 2y)+ 4(—2x + 2y)
= 10x + 2y.

Next, we substitute x(u#, v) = 3u + 2v and y(u, v) = 4u —v:

9z _
o = 10x + 2y
=10Cu+2v) +2(4u —v)

= 38u + 18v.
To find 0z/0v, we use Equation 4.32:

0z _0z9x, 020y

dav dx dv ~ dy dv
=2(6x — 2y) + (—1)(-2x + 2y)
= 14x — 6y.

Then we substitute x(u, v) = 3u +2v and y(u, v) = 4u —v:

92 _ 4y —

oy = 14x — 6y
= 14QBu +2v) — 6(4u —v)
= 18u + 34v.

@ 4.24 Calculate 0z/0u and dz/dv given the following functions:

2x—y
x+ 3y

2 2

“cos 3v, y(u, v) = e“"sin 3v.

z=f(x, y) = x(u, v) = e

The Generalized Chain Rule

Now that we’ve see how to extend the original chain rule to functions of two variables, it is natural to ask: Can we extend
the rule to more than two variables? The answer is yes, as the generalized chain rule states.

Theorem 4.10: Generalized Chain Rule

Let w = f(xy, X5,..., Xp) be a differentiable function of m independent variables, and for each i € {1,...,m}, let

x; = x;(tq, tp,..., t,) be a differentiable function of » independent variables. Then

dw _ 0w 9% gw 9%y . Ow OXm (4.33)

01‘] axl atj axz atj axm 01‘]
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forany j €1, 2,...,n}.

In the next example we calculate the derivative of a function of three independent variables in which each of the three
variables is dependent on two other variables.

Example 4.28

Using the Generalized Chain Rule

Calculate dw/du and ow/dv using the following functions:

fGx, v, 2) = 3x% = 2xy +42°

w =
x = x(u, v) =e"sinv
y = y(u, v)=e"cosv
z = z(u, v) = e".

Solution

The formulas for ow/du and dw/dv are
ow _dw dx  ow 0V dw 0z
du dx du Jdy du 0z du
ow _ 9w dx_ ow 9Y , dw 9z,
Jdv  dx ov dy dv 0z Ov

Therefore, there are nine different partial derivatives that need to be calculated and substituted. We need to
calculate each of them:

dw  _ _ ow _ _ ow _
ox = 6x — 2y dy 2x 07 8z
0x _ ug 9y _ u 0z _ u
oy = ¢ sinv 5, = ¢ cosv o = ¢
dx _ Lu 0y _ _ug 0z _
oy = ¢ cosv 5y = "¢ sinv or = 0.

Now, we substitute each of them into the first formula to calculate dw/du:

dw _dw dx , dw 9Y  dw 9dz
Ju d0x du 0dy Odu 0dz Odu

= (6x — 2y)e”sin v — 2xe" cos v + 8ze",
then substitute x(u, v) = e"sinv, y(u, v) = e*cosv, and z(u, v) = ¢ into this equation:

a_VL‘: = (6x — 2y)e" sinv — 2xe* cos v + 8ze"

= (6¢"sin v — 2¢% cos v)e" sin v — 2(e"sin v)e" cos v + 8¢
= 6e2sin2 v — 4esin v cos v + 8e 2t
= 22t (3 sin2y — 2 sinvcos v + 4).

Next, we calculate ow/dv:
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dw _ow dx  dw 9Y , dw 9dz
dav dx dv dy dv dz O0v

= (6x — 2y)e” cos v — 2x(—e" sin v) + 8z(0),
then we substitute x(u, v) = e“sinv, y(u, v) = e*cosv, and z(u, v) = e into this equation:

a—vl‘j = (6x — 2y)e" cos v — 2x(—e"sin v)
= (6e"sin v — 2e" cos v)e’ cos v + 2(e" sin v)(e" sin v)

= 2¢%gin2y + 6e2sin v cos v — 2e cos2 v

=22 (sinzv +sinvcosy — coszv).

@ 4.25 Calculate dw/du and dw/dv given the following functions:

w = f(x,y,2)= )26;_2—?;__4.‘3‘2
x = x(u, v) =e*cos3v

y = yu, v)=esin3v

2 = 2w, v)=e™

Example 4.29

Drawing a Tree Diagram

Create a tree diagram for the case when

w=f(x,y, 2, x=x(t u,v),y=y{t uv), 2=zt u, v)

and write out the formulas for the three partial derivatives of w.

Solution
Starting from the left, the function f has three independent variables: x, y, and z. Therefore, three branches

must be emanating from the first node. Each of these three branches also has three branches, for each of the
variables ¢, u, andv.
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aw ix
ax ot

ax ou

dW dx

w = f(x, y, 2)

z=z(t, u,v)

ax
ow
ay
w
ay
ow
ay
ow
az

ow
a9z

av

Wy
at

.
au
.
av
oz
ot
oz
au

az av
Figure 4.36 Tree diagram for a function of three variables, each of which is
a function of three independent variables.

The three formulas are

Ow _ 0w dx L dw 9y | dw 0z
dt  0x ot dy dt 0z Ot
Ow _ 0w dx , dw 9y , dw 0z
du Odx du 0y du 0z du
Ow _ 0w dx L dw 9y | dw 9z
dv  dx dv  dy dv  dz dv’

@ 4.26 Create a tree diagram for the case when
w = f(x, y), x=x(t, u, v), y = y(t, u, v)

and write out the formulas for the three partial derivatives of w.

Implicit Differentiation

Recall from Implicit Differentiation (http://cnx.org/content/m53585/latest/) that implicit differentiation provides a
method for finding dy/dx when y is defined implicitly as a function of x. The method involves differentiating both sides

of the equation defining the function with respect to x, then solving for dy/dx. Partial derivatives provide an alternative

to this method.

Consider the ellipse defined by the equation X+ 3'y2 +4y—4 =0 as follows.


http://cnx.org/content/m53585/latest/
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h

[+32+4y—4=0

Figure 4.37 Graph of the ellipse defined by
x2+3y2+4y—4=0.

This equation implicitly defines y as a function of x. As such, we can find the derivative dy/dx using the method of

implicit differentiation:

d(z2 2 _4) = d,
dx(x +3y ;ry4y ;y) = 40
2046y +4o = 0
dy _
(6y+4)a = —2x
dy _ __x
dx 3y+2

We can also define a function z = f(x, y) by using the left-hand side of the equation defining the ellipse. Then

flx, y) = X%+ 3y2 + 4y — 4. The ellipse x+ 3y2 + 4y —4 =0 can then be described by the equation f(x, y) =0.

Using this function and the following theorem gives us an alternative approach to calculating dy/dx.

Theorem 4.11: Implicit Differentiation of a Function of Two or More Variables

Suppose the function z = f(x, y) defines y implicitly as a function y = g(x) of x via the equation f(x, y) = 0.
Then

dy __ 0flox (4.34)
dx~  0fldy

provided fy (x, y) # 0.
If the equation f(x, y, z) = 0 defines z implicitly as a differentiable function of x and y, then

dz _ _ Oflox and 92— _ dfloy (4.35)
0x dfloz ay dfloz

as long as f,(x, y, 7) # 0.

Equation 4.34 is a direct consequence of Equation 4.31. In particular, if we assume that y is defined implicitly as a

function of x via the equation f(x, y) =0, we can apply the chain rule to find dy/dx:
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Lf(x, y)
9f dx  of dy
dx dx 0dy dx

of L of dy
0x+0y dx 0.

d
=0

0

Solving this equation for dy/dx gives Equation 4.34. Equation 4.35 can be derived in a similar fashion.

Let’s now return to the problem that we started before the previous theorem. Using Implicit Differentiation of a
Function of Two or More Variables and the function f(x, y) = x%+ 3y2 + 4y —4, we obtain

a9f _
E =2x
of _
a—y = 6y + 4
Then Equation 4.34 gives
dy _ dflox _ 2x

fut A = — = — X
dx dafloy 6y +4 3y+2°

which is the same result obtained by the earlier use of implicit differentiation.

Example 4.30

Implicit Differentiation by Partial Derivatives

a. Calculate dy/dx if y is defined implicitty as a function of x via the equation

3x% - 2xy + y2 +4x — 6y — 11 = 0. What is the equation of the tangent line to the graph of this curve
at point (2, 1)?

2eY —yze* = 0.

b. Calculate 0z/dx and dz/dy, given x
Solution
s 352 2y +y2 +4x—6y— 11 =0, then calcul d g, x=OxmyHd
a. Set f(x,y)=3x"—2xy+y“+4x—6y—11=0, thencalculate f; and fy: fy=—2x+2y—6.

The derivative is given by

dy  dffox _  6x—2y+4 3x—y+2
dx ~  O0fldy  2x+2y—-6 x—y+3’

The slope of the tangent line at point (2, 1) is given by

dy 30 —1+2 7

dx|eN=CD~T "2 143 ~ &

To find the equation of the tangent line, we use the point-slope form (Figure 4.38):

y=yo = mx—xg)

-1 = L
y-1 = 2x-2
- 1,1
y = 4x 2+1
y o= 13,

72
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b. Wehave f(x,y, z) = x2e” — yze®. Therefore,

Figure 4.38 Graph of the rotated ellipse defined by
3x2 = 2xy+y2+4x—6y—11=0

% = 2xe” — yze™
% =x2eY —ze*
0
a—]; = —ye*.
Using Equation 4.35,
dz _ _ Oflox Jz _dfldy
ox ofloy dy o0floz
o el oyt _ _xe -zt
_yex _yex
_ 2xe” — yze™ _x"ed—ze*
ye' yet
4.27 Find dyldx if y is defined implicitly as a function of x by the equation

X2+ Xy — y2 + 7x — 3y — 26 = 0. What is the equation of the tangent line to the graph of this curve at point

(3, -2)?
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4.5 EXERCISES

For the following exercises, use the information provided
to solve the problem.

2

215. Let w(x, y, z) = xycosz, where x =1, y=1-,

and z = arcsin ¢. Find ‘fl—v;’

216. Let w(t,v) =¢" where t=r+s and v=rs.

ind OW ow
Find or and s

217. If w=5x2+2y2,x=—3s+t, and y =5 —4t,

g 9w ow
find s and o

218. If w= xyz, x =5cos(2t), and y = 5sin(27),

g oW
find o

219. If f(x,y)=xy,x=rcosf, and y=rsind,

find % and express the answer in terms of r and 6.

2

220. Suppose f(x,y)=x+y, u=e"siny, x =1,

and y =ant, where x=rcosf and y=rsinf. Find
9f
20’
. . . odf .
For the following exercises, find 4 using the chain rule

and direct substitution.

221. f(x,y) :x2+y2, xX=ty= 1?

222, f(x,y) = \/x2 + yz, y= ?ox=t
223, f(x,y)=xy,x=1—-vVt,y=1+¢
224. f(x,y) = %, x=e',y=2¢

225. f(x,y)=In(x+y), x=e', y=¢

226.  f(x,y) :x4, xX=ty=t

227. Let wix, y, 2) = x>+ y2 + 2%,

x=cost,y=sint, and z= e, Express w as a

function of ¢ and find ‘i,—v; directly. Then, find ‘fi—vr using

the chain rule.
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228. Let z= xzy, where x = 72 and y= #3. Find %

229. Let u =e*siny, where x =12 and y = zt. Find

du — =
dt when x=In2 and y = 1
. . ) dy . .
For the following exercises, find T using partial
derivatives.
230. sin(6x) + tan(8y)+5 =0
231. x3+y2x—3:0
232. sin(x+y)+cos(x—y) =4
233. x*-— 2xy + y4 =4
234. xe¥ +ye* —2x2y=0
235 x2/3 +y2/3 — aZ/S
236. xcos(xy)+ycosx =2
237. ¢ +ye¥ =1
238. x2y3 +cosy=0
239. Find d—? using the chain rule where
z= 3x2y3, x=1* and y= 1.

240. Let z=3cosx—sin(xy), x = % and y = 3t.

dz

Find i

1- .
241. Let z=¢ Xy,x=t1/3, and y=t3. Find %

242. Find % by the chain rule where
_ 2 _1 _ Ut
7 = cosh“(xy), x = 5t and y=eé'.
X . _ . . ﬂ
243. Let z = Yo X = 2cosu, and y = 3sinv. Find o
0z
and o
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2
244. Let zzex y, where x = vuv and y:%, Find

9z 4402
o and EIS

245, If z = xyeX/y, x=rcos6, and y=rsind, find

92 and 9Z when r=2 and 9=%.

or 00

246. Find %—VSV if
2

w=4x+y2+z3,x=e”,y:ln(r';'s), and

z= rstz.

247. If w=sin(xyz), x=1-3¢t,y= el i and

z = 4¢, find ow

ot

For the following exercises, use this information: A
function f(x, y) is said to be homogeneous of degree n
if f(tx, ty) = " f(x, y). For all homogeneous functions
of degree n, the

af  of

TR f(x, ¥). Show that the given function is

oy
homogeneous and verify that x% + y% =nf(x, y).

following equation is true:

248. f(x, y) = 3x> + y?

249. f(x,y) = \x2+y?
250. f(x, y)=x>y—2y°

251. The volume of a right circular cylinder is given by
Vix,y)= ﬂxzy, where x is the radius of the cylinder
and y is the cylinder height. Suppose x and y are

functions of ¢ given by x=41¢ and yzlt so that

2 3
xandy are both increasing with time. How fast is the

volume increasing when x =2 and y =57?

252. The pressure P of a gas is related to the volume and
temperature by the formula PV = kT, where temperature
is expressed in kelvins. Express the pressure of the gas as
a function of both V and 7. Find dpP when k=1,

dt
dv _ 2 cm®/min, dar _ 1 K/min, V =20 cm?3, and
dt dat 2
T = 20°F.
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253. The radius of a right circular cone is increasing at 3
cm/min whereas the height of the cone is decreasing at 2

cm/min. Find the rate of change of the volume of the cone
when the radius is 13 cm and the height is 18 cm.

254. The volume of a frustum of a cone is given by the

formula V = %EZ(X2 + y2 + xy), where x is the radius

of the smaller circle, y is the radius of the larger circle,
and z is the height of the frustum (see figure). Find the

rate of change of the volume of this frustum when
x=10in.,y =121in.,and z = 18 in.

255. A closed box is in the shape of a rectangular solid
with dimensions x, y, andz. (Dimensions are in inches.)
Suppose each dimension is changing at the rate of 0.5

in./min. Find the rate of change of the total surface area of
the box when x = 2in.,y =3in.,and z = 1 in.

256. The total resistance in a circuit that has three
individual resistances represented by x, y, and z is given

xyz

by the formula R(x, y, z) = YF A F Ay

Suppose at a

given time the x resistance is 1002,
is 2008,

the x resistance is changing at a rate of 2Q/min, the y

the y resistance
and the z resistance is 300Q. Also, suppose
resistance is changing at the rate of 1€/min, and the z
resistance has no change. Find the rate of change of the
total resistance in this circuit at this time.

257. The temperature T at a point (x, y) is T(x, y) and
is measured using the Celsius scale. A fly crawls so that

its position after # seconds is given by x = V1 +¢ and

y=2+ %l, where xandy are measured in centimeters.

The temperature function satisfies 7,(2,3) =4 and
Ty (2, 3) = 3. How fast is the temperature increasing on

the fly’s path after 3 sec?
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258. The xandy components of a fluid moving in two

dimensions are given by the following functions:
u(x,y)=2y and v(x,y)=-2x; x>0;y>0. The

speed of the fluid at the point (x,y) is

_ 2 2 a5 08 .o
s(x, y) = VM(X, v)* +v(x, y)*. Find o and oy using
the chain rule.

259. Let u=ux,y, 2), where
x=x(w, 1), y=yWw, 1), z=z(w, 1), w = w(r, s), and t = 1(r, ).
Use a tree diagram and the chain rule to find an expression

ou
for or

421
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4.6 | Directional Derivatives and the Gradient

Learning Objectives

4.6.1 Determine the directional derivative in a given direction for a function of two variables.
4.6.2 Determine the gradient vector of a given real-valued function.

4.6.3 Explain the significance of the gradient vector with regard to direction of change along a
surface.

4.6.4 Use the gradient to find the tangent to a level curve of a given function.
4.6.5 Calculate directional derivatives and gradients in three dimensions.

In Partial Derivatives we introduced the partial derivative. A function z = f(x, y) has two partial derivatives: dz/dx
and dz/dy. These derivatives correspond to each of the independent variables and can be interpreted as instantaneous rates
of change (that is, as slopes of a tangent line). For example, dz/0x represents the slope of a tangent line passing through
a given point on the surface defined by z = f(x, y), assuming the tangent line is parallel to the x-axis. Similarly, dz/dy
represents the slope of the tangent line parallel to the y-axis. Now we consider the possibility of a tangent line parallel to

neither axis.

Directional Derivatives

We start with the graph of a surface defined by the equation z = f(x, y). Given a point (a, b) in the domain of
f, we choose a direction to travel from that point. We measure the direction using an angle 0, which is measured

counterclockwise in the x, y-plane, starting at zero from the positive x-axis (Figure 4.39). The distance we travel is 4 and
the direction we travel is given by the unit vector u = (cos &)i + (sin #)j. Therefore, the z-coordinate of the second point

on the graph is given by z = f(a + hcos 8, b + hsin 0).
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(a, b, fla, b))

X
Figure 4.39 Finding the directional derivative at a point on the graph of z = f(x, y). The

slope of the black arrow on the graph indicates the value of the directional derivative at that
point.

We can calculate the slope of the secant line by dividing the difference in z-values by the length of the line segment
connecting the two points in the domain. The length of the line segment is 4. Therefore, the slope of the secant line is

_fla+hcosO, b+ hsin) — f(a, b)

m =
sec h

To find the slope of the tangent line in the same direction, we take the limit as / approaches zero.

Definition

Suppose z = f(x, y) is a function of two variables with a domain of D. Let (a, b)) € D and define

u = cos 6i + sin 8j. Then the directional derivative of f in the direction of u is given by

Dy f(a, b) = lim [@*1c0s0.bLhsin0) = [(a. b) (4.36)

provided the limit exists.

Equation 4.36 provides a formal definition of the directional derivative that can be used in many cases to calculate a
directional derivative.

Example 4.31

Finding a Directional Derivative from the Definition
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Let 6 = arccos(3/5). Find the directional derivative Dy f(x, y) of f(x, y) = x? - xy + 3y2 in the direction of
u = (cos 0)i + (sin #)j. Whatis Dy f(—1, 2)?

Solution

First of all, since cos @ = 3/5 and @ is acute, this implies

sin @ = 1—(%)2=\/%=%.

Using f(x, y) = x? - xy + 3y2, we first calculate f(x + hcos, y+ hsin@):

flx+hcosO, y+hsind) = (x+hcos0)? — (x + hcos O)y + hsin )+ 3(y + & sin 6)>
=x2+2xhcos€+hzcosza—xy—xhsinﬁ—yhcosﬁ
—h?sin 6 cos O + 3y + 6yh sin 0 + 3h*sin’ 0
2 2
=x2+2xh(i)+%_x _M_M_M_l_?,yz

5)T5 T TS TTs TTas
sofg)+ )

2
=x2—xy+3y2+%+%+¥.

We substitute this expression into Equation 4.36:
fl@a+hcos@, b+ hsin6) — f(a, b)

Duf(a,b) = lim

h
2
(x2—xy+3y2+%+%+215—yh)—(x2—xy+3y2)
= lim
h—0 h
2
2xh  9h=  2lyh
 im 5t s TS
h—0 h
. 2x , 9, 21y
=M S TS
_ 2x+2ly
N 5
To calculate Dy f(—1, 2), we substitute x = —1 and y = 2 into this answer:
2= +21Q2
Dyf(-1,2) = %()
_=2+42
5
= 8.

(See the following figure.)

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 4 | Differentiation of Functions of Several Variables 425

fix,¥) = x> — xy + 3y*

L

i+5j

Figure 4.40 Finding the directional derivative in a given direction u at a given point on a surface.
The plane is tangent to the surface at the given point (—1, 2, 15).

Another approach to calculating a directional derivative involves partial derivatives, as outlined in the following theorem.

Theorem 4.12: Directional Derivative of a Function of Two Variables

Let z= f(x, y) be a function of two variables xandy, and assume that f; and f, exist. Then the directional

derivative of f in the direction of u = cos #i + sin @] is given by

Dy f(x, y) = fx(x, y)cos 0 + fy (x, y)sin 6. (4.37)

Proof
Equation 4.36 states that the directional derivative of f in the direction of u = cos i + sin 8j is given by

Dy f(a, b) = lim [@H1C080. DA 150 = [, b)
Let x=a+tcos6® and y=>b+tsin6, and define g(r) = f(x, y). Since fy and f, both exist, we can use the chain

rule for functions of two variables to calculate g’ (¢):

ron —9fdx  Ofdy
80 =55 oy

= fx(x, y)cos 8 + fy(x, y)sin 6.

If t=0, then x=x; and y =y, so

¢/ (0) = f(xg. ¥p)c0s 6+ fy (xg. yo)sin .
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By the definition of g’ (#), itis also true that

, _ o 80 — g(0)
£ O = im0
lim flxg+1cos0, yo+1sind)— f(xg, yo)
t—>0 t ’

Therefore, Dy f(xg, yo) = fx(x, y)cos 0 + fy (x, y)sin 6.

d

Example 4.32

Finding a Directional Derivative: Alternative Method

Let 8 = arccos(3/5). Find the directional derivative Dy f(x, y) of f(x, y) = X% - xy + 3y2 in the direction of
u = (cos @i + (sin B)j. Whatis Dy f(—1, 2)?

Solution

First, we must calculate the partial derivatives of f:
Jx=2x-y
fy=—x+6y,
Then we use Equation 4.37 with 8 = arccos(3/5):
Dy f(x, y) = fx(x, y)cos @ + fy (x, y)sin &
=Q2x- y)% +(—x+ 6y)%
6x 3y 4x + 24y

5 5 5 5

To calculate Dy f(—1, 2), let x=—1 and y = 2:

Duf(~1,2) = 2(_1);‘21(2) — —2;—42 -3

This is the same answer obtained in Example 4.31.

@ 4.28 Find the directional derivative Dy f(x, y) of f(x, y) = 3x? y— 4)cy3 + 3y2 —4x in the direction of

u= (cos %)l + (sin %)] using Equation 4.37. Whatis D, f(3, 4)?

If the vector that is given for the direction of the derivative is not a unit vector, then it is only necessary to divide by the norm
of the vector. For example, if we wished to find the directional derivative of the function in Example 4.32 in the direction
of the vector ( =5, 12 ), we would first divide by its magnitude to get u. This gives us u= ( —(5/13), 12/13 ).

Then
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Dyf(x,y) =Vf(x y)u
= —15—3(2x—y)+%(—x+6y)

__22 17
= TR

Gradient
The right-hand side of Equation 4.37 is equal to fy(x, y)cos &+ f)(x, y)sin@, which can be written as the dot

product of two vectors. Define the first vector as V f(x, y) = fx(x, y)i+ fy(x, y)j and the second vector as
u = (cos 0)i + (sin 0)j. Then the right-hand side of the equation can be written as the dot product of these two vectors:

Dy f(x, y) =V f(x, y)-u. (4.38)

The first vector in Equation 4.38 has a special name: the gradient of the function f. The symbol V is called nabla and
the vector V f isread “del f.”

Definition

Let z = f(x, y) be a function of xandy such that f, and f) exist. The vector V f(x, y) is called the gradient of
f and is defined as

Vfx y) = felx mi+ fy(x, y)j (4.39)

The vector V f(x, y) is also written as “grad f.”

Example 4.33

Finding Gradients

Find the gradient V f(x, y) of each of the following functions:

a. f(x,y)= g xy + 3y2

b. f(x, y) =sin3xcos3y

Solution
For both parts a. and b., we first calculate the partial derivatives f, and fy, then use Equation 4.39.

Yoy = 2e yand f,(x, y) = —x + 6y, 50
Vi, y) = fole i+ fyx, yij
= (2x—yii + (—x + 6Y)j.
b.
Sfx(x, y) = 3cos3xcos3yand fy(x, y) = =3 sin 3xsin 3y, so
Vi, y) = fole i+ fyx, yij

= (3 cos3xcos3y)i — (3 sin 3x sin 3y)j.
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@ 4.29  Find the gradient V f(x, y) of f(x, y) = (xz - 3y2)/(2x +y).

The gradient has some important properties. We have already seen one formula that uses the gradient: the formula for
the directional derivative. Recall from The Dot Product that if the angle between two vectors a and b is ¢, then

a-b= |la]|l || bl cose. Therefore, if the angle between V f(x, yo) and u = (cos )i + (sin6)j is ¢, we have

Dy f(xg, yo) = V f(xp yo)-u= || Vf(xp, yo) I lw|lcosg= [V flxp yo Il cose.
The || u | disappears because u is a unit vector. Therefore, the directional derivative is equal to the magnitude of the
gradient evaluated at (x(, y) multiplied by cos ¢. Recall that cos ¢ ranges from —1 to 1. If ¢ =0, then cos¢ =1
and V f(xq, yo) and u both point in the same direction. If ¢ =z, then cos¢ = —1 and V f(x(, yy) and u point in
opposite directions. In the first case, the value of Dy f(x(, y() is maximized; in the second case, the value of D, f(x(, y()
is minimized. If V f(xq, yo) =0, then Dy f(xq, yo) = V f(xg, yo)-u=0 for any vector u. These three cases are

outlined in the following theorem.

Theorem 4.13: Properties of the Gradient

Suppose the function z = f(x, y) is differentiable at (x(, y) (Figure 4.41).
i. If Vf(xg, yp) =0, then Dy f(xg, yp) = 0 for any unit vector u.

ii. If Vf(xg, yo) #0, then Dy f(xq, yo) is maximized when u points in the same direction as V f(xg, y).
The maximum value of Dy, f(xg, yo) is || V f(xg, yo) Il -

ii. If Vf(xg yo)#0, then Dy f(xq, yo) is minimized when u points in the opposite direction from
V f(xg, ¥o). The minimum value of Dy, f(x, yo) is — || V f(xg, yo) Il -
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Most rapid
decreasein f Zero change
inf
Most rapid
increase in f
Figure 4.41 The gradient indicates the maximum and minimum values of the
directional derivative at a point.

Example 4.34

Finding a Maximum Directional Derivative

Find the direction for which the directional derivative of f(x, y) = 3% — 4xy + 2y2 at (=2, 3) is a maximum.

What is the maximum value?

Solution

The maximum value of the directional derivative occurs when V f and the unit vector point in the same direction.

Therefore, we start by calculating V f(x, y):

fx(X, y) = 6x-— 4yandfy(x, y) = —4x+4y, SO
Vi y) = folx, wit+ fy(x, )j=(6x —4y)i + (—4x + 4y)j.

Next, we evaluate the gradient at (-2, 3):

V f(=2, 3) =(6(-2) — 403)i + (—4(=2) + 4(3))j = —24i + 20j.
We need to find a unit vector that points in the same direction as V f(—2, 3), so the next step is to divide
V f(=2, 3) by its magnitude, which is |/(—24)? + (20)> = V976 = 4V61. Therefore,

VIE23) =245, 20 5 =6Y61;, 5V61;
IVA=2,3)1 a6l 4v61° 6l 61

This is the unit vector that points in the same direction as V f(—2, 3). To find the angle corresponding to this
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unit vector, we solve the equations

_ —6V61 .o 5V61
cosf = 61 and sin @ = o1

for 6. Since cosine is negative and sine is positive, the angle must be in the second quadrant. Therefore,
6 = r — arcsin((5V61)/61) ~ 2.45 rad.

The maximum value of the directional derivative at (=2, 3) is || V.f(=2, 3) || =4V61 (see the following

figure).

-2,3,54
f(x, y) = 3x2 — 4xy + 22 ( )

Tangent plane
z=—24x + 20y — 54

Figure 4.42 The maximum value of the directional derivative at
(=2, 3) is in the direction of the gradient.

@' 4.30  Find the direction for which the directional derivative of g(x, y) = 4x — xy + 2y at (=2, 3) is a

maximum. What is the maximum value?

Figure 4.43 shows a portion of the graph of the function f(x, y) =3 + sin xsiny. Given a point (a, b) in the domain

of f, the maximum value of the gradient at that point is given by || V f(a, b) || . This would equal the rate of greatest

ascent if the surface represented a topographical map. If we went in the opposite direction, it would be the rate of greatest
descent.
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X
Figure 4.43 A typical surface in R>. Givena point on the surface, the directional derivative

can be calculated using the gradient.

When using a topographical map, the steepest slope is always in the direction where the contour lines are closest together
(see Figure 4.44). This is analogous to the contour map of a function, assuming the level curves are obtained for equally

spaced values throughout the range of that function.

Figure 4.44 Contour map for the function
fx, y) = X% - y2 using level values between —5 and 5.

Gradients and Level Curves

Recall that if a curve is defined parametrically by the function pair (x(¢), y(¢)), then the vector x’ ()i + y’(f)j is tangent
to the curve for every value of ¢ in the domain. Now let’s assume z = f(x, y) is a differentiable function of xand y, and
(xg> yo) is in its domain. Let’s suppose further that xy = x(¢;) and yy = y(f) for some value of 7, and consider the

level curve f(x, y) = k. Define g(¢) = f(x(¢), y(¢)) and calculate g’ () on the level curve. By the chain Rule,

g (1) = frlx(®), yOK () + fyx(@®, y@O)y' ().
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But g’ (f) = 0 because g(¢#) = k forall ¢. Therefore, on the one hand,
Fxx(@), yOK' @) + fy(x(@), yO)y' (1) = 0;
on the other hand,
Fxx@), yOl' (@) + fy (@), yO)' (1) = V f(x, y)- (X' @, y' @) ) .
Therefore,
VG y)- (x'@®,y®) =0.

Thus, the dot product of these vectors is equal to zero, which implies they are orthogonal. However, the second vector is
tangent to the level curve, which implies the gradient must be normal to the level curve, which gives rise to the following
theorem.

Theorem 4.14: Gradient Is Normal to the Level Curve

Suppose the function z = f(x, y) has continuous first-order partial derivatives in an open disk centered at a point

(xg, ¥o)- If V f(xg, yp) #0, then V f(x(, yo) is normal to the level curve of f at (xg, y).

We can use this theorem to find tangent and normal vectors to level curves of a function.

Example 4.35

Finding Tangents to Level Curves

For the function f(x, y) = 207 — 3xy + 8y2 +2x—4y+4, find a tangent vector to the level curve at point
(=2, 1). Graph the level curve corresponding to f(x, y) = 18 and draw in V f(—2, 1) and a tangent vector.

Solution

First, we must calculate V f(x, y):
fx(x, y) =4x—3y+2and fy = =3x+ 16y — 450 V f(x, y) = (dx — 3y + 2)i + (=3x + 16y — 4)j].
Next, we evaluate V f(x, y) at (=2, 1):
VF=2,1)=@4=2)=3(1)+2)i+(-3(=2) + 16(1) — 4)j = =9i + 18].

This vector is orthogonal to the curve at point (—2, 1). We can obtain a tangent vector by reversing the
components and multiplying either one by —1. Thus, for example, —18i —9j is a tangent vector (see the

following graph).
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Figure 4.45 Tangent and normal vectors to
2x% = 3xy 4+ 8y% + 2x — 4y + 4 = 18 at point (=2, 1).

@ 4.31  For the function f(x, y) = x? - 2xy + 5y2 +3x—2y+4, find the tangent to the level curve at point
(1, 1). Draw the graph of the level curve corresponding to f(x, y) =8 and draw V f(1, 1) and a tangent

vector.

Three-Dimensional Gradients and Directional Derivatives

The definition of a gradient can be extended to functions of more than two variables.

Definition

Let w = f(x, y, z) be a function of three variables such that f, fy, and f, exist. The vector V f(x, y, z) is called

the gradient of f and is defined as
VG y, 2= fale y, i+ fH(x, y, 2 + f2(x, y, k. (4.40)

V f(x, y, z) can also be written as grad f(x, y, 2).

Calculating the gradient of a function in three variables is very similar to calculating the gradient of a function in two
variables. First, we calculate the partial derivatives f, fy, and f;, and then we use Equation 4.40.

Example 4.36
Finding Gradients in Three Dimensions

Find the gradient V f(x, y, z) of each of the following functions:
_ 5,2 2 2
a. f(x,y)=5x"-2xy+y —4yz+z°+3xz

b. f(x, y,2) = e *sin 2xcos 2y

Solution
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For both parts a. and b., we first calculate the partial derivatives fY, f, and f,, then use Equation 4.40.

a.
f:(6y,2) = 10x=2y+3z, fy(x, y,2) =-2x+2y—4zand f;(x, y, 2) =3x— 4y + 2z, so
Vi, y, 20 = fr(xy, i+ fy(x y, Dj+ f2(x y, Dk
= (10x =2y + 32)i + (=2x + 2y — 42)j + (—4x + 3y + 2zk.
b.
felx, y,2) = —2e =22 008 2x cos 2y, fy(x, y,2)=—2e ~2%4in 2x sin 2y and
£, y,2) = —2¢ %sin2xcos2y, so

Vi, y, 20 = fr(xy, i+ fy(x y, Dj+ f2(x, y, Dk
= (2e =22 008 2x cos 2y)i + (—Ze _ZZ)j + (—Ze _2Z)

= 2% (cos 2xcos 2yi — sin 2xsin 2y j — sin 2x cos 2y k).

X2 - 3yz+z2

4.32
@ Find the gradient V f(x, y, z) of f(x, y, z) = Sty A

The directional derivative can also be generalized to functions of three variables. To determine a direction in three
dimensions, a vector with three components is needed. This vector is a unit vector, and the components of the unit vector are
called directional cosines. Given a three-dimensional unit vector u in standard form (i.e., the initial point is at the origin),

this vector forms three different angles with the positive x —, y —, and z-axes. Let’s call these angles a, f#, and y.

Then the directional cosines are given by cos @, cos #, and cosy. These are the components of the unit vector u; since

u is a unit vector, it is true that cos”a + coszﬁ + cos? y=1.

Definition

Suppose w = f(x, y, z) is a function of three variables with a domain of D. Let (xy, yg, 2Zg) € D and let

u = cos ai + cos fj + cos yk be a unit vector. Then, the directional derivative of f in the direction of u is given by

. Xo 4+ 1cosa, yo+tcos fB, zo+ tcosy) — f(xg, Yo, Z (4.41)
Duf(xo, Vo, Zo)=t1£n0f( 0 Yo ﬂt 0 r) = f (o Yo 0)’

provided the limit exists.

We can calculate the directional derivative of a function of three variables by using the gradient, leading to a formula that is
analogous to Equation 4.38.

Theorem 4.15: Directional Derivative of a Function of Three Variables

Let f(x, y, z) be a differentiable function of three variables and let u = cos ai + cos fj + cos yk be a unit vector.

Then, the directional derivative of f in the direction of u is given by

Dl.lf(-x’ ys Z) :Vf(xs ys Z)'u (442)
= fx(x’ ys Z)COSG+fy()C, ys Z)COSﬂ+fz(X, ys Z)COS 7/
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The three angles a, f, and y determine the unit vector u. In practice, we can use an arbitrary (nonunit) vector, then divide

by its magnitude to obtain a unit vector in the desired direction.

Example 4.37

Finding a Directional Derivative in Three Dimensions

Calculate Dy, f(1, =2, 3) in the direction of v = —i + 2j + 2k for the function
f@y, ) =5x" = 2xy + y* —dyz + 27 + 3xz.

Solution

First, we find the magnitude of v:

vl =V=D*+@?=3.
Therefore, T z T S 23‘] +2k = - %i + %j + %k is a unit vector in the direction of v, so
cosa = — %, cos ff = %, andcosy = % Next, we calculate the partial derivatives of f:
fe(x, y,20 = 10x—-2y+3z
fHrxy, ) = —2x+2y—-4z
f:(x, 9,20 = —4y+2z7+3x,

then substitute them into Equation 4.42:
Dy f(x, y,2) = fx(x, y, 2)cosa+ fy(x, y, 2)cos f+ f7(x, y, 2)cosy
— _ A —4)(2) 4 (- 2
= (10x 2y+3z)( 3)+( 2x + 2y 4z)(3)+( 4y+2z+3x)(3)
- _10x, 2y 3z 4x 4 8z 8y 4z, 6x

37373 373" 3 3%3%3
_8x_2Zy_ Tz
3 3 3

Last, to find Dy f(1, =2, 3), we substitute x =1, y = -2, andz = 3:

8 _2(=2) _7103)

Dy (1, -2,3) = - - :
— _8.,4_21
="3t373
_ _25

3,

4.33 Calculate Dy f(x, v, z) and Dy f(0, —2, 5) in the direction of v = —3i+ 12j — 4k for the function

fGy, 2) =327+ xy = 2y + 4yz — 27 + 2z,
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4.6 EXERCISES

For the following exercises, find the directional derivative
using the limit definition only.

260. f(x,y)=5- 2% — %yz at point P(3, 4) in the

direction of u = (cos —)1 (sm )J

261.  f(x, y) = y*>cos(2x) at point P(%, 2) in the

direction of u = (cos —)1 (sm 4)]

262. Find the
fx, )=y Zgin(2x) at point P( i ) in the direction of

directional derivative of

u = 5i+ 12j.

For the following exercises, find the directional derivative
of the function at point P in the direction of v.

V:li+v—§'

263. f(x, y) = xy, > 5

P(0, -2),
S n _ s

264. h(x, y) = e’ siny, P(l, 2), vV=-i

265 h(-x7 y’ Z)=Xyz, P(2, 1, 1),V:2i+j—k

266. f(x, ) = xy, P(1, 1), u = <% @)

267. f(x,y)=x>—y* u= <V_§’%>, P(1, 0)

)
268, f(r.y)=3x+4y+Tu=(3.4), P, £
269. f(x,y)=e"cosy, u= (0,1), P=(0’%)
270. fx,y)=y'% wu=(0,-1), P=(, -1

271, f(x,y) = In(x® + %), u = (%,%), P, 2)

272, f(x,y) =x’y, P(=5,5), v=23i—4j

273. f(x,y)=y>+xz, P(1,2,2), v= (2, -1,2)

For the following exercises, find the directional derivative
of the function in the direction of the unit vector
u = cos #i + sin 6j.

274, f(x,y) =x>+2y% 0=
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275. flx, y) =

- _Z
x+2y 0= 4

276. f(x,y) =cos(3x +y), § = %

277. wix,y)=ye*, =L

278, f(x, y) = xarctan(y), 6= %

= ln(x + 2y)’ 0= /4

279. f(x, y) 3

For the following exercises, find the gradient.

14 —x

2
3 y.Then,

280. Find the gradient of f(x, y) =

find the gradient at point P(1, 2).

281. Find the gradient of f(x, y,2) =xy+yz+xz at
point P(1, 2, 3).

282. Find the gradient of f(x, y, z) at P and in the

direction of -
fon v, =02+ 224329, PR 1L 4, u=Ti -k - 12k
283.

ey, ) =4x0y23 P2, -1, 1), u=Li+2j- 2k

3737 3

For the following exercises, find the directional derivative
of the function at point P in the direction of Q.

284. f(x,y)=x>+3y% P(1, 1), Q®4,5)

285. f(x,y,2) = P(2 1, =1), 0O(-1,2,0)

For the following exercises, find the derivative of the
function at P in the direction of u.
286. f(x,y) =

—7x+ 2y, P(2, —4), u =4i-3j

287. f(x, y) = In(5x +4y), P(3,9), u=6i+8j

288. [T] Use technology to sketch the level curve of
f(x, y) =4x —2y+3 that passes through P(1, 2) and

draw the gradient vector at P.
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289. [T] Use technology to sketch the level curve of
flx, y)= x2 +4y2 that passes through P(—2, 0) and

draw the gradient vector at P.

For the following exercises, find the gradient vector at the
indicated point.

290. f(x, y) = xy% — yx2, P(—1, 1)
291. f(x, y) = xe” — In(x), P(=3, 0)

292, f(x,y,2)=xy—In(z), P2, -2, 2)

293. f(x, y. 2) = x\y> + 22 P(=2, -1, 1)

For the following exercises, find the derivative of the
function.

294, f(x, y) = x? + xy +y2 at point (=5, —4) in the

direction the function increases most rapidly

295. f(x, y) = e at point (6, 7) in the direction the

function increases most rapidly

296.  f(x, y)=arctan(%) at point (=9,9) in the

direction the function increases most rapidly

297. f(x, v, 2) = In(xy + yz + zx) at

(-9, —18, —27) in the direction the function increases

point

most rapidly

_x Y.z . .
298. f(x,y,2) = 7+7+7 at point (5, =5, 5) in the
direction the function increases most rapidly

For the following exercises, find the maximum rate of
change of f at the given point and the direction in which

it occurs.

299. f(x, y)=xe ’, (1,0)

301, f(x, y) = cos(3x +2y), (% - %)

For the following exercises, find equations of
a. the tangent plane and
b. the normal line to the given surface at the given

point.

302. The level curve fx,y,20=12 for

fx, y, 2) = 4x% — 2y + Z% atpoint (2, 2, 2).
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303. f(x,y,2)=xy+yz+xz=3 atpoint (1, 1, 1)
304. f(x,y,z)=xyz==6 atpoint (1, 2, 3)
305. f(x,y,z) =xe’cosz—z=1 atpoint (1, 0, 0)

For the following exercises, solve the problem.

306. The temperature 7 in a metal sphere is inversely
proportional to the distance from the center of the sphere
(the origin: (0, 0, 0)). The temperature at point (1, 2, 2)
is 120°C.
a. Find the rate of change of the temperature at point
(1, 2, 2) in the direction toward point (2, 1, 3).

b. Show that, at any point in the sphere, the direction
of greatest increase in temperature is given by a
vector that points toward the origin.

307. The electrical potential (voltage) in a certain region
of space is given by the function

Vix,y,2) = 5x2 - 3xy + xyz.

a. Find the rate of change of the voltage at point
(3,4,5) in the direction of the vector
(1,1,-1).

b. In which direction does the voltage change most
rapidly at point (3, 4, 5)?

c. What is the maximum rate of change of the voltage
at point (3, 4, 5)?

308. If the electric potential at a point (x, y) in the

xy-plane is V(x, y) = e cos(2y), then the electric

intensity vector at (x, y) is E ==V V(x, y).

a. Find the electric intensity vector at (% 0).

b. Show that, at each point in the plane, the electric
potential decreases most rapidly in the direction of
the vector E.

309. In two dimensions, the motion of an ideal fluid is
governed by a velocity potential ¢. The velocity

components of the fluid # in the x-direction and v in
the y-direction, are given by (u, v) = V¢. Find the

velocity components associated with the velocity potential
@(x, y) = sin zx sin 2xy.
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4.7 | Maxima/Minima Problems

Learning Objectives

4.7.1 Use partial derivatives to locate critical points for a function of two variables.

4.7.2 Apply a second derivative test to identify a critical point as a local maximum, local minimum,
or saddle point for a function of two variables.

4.7.3 Examine critical points and boundary points to find absolute maximum and minimum values
for a function of two variables.

One of the most useful applications for derivatives of a function of one variable is the determination of maximum and/or
minimum values. This application is also important for functions of two or more variables, but as we have seen in earlier
sections of this chapter, the introduction of more independent variables leads to more possible outcomes for the calculations.
The main ideas of finding critical points and using derivative tests are still valid, but new wrinkles appear when assessing
the results.

Critical Points

For functions of a single variable, we defined critical points as the values of the function when the derivative equals zero
or does not exist. For functions of two or more variables, the concept is essentially the same, except for the fact that we are
now working with partial derivatives.

Definition

Let z= f(x, y) be a function of two variables that is defined on an open set containing the point (x(, yg). The point

(xg, y) is called a critical point of a function of two variables f if one of the two following conditions holds:
1. filxg, yo) = fy (xg» y9) =0

2. Either fx(xg, yo)or fy(xqp, o) does not exist.

Example 4.38

Finding Critical Points

Find the critical points of each of the following functions:

a. fx, y) = \4y% — 9x2 + 24y + 36x + 36

b. g(x, y)=x2+2xy—4y2+4x—6y+4

Solution
a. First, we calculate fy(x, y)and fy (x, y):
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1 2 2 -172
feley) = F(-18x+ 36)(4y* — 9x% + 24y + 36x + 36)
_ —9x + 18
V4y2 — 9x2 + 24y + 36x + 36
-1/2

fyny) = %(Sy +24)4y? — 9x% + 24y + 36x + 36)
4y + 12
14y2 — 9x2 + 24y + 36x + 36

Next, we set each of these expressions equal to zero:

—9x+18 _ 0
\4y? — 9x2 4 24y + 36x + 36
4y + 12 -0

W/4y2 —ox? + 24y + 36x + 36

Then, multiply each equation by its common denominator:
-9x+18 = 0
4y+12 = 0

Therefore, x =2 and y = -3, so (2, —3) is a critical point of f.

We must also check for the possibility that the denominator of each partial derivative can equal zero, thus
causing the partial derivative not to exist. Since the denominator is the same in each partial derivative, we
need only do this once:

4y — 9x% + 24y 4+ 36x + 36 = 0.

This equation represents a hyperbola. We should also note that the domain of f consists of points
satisfying the inequality

4y% — 9x% + 24y 4+ 36x + 36 > 0.

Therefore, any points on the hyperbola are not only critical points, they are also on the boundary of the
domain. To put the hyperbola in standard form, we use the method of completing the square:

4y? —9x% 4+ 24y +36x+36 = 0

4y? —9x% +24y+36x = 36

4y? 424y —9x% +36x = —36

4y? +6y)— 9(x* —4x) = -36
4y*+6y+9)—9(x* —4x+4) = -36+36-36

Ay +3P2-9x—-2)2 = -36.

Dividing both sides by —36 puts the equation in standard form:
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4y +3° 9x-2)2

36 36 !
x-2> p+3° _
4 9 -

Notice that point (2, —3) is the center of the hyperbola.

b. First, we calculate g (x, y)and gy (x, y):

2x+2y+4
2x — 8y —6.

gx(x, y)
gy (-x’ }’)

Next, we set each of these expressions equal to zero, which gives a system of equations in x and y:

2x+2y+4 =0
2x—-8y—-6 = 0.

Subtracting the second equation from the first gives 10y + 10 =0, soy = —1. Substituting this into
the first equation gives 2x +2(—1)+4 =0, so x = —1. Therefore (—1, —1) is a critical point of g

(Figure 4.46). There are no points in R? that make either partial derivative not exist.

g, Y) =x2+2xy —4y2 + 4x — 8y + 4 Critical point (—1, —1, 6)

10
—200

—400

—600 &
-10

10 —10
Figure 4.46 The function g(x, y) has a critical point at (—1, —1, 6).

@ 4.34  Find the critical point of the function f(x, y) = x> + 2xy — 2x — 4y.

The main purpose for determining critical points is to locate relative maxima and minima, as in single-variable calculus.
When working with a function of one variable, the definition of a local extremum involves finding an interval around the
critical point such that the function value is either greater than or less than all the other function values in that interval.
When working with a function of two or more variables, we work with an open disk around the point.
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Definition

Let z= f(x, y) be a function of two variables that is defined and continuous on an open set containing the point
(xg, ¥o)- Then fhas a local maximum at (xq, yq) if
fxg yo) = f(x, )

for all points (x, y) within some disk centered at (x(, ¥g). The number f(x(, y) is called a local maximum value.
If the preceding inequality holds for every point (x, y) in the domain of f, then f has a global maximum (also

called an absolute maximum) at (x, y)-
The function f has a local minimum at (x, y) if

fxg yo) £ f(x, )
for all points (x, y) within some disk centered at (x(, y(). The number f(x(, yo) is called a local minimum value. If
the preceding inequality holds for every point (x, y) in the domain of f, then f has a global minimum (also called
an absolute minimum) at (xg, y)-
If f(xq, yo) is either a local maximum or local minimum value, then it is called a local extremum (see the following

figure).

x X2 +y2=16

Figure 4.47 The graph of z = {/16 — x> — y? has a

maximum value when (x, y) = (0, 0). It attains its minimum
value at the boundary of its domain, which is the circle
X%+ y2 = 16.

In Maxima and Minima (http://cnx.org/content/m53611/latest/) , we showed that extrema of functions of one
variable occur at critical points. The same is true for functions of more than one variable, as stated in the following theorem.

Theorem 4.16: Fermat’s Theorem for Functions of Two Variables

Let z= f(x, y) be a function of two variables that is defined and continuous on an open set containing the point


http://cnx.org/content/m53611/latest/
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(xg, yo)- Suppose f and f, each exists at (x(, yg). If f has alocal extremum at (x(, yq), then (xq, yg) isa

critical point of f.

Second Derivative Test

Consider the function f(x) = x3. This function has a critical point at x =0, since f'(0) = 3(0)2 = 0. However, f
does not have an extreme value at x = 0. Therefore, the existence of a critical value at x = x(; does not guarantee a local
extremum at x = x(. The same is true for a function of two or more variables. One way this can happen is at a saddle

point. An example of a saddle point appears in the following figure.

z

Figure 4.48 Graph of the function z = x? - y2. This graph
has a saddle point at the origin.

In this graph, the origin is a saddle point. This is because the first partial derivatives of f(x, y) = x?— y2 are both equal to

zero at this point, but it is neither a maximum nor a minimum for the function. Furthermore the vertical trace corresponding
to y=0is z= x? (a parabola opening upward), but the vertical trace corresponding to x =0 is z = —y2 (a parabola

opening downward). Therefore, it is both a global maximum for one trace and a global minimum for another.

Definition

Given the function z= f(x, y), the point (xp, yo, f(x(, o)) is a saddle point if both f;(x(, yo) =0 and
Sfy(xg, yp) =0, but f does not have a local extremum at (x¢, yq).
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The second derivative test for a function of one variable provides a method for determining whether an extremum occurs at
a critical point of a function. When extending this result to a function of two variables, an issue arises related to the fact that
there are, in fact, four different second-order partial derivatives, although equality of mixed partials reduces this to three.
The second derivative test for a function of two variables, stated in the following theorem, uses a discriminant D that

replaces f”(x() in the second derivative test for a function of one variable.

Theorem 4.17: Second Derivative Test

Let z = f(x, y) be a function of two variables for which the first- and second-order partial derivatives are continuous

on some disk containing the point (xg, (). Suppose fx(xg, o) =0 and f (x(, yo) = 0. Define the quantity
D= fxx (xo, yo)fyy (x07 yo) - (fxy (x(), yo))z- (4-43)
i. If D>0 and fyx(xg, yp) > 0, then f has alocal minimum at (x, y).
ii. If D>0 and fyx(xg, yo) <0, then f has alocal maximum at (xg, yq).
ii. If D<O0,, then f has asaddle point at (xg, y().

iv. If D=0, then the testis inconclusive.

See Figure 4.49.

Saddle point
Local maxima

Local minima

@ (b) (€
Figure 4.49 The second derivative test can often determine whether a function of two variables has a local minima (a), a
local maxima (b), or a saddle point (c).

To apply the second derivative test, it is necessary that we first find the critical points of the function. There are several
steps involved in the entire procedure, which are outlined in a problem-solving strategy.

Problem-Solving Strategy: Using the Second Derivative Test for Functions of Two Variables

Let z = f(x, y) be a function of two variables for which the first- and second-order partial derivatives are continuous
on some disk containing the point (x(, y(). To apply the second derivative test to find local extrema, use the following
steps:

1. Determine the critical points (xg, yo) of the function f where fy(xg, yg) = fy(xg, o) = 0. Discard any

points where at least one of the partial derivatives does not exist.

2. Calculate the discriminant D = fyx (xg, Y0).fyy (X0, Yo) — ( Sy (x0s yo))2 for each critical point of f.
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3. Apply Second Derivative Test to determine whether each critical point is a local maximum, local
minimum, or saddle point, or whether the theorem is inconclusive.

Example 4.39

Using the Second Derivative Test

Find the critical points for each of the following functions, and use the second derivative test to find the local

extrema:
a. f(x,y) =4x> +9y% + 8x — 36y + 24
13, .2
b glx, y) =3x" +y"+2xy—6x-3y+4
Solution
a. Step 1 of the problem-solving strategy involves finding the critical points of f. To do this, we first

calculate fy(x, y) and fy(x, y), then seteach of them equal to zero:

fr(x,y) = 8x+38
Sy, y) 18y — 36.

Setting them equal to zero yields the system of equations

8x+8 = 0
18y — 36

I
S

The solution to this system is x = —1 and y = 2. Therefore (—1, 2) is a critical point of f.

Step 2 of the problem-solving strategy involves calculating D. To do this, we first calculate the second
partial derivatives of f:

St y) = 8
fxy (x,y) =20
fyy (x,y) = 18

Therefore, D = fyy (=1, 2)fyy (=1, 2) = (fay (=1, 2))* = (8)(18) — (0)* = 144.
Step 3 states to check Fermat’s Theorem for Functions of Two Variables. Since D > 0 and
fxx (=1, 2) > 0, this corresponds to case 1. Therefore, f has alocal minimum at (—1, 2) as shown in

the following figure.
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f(x, y) = 4x% + 9y2 + 8x — 36y + 24

Local minimum at (-1, 2,-16)

10
Figure 4.50 The function f(x, y) has alocal minimum at (—1, 2, —16).

b. Forstep 1, we first calculate g, (x, y) and gy (x, y), then set each of them equal to zero:

gx(r,y) = x*+2y-6
gy(x, y) = 2y+2x-3.

Setting them equal to zero yields the system of equations
X+ 2y —6
2y+2x-3 = 0.

Il
o

To solve this system, first solve the second equation for y. This gives y = % Substituting this into

the first equation gives
+3-2x-6 = 0

x2=2x-3 = 0
x=3)x+1) = 0.
Therefore, x = —1 or x = 3. Substituting these values into the equation y = 3 —22x yields the critical
points (—1, %) and (3, - %)

Step 2 involves calculating the second partial derivatives of g:

gxx(x, y) = 2x
gxy(xs » =2
gyy(x, y = 2

Then, we find a general formula for D:
D =g (xg. Y0)8yy (s ¥0) = (8xy (Xg» ¥0))?
= (2x0)(2) — 22
= 4)60 - 4.
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Next, we substitute each critical point into this formula:
D-1,3) = D@ -@?=-4-4="-8

3) _ 2 _
p(3. -3) = eON - @7 =12-4=8.

In step 3, we note that, applying Fermat’s Theorem for Functions of Two Variables to point

(—1, %) leads to case 3, which means that (—1, %) is a saddle point. Applying the theorem to point

(3, — %) leads to case 1, which means that (3, - %) corresponds to a local minimum as shown in the

following figure.
g(x,y)=§x3+y2+2xy—6x—3y+4

- 5 41
Saddle point at (—1. > IE)

Local minimum at (3, —%, —%)

Figure 4.51 The function g(x, y) has alocal minimum and a saddle point.

@ 4.35 Use the second derivative to find the local extrema of the function

flx,y) = X+ 2xy — 6x — 4y2.

Absolute Maxima and Minima

When finding global extrema of functions of one variable on a closed interval, we start by checking the critical values over
that interval and then evaluate the function at the endpoints of the interval. When working with a function of two variables,
the closed interval is replaced by a closed, bounded set. A set is bounded if all the points in that set can be contained within
a ball (or disk) of finite radius. First, we need to find the critical points inside the set and calculate the corresponding critical
values. Then, it is necessary to find the maximum and minimum value of the function on the boundary of the set. When
we have all these values, the largest function value corresponds to the global maximum and the smallest function value
corresponds to the absolute minimum. First, however, we need to be assured that such values exist. The following theorem
does this.
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Theorem 4.18: Extreme Value Theorem

A continuous function f(x, y) on a closed and bounded set D in the plane attains an absolute maximum value at

some point of D and an absolute minimum value at some point of D.

Now that we know any continuous function f defined on a closed, bounded set attains its extreme values, we need to know

how to find them.

Theorem 4.19: Finding Extreme Values of a Function of Two Variables

Assume z = f(x, y) is a differentiable function of two variables defined on a closed, bounded set D. Then f will

attain the absolute maximum value and the absolute minimum value, which are, respectively, the largest and smallest
values found among the following:

i. The values of f at the critical points of f in D.

ii. The values of f on the boundary of D.

The proof of this theorem is a direct consequence of the extreme value theorem and Fermat’s theorem. In particular, if
either extremum is not located on the boundary of D, then it is located at an interior point of D. But an interior point

(xg, yo) of D that’s an absolute extremum is also a local extremum; hence, (x, y) is a critical point of f by Fermat’s
theorem. Therefore the only possible values for the global extrema of f on D are the extreme values of f on the interior

or boundary of D.

Problem-Solving Strategy: Finding Absolute Maximum and Minimum Values

Let z = f(x, y) be a continuous function of two variables defined on a closed, bounded set D, and assume f is

differentiable on D. To find the absolute maximum and minimum values of f on D, do the following:
1. Determine the critical points of f in D.
2. Calculate f at each of these critical points.
3. Determine the maximum and minimum values of f on the boundary of its domain.

4. The maximum and minimum values of f will occur at one of the values obtained in steps 2 and 3.

Finding the maximum and minimum values of f on the boundary of D can be challenging. If the boundary is a rectangle

or set of straight lines, then it is possible to parameterize the line segments and determine the maxima on each of these
segments, as seen in Example 4.40. The same approach can be used for other shapes such as circles and ellipses.

If the boundary of the set D is a more complicated curve defined by a function g(x, y) = ¢ for some constant ¢, and
the first-order partial derivatives of g exist, then the method of Lagrange multipliers can prove useful for determining the

extrema of f on the boundary. The method of Lagrange multipliers is introduced in Lagrange Multipliers.

Example 4.40

Finding Absolute Extrema
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Use the problem-solving strategy for finding absolute extrema of a function to determine the absolute extrema of
each of the following functions:

a. f(x,y)= X% - 2xy + 4y2 —4x — 2y + 24 on the domain definedby 0 <x <4 and 0 <y <2
b. glx, y) = X+ y2 + 4x — 6y on the domain defined by X%+ y2 <16

Solution
a. Using the problem-solving strategy, step 1 involves finding the critical points of f on its domain.

Therefore, we first calculate f(x, ¥) and fy(x, y), then set them each equal to zero:

Sr(x y)
fy (x, y)

2x —2y—4
—2x+ 8y —2.

Setting them equal to zero yields the system of equations
2x—-2y—-4 =0
—2x+8y—-2 = 0.

The solution to this system is x =3 and y = 1. Therefore (3, 1) is a critical point of f. Calculating
f@3, 1) gives f(3, 1) =17.
The next step involves finding the extrema of f on the boundary of its domain. The boundary of its

domain consists of four line segments as shown in the following graph:

24
3__
2 ks
Lg1 D L,

Figure 4.52 Graph of the domain of the function
fOx, y) = x% = 2xy + 4y* — dx — 2y + 24.

Ly is the line segment connecting (0, 0) and (4, 0), and it can be parameterized by the equations
x(t)=t,y@) =0 for 0<r<4. Define g(t) = flx(®), y(t) This gives g(t) = 12— 41+ 24.
Differentiating g leads to g’ (#) = 2t — 4. Therefore, g has a critical value at t = 2, which corresponds
to the point (2, 0). Calculating f(2, 0) gives the z-value 20.

L, is the line segment connecting (4, 0) and (4, 2), and it can be parameterized by the equations

x(t) =4, y(tf) =t for 0 <t < 2. Again, define g(¢) = f(x(¢), y(¢)). This gives g(¢) = 412 — 10t + 24.

Then, g’'(f) =8¢ —10. g has a critical value at 7= %, which corresponds to the point (0, %)

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 4 | Differentiation of Functions of Several Variables 449

Calculating f(O, %) gives the z-value 27.75.
L5 is the line segment connecting (0, 2) and (4, 2), and it can be parameterized by the equations

x(t) =t, y(t) =2 for 0 <t < 4. Again, define g(r) = flx(¢), y(r)). This gives g(¢) = 12 — 8t + 36.
The critical value corresponds to the point (4, 2). So, calculating f(4, 2) gives the z-value 20.
L, is the line segment connecting (0, 0) and (0, 2), and it can be parameterized by the equations

x(#) =0, y(t) =t for 0<r<2. This time, g(t) = 4t —2t+24 and the critical value t= %

correspond to the point (O, %) Calculating f(O, %) gives the z-value 23.75.

We also need to find the values of f(x, y) at the corners of its domain. These corners are located at

0, 0), (4, 0), (4, 2) and (0, 2):

£(0,0) = (0)2=2(0)0) +4(0)2 — 4(0) — 2(0) + 24 = 24
f4,0) = @2 -2(4)0) +4(0)* —4(4) - 2(0) + 24 = 24
f42) = @242 +4Q2)* - 44 -22)+24 = 20
£0,2) = (0)2-2(0)2) +4(2)> - 4(0) - 2(2) +24 = 36.

The absolute maximum value is 36, which occurs at (0, 2), and the global minimum value is 20,

which occurs at both (4, 2) and (2, 0) as shown in the following figure.

f(X,y) = X2 — 2xy — 4X + 4y2 — 2y + 24

Local maximum
(Dl 2! 36)

Local minimum
(4, 2, 20)

35
30

20

(2,0, 20)
Local minimum

Figure 4.53 The function f(x, y) has two global minima and one global maximum over its

domain.
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b. Using the problem-solving strategy, step 1 involves finding the critical points of g on its domain.

Therefore, we first calculate g, (x, y) and g, (x, y), then set them each equal to zero:

gx(x,y) = 2x+4
gy(x, y) 2y — 6.

Setting them equal to zero yields the system of equations

2x+4 = 0
2y—6 = 0.

The solution to this system is x = —2 and y = 3. Therefore, (-2, 3) is a critical point of g.

Calculating g(-2, 3), we get

8(=2,3)=(-2)2 +32+4(-2)-6(3) =4 +9 -8 — 18 = —13.

The next step involves finding the extrema of g on the boundary of its domain. The boundary of its
domain consists of a circle of radius 4 centered at the origin as shown in the following graph.

YA
5__

Figure 4.54 Graph of the domain of the function
glx, y) = X+ y2 + 4x — 6y.

The boundary of the domain of g can be parameterized using the functions x(z) = 4 cos ¢, y(f) = 4 sint
for 0 <t < 2x. Define h(t) = g(x(?), y(@)):

h(t) = glx(®), y(1))
= (4cost)? + (4sint)? + 4(4 cos 1) — 6(4 sin 1)

= 16c0s2 ¢ + 16sin2 t + 16 cos t — 24 sin ¢
=16+ 16cost—24sint.
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Setting A’ (f) = 0 leads to

—16sint—24cost = 0
—16sint = 24cost

—16sint _ _24cost
—16cost —16cost
tant = —%.

This equation has two solutions over the interval 0 < ¢t < 2z. Oneis t = 7 — arctan(%) and the other is

t=2r— arctan(i). For the first angle,

2

sint = sin(zr - arctan(i)) = sin(arctan(%)) = m

2 13
cost = COS(ﬂ' - arctan(%)) = —cos(arctan(%)) = - %

Therefore, x(f) =4cost= — %? and y(f) =4sint = %, S0 (—&:1:3, 12413

1 3 ) is a critical

point on the boundary and

A ) - ) (0 )3

_ 144 , 64 _ 3213 _ 7213

3713 13 13
— 208 —104V13 ., 17 ga4
13 R

For the second angle,

sint = sin(Zn - arctan(i)) = —sin(arctan(%)) = 313

2 13
cost = cos(27r - arctan(%)) = cos(arctan(% ) = %

Therefore, x(t) =4 cost = % and y(#) =4sint = — 121\/3§’ S0 (8\1%73, - 121\4)@) is a critical

point on the boundary and

o -3 = ) (3 ) o3

_ 144 , 64, 32V13 | 72V13
=Bt T3

— 208 +104V13 ., 44 g44
13 o

The absolute minimum of g is —13, which is attained at the point (-2, 3), which is an interior point

of D. The absolute maximum of g is approximately equal to 44.844, which is attained at the boundary

451
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8V13 _ 12V13
13

point (1—3, ) These are the absolute extrema of g on D as shown in the following figure.

Minimum point at f(X,y) = X2+ 4x + y2 — 6y

Maximum point at
12 16 224
5" 5' 5

Figure 4.55 The function f(x, y) has a local minimum and a local maximum.

4.36  Use the problem-solving strategy for finding absolute extrema of a function to find the absolute extrema
of the function

f(x, y) = 4x> = 2xy + 6y% = 8x + 2y +3

on the domain definedby 0 < x <2 and —1 <y < 3.

Example 4.41

Chapter Opener: Profitable Golf Balls

&>

Figure 4.56 (Credt: miﬁcation of work by oatsy40, Flickr)

Pro-T company has developed a profit model that depends on the number x of golf balls sold per month
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(measured in thousands), and the number of hours per month of advertising y, according to the function
z= f(x,y) =48x+ 96y — x2 - 2xy — 9y2,

where z is measured in thousands of dollars. The maximum number of golf balls that can be produced and sold
is 50,000, and the maximum number of hours of advertising that can be purchased is 25. Find the values of x

and y that maximize profit, and find the maximum profit.

Solution
Using the problem-solving strategy, step 1 involves finding the critical points of f on its domain. Therefore, we

first calculate f5(x, y) and fy(x, y), then set them each equal to zero:

fr(x,y) = 48—-2x-2y
Sy, y) = 96 —2x—18y.

Setting them equal to zero yields the system of equations
48-2x—-2y = 0
96 -2x—18y = 0.
The solution to this system is x =21 and y = 3. Therefore (21, 3) is a critical point of f. Calculating
f(21, 3) gives f(21, 3) =48(21) +96(3) — 212 =221)(3) - 9(3)* = 648.
The domain of this functionis 0 < x < 50 and 0 <y <25 as shown in the following graph.

yi
301
L

25 .

20 |
15+
L4 (2] L2
10 +

54

~10 O] 10 20 30 40 50 60X
5/ L

Figure 4.57 Graph of the domain of the function
f(x, y) = 48x + 96y — x> — 2xy — 9y°.

Ly is the line segment connecting (0, 0) and (50, 0), and it can be parameterized by the equations

x(t) =t, y(t) =0 for 0 <t < 50. We then define g(¢) = fx(¢), y(r)):

g = flx@®), y@®)
= [, 0)
= 48t + 96(0) — y2 — 2(£)(0) — 9(0)>
=481 — 1.

Setting g’ (f) = 0 yields the critical point # = 24, which corresponds to the point (24, 0) in the domain of f.
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Calculating f(24, 0) gives 576.

L, is the line segment connecting and (50, 25), and it can be parameterized by the equations

x(¢) =50, y(r) =t for 0 <t <25. Once again, we define g(¢) = f(x(¢), y(?)):

g = flx(®), y@®)

= f(50, 1)
= 48(50) + 961 — 502 — 2(50)r — 912
= —9¢2 — 47— 100.
This function has a critical point at t = — %, which corresponds to the point (50, - %) This point is not in

the domain of f.

L5 is the line segment connecting (0, 25)and (50, 25), and it can be parameterized by the equations
x(t) =t, y(t) =25 for 0 <t < 50. We define g(r) = f(x(2), y(r)):

g = flx(®), y()

= f(1, 25)
= 481 + 96(25) — 1* — 21(25) — 9(25%)
= -1 — 21 - 3225.
This function has a critical point at # = —1, which corresponds to the point (—1, 25), which is not in the

domain.

L, is the line segment connecting (0, 0)to (0, 25), and it can be parameterized by the equations

x(t) =0, y(r) =t for 0 <t <25. We define g(t) = flx(r), y()):

gt = flx(®), y(1)

= f(0, 1)

= 48(0) + 96t — (0)> — 2(0)r — 9>

= 961 — 1%,
This function has a critical point at ¢ = %6, which corresponds to the point (O, 13—6), which is on the boundary
of the domain. Calculating f(O, 1?6) gives 256.

We also need to find the values of f(x, y) at the corners of its domain. These corners are located at
(0, 0), (50, 0), (50, 25) and (0, 25):

£0,0) = 48(0) + 96(0) — (0)2 — 2(0)(0) — 9(0)> = 0
£(50,0) = 48(50) + 96(0) — (50)% — 2(50)(0) — 9(0)* = —100
£(50,25) = 48(50) + 96(25) — (50) — 2(50)(25) — 9(25)% = —5825

£(0,25) = 48(0) +96(25) — (0)% — 2(0)(25) — 9(25)% = —3225.

The maximum critical value is 648, which occurs at (21, 3). Therefore, a maximum profit of $648,000 is

realized when 21,000 golf balls are sold and 3 hours of advertising are purchased per month as shown in the
following figure.
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f(x, y) = 48x + 96y — x2 — 2xy — 9y?
Maximum point at
(21, 3, 648)

Figure 4.58 The profit function f(x, y) has a maximum at (21, 3, 648).
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4.7 EXERCISES

For the following exercises, find all critical points.

310. f(x,y)=1+x>+y2

311, f(x, y) = Bx—2)2+ (y—4)2
312, f(x,y) = P y4 — 16xy

313. f(x, y) = 15x° = 3xy + 15y

For the following exercises, find the critical points of the
function by using algebraic techniques (completing the
square) or by examining the form of the equation. Verify
your results using the partial derivatives test.

314. f(x,y) = \/x2 + y2 +1
315. f(x, y) = —x>—=5y?+8x— 10y — 13
316.  f(x, y)=x2+y2+2x—6y+6

317. f(x,y) = \/x2 + y2 +1

For the following exercises, use the second derivative test
to identify any critical points and determine whether each
critical point is a maximum, minimum, saddle point, or
none of these.

318. f(x,y)=—x>+4xy—2y>+1
319. f(x,y) = )czy2

320. f(x, y):x2—6x+y2+4y—8
321. f(x,y)=2xy+3x+4y

322, f(x,y)=8xy(x+y)+7

323. f(x,y) = X2+ 4xy + y2

324. f(x, y)=x>+y> —300x - 75y — 3
325. f(x,y)=9-— x4y4

326. f(x,y) = 7x2y + 9xy2

327. f(x,y)= 3x% - 2xy + y2 —8y

328. f(x,y)= 3x% + 2xy + y2
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329.  f(x, y)=y2+xy+3y+2x+3
330. f(x,y) = X+ xy + y2 —3x
331, f(x,y) = X+ 2y2 - xzy

332, flx,y)=x*+y—¢”

2

2 +y% 420

333. f(x,y)=e
334. f(x,y)=x2+xy+y2—x—y+1
335, f(x,y) = X+ 10xy + y2

336. f(x, y) = —x> = 5y% + 10x — 30y — 62
337. f(x,y) =120x + 120y—)cy—)62—y2
338. f(x, y)=2x2+2xy+y>+2x-3

339.  f(x, y):x2+x—3xy+y3—5

2.2
340. f(x, y) = 2xye vy

For the following exercises, determine the extreme values
and the saddle points. Use a CAS to graph the function.

341. [T] f(x, y) = ye* —¢”
342, [T] f(x, y) = xsin(y)

343. [T]
f(x, y) = sin(x)sin(y), x € (0, 2x7), y € (0, 2x)

Find the absolute extrema of the given function on the
indicated closed and bounded set R.

344. f(x, y) =xy—x—3y; R is the triangular region
with vertices (0, 0), (0, 4), and (5, 0).

345. Find the absolute maximum and minimum values

of f(x,y)= X+ y2 -2y+1 on the region
R={(x, yp?+y* <4}
346. flx, y)= X - 3xy — y3 on

R=|(x,y):-2<x<2 -2<y<2
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347. flx, y) = % on
x“+y+1

R = {(x, y):)c2 +y2 < 4}

348. Find three positive numbers the sum of which is
27, such that the sum of their squares is as small as

possible.

349. Find the points on the surface x? - yz =15 that are

closest to the origin.

350. Find the maximum volume of a rectangular box with
three faces in the coordinate planes and a vertex in the first
octant on the plane x+y+z=1.

351. The sum of the length and the girth (perimeter of a
cross-section) of a package carried by a delivery service
cannot exceed 108 in. Find the dimensions of the

rectangular package of largest volume that can be sent.

352. A cardboard box without a lid is to be made with
a volume of 4 ft3. Find the dimensions of the box that

requires the least amount of cardboard.

353. Find the point on the surface
flx, y) = X%+ y2 +10 nearest the plane
X + 2y — z = 0. Identify the point on the plane.

354. Find the point in the plane 2x —y + 2z = 16 that is

closest to the origin.

355. A company manufactures two types of athletic shoes:
jogging shoes and cross-trainers. The total revenue from
x units of jogging shoes and y units of cross-trainers

is given by R(x, y) = —5x2 - 8y2 —2xy + 42x + 102y,
where x and y are in thousands of units. Find the values
of x and y to maximize the total revenue.

356. A shipping company handles rectangular boxes

provided the sum of the length, width, and height of the box
does not exceed 96 in. Find the dimensions of the box that

meets this condition and has the largest volume.

357. Find the maximum volume of a cylindrical soda can
such that the sum of its height and circumference is 120

cm.
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4.8 | Lagrange Multipliers

Learning Objectives

4.8.1 Use the method of Lagrange multipliers to solve optimization problems with one constraint.

4.8.2 Use the method of Lagrange multipliers to solve optimization problems with two
constraints.

Solving optimization problems for functions of two or more variables can be similar to solving such problems in single-
variable calculus. However, techniques for dealing with multiple variables allow us to solve more varied optimization
problems for which we need to deal with additional conditions or constraints. In this section, we examine one of the more
common and useful methods for solving optimization problems with constraints.

Lagrange Multipliers

Example 4.41 was an applied situation involving maximizing a profit function, subject to certain constraints. In that
example, the constraints involved a maximum number of golf balls that could be produced and sold in 1 month (x),

and a maximum number of advertising hours that could be purchased per month (y). Suppose these were combined
into a budgetary constraint, such as 20x + 4y <216, that took into account the cost of producing the golf balls

and the number of advertising hours purchased per month. The goal is, still, be to maximize profit, but now there
is a different type of constraint on the values of x and y. This constraint, when combined with the profit function

f(x, y) =48x+ 96y — X% - 2xy — 9y2, is an example of an optimization problem, and the function f(x, y) is called

the objective function. A graph of various level curves of the function f(x, y) follows.

f(x, y) = 150

f(x, y) = 400

=5
Figure 4.59 Graph of level curves of the function
f(x, y) =48x+ 96y — x? - 2xy — 9y2 corresponding to
¢ = 150, 250, 350, and 400.

In Figure 4.59, the value ¢ represents different profit levels (i.e., values of the function f). As the value of ¢ increases,

the curve shifts to the right. Since our goal is to maximize profit, we want to choose a curve as far to the right as possible.
If there was no restriction on the number of golf balls the company could produce, or the number of units of advertising
available, then we could produce as many golf balls as we want, and advertise as much as we want, and there would be
not be a maximum profit for the company. Unfortunately, we have a budgetary constraint that is modeled by the inequality
20x + 4y < 216. To see how this constraint interacts with the profit function, Figure 4.60 shows the graph of the line

20x + 4y = 216 superimposed on the previous graph.
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401\ 20x + 4y = 216

304

20+

X2 + 2xy + 9y? — 48x — 96y =0

0% 650 60X

Figure 4.60 Graph of level curves of the function
f(x, y) =48x+ 96y — x? - 2xy — 9y2 corresponding to
¢ =150, 250, 350, and 395. The red graph is the constraint

function.

As mentioned previously, the maximum profit occurs when the level curve is as far to the right as possible. However, the
level of production corresponding to this maximum profit must also satisfy the budgetary constraint, so the point at which
this profit occurs must also lie on (or to the left of) the red line in Figure 4.60. Inspection of this graph reveals that this
point exists where the line is tangent to the level curve of f. Trial and error reveals that this profit level seems to be

around 395, when x and y are both just less than 5. We return to the solution of this problem later in this section.

From a theoretical standpoint, at the point where the profit curve is tangent to the constraint line, the gradient of both of
the functions evaluated at that point must point in the same (or opposite) direction. Recall that the gradient of a function
of more than one variable is a vector. If two vectors point in the same (or opposite) directions, then one must be a constant
multiple of the other. This idea is the basis of the method of Lagrange multipliers.

Theorem 4.20: Method of Lagrange Multipliers: One Constraint

Let f and g be functions of two variables with continuous partial derivatives at every point of some open set
containing the smooth curve g(x, y) = 0. Suppose that f, when restricted to points on the curve g(x, y) =0,
has a local extremum at the point (x, y) and that V g(x(, y¢) # 0. Then there is a number A called a Lagrange

multiplier, for which

Vf(xo, )’o) = ﬂVg(xO, )’o)-

Proof
Assume that a constrained extremum occurs at the point (x(, y(). Furthermore, we assume that the equation g(x, y) =0
can be smoothly parameterized as

x =x(s)and y = y(s)

where s is an arc length parameter with reference point (xq, yo) at s = 0. Therefore, the quantity z = f(x(s), y(s)) has a

relative maximum or relative minimum at s = 0, and this implies that dz _ 0 at that point. From the chain rule,

ds

di 3 gx, 000 (3 502). (2.2) o,
N

ds ~ 0x ds ' dy ds \ox 0y 0s

where the derivatives are all evaluated at s = 0. However, the first factor in the dot product is the gradient of f, and the
second factor is the unit tangent vector T(0) to the constraint curve. Since the point (x(, y,) corresponds to s =0, it

follows from this equation that
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V f(xg, yp)- T(0) = 0,

which implies that the gradient is either 0 or is normal to the constraint curve at a constrained relative extremum. However,

the constraint curve g(x, y) = 0 is a level curve for the function g(x, y) so thatif V g(xq, yo) # 0 then Vg(x, yo) is

normal to this curve at (x(, y) It follows, then, that there is some scalar A such that

d

Vf(xo’ )’o) = /1Vg(x0, )’o)

To apply Method of Lagrange Multipliers: One Constraint to an optimization problem similar to that for the golf
ball manufacturer, we need a problem-solving strategy.

Problem-Solving Strategy: Steps for Using Lagrange Multipliers

1.

Determine the objective function f(x, y) and the constraint function g(x, y). Does the optimization problem
involve maximizing or minimizing the objective function?
Set up a system of equations using the following template:

V f(xg. yo)

8(xps yo)

0.

Solve for x( and y.

The largest of the values of f at the solutions found in step 3 maximizes f; the smallest of those values

minimizes f.

Example 4.42

Let’s

This OpenSt

1.

Using Lagrange Multipliers

Use the method of Lagrange multipliers to find the minimum value of f(x, y) = X+ 4y2 — 2x + 8y subject to
the constraint x + 2y = 7.

Solution

follow the problem-solving strategy:

The optimization function is f(x, y) = X2+ 4y2 — 2x+ 8y. To determine the constraint function, we
must first subtract 7 from both sides of the constraint. This gives x + 2y —7 = 0. The constraint
function is equal to the left-hand side, so g(x, y) = x + 2y — 7. The problem asks us to solve for the

minimum value of f, subject to the constraint (see the following graph).
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Yi
81

Figure 4.61 Graph of level curves of the function
flx, y)= X2+ 4y2 — 2x + 8y corresponding to ¢ = 10 and

26. The red graph is the constraint function.

2. We then must calculate the gradients of both fand g:
Vfx, y) = (2x—2)i+ @8y +8)j
Viglx, y) =i+12j.

The equation V f(x(, yo) = AV g(x(, ¥¢) becomes

(2xg = 2Ji + 8y + 8)j = Ali +2j).

which can be rewritten as

(2xg = 2)i + (8yg + 8)j = 4i + 2Aj.

Next, we set the coefficients of iand j equal to each other:

2x9—2=1
8yo+8 = 24.

The equation g(xy, yg) = 0 becomes x+ 2y, — 7 = 0. Therefore, the system of equations that needs
to be solved is
2xg—=2 = A
8yg+8 = 24
xXo+2y9—=7 = 0.
3. This is a linear system of three equations in three variables. We start by solving the second equation for
A and substituting it into the first equation. This gives 4 =4y, +4, so substituting this into the first
equation gives

29— 2 =4y +4.

Solving this equation for x( gives x;= 2y, + 3. We then substitute this into the third equation:




462 Chapter 4 | Differentiation of Functions of Several Variables

yo = 1
Since xy =2y, + 3, this gives xy = 5.
4. Next, we substitute G, 1 into flx,y)= X%+ 4y2 —2x+ 8y, gives

fG6,1)=5 24 4(1)2 —2(5)+ 8(1) =27. To ensure this corresponds to a minimum value on the
constraint function, let’s try some other values, such as the intercepts of g(x, y) =0, Which are (7, 0)

and (0, 3.5). We get f(7, 0) =35 and f(0, 3.5) =77, soitappears f has a minimum at (5, 1).

437 Use the method of Lagrange multipliers to find the maximum value of
f(x, y) = 9x? + 36xy — 4y> — 18x — 8y subject to the constraint 3x + 4y = 32.

Let’s now return to the problem posed at the beginning of the section.

Example 4.43

Golf Balls and Lagrange Multipliers

The golf ball manufacturer, Pro-T, has developed a profit model that depends on the number x of golf balls sold
per month (measured in thousands), and the number of hours per month of advertising y, according to the function

z= f(x,y) =48x+ 96y — x? - 2xy — 9y2,

where z is measured in thousands of dollars. The budgetary constraint function relating the cost of the production
of thousands golf balls and advertising units is given by 20x + 4y = 216. Find the values of x and y that

maximize profit, and find the maximum profit.

Solution

Again, we follow the problem-solving strategy:

1. The optimization function is f(x, y) = 48x+ 96y — X% - 2xy — 9y2. To determine the constraint
function, we first subtract 216 from both sides of the constraint, then divide both sides by 4, which gives
S5x +y — 54 = 0. The constraint function is equal to the left-hand side, so g(x, y) = 5x +y — 54. The

problem asks us to solve for the maximum value of f, subject to this constraint.

2. So, we calculate the gradients of both fand g:

V f(x, y) = (48 — 2x — 2y)i + (96 — 2x — 18y)j
Vg(x, y)=5i+]j.

The equation V f(xq, yo) = AV g(xq, yo) becomes
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which can be rewritten as

(48 — 2x0 — 2yl + (96 — 2x( — 18y()j = ASi + 4j.

We then set the coefficients of iand j equal to each other:

48—2XO—2y0 = 51
96 — 2xo — 18y,

I
e

The equation g(x(, yg) = 0 becomes 5x + yy — 54 = 0. Therefore, the system of equations that needs
to be solved is
48 = 2x5—2yg = 54
96 — 2x; — 18y A
Sxg+yo— 54 0.

3. We use the left-hand side of the second equation to replace A in the first equation:

48 —2x5—2yy = 5(96 —2xy— 18y,)
48 —2xy—2y, = 480 — 10xy— 90y,
8x, = 432 — 88y,
xg = 54—11y,.

Then we substitute this into the third equation:
5(54 — 11yg)+yo— 54 =
270 = 55yg+yg =
216 — 54y, =
Yo =

A © o o

Since x5 =54 — 11y, this gives xy = 10.
4. We then substitute (10, 4) into f(x, y) = 48x + 96y — x? - 2xy — 9y2, which gives
f(10, 4) = 48(10) + 96(4) — (10)% = 2(10)(4) — 9(4)*
=480 + 384 — 100 — 80 — 144 = 540.

Therefore the maximum profit that can be attained, subject to budgetary constraints, is $540,000 with
a production level of 10,000 golf balls and 4 hours of advertising bought per month. Let’s check to
make sure this truly is a maximum. The endpoints of the line that defines the constraint are (10.8, 0) and

(0, 54) Let’s evaluate f at both of these points:

£(10.8, 0)
£(0, 54)

48(10.8) + 96(0) — 10.8% —2(10.8)(0) — 9(0%) = 401.76
48(0) + 96(54) — 0% — 2(0)(54) — 9(54%) = 21, 060.

The second value represents a loss, since no golf balls are produced. Neither of these values exceed 540,

so it seems that our extremum is a maximum value of f.
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4.38 A company has determined that its production level is given by the Cobb-Douglas function
flx, y) = 2.5x04 y0'5 > where x represents the total number of labor hours in 1 year and y represents the total

capital input for the company. Suppose 1 unit of labor costs $40 and 1 unit of capital costs $50. Use the

= 2,5,045 055

method of Lagrange multipliers to find the maximum value of f(x, y) subject to a budgetary

constraint of $500,000 per year.

In the case of an optimization function with three variables and a single constraint function, it is possible to use the method

of Lagrange multipliers to solve an optimization problem as well. An example of an optimization function with three

variables could be the Cobb-Douglas function in the previous example: f(x, y, z) = x92 y0‘4 20'4,

where x represents
the cost of labor, y represents capital input, and z represents the cost of advertising. The method is the same as for the
method with a function of two variables; the equations to be solved are

Vfx y.2) = AVg(x, y, 2)

8(x, v, 2) 0.

Example 4.44

Lagrange Multipliers with a Three-Variable Optimization Function

Maximize the function f(x, y, z) = X%+ y2 +22 subject to the constraint x +y+z = 1.

Solution
1. The optimization function is f(x, y, z) = x+ y2+z2. To determine the constraint function, we
subtract 1 from each side of the constraint: x +y+z — 1 =0 which gives the constraint function as

gx, v, )=x+y+z-1.
2. Next, we calculate V f(x, y, z) and Vg(x, y, 2):

Vfx y 2= (2x, 2y, 2z2)
Vgx,y,2)= (1,1, 1).

This leads to the equations
<2XO, 2_)/0, 2Z0> = 1 < 1, 1, 1 >
Xo+yg+zp—1 = 0

which can be rewritten in the following form:
2xg =
2yg
2Z()

P

Xo+yg+zg—1 = 0.
3. Since each of the first three equations has A on the right-hand side, we know that 2xy = 2y, = 2z,

and all three variables are equal to each other. Substituting y, = x( and z; = x( into the last equation

% and z = L which corresponds to a critical point on the

yields 3x5—1=0, so x5= 1 and Yo = 3

3
constraint curve.
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4. Then, we evaluate f at the point (§’ %, %)

533)=0) +() +G) =3=%

Therefore, an extremum of the function is 11 verify it is a minimum, choose other points that satisfy

3
the constraint and calculate f at that point. For example,

I~

£(1,0,00 = 12+0%+0%=1
10, =2, 3) 0%+ +(-2)2+3%2=13.

Both of these values are greater than l, leading us to believe the extremum is a minimum.

@ 4.39 Use the method of Lagrange multipliers to find the minimum value of the function
Jo,y, ) =x+y+z

subject to the constraint X+ y2 +22=1.

Problems with Two Constraints

The method of Lagrange multipliers can be applied to problems with more than one constraint. In this case the optimization
function, w is a function of three variables:

w=f(x,y, 2

and it is subject to two constraints:

g(x, vy, z)=0and h(x, y, z) = 0.

There are two Lagrange multipliers, 4; and 4,, and the system of equations becomes

V f(xp, oo 200 = A1V 8(x0, Yo» 20) + 42V Alxg, Yo 20)
g(xg, Yo Zo) 0
h(xg, o, 29) = 0.

Example 4.45

Lagrange Multipliers with Two Constraints

Find the maximum and minimum values of the function
foy, ) =x2+y*+22

2

subject to the constraints z“ = X+ y2 and x+y—-z+1=0.

Solution




466 Chapter 4 | Differentiation of Functions of Several Variables

Let’s follow the problem-solving strategy:
1. The optimization function is f(x, y, 7) = X+ y2 + 2% To determine the constraint functions, we
first subtract z> from both sides of the first constraint, which gives x2+y2—z2=0, o)

glx,y,2) = X2+ y2 — z2. The second constraint function is A(x, y,2)=x+y—z+1.
2. We then calculate the gradients of f, g, and h:

Vf(x, y, 2) =2xi+2yj + 2zk
Vg(x, y, z) = 2xi + 2yj — 2zk
Vhx,y,2)=i+j—-k

The equation V f(xq, yg, 29) = 41V &(xg, . 2¢) + 4V A(x(, ¥, 7o) becomes

which can be rewritten as

2.X'0i + 2y0j + 2Z0k = (2}.1)(:0 + lz)i + (2&1 yo + ﬂz)j - (211 ZO + Az)k

Next, we set the coefficients of iand j equal to each other:
2X0 = 2/11.7(0 + /12
2y0 = 2/11))0 + /12
2Z0 = —2/11 ZO - /12.

The two equations that arise from the constraints are z 2= X 24 Yo 2 and Xo+Y9g—29+1=0.
Combining these equations with the previous three equations gives

2xg = 241xp+ 4,

2y = 241yt 4,

2z = =2A1z9— 4,

200 = X +¥o®

xg+yp—zo+t1 = 0.
3. The first three equations contain the variable A,. Solving the third equation for 1, and replacing into

the first and second equations reduces the number of equations to four:

2)60 = 2/11)60—2/1120—2Z0

2y0 = 2/11)70—21120—220
2 2 2
0" = X tYo
Xo+yg—20+1 = 0.
. . . . . Xg+ 29
Next, we solve the first and second equation for 4. The first equation gives 4| = X0 =20’ the second

y0+z
Yo—<2

equation gives 1; = 8 We set the right-hand side of each equation equal to each other and cross-

multiply:
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Xo+ 29 Yo+ 20
X0~ 20 Yo — %o
(xg+20)(yg—2¢) = (x9—20)(yg+2¢)
2
X0Yo— X020+ Yoo —20 = XoYo+X0Zo— YoZo— 202

2y020—2xOZ0 =0
2z0(y0—x0) = 0

Therefore, either zo =0 or yy=x,. If z5 =0, then the first constraint becomes 0 = x 24 Yo 2,
The only real solution to this equation is x; =0 and yy =0, which gives the ordered triple (0, 0, 0).

This point does not satisfy the second constraint, so it is not a solution.
Next, we consider y, = x(, which reduces the number of equations to three:

Yo = %o
2 2 2
0”7 = X"t Yo

x0+y0—z0+1 = 0.

We substitute the first equation into the second and third equations:

2

20 2

= x02+x0

Xgtxg—2zp+1 0.

Then, we solve the second equation for z,, which gives z, = 2x,+ 1. We then substitute this into the

first equation,

(2XO + 1)2 = 2x0 2
4x02+4x0+1 = 2x02

2x92 +dxg+1 = 0,

and use the quadratic formula to solve for x:

e AT 4 _ 48 _ 422 2
0= 22) ST 4 T T4 T T R

Recall y, = x(, so this solves for y as well. Then, z(=2xy+ 1, so

zo=2x0+1=2(—1¢V7§)+1=—2+1¢ﬁ=—1¢@.

Therefore, there are two ordered triplet solutions:

(—1 +§, 1 +§, -1 +w5)and(—1 —% 1 —g, 1 —\E).

4. We substitute (—1 +%, -1 +V7§, -1+ \/E) into f(x, y, z) = 2 +y2 +Z27 which gives

467
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f(—l+g, —1+@, —1+W/§) =(—1+§)2+(—1+g)2+(—1+@2
=(1 —\E+%)+(1 —\5+%)+(1 -2\2+2)

=6-412.

Then, we substitute (—1 - 72, -1- g, -1- \/5) into f(x, y, z) = ¥+ y2 + zz, which gives

=(1+\5+%)+(1+\5+%)+(1+2«5+2)
=6+4V2.

6 + 4V2 is the maximum value and 6 — 4\2 is the minimum value of f(x, y, z), subject to the given

constraints.

@ 4.40 Use the method of Lagrange multipliers to find the minimum value of the function
[y, ) =xr+y*+22

subject to the constraints 2x +y +2z=9 and 5x+ 5y + 7z = 29.
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4.8 EXERCISES

For the following exercises, use the method of Lagrange
multipliers to find the maximum and minimum values of
the function subject to the given constraints.

358. f(x,y) = xzy; X2+ 2y2 =6

359. f(x,y, 2) =xyz, X%+ 2y2 +322=6

360. f(x,y)=xy; 4x? + 8y2 =16

361. f(x,y)= 4x3 + yz; 207 + y2 =1

362.  f(x,y, z)=x2+y2+z2, x4+y4+z4=1
363. f(x,y, 20 =yz+xy, xy= 1,y2+zz= 1

364. fx,y)=x24+y% (x— D2+ 4y2=4

— )C2 y2
365. f(x, y) _4xy’ _+1__1
1 1 1
366. f(x9y’Z)—X+y+Z,—X+7+7 1

367. f(x,y,0)=x+3y—z x2+y2+22=4
368. f(x,y,2) =x2+y2+zz, xyz=+4

369. Minimize f(x, y) = )52+y2 on the hyperbola
xy=1.

370. Minimize  f(x, y) =xy on the ellipse

brx>+ a2y2 =a’b>

371. Maximize f(x, y, z) = 2x+ 3y + 5z on the sphere

x2+y2+z2= 19.

f(x,y)=x2—y2;x>0,y>0;

372. Maximize g(x, y) =y— ¥2=0

373. The curve x° — y3 =1 is asymptotic to the line

y = x. Find the point(s) on the curve x> - y3 = 1 farthest

from the line y = x.
374. Maximize U(x, y) = 8x4/5y“5; 4x+2y=12

375. Minimize f(x, y) = x>+ y?%, x+2y—-5=0.
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376. Maximize f(x,y) =16 — x? - y2, x+y—-2=0.

377. Minimize
f(x, v, 2) =x2+y2+12, x+y+z=1

378.  Minimize f(x, y) = x* — y?
constraint x — 2y + 6 = 0.

subject to the

379. Minimize  f(x, y, 2) = X%+ y2 +z>  when

x+y+z=9 and x+2y+ 3z=20.

For the next group of exercises, use the method of Lagrange
multipliers to solve the following applied problems.

380. A pentagon is formed by placing an isosceles triangle
on a rectangle, as shown in the diagram. If the perimeter of
the pentagon is 10 in., find the lengths of the sides of the

pentagon that will maximize the area of the pentagon.

381. A rectangular box without a top (a topless box) is
to be made from 12 ft? of cardboard. Find the maximum

volume of such a box.

382. Find the minimum and maximum distances between
the ellipse X+ Xy + 2y2 =1 and the origin.

383. Find the point on the surface
x2—2xy+y2—x+y=0

1, 2, =3).

closest to the point
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384. Show that, of all the triangles inscribed in a circle
of radius R (see diagram), the equilateral triangle has the

largest perimeter.

385. Find the minimum distance from point (0, 1) to the

parabola X2 = 4y.

386. Find the minimum distance from the parabola
y= x% to point (0, 3).

387. Find the minimum distance from the plane
x+y+z=1 topoint (2, 1, 1).

388. A large container in the shape of a rectangular solid
must have a volume of 480 m3 The bottom of the

container costs $5/m? to construct whereas the top and
sides cost $3/m? to construct. Use Lagrange multipliers to
find the dimensions of the container of this size that has the
minimum cost.

389. Find the point on the line y = 2x + 3 that is closest
to point (4, 2).

390. Find the point on the plane 4x + 3y + z = 2 that is
closest to the point (1, —1, 1).

391. Find the maximum value of f(x, y) = sinxsiny,
where xandy denote the acute angles of a right triangle.
Draw the contours of the function using a CAS.

392. A rectangular solid is contained within a tetrahedron
with vertices at (1, 0, 0), (0, 1, 0), (0, 0, 1), and the
origin. The base of the box has dimensions x, y, and
the height of the box is z. If the sum of x, y, andz is

1.0, find the dimensions that maximizes the volume of the
rectangular solid.
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393. [T] By investing x units of labor and y units of
capital, a watch  manufacturer can  produce

P(x, y) =50xo'4yo‘6 watches. Find the maximum

number of watches that can be produced on a budget of
$20,000 if labor costs $100/unit and capital costs $200/

unit. Use a CAS to sketch a contour plot of the function.
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CHAPTER 4 REVIEW

KEY TERMS

boundary point a point P of R is a boundary point if every & disk centered around P contains points both inside

and outside R
closed set aset S that contains all its boundary points
connected set an open set S that cannot be represented as the union of two or more disjoint, nonempty open subsets

constraint an inequality or equation involving one or more variables that is used in an optimization problem; the
constraint enforces a limit on the possible solutions for the problem

contour map a plot of the various level curves of a given function f(x, y)

critical point of a function of two variables the point (x(, y) is called a critical point of f(x, y) if one of the two

following conditions holds:
1. fx(-x()’ y0)=fy(xo, )’0)=0
2. Atleast one of fy(xg, yo) and fy(xq, yo) do not exist
differentiable a function f(x, y) is differentiable at (x, yo) if f(x,y) can be expressed in the form
S, ¥) = f(xg, yo) + fx(xg, Yo)(x — x0) + fy(xg, Yo)V — o) + E(x, ¥),

where the error term E(x, y) satisfies lim E, y) —0
(x, y) = (xq, ,V())\/(x _ x0)2 +(y— y0)2

directional derivative the derivative of a function in the direction of a given unit vector

discriminant the discriminant of the function fx, y) is given by the formula

D = fulxg, Yo fyy(Xos Y0) = (Fry(xor ¥0))*

function of two variables ; function z = f(x, y) that maps each ordered pair (x, y) inasubset D of R to aunique

real number z

generalized chain rule the chain rule extended to functions of more than one independent variable, in which each
independent variable may depend on one or more other variables

gradient the gradient of the function f(x, y) is defined to be V f(x, y) =(0f/0x)i+ (0 f/dy)j, which can be
generalized to a function of any number of independent variables

graph of a function of two variables a set of ordered triples (x, y, z) that satisfies the equation z = f(x, y) plotted

in three-dimensional Cartesian space

higher-order partial derivatives second-order or higher partial derivatives, regardless of whether they are mixed
partial derivatives

interior point a point P of R is a boundary point if there isa ¢ disk centered around P, contained completely in R

intermediate variable given a composition of functions (e.g., f(x(¢), y(t))), the intermediate variables are the

variables that are independent in the outer function but dependent on other variables as well; in the function
f(x(?), y(¢)), the variables x and y are examples of intermediate variables

Lagrange multiplier the constant (or constants) used in the method of Lagrange multipliers; in the case of one constant,
it is represented by the variable A

level curve of a function of two variables the set of points satisfying the equation f(x, y) =c¢ for some real
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number ¢ in the range of f

level surface of a function of three variables the set of points satisfying the equation f(x, y, z) = ¢ for some real

number ¢ in the range of f

linear approximation given a function f(x, y) and a tangent plane to the function at a point (x(, yy), we can

approximate f(x, y) for points near (x(, y() using the tangent plane formula

method of Lagrange multipliers a method of solving an optimization problem subject to one or more constraints

mixed partial derivatives second-order or higher partial derivatives, in which at least two of the differentiations are
with respect to different variables

objective function the function that is to be maximized or minimized in an optimization problem

open set aset S that contains none of its boundary points

optimization problem calculation of a maximum or minimum value of a function of several variables, often using
Lagrange multipliers

partial derivative a derivative of a function of more than one independent variable in which all the variables but one are
held constant

partial differential equation an equation that involves an unknown function of more than one independent variable
and one or more of its partial derivatives

region 5, open, connected, nonempty subset of R?

saddle point given the function z = f(x, y), the point (xq, yo, f(xg, ¥o)) is a saddle point if both fy(xg, yo) =0
and fy(xg, yg) =0, but f does not have a local extremum at (x, y()

surface the graph of a function of two variables, z = f(x, y)

tangent plane given a function f(x, y) that is differentiable at a point (x, yg), the equation of the tangent plane to
the surface z = f(x, y) is given by z = f(xq, yo) + fx(xg, Y0)(x — xo) + fy (X0, yo)(¥y — ¥p)

total differential the total differential of the function f(x,y) at (xq yg) is given by the formula

dz = fx(xg, yo)dx + fy(xg, yo)dy

tree diagram illustrates and derives formulas for the generalized chain rule, in which each independent variable is
accounted for

vertical trace the set of ordered triples (c, y, z) that solves the equation f(c, y) = z for a given constant x = ¢ or the

set of ordered triples (x, d, z) that solves the equation f(x, d) = z for a given constant y = d
6 ball 5 points in R? lying at a distance of less than 6 from (xq, yq, 2¢)

0 disk an open disk of radius 6 centered at point (a, b)

KEY EQUATIONS

¢ Vertical trace
fa,y)=z for x=a or f(x,b)=z for y=10>

¢ Level surface of a function of three variables
fx,y,290=c

* Partial derivative of f with respect to x

af_ : f(x‘i'h,)’)—f(X,Y)
ox T, h
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« Partial derivative of f with respect to y

ﬁ= lim f(x’ y+k)_f(x9 y)
0y k-0 k

¢ Tangent plane
2= fxg, yo) + fx (xg, Yo)(x — x0) + fy (X0, YOI = Y0)

¢ Linear approximation
L(x, y) = f(xp, yo) + fx (x0, Y0)(x = X0) + £y (xg, y0)(y = ¥o)

¢ Total differential
dz = fx(xg, yo)dx + fy (xg, yo)dy.

¢ Differentiability (two variables)
S y) = fxg, yo) + fx(xg, Yo)(x — x0) + [y (x0, Yo)(y — yo) + E(x, ¥),
where the error term E satisfies
fim Ex, y) ~ 0.
G2 = G090 (x - x0)2 + (v = yo)?

¢ Differentiability (three variables)
SGey) = f(xg, Yo 20) + fx(X0s Yor 200X — x0) + [y (X0, Y0» 20)Y — Yo)
+f7 (X0, Yo» 200 — 20) + E(x, y, 2),
where the error term E satisfies
lim B y. 9 =0.
(5322 = (5050 20Y/(x — x0)% + (v = yo) > + (2 — 20)*

¢ Chain rule, one independent variable

dz _ 0z dx 9z dy
dt OJx dtr 0y dt

¢ Chain rule, two independent variables
dz _ 0z 0x 0z 0y

du ~ 0x ou ' dy ou
dz _ 9z 9x 9z 0y
dv dx dv dy odv
¢ Generalized chain rule
Ow _ dw 9% ow 9%y . ow OXpm

¢ directional derivative (two dimensions)

Dy f(a, b) = hlgnof (a+hcosb, b +h hsin6) — f(a, b)

or
Dy f(x, y) = fx(x, y)cos 0 + fy(x, y)sin 6

» gradient (two dimensions)
Ve, y) = fulx, Wi+ fy(x, y)j

¢ gradient (three dimensions)
VI y, 2= fi(xy i+ fy(x y, i+ f(x, 5, 2k

¢ directional derivative (three dimensions)
Duf(x, yv Z) = Vf(-x7 y’ Z)'u
= fx(x, y, D)cos a + fy (x, y, z)cos f+ fx(x, y, z)cosy

¢ Discriminant
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D = fux(xgs Y0 fyy (x0s ¥0) = (Fxy (0 ¥0))?

¢ Method of Lagrange multipliers, one constraint

Vf(xo, yo) = lVg(xO, }’0)
g(xp,y9) = 0

¢ Method of Lagrange multipliers, two constraints

Vfi(xg yo. 20) = A1V gxg, yo, 20) + 4,V h(xo, Yo» 20)
8(xg, ¥os 2¢) 0
h(xg, ¥0, 20) 0

KEY CONCEPTS

4.1 Functions of Several Variables

¢ The graph of a function of two variables is a surface in R? and can be studied using level curves and vertical traces.

¢ A set of level curves is called a contour map.

4.2 Limits and Continuity

¢ To study limits and continuity for functions of two variables, we use a 6 disk centered around a given point.

¢ A function of several variables has a limit if for any point in a J ball centered at a point P, the value of the

function at that point is arbitrarily close to a fixed value (the limit value).

The limit laws established for a function of one variable have natural extensions to functions of more than one
variable.

¢ A function of two variables is continuous at a point if the limit exists at that point, the function exists at that point,

and the limit and function are equal at that point.

4.3 Partial Derivatives

A partial derivative is a derivative involving a function of more than one independent variable.

To calculate a partial derivative with respect to a given variable, treat all the other variables as constants and use the
usual differentiation rules.

Higher-order partial derivatives can be calculated in the same way as higher-order derivatives.

4.4 Tangent Planes and Linear Approximations

The analog of a tangent line to a curve is a tangent plane to a surface for functions of two variables.
Tangent planes can be used to approximate values of functions near known values.

A function is differentiable at a point if it is ”smooth” at that point (i.e., no corners or discontinuities exist at that
point).

The total differential can be used to approximate the change in a function z = f(x,, y() at the point (x, y() for

given values of Ax and Ay.

4.5 The Chain Rule

The chain rule for functions of more than one variable involves the partial derivatives with respect to all the
independent variables.

Tree diagrams are useful for deriving formulas for the chain rule for functions of more than one variable, where
each independent variable also depends on other variables.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 4 | Differentiation of Functions of Several Variables

4.6 Directional Derivatives and the Gradient

475

¢ A directional derivative represents a rate of change of a function in any given direction.

¢ The gradient can be used in a formula to calculate the directional derivative.

¢ The gradient indicates the direction of greatest change of a function of more than one variable.

4.7 Maxima/Minima Problems

* A critical point of the function f(x, y) is any point (xg, yg) where either fy(xqp, yo) = fy(xg, yo) =0, orat

least one of f(xq, yo) and f (xg, yo) do not exist.

* A saddle point is a point (xq, yo) where fy(xg, o) = fy(xg, o) =0, but (xq, yo) is neither a maximum nor a

minimum at that point.

* To find extrema of functions of two variables, first find the critical points, then calculate the discriminant and apply

the second derivative test.

4.8 Lagrange Multipliers

* An objective function combined with one or more constraints is an example of an optimization problem.

¢ To solve optimization problems, we apply the method of Lagrange multipliers using a four-step problem-solving

strategy.

CHAPTER 4 REVIEW EXERCISES

For the following exercises, determine whether the
statement is true or false. Justify your answer with a proof
or a counterexample.

394. The domain of f(x, y) = x3sin~! (y) is x= all

real numbers, and —z <y < 7.

395. If the function f(x, y) is continuous everywhere,
then fyy = fyx.

396. The linear approximation to the function of

flx,y) = 5x2 + xtan(y) at (2,7) is given by
L(x, y) =224+ 21(x—2) + (y — n).

3 9 . - .
397. ( T 6) is a critical point of

glx,y) = 4x3 — 2)62y+y2 -2.

For the following exercises, sketch the function in one
graph and, in a second, sketch several level curves.

(24242
398. f(x,y):e( 2 )

399. f(x,y)=x+ 4y2.

For the following exercises, evaluate the following limits,
if they exist. If they do not exist, prove it.

400. im axy
(3 = (1, Dy — 2y2
401. lim 4xy

(x, ) = (0, 0)x — 2y2
For the following exercises, find the largest interval of
continuity for the function.
402. f(x,y)=x>sin"!(y)

403. g(x, y) = 1n(4 —x’- y2)

For the following exercises, find all first partial derivatives.

404. f(x,y) = sz - y2

405. u(x, y) =x4—3xy+ 1, x=2t,y= 3

For the following exercises, find all second partial
derivatives.

406. g(r, x) = 31> —sin(x + 1)
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3 2y

407. h(x,y,z) =% g

For the following exercises, find the equation of the tangent
plane to the specified surface at the given point.

408. z=x>— 2y2+y—1 at point (1, 1, —1)

409. 377 =¢* +% at point (0, 1, 3)

2
410. Approximate f(x,y) =e* ++y at (0.1, 9.1).
Write down your linear approximation function L(x, y).

How accurate is the approximation to the exact answer,
rounded to four digits?

411. Find the differential dz of
h(x, y) = 4x? + 2xy —3y and approximate Az at the

point (1, —2). Let Ax =0.1 and Ay = 0.01.

412, Find the
flx, y) = X%+ 6xy — y2 in the direction v =1 + 4j.

directional derivative of

413. Find the maximal directional derivative magnitude
and direction for the function

flx, y) = o+ 2xy — cos(xy) at point (3, 0).

For the following exercises, find the gradient.
414. c(x, 1) = e(t — x)% + 3 cos(r)

2
Vi +
415. f(x, y) = Ty

For the following exercises, find and classify the critical
points.

416. z=x3—xy+y2—1
For the following exercises, use Lagrange multipliers to

find the maximum and minimum values for the functions
with the given constraints.

417. f(x,y) = xzy, x2 +y2 =4

418, f(x,y)=x*—yLx+6y=4
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419. A machinist is constructing a right circular cone out
of a block of aluminum. The machine gives an error of 5%

in height and 2% in radius. Find the maximum error in the

volume of the cone if the machinist creates a cone of height
6 cm and radius 2 cm.

420. A trash compactor is in the shape of a cuboid.
Assume the trash compactor is filled with incompressible
liquid. The length and width are decreasing at rates of 2

ft/sec and 3 ft/sec, respectively. Find the rate at which the
liquid level is rising when the length is 14 ft, the width is
10 ft, and the height is 4 ft.



Chapter 5 | Multiple Integration 477

5| MULTIPLE INTEGRATION

s

iﬁi‘iiiﬁﬁﬁﬁi?i‘;
1]

wth

Figure 5.1 The City of Arts and Sciences in Valencia, Spain, has a unique structure along an axis of just two kilometers that
was formerly the bed of the River Turia. The I’Hemisféric has an IMAX cinema with three systems of modern digital projections
onto a concave screen of 900 square meters. An oval roof over 100 meters long has been made to look like a huge human eye that
comes alive and opens up to the world as the “Eye of Wisdom.” (credit: modification of work by Javier Yaya Tur, Wikimedia
Commons)

Chapter Outline

5.1 Double Integrals over Rectangular Regions

5.2 Double Integrals over General Regions

5.3 Double Integrals in Polar Coordinates

5.4 Triple Integrals

5.5 Triple Integrals in Cylindrical and Spherical Coordinates
5.6 Calculating Centers of Mass and Moments of Inertia
5.7 Change of Variables in Multiple Integrals

Introduction

In this chapter we extend the concept of a definite integral of a single variable to double and triple integrals of functions
of two and three variables, respectively. We examine applications involving integration to compute volumes, masses, and
centroids of more general regions. We will also see how the use of other coordinate systems (such as polar, cylindrical,
and spherical coordinates) makes it simpler to compute multiple integrals over some types of regions and functions. As an
example, we will use polar coordinates to find the volume of structures such as I’Hemisféric. (See Example 5.51.)
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In the preceding chapter, we discussed differential calculus with multiple independent variables. Now we examine integral
calculus in multiple dimensions. Just as a partial derivative allows us to differentiate a function with respect to one variable
while holding the other variables constant, we will see that an iterated integral allows us to integrate a function with respect
to one variable while holding the other variables constant.

5.1 | Double Integrals over Rectangular Regions

Learning Objectives

5.1.1 Recognize when a function of two variables is integrable over a rectangular region.
5.1.2 Recognize and use some of the properties of double integrals.
5.1.3 Evaluate a double integral over a rectangular region by writing it as an iterated integral.

5.1.4 Use a double integral to calculate the area of a region, volume under a surface, or average
value of a function over a plane region.

In this section we investigate double integrals and show how we can use them to find the volume of a solid over a
rectangular region in the xy-plane. Many of the properties of double integrals are similar to those we have already

discussed for single integrals.

Volumes and Double Integrals

We begin by considering the space above a rectangular region R. Consider a continuous function f(x, y) >0 of two

variables defined on the closed rectangle R:

R=[a,b]><[c,d]:{(x,y)ER2|a§x§b,c§y§d}

Here [a, b] X [c, d] denotes the Cartesian product of the two closed intervals [a, b] and [c, d]. It consists of rectangular
pairs (x, y) suchthat ¢ < x < b and ¢ <y <d. The graph of f represents a surface above the xy -plane with equation
z = f(x, y) where z is the height of the surface at the point (x, y). Let S be the solid that lies above R and under the
graph of f (Figure 5.2). The base of the solid is the rectangle R in the xy -plane. We want to find the volume V of the
solid S.

Z)

Figure 5.2 The graph of f(x, y) over the rectangle R in the

Xy -plane is a curved surface.

We divide the region R into small rectangles R;;, each with area AA and with sides Ax and Ay (Figure 5.3). We

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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do this by dividing the interval [a, ] into m subintervals and dividing the interval [c, d] into n subintervals. Hence

Ax=b=a py—d-C and AA = AxAy.
R xir ¥)
1 . . — . .
° | ve I L LI ° i i.
] SO O O | N0, SPIGE] HSROI NSO LIk DRt
§ L St
““““ EETREER M TEm 3 R e i1/ SR o aaC e
y SR R I - A
v IR S
e frrmammsmnnrnn i e oM Sl s Rt .
il ¢ B i i i o ° | 2 = (X5 ¥i)
------- T T e e T P e
I Sy | o] &4 e | =} 4 & |
) ] ) ) ) ) )
------- D e it B e e s S
i ® | e |® § s | ® i b (IR
27 SEREERHECRR W S Y S e bscas s s
e | e d ai ik W % g .
Iod 1 1 1 1 1 1 1
(X23, ¥23)
0 a Xy X Xi_1 X; b;(

- -

Ax

Figure 5.3 Rectangle R is divided into small rectangles R;;, each with area AA.

The volume of a thin rectangular box above R;; is f(x};

as shown in the following figure.

Z)

k
ijo Yij

)JAA, where (x;-"j , V¥

R;
Figure 5.4 A thin rectangular box above R;; with height

Ao )

J

. ) is an arbitrary sample point in each
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Using the same idea for all the subrectangles, we obtain an approximate volume of the solid § as
1 )

V= Z 2 f (x;.kj , y;!} )AA. This sum is known as a double Riemann sum and can be used to approximate the value
i=1j=1

of the volume of the solid. Here the double sum means that for each subrectangle we evaluate the function at the chosen
point, multiply by the area of each rectangle, and then add all the results.

As we have seen in the single-variable case, we obtain a better approximation to the actual volume if m and n become larger.

) Zf(x ey = tm 3D e A

i=1j=1

Note that the sum approaches a limit in either case and the limit is the volume of the solid with the base R. Now we are
ready to define the double integral.

Definition

The double integral of the function f(x, y) over the rectangular region R in the xy -plane is defined as

fff(x WdA = lim Z Z S8+ v )AA. (5.1)

1—1]—1

If f(x,y) >0, then the volume V of the solid S, which lies above R in the xy-plane and under the graph of f, is the
double integral of the function f(x, y) over the rectangle R. If the function is ever negative, then the double integral can

be considered a “signed” volume in a manner similar to the way we defined net signed area in The Definite Integral
(http:/lcnx.org/lcontent/m53631/latest/) .

Example 5.1

Setting up a Double Integral and Approximating It by Double Sums

Consider the function z = f(x, y) = 3x2— y over the rectangular region R = [0, 2] X [0, 2] (Figure 5.5).

a. Set up a double integral for finding the value of the signed volume of the solid S that lies above R and
“under” the graph of f.

b. Divide R into four squares with m = n = 2, and choose the sample point as the upper right corner point
of each square (1, 1), (2, 1), (1, 2), and (2, 2) (Figure 5.6) to approximate the signed volume of the
solid S that lies above R and “under” the graph of f.

c. Divide R into four squares with m = n = 2, and choose the sample point as the midpoint of each square:
172, 1/2), (372, 1/2), (1/2, 3/2), and (3/2, 3/2) to approximate the signed volume.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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<

20720

Figure 5.5 The function z = f(x, y) graphed over the
rectangular region R = [0, 2] X [0, 2].

Solution

a. As we can see, the function z = f(x, y) = 3x2 - y is above the plane. To find the signed volume of S,

we need to divide the region R into small rectangles R;;, each with area AA and with sides Ax and

Ay, and choose (x’i"j , y’}‘j ) as sample points in each R;;. Hence, a double integral is set up as

V= 4[(3x2—y)dA=m’}lirEooi Zn: [3(x;?‘j)2—y;!}-:|AA.

i=1j=1

b. Approximating the signed volume wusing a Riemann sum with m=n=2 we have
AA = AxAy =1x1=1. Also, the sample points are (1, 1), (2, 1), (1, 2), and (2, 2) as shown in the
following figure.

Choose upper right
corners of squares

i /\
(1, 2) (2.2)
2t »: *
Ri» i Ra» |
1 o 1)4:. q:.(z‘ 1)
Ru | Ra
0 1 |

| &
Each square has area AA =1

Figure 5.6 Subrectangles for the rectangular region
R =10, 2] x [0, 2].
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Hence,

2
‘21 F& L 5 )AA
] =

(O, Y+ (G, yh )AA

= fOf YIDAA + f(x5y, ¥3)DAA + f(xfy, y)AA + f(x5,, ¥5,)AA
= f(1, D)+ f2, D) + £, 2)(D) + f(2, 2)(1)
=C@-DMD)H+A2-D(M)+ B -2)(1) + (12 =2)(1)
=2+114+14+10=24.
c. Approximating the signed volume using a Riemann sum with m=n=2, we have
AA = AxAy =1x 1 = 1. In this case the sample points are (1/2, 1/2), (3/2, 1/2), (1/2, 3/2),

and (3/2, 3/2).

2
V-3
i=1

2
=2
i=1

Hence
2 2
Vo= ) D SO vE)AA
i=1j=1

= SOty YTDAA+ (%1, VEDAA + [y YDAA + S (ehy. y5)AA
= f(172, 1/2)(1) + f(3/2, 1/2)(1) + f(1/2, 3/2)(1) + f(3/2, 3/2)(1)

= (=0 (- 30+ (- 30+ G- o

3
Analysis

Notice that the approximate answers differ due to the choices of the sample points. In either case, we are
introducing some error because we are using only a few sample points. Thus, we need to investigate how we can
achieve an accurate answer.

@ 5.1 Use the same function z = flx,y) = 3x2 - y over the rectangular region R = [0, 2] X [0, 2].

Divide R into the same four squares with m = n = 2, and choose the sample points as the upper left corner
point of each square (0, 1), (1, 1), (0, 2), and (1, 2) (Figure 5.6) to approximate the signed volume of the
solid S that lies above R and “under” the graph of f.

Note that we developed the concept of double integral using a rectangular region R. This concept can be extended to any
general region. However, when a region is not rectangular, the subrectangles may not all fit perfectly into R, particularly if
the base area is curved. We examine this situation in more detail in the next section, where we study regions that are not
always rectangular and subrectangles may not fit perfectly in the region R. Also, the heights may not be exact if the surface
7= f(x, y) is curved. However, the errors on the sides and the height where the pieces may not fit perfectly within the

solid S approach 0 as m and n approach infinity. Also, the double integral of the function z = f(x, y) exists provided that
the function f is not too discontinuous. If the function is bounded and continuous over R except on a finite number of

smooth curves, then the double integral exists and we say that f is integrable over R.

Since AA = AxAy = AyAx, we can express dA as dxdy or dydx. This means that, when we are using rectangular

coordinates, the double integral over a region R denoted by ff f(x, y)JdA can be written as f/ f(x, y)dxdy or
R R

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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{{f(x, y)dy dx.

Now let’s list some of the properties that can be helpful to compute double integrals.

Properties of Double Integrals

The properties of double integrals are very helpful when computing them or otherwise working with them. We list here six
properties of double integrals. Properties 1 and 2 are referred to as the linearity of the integral, property 3 is the additivity of
the integral, property 4 is the monotonicity of the integral, and property 5 is used to find the bounds of the integral. Property
6 is used if f(x, y) is a product of two functions g(x) and A(y).

Theorem 5.1: Properties of Double Integrals

Assume that the functions f(x, y) and g(x, y) are integrable over the rectangular region R; S and T are subregions of
R; and assume that m and M are real numbers.

i. Thesum f(x, y)+ g(x, y) is integrable and
4[ [fCx, )+ 8(x, y)A = 4[ fx, ydA + 4[ 8(x, y)dA.
ii. If cis a constant, then cf(x, y) is integrable and
{{cf(x, y)dA = ¢ gf(x, y)dA.
iii. f R=SUT and SNT = @ except an overlap on the boundaries, then
fI{ Jx, y)dA = f{ Jx, y)dA + /% J(x, y)dA.
iv. If f(x, y) > g(x, y) for (x, y) in R, then
4[ [, y)dA > 4[ 8(x, y)dA.

v. If m< f(x,y) <M, then

mX A(R) < {{f(x, YdA < M X AR).

Vi. In the case where f(x, y) can be factored as a product of a function g(x) of x only and a function A(y) of

y only, then over the region R = {(x, y)la < x < b, c <y < d}, the double integral can be written as

b d
] f A = [ / g(x)dx][ [ h(y)dy].

These properties are used in the evaluation of double integrals, as we will see later. We will become skilled in using these
properties once we become familiar with the computational tools of double integrals. So let’s get to that now.

Iterated Integrals

So far, we have seen how to set up a double integral and how to obtain an approximate value for it. We can also imagine that
evaluating double integrals by using the definition can be a very lengthy process if we choose larger values for m and n.
Therefore, we need a practical and convenient technique for computing double integrals. In other words, we need to learn
how to compute double integrals without employing the definition that uses limits and double sums.

The basic idea is that the evaluation becomes easier if we can break a double integral into single integrals by integrating
first with respect to one variable and then with respect to the other. The key tool we need is called an iterated integral.
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Definition

Assume a, b, ¢, and d are real numbers. We define an iterated integral for a function f(x, y) over the rectangular

region R = [a, b] X [c, d] as

a.
b d b[d . (5.2)
[ [ra payax= [| [ re ydy fax

b. _ _

dJb I (5.3)
foe ydxdy = [| [ £ox yydx .

oS~
=

c

b[d
The notation _/ [ / f(x, y)dy]dx means that we integrate f(x, y) with respect to y while holding x constant. Similarly,
Cc

a

d[ b
the notation / l flx, y)dx]dy means that we integrate f(x, y) with respect to x while holding y constant. The fact that

c|l| a

double integrals can be split into iterated integrals is expressed in Fubini’s theorem. Think of this theorem as an essential
tool for evaluating double integrals.

Theorem 5.2: Fubini’s Theorem

Suppose that f(x, y) is a function of two variables that is continuous over a rectangular region

R = {(x, y) € R? a<x<b,c<y< d}. Then we see from Figure 5.7 that the double integral of f over the region

equals an iterated integral,

b d d b
[ S A =[] fos dvdy = [ [re pdvax= [ [t yxdy.

c a

More generally, Fubini’s theorem is true if f is bounded on R and f is discontinuous only on a finite number of

continuous curves. In other words, f has to be integrable over R.
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Figure 5.7 (a) Integrating first with respect to y and then with respect to x to find the area A(x) and then the volume V;

(b) integrating first with respect to x and then with respect to y to find the area A(y) and then the volume V.

Example 5.2

Using Fubini’s Theorem

R=10,2]x[0, 1].
Solution

the boundary values of the region R become the upper and lower limits of integration.

4[ flx, y)dA = 4/ f(x, y)dxdy
y=1 x=2
/ f xdxdy
y=0“x=0
y=1 2x=2
= y=0 lx?x=0]dy

y=1 |
= 2dy =2y" = o =2.
fy:o y=2y_¢

Use Fubini’s theorem to compute the double integral /f f(x, y)dA where f(x,y)=x and
R

Fubini’s theorem offers an easier way to evaluate the double integral by the use of an iterated integral. Note how

The double integration in this example is simple enough to use Fubini’s theorem directly, allowing us to convert a double
integral into an iterated integral. Consequently, we are now ready to convert all double integrals to iterated integrals and
demonstrate how the properties listed earlier can help us evaluate double integrals when the function f(x, y) is more

complex. Note that the order of integration can be changed (see Example 5.7).
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Example 5.3

lllustrating Properties i and ii

Evaluate the double integral /] (xy - 3xy2)dA where R={(x, )0 <x<2, 1 <y<2}
R

Solution

This function has two pieces: one piece is xy and the other is 3xy2. Also, the second piece has a constant 3.

Notice how we use properties i and ii to help evaluate the double integral.
{{ (xy - 3xy2)dA

ff xydA + ff ( 3xy2)dA Property i: Integral of a sum is the sum of the integrals.

f / xy dxdy — f f 3xy dxdy  Convert double integrals to iterated integrals.

x=2
= f (—y) = Ody 3 / ( ) c=ody Integrate with respect to x, holding y constant.
y=1
y=
= f 2y dy — f 6y2dy Property ii: Placing the constant before the integral.
y=
2 2
= f ydy—6 /1 yzdy Integrate with respect to y.
1
2 2
2 3
= 2%‘1 - 6% 1
2
2| 3
=Yy |1 -2y |1

=@4-1)-28-1)
=3-27)=3-14=—11

Example 5.4

lllustrating Property v.

Over the region R ={(x, )|l <x<3,1<y<2}, wehave 2< X+ y2 < 13. Find a lower and an upper
bound for the integral f/ (x2 + yz)dA.
R

Solution

For a lower bound, integrate the constant function 2 over the region R. For an upper bound, integrate the constant
function 13 over the region R.
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/12/132‘“ dy /12[2’6'5’]@ = /122(2>dy =4 =40-1)=4
f12f1313dxdy

Hence, we obtain 4 < [/ (x2 + yz)dA < 26.
R

2 2
f1 [13x3Jay = /1 132)dy = 26y = 26(2 — 1) = 26.

Example 5.5

lllustrating Property vi

Evaluate the integral // e’ cos xdA over the region R = {(x, y)|0 <x< %, 0<y< 1}.
R

Solution
This is a great example for property vi because the function f(x, y) is clearly the product of two single-variable

functions e’ and cos x. Thus we can split the integral into two parts and then integrate each one as a single-
variable integration problem.

1 .72
Y dA = Y dxd
{{e cos x /0/0 e¥cos xdxdy

_ [ / Lydy]( /d]

= (ey |(1))(sin xl’oﬂ 2)

=e—1.

@ 5.2 a. Usethe properties of the double integral and Fubini’s theorem to evaluate the integral
1.3
/0 / 1(3 — x+4y)dydx.

b. Show that 0 < {{ sin 7zx cos 7y dA < 3—12 where R = (0, %)(%, %)

As we mentioned before, when we are using rectangular coordinates, the double integral over a region R denoted by
JJ f(x, y)dA canbe written as [/ f(x, y)dxdy or [[ f(x, y)dydx. The next example shows that the results are the
R R R

same regardless of which order of integration we choose.

Example 5.6

Evaluating an Iterated Integral in Two Ways
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Let’s return to the function f(x, y) = 3x2 = y from Example 5.1, this time over the rectangular region

R = [0, 2] X [0, 3]. Use Fubini’s theorem to evaluate ff f(x, y)dA in two different ways:
R

a. First integrate with respect to y and then with respect to x;

b. First integrate with respect to x and then with respect to y.

Solution
Figure 5.7 shows how the calculation works in two different ways.
a. First integrate with respect to y and then integrate with respect to x:

x=2 =3

Jronan =[ [ G-

/ f(Sx —y)dy x—/ 3x y——2
=/xx::0 9)dx_3x ——x| 3—15

b. First integrate with respect to x and then integrate with respect to y:

y=3

y=0[**

y=3 x=2
{{f(?@ VA =/_ /_ (3x% = y)dx dy

=3 =
= f [[ (3x* - y)dX)dy = /yy: o [x3 -, 3]Jy
y=

x=0

3 =3
=/ _ B-2uy=8y-y A y=1s.
y =

Analysis

With either order of integration, the double integral gives us an answer of 15. We might wish to interpret
this answer as a volume in cubic units of the solid S below the function f(x, y) = 3x% - y over the region
R =10, 2] x [0, 3]. However, remember that the interpretation of a double integral as a (non-signed) volume

works only when the integrand f is a nonnegative function over the base region R.

5.3 =
@ Evaluate / / 2 3x2 + yZ)dx dy.

In the next example we see that it can actually be beneficial to switch the order of integration to make the computation
easier. We will come back to this idea several times in this chapter.

Example 5.7

Switching the Order of Integration

Consider the double integral [/ x sin(xy)dA over the region R = {(x, y)|0 < x < 3, 0 <y < 2} (Figure 5.8).
R
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a. Express the double integral in two different ways.
b. Analyze whether evaluating the double integral in one way is easier than the other and why.

c. Evaluate the integral.
1.0

3
-

Figure 5.8 The function z = f(x, y) = x sin(xy) over the rectangular region
R =10, z] X [1, 2].

Solution

a. We can express ff x sin(xy)dA in the following two ways: first by integrating with respect to y and
R

then with respect to x; second by integrating with respect to x and then with respect to y.

JJ xsin(xy)dA
R
x=gy=2

= / xsin(xy)dydx  Integrate fir t with respect to y.
x=0y=1
y=2x=g1

= / f xsin(xy)dxdy Integrate fir t with respect to x.
y=1x=0

b. If we want to integrate with respect to y first and then integrate with respect to x, we see that we can use

the substitution # = xy, which gives du = x dy. Hence the inner integral is simply / sin u du and we

can change the limits to be functions of x,

x=ny=2 x=nlu=2x
Jxsineda = [ [ xsinGeydyde= [ [ / sin(u)du]dx.
R

x=0y=1 x=0| u=x
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However, integrating with respect to x first and then integrating with respect to y requires integration

by parts for the inner integral, with # = x and dv = sin(xy)dx.

Then du = dx and v = —M,

y
y=2x=ﬂ' y=2 x=r xX=7r
JJ xsin(xy)dA = / f xsin(xy)dx dy = / [_%(xy) =0 +% / cos(xy)dx]dy.
R y=1x=0 y=1 x=0
Since the evaluation is getting complicated, we will only do the computation that is easier to do, which is
clearly the first method.
c. Evaluate the double integral using the easier way.
x=xy=2
// xsin(xy)dA = f / x sin(xy)dy dx
R x=0 y= 1
x=afu=2x xX=r xX=x
= f f sin(u)du |dx = / [—cos uli = %x]dx = / (—cos 2x + cos x)dx
x=0L u=x x=0 x=0

1o . X=T7
= —751n2x+smx|x=0 =0.

@ 54  Evaluate the integral [/ xe™ dA where R = [0, 1] x [0, In 5].
R

Applications of Double Integrals

Double integrals are very useful for finding the area of a region bounded by curves of functions. We describe this situation
in more detail in the next section. However, if the region is a rectangular shape, we can find its area by integrating the
constant function f(x, y) = 1 over the region R.

Definition

The area of the region R is given by A(R) = ff 1dA.
R

This definition makes sense because using f(x, y) = 1 and evaluating the integral make it a product of length and width.

Let’s check this formula with an example and see how this works.

Example 5.8

Finding Area Using a Double Integral

Find the area of the region R = {(x, y)[0 < x <3, 0 <y <2} by using a double integral, that is, by integrating

1 over the region R.
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Solution

The region is rectangular with length 3 and width 2, so we know that the area is 6. We get the same answer when
we use a double integral:

A(R) =

o
o

2 2 2
tdxdy= [[x3liy= [3dy=3[ay=393=30) =6.
0 0 0

We have already seen how double integrals can be used to find the volume of a solid bounded above by a function f(x, y)

over aregion R provided f(x, y) >0 forall (x, y) in R. Here is another example to illustrate this concept.

Example 5.9

Volume of an Elliptic Paraboloid

Find the volume V of the solid S that is bounded by the elliptic paraboloid 2x% + y2 +z=27, the planes
x=3 and y =3, and the three coordinate planes.

Solution

First notice the graph of the surface z =27 — 2% — y2 in Figure 5.9(a) and above the square region

R, =[-3, 3] x[-3, 3]. However, we need the volume of the solid bounded by the elliptic paraboloid

2x2 + y2 +z7=27, theplanes x =3 and y =3, and the three coordinate planes.

Solid S

(b)
Figure 5.9 (a) The surface z =27 — 2w? - y2 above the square region R =[-3, 3] X [-3, 3]. (b) The

solid S lies under the surface 7 = 27 — 2x% — y2 above the square region R, = [0, 3] X [0, 3].

Now let’s look at the graph of the surface in Figure 5.9(b). We determine the volume V by evaluating the double
integral over R,:
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V = [[zdA= [](27-2x*—y*)dA

R
y=3x=3
= / (27 — 2% - yz)dx dy Convert to iterated integral.
y=0x=0
y=3 3 ) 1= 3
= / [27x - %x -y x]| c=0dy Integrate with respect to x.
=0
3

= ] (64 — 3y2)dy =63y — y3|iz(3) = 162.
=0

5.5 Find the volume of the solid bounded above by the graph of f(x, y) = xy sin(x2 y) and below by the xy
-plane on the rectangular region R = [0, 1] X [0, z].

Recall that we defined the average value of a function of one variable on an interval [a, b] as

b
__1
Save = m{f(x)dx-

Similarly, we can define the average value of a function of two variables over a region R. The main difference is that we
divide by an area instead of the width of an interval.

Definition

The average value of a function of two variables over a region R is

Save = m /1{ f(x, y)dA. (5.4)

In the next example we find the average value of a function over a rectangular region. This is a good example of obtaining
useful information for an integration by making individual measurements over a grid, instead of trying to find an algebraic
expression for a function.

Example 5.10

Calculating Average Storm Rainfall

The weather map in Figure 5.10 shows an unusually moist storm system associated with the remnants of
Hurricane Karl, which dumped 4-8 inches (100-200 mm) of rain in some parts of the Midwest on September
22-23, 2010. The area of rainfall measured 300 miles east to west and 250 miles north to south. Estimate the
average rainfall over the entire area in those two days.
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Figure 5.10 Effects of Hurricane Karl, Wthh dumped 4-8 1nches (100—200 mm) of rain in some parts of southwest
Wisconsin, southern Minnesota, and southeast South Dakota over a span of 300 miles east to west and 250 miles north
to south.

Solution

Place the origin at the southwest corner of the map so that all the values can be considered as being in the first
quadrant and hence all are positive. Now divide the entire map into six rectangles (m =2 andn = 3), as shown

in Figure 5.11. Assume f(x, y) denotes the storm rainfall in inches at a point approximately x miles to the

east of the origin and y miles to the north of the origin. Let R represent the entire area of 250 X 300 = 75000
square miles. Then the area of each subrectangle is

A= %(75000) = 12500.

Assume (x’l!‘j , y?‘j ) are approximately the midpoints of each subrectangle R;;. Note the color-coded region at

each of these points, and estimate the rainfall. The rainfall at each of these points can be estimated as:

At (xq1, y11) the rainfall is 0.08.
At (x5, ¥15) the rainfall is 0.08.
At (xy3, ¥13) therainfall is 0.01.
At (xp1, yo1) the rainfall is 1.70.
At (xpp, ypp) the rainfall is 1.74.

At ()C23, y23) the rainfall is 3.00.
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Figure 5.11 Storm rainfall with rectangular axes and showing the midpoints of each
subrectangle.

According to our definition, the average storm rainfall in the entire area during those two days was

fuse = FreqRe A £ Vxdy = 75is [T . ydxdy

3 2

>l £y
= 75,000231 j; Foxis vij)AA

= 75})00[]“()(:;{17 yTl)AA + f(xTz’ YTQ)AA

+f (¥, YE)AA + f(x5), Y5)DAA + (%), y5)AA + f(xbs, ¥53)AA]

1
75’000[0.08 +0.08 + 0.01 +1.70 + 1.74 + 3.00]AA

1
75’000[0‘08 +0.08 + 0.01 + 1.70 + 1.74 4+ 3.00]12500

[0.08 +0.08 + 0.01 + 1.70 + 1.74 4+ 3.00]
10.

IR

IR

[

>~

—_—0
N (=]

1R

During September 22-23, 2010 this area had an average storm rainfall of approximately 1.10 inches.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 5 | Multiple Integration

@ 5.6 A contour map is shown for a function f(x, y) on the rectangle R = [-3, 6] X [—1, 4].

yi

74

YR 77N

a. Use the midpoint rule with m =3 and n = 2 to estimate the value of ff f(x, y)dA.
R

b. Estimate the average value of the function f(x, y).

495
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5.1 EXERCISES

In the following exercises, use the midpoint rule with
m=4 and n =2 to estimate the volume of the solid

bounded by the surface z = f(x, y), the vertical planes

x=1, x=2, y=1, and y=2, and the horizontal

plane z = 0.

1. f(x,y)=4x+2y+ 8xy
2. flx,y)= 16x2+%

In the following exercises, estimate the volume of the solid
under the surface z = f(x, y) and above the rectangular

region R by using a Riemann sum with m =n =2 and

the sample points to be the lower left corners of the
subrectangles of the partition.

3. f(x,y)=sinx—cosy, R=1[0, z]X[0, 7]

4. f(x,y)=cosx+cosy, R=][0, n]X [0, %]

5. Use the midpoint rule with m =n =2 to estimate
ff f(x, y)YdA, where the values of the function f on
R

R =18, 10] x [9, 11] are given in the following table.

y
X 9 9.5 10 10.5 11
8 9.8 5 6.7 5 5.6
8.5 9.4 4.5 8 5.4 3.4
9 8.7 4.6 6 5.5 3.4
9.5 6.7 6 4.5 5.4 6.7
10 6.8 6.4 5.5 5.7 6.8
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6. The values of the function f on the rectangle
R =10, 2]x[7,9] are given in the following table.

Estimate the double integral ff f(x, y)YdA by using a
R

Riemann sum with m = n = 2. Select the sample points to
be the upper right corners of the subsquares of R.

yo=7 y1=38 y2=9
x9=0 10.22 10.21 9.85
x1=1 6.73 9.75 9.63
Xy=2 5.62 7.83 8.21

7. The depth of a children’s 4-ft by 4-ft swimming pool,
measured at 1-ft intervals, is given in the following table.
a. Estimate the volume of water in the swimming pool
by using a Riemann sum with m =n = 2. Select
the sample points using the midpoint rule on
R =10, 4] x [0, 4].

b. Find the average depth of the swimming pool.

y
b 0 1 2 3 4
0 1 1.5 2 2.5 3
1 1 1.5 2 2.5 3
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8. The depth of a 3-ft by 3-ft hole in the ground, measured
at 1-ft intervals, is given in the following table.

a. Estimate the volume of the hole by using a
Riemann sum with m =n =3 and the sample
points to be the upper left corners of the subsquares
of R.

b. Find the average depth of the hole.

y
X 0 1 2 3
0 6 6.5 6.4 6
1 6.5 7 7.5 6.5
2 6.5 6.7 6.5 6
3 6 6.5 5 5.6

9. Thelevel curves f(x, y) = k of the function f are given

in the following graph, where k is a constant.
a. Apply the midpoint rule with m=n=2 to

estimate the double integral ff f(x, y)dA, where
R

R =10.2, 1] x [0, 0.8].

b. Estimate the average value of the function f on R.

y
12+
) /

0.8+

0.6+
041

0.2+

0 02 04 06 08 1 12X

1 1

—_k=—-1 _k:_E _k:_E

=_1 =i — e

k = 5 k=0 k—8
1 1

k=< k=3 k=1

497

10. The level curves f(x, y) =k of the function f are

given in the following graph, where k is a constant.
a. Apply the midpoint rule with m=n=2 to

estimate the double integral ff f(x, y)dA, where
R

R =10.1, 0.5] x [0.1, 0.5].
b. Estimate the average value of the function f on R.

1!
09+
081
07+
061
05/
04

031
0.2+

B

01

0 01 02 03 04 05 06 07 08 09 1X

3 _ 1 —_ = L —_ = L =

k‘az k_lﬁ k‘a k=
1 3

—k=§ _k=E k=1

11. The solid lying under the surface z =4 — y2 and

above the rectangular region R =10, 2]x [0, 2] is

illustrated in the following graph. Evaluate the double

integral /| f(x, y)dA, where f(x,y)= 4-y2 by
R

finding the volume of the corresponding solid.

-
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12. The solid lying under the plane z =y 4+ 4 and above In the following exercises, evaluate the iterated integrals by

the rectangular region R = [0, 2] X [0, 4] is illustrated choosing the order of integration.

in the following graph. Evaluate the double integral

V3
f/ f(x, y)dA, where f(x,y)=y+4, by finding the 21. /
R 0

/2
f sin(2x)cos(3y)dx dy
0

volume of the corresponding solid.

/8 wl3

22. / / [cot x + tan(2y)ldx dy
/12 n/4

e e
23. / /[%sin(ln X) + %cos(ln y) ldx dy
11

e e .
2 o f f sin(Iln x))c(;os(ln y) dx dy
11
2 2 1
ny,_ _x
25. [[(x +2y+1)dydx
e 2
26. / len(x)dydx
In the following exercises, calculate the integrals by 11

interchanging the order of integration.

13. 1/ 7(2)6 +3y+ S)dx]dy 27.

—-1\-2

y arctan(%)dy dx

——5
_\.\g

—_
[\ ]

/
(arcsin x + arcsin y)dy dx

o~
o~

! 28.
4. [l [+ - 3)dx]dy
0

12
x+4y

5 77(%+%/§)dy]dx 29. {[xe dydx

11
21

. *dyd

o J{fispa)s o[ o
11

e e
In3(1 31 /f(mTyy-FlnT;)dydx
x+y 11
17. e dy ldx
e e
xIny ylnx)d
32. [{(W-‘_W 'y dx

In2\ 0

2(1
18. / /3x+ydy]dx
0\0 1 2
33. A y dx
69 {[(xz + yz]d
19. / fv—gdy ldx
1 X 12
34, // Y 2dy dx
92 01Xty
20 f f@dy dx
1\ay In the following exercises, find the average value of the
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function over the given rectangles.

35. f(x,y)=—x+2y, =10, 1] x [0, 1]

36. f(x,y)=x*+2y3, R=[1,2]x[2 3]

37. f(x, y) =sinhx+sinhy, R =][0, 1]x [0, 2]

38. f(x, y)=arctan(xy), R =10, 1]x [0, 1]

39. Let f and g be two continuous functions such that
0<m; < f(x)<M; for any x€la,b] and
0<my <g(y) <M, forany y € [c, d]. Show that the

following inequality is true:

b d
mymayb-ae—d) < [ [Fg)dydx < My My(b — a)c - o).

In the following exercises, use property v. of double
integrals and the answer from the preceding exercise to
show that the following inequalities are true.

2
YaAa<i,

40. Lz <J e where
e R
= [0, 1] x [0, 1]
2
41. 4 {{ sin x cos ydA < Z— T where
—|Z I T
R=|% &]x|& 4]
<Z
42. 0< {{e cos xdA < <Z where
=l g1
43. 0< // (In x)(In y)dA < (e — 12, where
R

R=1[1,elX[l, €]

44. Let f and g be two continuous functions such that
0<m £ f(x)<M; for any x€la,b] and
0<my<g(y) <M, forany y € [c, d]. Show that the
following inequality is true:
b d

(my+m)b—ae=d) < [ [1£e0)+ gy dx < (0, + Ma)b - e = d).

In the following exercises, use property v. of double
integrals and the answer from the preceding exercise to
show that the following inequalities are true.
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45, <7 (e‘xz +e” Z)JA <2, where
=10, 11x [0, f]
46. ]3[_2 < 1{ (sinx + cos y)dA < & ;%/g, where
N
47 < [[(cosx+e A< where
~[og)[og
48. L< Je™~mxa<2, where
=10, 11x [0, 1]R

In the following exercises, the function f is given in terms
of double integrals.

a. Determine the explicit form of the function f.

b. Find the volume of the solid under the surface
z = f(x, y) and above the region R.
Find the average value of the function fon R.

d. Use a computer algebra system (CAS) to plot
= f(x, y) and z = faye in the same system of

coordinates.
Yy x
49, [T] flx, y)= f f (xs + yt)ds dt, where
00
(x,y)€R=1[0, 1]1x [0, 1]
x Y
50. [T] f(x,y) = f f [cos(s) + cos(?)ldt ds, where
00
(x, y) € R=1[0, 3] x [0, 3]

51. Show that if f and g are continuous on [a, b] and

[c, d], respectively, then

b d b
[ [1r + g0y d = d - o) [ fxdx

b d d d b
+/ [sodydr=®-a [srdy+ [ [f0odxay.

52. Show that

_ [/f(x)dx)+ 2-a [fg(y)dy]

b d
S [370 + xgydy ax = L(a?

c
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. . _ —x2—y2
53. [T] Consider the function f(x,y) =-e s

where (x, y) € R=[-1, 1] x[-1, 1].
a. Use the midpoint rule with m=n=2, 4,..., 10

to estimate the double

I=4[e_x

nearest hundredths.
b. For m=n =2, find the average value of f over

integral

_ 2
”"dA. Round your answers to the

the region R. Round your answer to the nearest
hundredths.

c. Use a CAS to graph in the same coordinate system
the solid whose volume is given by

x2-y2
ff e dA and the plane z = faye.
R

54. [T] Consider the function f(x, y) = sin(xz)cos(yz),

where (x, y) € R=[-1, 1] x[-1, 1].
a. Use the midpoint rule with m=n=2, 4,..., 10

to estimate the double integral
I= ff sm( )cos( 2)dA Round your answers to

the nearest hundredths.
b. For m=n =72, find the average value of f over

the region R. Round your answer to the nearest
hundredths.

c. Use a CAS to graph in the same coordinate system
the solid whose volume is given by

ff sm( )cos( 2)dA and the plane z = faye.

In the following exercises, the functions f, are given,

where n > 1 is a natural number.

a. Find the volume of the solids S, under the

surfaces z = f,(x, y) and above the region R.

b. Determine the limit of the volumes of the solids S,

as n increases without bound.

55.
fO ) =x"+y"+xy, (x, ) ER=[0, 11X [0, 1]

56. f(x, y) =ﬁ+yl_n’ (x,y)€R=11,2]x[l,2]

57. Show that the average value of a function f on a
rectangular region R =[a, b] X [c, d] is
n

m
faveszZ Z f( ,ylj) where (x;-kj,y’l!‘j) are

the sample points of the partition of R, where 1 <i<m
and 1 <j<n
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58. Use the midpoint rule with m = n to show that the

average value of a function f on a rectangular region
= [a, b] X [c, d] is approximated by

zn: f( S+ xp, (y]—l+)’J))

~
f ave ~ T
n-ij=1
59. An isotherm map is a chart connecting points having
the same temperature at a given time for a given period of
time. Use the preceding exercise and apply the midpoint
rule with m = n =2 to find the average temperature over

the region glven in the following flgure
fra0 238,

2] Pec s w \f’ FL s N AN
33 he s A8 | ]
a5 faa 42 f 4y . 30 f41
34 a4 s 4‘? | a2 "0 -
s G S 1 S
38 a— ) a3 (a2 \48 a3 2 Cat—
o i . i /,
49 43 \ = b e —y
N . 53 ) g Sl B
a4 51 55
4 % ° 5 g 53| ge 5? %
60 \
85 gr—r 64 L56>
£82 g5 gg o 60 \ss 68 69 Eh 66 627 &4/
68 71 4 1 -, |75 _ i i
69 1 73y 72§,
0 71 72 L {gsr™ B0
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5.2 | Double Integrals over General Regions

Learning Objectives

5.2.1 Recognize when a function of two variables is integrable over a general region.

5.2.2 Evaluate a double integral by computing an iterated integral over a region bounded by two
vertical lines and two functions of x, or two horizontal lines and two functions of y.

5.2.3 Simplify the calculation of an iterated integral by changing the order of integration.

5.2.4 Use double integrals to calculate the volume of a region between two surfaces or the area
of a plane region.

5.2.5 Solve problems involving double improper integrals.

In Double Integrals over Rectangular Regions, we studied the concept of double integrals and examined the tools
needed to compute them. We learned techniques and properties to integrate functions of two variables over rectangular
regions. We also discussed several applications, such as finding the volume bounded above by a function over a rectangular
region, finding area by integration, and calculating the average value of a function of two variables.

In this section we consider double integrals of functions defined over a general bounded region D on the plane. Most of
the previous results hold in this situation as well, but some techniques need to be extended to cover this more general case.

General Regions of Integration

An example of a general bounded region D on a plane is shown in Figure 5.12. Since D is bounded on the plane, there
must exist a rectangular region R on the same plane that encloses the region D, that is, a rectangular region R exists

such that D is a subset of R(D C R).

Yi

g(x.y) = fex.y)

o
gx,y) =0 _
0 X
Figure 5.12 For aregion D that is a subset of R, we can

define a function g(x, y) to equal f(x, y) at every point in D
and O at every point of R notin D.

Suppose z = f(x, y) is defined on a general planar bounded region D as in Figure 5.12. In order to develop double
integrals of f over D, we extend the definition of the function to include all points on the rectangular region R and then
use the concepts and tools from the preceding section. But how do we extend the definition of f to include all the points
on R? We do this by defining a new function g(x, y) on R as follows:

f(x,y) if (x, y)isin D
glx, y) = _ o .
0 if (x, y)is in R but not in D

Note that we might have some technical difficulties if the boundary of D is complicated. So we assume the boundary to

be a piecewise smooth and continuous simple closed curve. Also, since all the results developed in Double Integrals
over Rectangular Regions used an integrable function f(x, y), we must be careful about g(x, y) and verify that
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g(x, y) is an integrable function over the rectangular region R. This happens as long as the region D is bounded by

simple closed curves. For now we will concentrate on the descriptions of the regions rather than the function and extend our
theory appropriately for integration.

We consider two types of planar bounded regions.

Definition

A region D in the (x, y)-plane is of Type I if it lies between two vertical lines and the graphs of two continuous
functions g; (x) and g, (x). Thatis (Figure 5.13),

D={x, ya<x<b g (x) <y< g0

A region D in the xy plane is of Type II if it lies between two horizontal lines and the graphs of two continuous
functions /1, (y) and i, (y). That is (Figure 5.14),

D={x,Me<y<d h () <x<hyO)h

y= QZ{X]
Y =0,%)

Y = g2(x)

y= gl(x) y= gl(x)

Yy =0g,(x)

I
0 bx 0 a b x 0
Figure 5.13 A Type I region lies between two vertical lines and the graphs of two functions of x.

|
c-__________
e

)|

Yi yi

o e

A
Y

=m0 X = ha) x=my)| D [ x=h)

0 x
Figure 5.14 A Type Il region lies between two horizontal lines and the graphs of two
functions of y.

Example 5.11

Describing a Region as Type | and Also as Type Il

Consider the region in the first quadrant between the functions y = vx and y = X3 (Figure 5.15). Describe the
region first as Type I and then as Type II.
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1.0+
0.8+
0.6+
04+
0.2+

o 02 04 06 08 10 12X
Figure 5.15 Region D can be described as Type I or as Type
1L

Solution
When describing a region as Type I, we need to identify the function that lies above the region and the function
that lies below the region. Here, region D is bounded above by y = vx and below by y = x> in the interval for

xin [0, 1]. Hence, as Type I, D is described as the set {(x, N0<Lx<1, X3 <y< «R}
However, when describing a region as Type II, we need to identify the function that lies on the left of the region
and the function that lies on the right of the region. Here, the region D is bounded on the left by x = y2

and on the right by x = %ﬁ in the interval for y in [0, 1]. Hence, as Type II, D is described as the set

fe o<y <1 y? <x <3}

5.7 Consider the region in the first quadrant between the functions y = 2x and y = x2. Describe the region

first as Type I and then as Type II.

Double Integrals over Nonrectangular Regions

To develop the concept and tools for evaluation of a double integral over a general, nonrectangular region, we need to first
understand the region and be able to express it as Type I or Type II or a combination of both. Without understanding the
regions, we will not be able to decide the limits of integrations in double integrals. As a first step, let us look at the following
theorem.

Theorem 5.3: Double Integrals over Nonrectangular Regions

Suppose g(x, y) is the extension to the rectangle R of the function f(x, y) defined on the regions D and R as
shown in Figure 5.12 inside R. Then g(x, y) is integrable and we define the double integral of f(x, y) over D by

g f(x, y)dA = 4[ g(x, y)dA.

The right-hand side of this equation is what we have seen before, so this theorem is reasonable because R is a rectangle

and ff g(x, ¥)dA has been discussed in the preceding section. Also, the equality works because the values of g(x, y)
R

are 0 for any point (x, y) that lies outside D, and hence these points do not add anything to the integral. However, it is

important that the rectangle R contains the region D.
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As a matter of fact, if the region D is bounded by smooth curves on a plane and we are able to describe it as Type I or Type
II or a mix of both, then we can use the following theorem and not have to find a rectangle R containing the region.

Theorem 5.4: Fubini’s Theorem (Strong Form)

For a function f(x, y) thatis continuous on a region D of Type I, we have

b [8200) I (5.5)
[ JG A= [] fos ndydr = 1 [ s vy fax.

4181

Similarly, for a function f(x, y) that is continuous on a region D of Type II, we have

d[h2» i (5.6)
J e dA = [ & ydxdy = [| [ pe vdxly.

D D

& _hl(y)

S

The integral in each of these expressions is an iterated integral, similar to those we have seen before. Notice that, in the
inner integral in the first expression, we integrate f(x, y) with x being held constant and the limits of integration being

g1 (x) and g, (x). In the inner integral in the second expression, we integrate f(x, y) with y being held constant and the

limits of integration are % (x) and /1, (x).

Example 5.12

Evaluating an Iterated Integral over a Type | Region

Evaluate the integral ff x2e¢™ dA where D is shown in Figure 5.16.
D

Solution
First construct the region D as a Type I region (Figure 5.16). Here D = {(x, N0 <x<2, %x <y< 1}. Then
we have
x=2 y=1
/fx2 eV dA = _/ _/ x2 exydy dx.
D x=0y=1/2x
Y
=1
4 (2,1)
D
1
y=3X
0, 0) X
Figure 5.16 We can express region D as a Type I region and
integrate from y = %x to y =1, between the lines

x=0andx = 2.

Therefore, we have
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x=2y=1 x=2 [ y=1
2 %y — 2 %y . .
x“e dydx = x“e dy |dx Iterated integral for a Type I region.
x=0y=%x x=0]y=12x
x=2_ — Integrate with respect to y using
2 I . .
= f X T] y=1 124X u-substitution with u = xy where x is held
x=0" constant.
x=2 5 Integrate with respect to x using
— b x=/2
= f xe* — xe ]dx _ . 1.2
oL u-substitution with u = X

Il
—
=
Q

=
|
Q
=
|
Q
N |—
=
3o}
[I——

In Example 5.12, we could have looked at the region in another way, such as D ={(x, y)J0 <y <1,0<x <2y}
(Figure 5.17).

Figure 5.17

This is a Type Il region and the integral would then look like
y=1x=2y

ffxzexydA: / f xzexydxdy.
D y=0x=0

However, if we integrate first with respect to x, this integral is lengthy to compute because we have to use integration by

parts twice.

Example 5.13

Evaluating an Iterated Integral over a Type Il Region

Evaluate the integral ff (3x2 + yz)dA where = {(x, V| -2<y<3, y2 -3<x<y+ 3}.
D

Solution

Notice that D can be seen as either a Type I or a Type II region, as shown in Figure 5.18. However, in this case
describing D as Type I is more complicated than describing it as Type II. Therefore, we use D as a Type 11
region for the integration.
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Type | region: Integrate
Vi first with respect to y

yi
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Type |l region: Integrate
first with respect to x

y=—Vx+3 (1, -2)

@

Choosing this order of integration, we have

~
e

y=3 y+3
= / (x3+xy) 2 3dy

y=-2

y=3 3
= f ((y+3)3+(y+3)y2—(y2—3) —(y2—3)y2)dy
y=-2

3
= [(54+27y - 125% + 23 + 8y* — Oy

)

3
=[54y+27Ty2—4y3+y74+8%5—y77]_2
_ 2375

=,

1 -2)

(b)

Figure 5.18 The region D in this example can be either (a) Type I or (b) Type IL

Iterated integral, Type II region.

Integrate with respect to x.

Integrate with respect to y.

@’ 5.8 Sketch the region D and evaluate the iterated integral ff xydy dx where D is the region bounded by
D

the curves y = cos x and y = sin x in the interval [—3z/4, z/4].

Recall from Double Integrals over Rectangular Regions the properties of double integrals. As we have seen from
the examples here, all these properties are also valid for a function defined on a nonrectangular bounded region on a plane.

In particular, property 3 states:

If R=SUT and SNT = @ except at their boundaries, then

4[ fx, y)dA = /S/ f(x, y)dA + /{ Jx, y)dA.

Similarly, we have the following property of double integrals over a nonrectangular bounded region on a plane.
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Theorem 5.5: Decomposing Regions into Smaller Regions

Suppose the region D can be expressed as D = D U D, where D; and D, do not overlap except at their

boundaries. Then

fff(x, Y)dA = ff f(x, y)dA + ff f(x, y)dA. (5.7)
D Dy Dy

This theorem is particularly useful for nonrectangular regions because it allows us to split a region into a union of regions
of Type I and Type II. Then we can compute the double integral on each piece in a convenient way, as in the next example.

Example 5.14

Decomposing Regions

Express the region D shown in Figure 5.19 as a union of regions of Type I or Type II, and evaluate the integral

JJ 2x + 5y)dA.
D
Y4 (0, 4)
y=(x+2)? x=y—{%.)y3
(-2,0) A
X
0, —4)

Figure 5.19 This region can be decomposed into a union of
three regions of Type I or Type II.

Solution
The region D is not easy to decompose into any one type; it is actually a combination of different types. So we

can write it as a union of three regions D, D,, and D3 where, D; = {(x, V-2<x<0,0<y<(x+ 2)2},

D, = {(x, MO<y<4,0<x< (y - %6 3)} These regions are illustrated more clearly in Figure 5.20.
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Y4 (0,4)
Type Il
= (x + 2)2 region
1)
Type | - et (03
region 2
(-2,0) D,
X
Type Il HJ,,,DS
region
{01 _4)

Figure 5.20 Breaking the region into three subregions makes
it easier to set up the integration.

Here D is Type I and D, and D5 are both of Type II. Hence,

J @x+5ydA = [[ @x+50dA+ [[ @x+50dA+ [ 2x+5y)dA
D D, D,y Dy
v=0 vy=(+2)2 y=dx=y-(1/16)y3 y=0 x=y—(1/16)y>
= @x+5ydydx+ [ [ e+spdxdy+ [ [ @x+spdxay
x=-2 y=0 y=0 x=0 y=—4 x=-2
y=4

[256y — g+ 6y 2]

7 [ L2 4 0220 + 24x + 5x2)] +
=- Yy

il II\,

] [256)1 —Ey +6y + 10y -4

4+ 1664 1696 _ 1304

3 35 35 105 °

Now we could redo this example using a union of two Type II regions (see the Checkpoint).

5.9 Consider the region bounded by the curves y =Inx and y = ¢* in the interval [1, 2]. Decompose the

region into smaller regions of Type II.

@ 5.10 Redo Example 5.14 using a union of two Type II regions.

Changing the Order of Integration

As we have already seen when we evaluate an iterated integral, sometimes one order of integration leads to a computation
that is significantly simpler than the other order of integration. Sometimes the order of integration does not matter, but it is
important to learn to recognize when a change in order will simplify our work.

Example 5.15
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Changing the Order of Integration

x=\2y=2- 22 9
Reverse the order of integration in the iterated integral f / xe* dydx. Then evaluate the new
x=0 y=0

iterated integral.

Solution

The region as presented is of Type I. To reverse the order of integration, we must first express the region as Type
II. Refer to Figure 5.21.

Yi Yi
(0,2) (0, 2)
y=2—x2 X = \m
©,0) (2. 0) X (0,0 (2. 0) X
Typel Type ll

Figure 5.21 Converting a region from Type I to Type II.

We can see from the limits of integration that the region is bounded above by y =2 — x2 and below by y =0,

where x is in the interval [O, \/ﬂ By reversing the order, we have the region bounded on the left by x = 0 and

on the right by x =42 —y where y is in the interval [0, 2]. We solved y =2 — x% in terms of x to obtain

x=\2-y

Hence
V22— x2 2-y ) Reverse the order of
/ xe* dydx = / xe* dxdy integration then use
0 0 0 substitution.

Example 5.16

Evaluating an Iterated Integral by Reversing the Order of Integration

Consider the iterated integral ff f(x, y)dxdy where z = f(x, y) = x — 2y over a triangular region R that has
R

sideson x =0, y =0, and theline x +y = 1. Sketch the region, and then evaluate the iterated integral by
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a. integrating first with respect to y and then

b. integrating first with respect to x.

Solution
A sketch of the region appears in Figure 5.22.

yi
y =14
Xx=1-y
0 |-t—p=
2 NY=1-x

Y _
=10 x=1 X
Figure 5.22 A triangular region R for integrating in two

ways.

We can complete this integration in two different ways.
a. One way to look at it is by first integrating y from y = 0toy = 1 — x vertically and then integrating x

from x=0tox = 1:

x=1y=1l-x x=1 y=1-x

[ revaxdy = [ [ w-2wdvax= [ o=, dx
R x=0 y=0 x=0
x=1 x=1 -
=x£0[x(1—X)—(l—x)2]dx=x[0[—1+3x—2x2]dx=[_H%xz_%xs]x:;: L

b. The other way to do this problem is by first integrating x from x = 0to x = 1 — y horizontally and then
integrating y from y=0toy = 1:

y=lx=1-y y=1 x=1-y
/ff(x, Vdxdy = / (x = 2y)dxdy = /[%xz—ny]xzo dy
R y=0 x=0 y=0
y=1 y=1
= y{o[%(l =P =21 - yay = y{o[% =3y+3y2jay
y=1

O\~

@ 5.11  Evaluate the iterated integral f/ (x2 + yz)dA over the region D in the first quadrant between the
D

functions y =2x and y = x%. Evaluate the iterated integral by integrating first with respect to y and then

integrating first with resect to x.

Calculating Volumes, Areas, and Average Values

We can use double integrals over general regions to compute volumes, areas, and average values. The methods are the same
as those in Double Integrals over Rectangular Regions, but without the restriction to a rectangular region, we can
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now solve a wider variety of problems.

Example 5.17

Finding the Volume of a Tetrahedron
Find the volume of the solid bounded by the planes x =0, y =0, z=0, and 2x+ 3y +z=06.

Solution
The solid is a tetrahedron with the base on the xy -plane and a height z = 6 — 2x — 3y. The base is the region D
bounded by the lines, x =0, y =0 and 2x+ 3y = 6 where z =0 (Figure 5.23). Note that we can consider

the region D as Type I or as Type I, and we can integrate in both ways.

2=6—-2x—3y

X
Figure 5.23 A tetrahedron consisting of the three coordinate planes and the plane z = 6 — 2x — 3y, with

the base bound by x =0, y =0, and 2x+ 3y = 6.

First, consider D as a Type I region, and hence D = {(x, NV0<Lx<3,0<y<2—- %x}

Therefore, the volume is
r=3y=2-(2x/3)
\%

x=3 y=2—(2x/3)
(6 —2x —3y)dydx = _/ l(6y—2xy—%y2)‘y=0 ]dx
y:O x=0

20 — 32l =
0[3(x 3)]d 6.

= =
Il
w o

Il
[y

X

Now consider D as a Type II region, so D = {(x, y)‘O <y<2,0<x<3- %y} In this calculation, the

volume is
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YRR y=2 s
V = / f (6 —2x —3y)dxdy = f[(6x_x2_3xy)|i=(3) (3y/2)]dy
y=0 x=0 vz

= [ [2o-2 =6
0

Therefore, the volume is 6 cubic units.

5.12 Find the volume of the solid bounded above by f(x, y) = 10 —2x + y over the region enclosed by the

curves y=0 and y = e¢*, where x is in the interval [0, 1].

Finding the area of a rectangular region is easy, but finding the area of a nonrectangular region is not so easy. As we have
seen, we can use double integrals to find a rectangular area. As a matter of fact, this comes in very handy for finding the
area of a general nonrectangular region, as stated in the next definition.

Definition

The area of a plane-bounded region D is defined as the double integral ff 1dA.
D

We have already seen how to find areas in terms of single integration. Here we are seeing another way of finding areas by
using double integrals, which can be very useful, as we will see in the later sections of this chapter.

Example 5.18

Finding the Area of a Region

Find the area of the region bounded below by the curve y = x2 and above by the line y = 2x in the first quadrant
(Figure 5.24).

Yi
a4
34
y=2x
¥
X:_
2 S _
fagp/ X — v
y=x
14
12 %

Figure 5.24 The region bounded by y = x% and y = 2x.

Solution
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We just have to integrate the constant function f(x, y) =1 over the region. Thus, the area A of the bounded

x=2y=2x x=4x=1y
region is _/ _/ dydx or f / dx dy:
x:0y=x2 y=0x=y/2
x=2Yy=2x x=2 x=2 32
A= [[1dxdy= / f ldy dx = f[yly_ix]dx= /(Zx—xz)dx—xz—x? =%.
D ¥=0,2 2 xzo- 7 X=0

@ 5.13  Find the area of a region bounded above by the curve y = x> and below by y =0 over the interval
[0, 3].

We can also use a double integral to find the average value of a function over a general region. The definition is a direct
extension of the earlier formula.

Definition

If f(x, y) is integrable over a plane-bounded region D with positive area A(D), then the average value of the

function is

fave = ﬁ g f(x, y)dA.

Note that the area is A(D) = ff 1dA.
D

Example 5.19

Finding an Average Value

Find the average value of the function f(x, y) = 7)cy2 on the region bounded by the line x = y and the curve
x =y (Figure 5.25).
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Yi 1,1
¥4 (1, 1)
0.75 e
x=y A
TN
0254 A X=\y
025 05 075 1%

Figure 5.25 The region bounded by x =y and x = y/y.

Solution
First find the area A(D) where the region D is given by the figure. We have

y=1x=1y —1 1

AD) = [ 144 = f / ldxdy—y i =V ay = f(w iy = 232 - 7

J_]dy
_42_21
0730 T 20"

0=

A=

Then the average value of the given function over this region is
y=1lx=

[z 2l - 6f[y—y]d 472(3—4—%]1

6

||\||

@ 5.14 Find the average value of the function f(x, y)=xy over the triangle with vertices
(0, 0), (1, 0)and (1, 3).

Improper Double Integrals

An improper double integral is an integral // f dA where either D is an unbounded region or f is an unbounded

function. For example, D = {(x, y)|lx — yl > 2} is an unbounded region, and the function f(x, y) = 1/(1 —-x’- 2y2) over
the ellipse X%+ 3y2 <1 is an unbounded function. Hence, both of the following integrals are improper integrals:
i. J[ xydA where D = {(x, y)|lx — yl > 2};
D
i. // ——L——dA where D = {(x, y)lx* +3y* < 1}.
1-x?- 2y

In this section we would like to deal with improper integrals of functions over rectangles or simple regions such that f has

only finitely many discontinuities. Not all such improper integrals can be evaluated; however, a form of Fubini’s theorem
does apply for some types of improper integrals.
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Theorem 5.6: Fubini’s Theorem for Improper Integrals

If D is a bounded rectangle or simple region in the plane defined by {(x, y):a < x < b, g(x) <y < h(x)} and also by
{(x, y):c <y <d, j() £x<k(y)} and f is a nonnegative function on D with finitely many discontinuities in the

interior of D, then

x=by=h y=dx=k(y)
Jraa= [ [ fewavax= [ [ fe dxay.
D ¥=ay e yEex2 jo)

It is very important to note that we required that the function be nonnegative on D for the theorem to work. We consider
only the case where the function has finitely many discontinuities inside D.

Example 5.20

Evaluating a Double Improper Integral

y
Consider the function f(x, y) = 67 over the region D ={(x, ):0<x <1, x <y < Vx}.

Notice that the function is nonnegative and continuous at all points on D except (0, 0). Use Fubini’s theorem

to evaluate the improper integral.

Solution
First we plot the region D (Figure 5.26); then we express it in another way.

Yi
1.0}
081
y X
064
y=Xx
0.4/
024
02 04 06 08  10¥

Figure 5.26 The function f is continuous at all points of the

region D except (0, 0).

The other way to express the same region D is

D={x.y:0<y<1,y*<x<yl
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Thus we can use Fubini’s theorem for improper integrals and evaluate the integral as

y=1x=y
e—ydxdy
y{0x=y2y
Therefore, we have
= = y=1 y= |
/ / 67 /%qu:iZdy: _/%(y—yz)dy=/(ey—yey)dy=e—2.
= — )7:0 — 0

As mentioned before, we also have an improper integral if the region of integration is unbounded. Suppose now that the
function f is continuous in an unbounded rectangle R.

Theorem 5.7: Improper Integrals on an Unbounded Region

If R is an unbounded rectangle such as R = {(x, y):a < x < 00, ¢ < y < oo}, then when the limit exists, we have

[ fepaa=, tim ( Jre y)dy]d wolim S [ Jre y)dy]d

The following example shows how this theorem can be used in certain cases of improper integrals.

Example 5.21

Evaluating a Double Improper Integral

)
Evaluate the integral // xye 77 dA where R is the first quadrant of the plane.
R

Solution
The region R is the first quadrant of the plane, which is unbounded. So

2_ 2 x=p(v=d 2_ 2 y=dix=b 2_2
X" =Yy . X" =y . X< =y
xye dA = lim xye dy ldx = lim xye dy |dy
4[ 6, d) = (e, “)xlo le . d) = (eo, oo)ylo x[o

i, Y-
_(b,d)l—lpgoo, 00)4(1 ¢ I—e 4

22
Thus, f/ xye TV dA s convergent and the value is %
R

@ 515 Evaluate the improper integral [ ———-——dA where D = {(x, Wx>0,y>0,x2+y2< 1}.

S
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In some situations in probability theory, we can gain insight into a problem when we are able to use double integrals over
general regions. Before we go over an example with a double integral, we need to set a few definitions and become familiar
with some important properties.

Definition

Consider a pair of continuous random variables X and Y, such as the birthdays of two people or the number of
sunny and rainy days in a month. The joint density function f of X and Y satisfies the probability that (X, ¥) lies

in a certain region D:

P(X,Y) € D)= {)f F(x, y)dA.

Since the probabilities can never be negative and must lie between O and 1, the joint density function satisfies the

following inequality and equation:

f(x, y) > 0and /f f(x, y)dA = 1.
R2

Definition

The variables X and Y are said to be independent random variables if their joint density function is the product of
their individual density functions:

S ) = f1(0f2 ).

Example 5.22

Application to Probability

At Sydney’s Restaurant, customers must wait an average of 15 minutes for a table. From the time they are seated
until they have finished their meal requires an additional 40 minutes, on average. What is the probability that a

customer spends less than an hour and a half at the diner, assuming that waiting for a table and completing the
meal are independent events?

Solution

Waiting times are mathematically modeled by exponential density functions, with m being the average waiting

0 ifr <0,
f(l‘)={1

—t/m
me if ¢ > 0.

time, as

If X and Y are random variables for ‘waiting for a table’ and ‘completing the meal,’ then the probability density
functions are, respectively,

L L ify > 0.

0 if x <0, 0 ify <0,
i) =91 -w15 . and f(y) =9 1 -yr0
158 if x > 0. 406

Clearly, the events are independent and hence the joint density function is the product of the individual functions

0 ifx<Oory<0,

S y) = f1i0fHL() = {Le_xnse—ymo

600 if x, y > 0.
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We want to find the probability that the combined time X + Y is less than 90 minutes. In terms of geometry, it
means that the region D is in the first quadrant bounded by the line x + y = 90 (Figure 5.27).

Yi
100 +

o/l 20 40 60 80  100%

Figure 5.27 The region of integration for a joint probability
density function.

Hence, the probability that (X, Y) is in the region D is

PX+Y<90)=P(X.Y)eD)= [ fx. dA= [ ﬁe—me‘y"mm
D D

Since x +y =90 is the same as y = 90 — x, we have a region of Type I, so

D = {(x, )0<x<90,0<y<90-x,
x=90y=90-x x=90y=90—-x
P(X+Y<90) = 61W / f e_X/lse_y/4odxdy=61W f / e_X/lse_yMdedy
x=0 y=0 x=0 y=0

—(x/15 + y/40
L [Ty = 0.8328.

Thus, there is an 83.2% chance that a customer spends less than an hour and a half at the restaurant.

Another important application in probability that can involve improper double integrals is the calculation of expected
values. First we define this concept and then show an example of a calculation.

Definition

In probability theory, we denote the expected values E(X) and E(Y), respectively, as the most likely outcomes of
the events. The expected values E(X) and E(Y) are given by

EX) = /S/xf(x, y)dA and E(Y) = éfyf(x, y)dA,
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where S is the sample space of the random variables X and Y.

Example 5.23

Finding Expected Value

Find the expected time for the events ‘waiting for a table’ and ‘completing the meal’ in Example 5.22.

Solution

Using the first quadrant of the rectangular coordinate plane as the sample space, we have improper integrals for
E(X) and E(Y). The expected time for a table is

X=00)y =0

-¥/15, —y/40 15, —y/40
E(X) //x60O dA = 60010 yfo dA

x=ay=b /40
1 —x/15 —Y d d
600((1 b) > (oo ) L yl Oxe ¢ ey

e =t 140
—x/15 : =Y
600(61 ll’m / xe dx] bli»moo / e dy

xX=a y=b
- 00(( lim_(~15¢™13 (x + 15))) _ 0)[Q1Lmoo(—40e‘y/40))|y _ O]

ool lim (<157 e+ 15) + 225))(blimoo(—40e_b/40 + 40))

= 600(225)(40)
= 15.

A similar calculation shows that E(Y) = 40. This means that the expected values of the two random events are

the average waiting time and the average dining time, respectively.

@ 5.16 The joint density function for two random variables X and Y is given by
1 0 << e
fex, y>={600(’“ +y?) if0<x <1502y <10
0 otherwise

Find the probability that X is at most 10 and Y is at least 5.
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5.2 EXERCISES

In the following exercises, specify whether the region is of
Type I or Type II.

60. The region D bounded by y = x3, y= x>+ 1,

x=0, and x =1 as given in the following figure.

¥
201

15+

1.0

05+
y=x

02 9 02 04 06 0.8 1.0 1.2¥

61. Find the average value of the function f(x, y) = 3xy

on the region graphed in the previous exercise.

62. Find the area of the region D given in the previous
exercise.

63. The region D bounded by
z

y=sinx, y=1+sinx, x =0, andx=§ as given in

the following figure.

yi
20+

y =1+ sin(x)

15+

e

1.04

051 Yy = sin(x)

64. Find the average value of the function
f(x, ¥y) =cosx on the region graphed in the previous

exercise.

65. Find the area of the region D given in the previous
exercise.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

Chapter 5 | Multiple Integration

66. The region D bounded by x=y2—1 and

x=1\1- y2 as given in the following figure.

y
57 x=-1+y2

67. Find the volume of the solid under the graph of the
function f(x, y)=xy+ 1 and above the region in the

figure in the previous exercise.

68. The bounded by
y=0,x=—-10+y, andx=10—y as given in the

region D

following figure.
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69. Find the volume of the solid under the graph of the
function f(x, y) =x+y and above the region in the

figure from the previous exercise.

70. The region D bounded by y=0,x=y—-1,

I

2

x == as given in the following figure.

L

yi -
3.0+ / =7

25+
20+
15+ X Y=
1.0

05 +
y=20

a4
¥

-2 A 0
—05+

71. Theregion D boundedby y =0 and y = x2-1 as

given in the following figure.
Yi
T y=-1+x

—

72. Let D be the region bounded by the curves of
equations y=x, y=—x, and y=2— x2. Explain why

D is neither of Type I nor II.

73. Let D be the region bounded by the curves of

equations y=cosx and y=4-— x? and the x-axis.

Explain why D is neither of Type I nor II.

In the following exercises, evaluate the double integral
JJ f(x, y)dA over the region D.
D

74. f(x, y) =2x+ 5y and

D={(x,y)|05x§1,x3§y§x3+1}

75. fx,»=1 and

521
76. f, =2 and
D={x, y0<y<1,y—-1<x<arccosy}
77. flx, y) =xy and

D={wyl-1<y<1y —12x<11-)%

78. f(x,y)=siny and D is the triangular region with
vertices (0, 0), (0, 3), and (3, 0)

79. f(x,y)=—-x+1 and D is the triangular region
with vertices (0, 0), (0, 2), and (2, 2)

Evaluate the iterated integrals.

1 3x
80. /f(x+y2)dydx
0 2x

1 2vx

x+1
81. / f (xy + 1)dy dx
0 2vx

82. [ [(v+Inuwdvdu

83. [ [ Gudvdu

1 —u2—1

1 1-y?
84. / / (2x + 4x3)dx dy
142

|1 —dy?

4dx dy

86. Let D be the

[\S)

0
1/
85.

(=]

region bounded by
y=1 - X2, y=4 — x2, and the x-and y -axes.

a. Show that

1 4—x2 2 4—x2
[ xdA = / / xdydx+/ / xdy dx by
D 0,_,2 10
dividing the region D into two regions of Type I.
b. Evaluate the integral ff xdA.
D
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87. Let D be the region bounded by y=1, y=x,
y=Inx, andthe x-axis.
a. Show that
1 x e 1
/fydA://ydydx+/fydydx by
D 00 1 Inx
dividing D into two regions of Type I.
b. Evaluate the integral [/ y dA.
D
88.
a. Show that

02-x2 1 2-x2
f/ysz:/ / yzdydx+/ / yzdydx
D -1 =x 0 X

by dividing the region D into two regions of Type
I, where
D={(x, y)\ny, y> —x, ySZ—xz}.

b. Evaluate the integral /] y?dA.
D

89. Let D be the region bounded by y = X2, y=x+2,
and y = —x.

a. Show that
1y 2 Wy
//di:/fxdxdy+/ /xdxdy by
D 0~y 1y-2

dividing the region D into two regions of Type II,

where D = {(x, y)|y > x2, y= —x,y<x+ 2}.
b. Evaluate the integral ff xdA.
D

90. The region D bounded by x =0, y = X+ 1, and

2 is shown in the following figure. Find the area

y=3-—-x
A(D) of the region D.

yYi y=3-x%

25¢
2.0+

~10 0 02 04 06 08 1.0 12X

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

Chapter 5 | Multiple Integration

91. The region D bounded by y =cosx, y =4cosx,
and x = + % is shown in the following figure. Find the
area A(D) of the region D.

Yi

/Nzl—'coa(

4
3
2
/ ¥ = COS X

05 1.0 1.5%

~15-1.0-05 ©
—14
92. Find the area A(D) of the region
D={kx y=1-2%y<4-x%y>0 x>0}
93. Let D be the region bounded by

y=1,y=x,y=Inx, and the x-axis. Find the area

A(D) of the region D.

94. Find the average value of the function
f(x, y) =siny on the triangular region with vertices

(0, 0), (0, 3), and (3, 0).

95. Find the average value of the function
f(x, y) = —x+1 on the triangular region with vertices

(0, 0), (0, 2), and (2, 2).

In the following exercises, change the order of integration
and evaluate the integral.

w2 x+1

96. f/sinxdydx
-1 0
1 1-—x

97. /_/xdydx
0x-1
0 Vy+1

98. f / yzdxdy
—lyy+1
12 2 +1

99. / ydxdy
12,2

=y +1
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100. The region D is shown in the following figure.
Evaluate the double integral ff (x2 + y)dA by using the
D

easier order of integration.
y=—4+x2 ¥

L
Aé x
V 4 X2

101. The region D is given in the following figure.
Evaluate the double integral f/ (x2 - yz)dA by using the
D

easier order of integration.

102. Find the volume of the solid under the surface
2=2x+ y2 and above the region bounded by y = x>

and y = x.

103. Find the volume of the solid under the plane

z=3x+y and above the region determined by y = x’

and y = x.

104. Find the volume of the solid under the plane
z=x-—y and above the region bounded by

x=tany, x=—tany, and x = 1.

105. Find the volume of the solid under the surface

3

z=x" and above the plane region bounded by

x=siny, x=-siny, and x = 1.

106. Let g be a positive, increasing, and differentiable
function on the interval [a, b]. Show that the volume of
the solid under the surface z = g’(x) and above the region

bounded by y=0, y=g(x),
given by %(g2 ) - g2 (a)).

x=a, and x=0>b is

523

107. Let g be a positive, increasing, and differentiable
function on the interval [a, b], and let k£ be a positive

real number. Show that the volume of the solid under the

surface z =g'(x) and above the region bounded by
y=g),y=g(x)+k, x=a, and x=0> is given by

kig(b) — g(a)).

108. Find the volume of the solid situated in the first
octant and determined by the planes z=2,

z=0,x+y=1,x=0, andy =0.

109. Find the volume of the solid situated in the first
octant and bounded by the planes x+2y=1,

x=0,y=0,z=4, andz=0.

110. Find the volume of the solid bounded by the planes
x+y=1x-y=1,x=0,z=0, and z=10.

111. Find the volume of the solid bounded by the planes
x+y=1Lx-y=Lx+y=-1,

x—y=-1l,z=1landz=0.

112. Let S and S, be the solids situated in the first
octant under the

x+y+2z=1,

planes x+y+z=1 and
respectively, and let S be the solid
situated between Sy, S5, x =0, andy = 0.

a. Find the volume of the solid §.

b. Find the volume of the solid §,.

c. Find the volume of the solid S by subtracting the
volumes of the solids S and S,.

113. Let S andS, be the solids situated in the first

octant under the planes 2x+2y+z=2 and

x+y+z=1, respectively, and let S be the solid
situated between §;, S,, x =0, andy = 0.

a. Find the volume of the solid §;.

b. Find the volume of the solid §,.

c. Find the volume of the solid S by subtracting the
volumes of the solids S and S,.

114. Let S; andS, be the solids situated in the first

octant under the plane x +y + z = 2 and under the sphere

X2+ y2 +72=4, respectively. If the volume of the solid

S2 is 4:,))—”,

between §; and S, by subtracting the volumes of these

determine the volume of the solid S situated

solids.
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115. Let S; and S, be the solids situated in the first
octant under the plane x 4+ y+ z =2 and bounded by the
cylinder X%+ y2 =4, respectively.

a. Find the volume of the solid §.

b. Find the volume of the solid §,.

c. Find the volume of the solid § situated between
Sy and §, by subtracting the volumes of the

solids S and S,.

116. [T] The following figure shows the region D

4

bounded by the curves y =sinx, x=0, and y=x".

Use a graphing calculator or CAS to find the x -coordinates

of the intersection points of the curves and to determine the
area of the region D. Round your answers to six decimal

places.
2 4
1.0+
x=10

0.8 y =sinx

0.6+
0.4+
0.2+ Y

-0.2 02 04 06 08 1.0*

24

117.  [T] The region D bounded by the curves

3

y=cosx, x=0, andy = x~ is shown in the following

figure. Use a graphing calculator or CAS to find the

x-coordinates of the intersection points of the curves and to

determine the area of the region D. Round your answers to

six decimal places.

y y = COS X

=6
08 +

061

02 04 06 08 1.0%
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118. Suppose that (X, Y) is the outcome of an
experiment that must occur in a particular region S in
the xy-plane. In this context, the region § is called the
sample space of the experiment and X and Y are random
variables. If D is a region included in S, then the
probability of (X, Y) being in D

P[(X,Y)e D] = ff p(x, y)dxdy, where p(x, y) isthe
D

is defined as

joint probability density of the experiment. Here, p(x, y)
is a nonnegative function for which ff p(x, y)dxdy = 1.
S

Assume that a point (X, Y) is chosen arbitrarily in the
square [0, 3] x [0, 3]

plx, y) = {% (x, y) € [0, 3] X [0, 3],

0 otherwise.

with the probability density
Find the

probability that the point (X, Y) is inside the unit square

and interpret the result.

119. Consider XandY
probability densities p(x) and p,(x), respectively. The

two random variables of

random variables X and Y are said to be independent if
given by
restaurant,

function is
drive-thru

their  joint  density
px, y) = pi()p(y). At a
customers spend, on average, 3 minutes placing their
orders and an additional 5 minutes paying for and picking

up their meals. Assume that placing the order and paying
for/picking up the meal are two independent events X and

Y. If the waiting times are modeled by the exponential

probability densities
1,-x/3 1 -5
e x>0, =€ >0,
pi) = {3 and  py(y) = {5 Y
0 otherwise, 0 otherwise,

respectively, the probability that a customer will spend less

than 6 minutes in the drive-thru line is given by

PIX+Y<6]= ff p(x, y)dxdy, where
D

D={x ylk>0,y>0,x+y<6l Find
P[X + Y < 6] and interpret the result.
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120. [T] The Reuleaux triangle consists of an equilateral
triangle and three regions, each of them bounded by a side
of the triangle and an arc of a circle of radius s centered at
the opposite vertex of the triangle. Show that the area of the
Reuleaux triangle in the following figure of side length s

is %2(71 - \/5)

\_/

121. [T] Show that the area of the lunes of Alhazen,
the two blue lunes in the following figure, is the same as
the area of the right triangle ABC. The outer boundaries
of the lunes are semicircles of diameters ABand AC,

respectively, and the inner boundaries are formed by the
circumcircle of the triangle ABC.

525
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5.3 | Double Integrals in Polar Coordinates

Learning Objectives

5.3.1 Recognize the format of a double integral over a polar rectangular region.
5.3.2 Evaluate a double integral in polar coordinates by using an iterated integral.
5.3.3 Recognize the format of a double integral over a general polar region.

5.3.4 Use double integrals in polar coordinates to calculate areas and volumes.

Double integrals are sometimes much easier to evaluate if we change rectangular coordinates to polar coordinates. However,
before we describe how to make this change, we need to establish the concept of a double integral in a polar rectangular
region.

Polar Rectangular Regions of Integration

When we defined the double integral for a continuous function in rectangular coordinates—say, g over a region R in the
xy -plane—we divided R into subrectangles with sides parallel to the coordinate axes. These sides have either constant
x -values and/or constant y -values. In polar coordinates, the shape we work with is a polar rectangle, whose sides have
constant 7 -values and/or constant € -values. This means we can describe a polar rectangle as in Figure 5.28(a), with
R={(r,0la<r<b a<f<pl

In this section, we are looking to integrate over polar rectangles. Consider a function f(r, ) over a polar rectangle R. We
divide the interval [a, b] into m subintervals [r; _q, r;] of length Ar = (b — a)/m and divide the interval [a, ] into n
subintervals [0; _ |, 6;] of width A = (§ — a)/n. This means that the circles r = r; and rays 0 = 0; for 1 <i <m and

1 < j < n divide the polar rectangle R into smaller polar subrectangles R; ; (Figure 5.28(b)).

AA = ﬁf&r&ﬂ

* *
(rﬂ:r 9;;

(@) (b) (c)
Figure 5.28 (a) A polar rectangle R (b) divided into subrectangles R; - (c) Close-up of a subrectangle.

As before, we need to find the area AA of the polar subrectangle R;; and the “polar” volume of the thin box above R;;.

Recall that, in a circle of radius r, the length s of an arc subtended by a central angle of @ radians is s = 8. Notice that
the polar rectangle R;; looks a lot like a trapezoid with parallel sides r; _ A6 and r; A6 and with a width Ar. Hence
the area of the polar subrectangle R;; is

AA=Larr;_ 80+ 1) 86)

=1

Simplifying and letting rj; = 5

(r;_1+r), wehave AA= r;"j ArA@. Therefore, the polar volume of the thin box
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above R;; (Figure 5.29) is

F% L O )AA = f(r%, . 0% )k, ArAf.

z
]

f(r, 0)

Ao  ( 6F
X

Figure 5.29 Finding the volume of the thin box above polar
rectangle R; ;.

Using the same idea for all the subrectangles and summing the volumes of the rectangular boxes, we obtain a double
Riemann sum as

I Ms

n
Z £ty 0% )k Arne.

As we have seen before, we obtain a better approximation to the polar volume of the solid above the region R when we let
m and n become larger. Hence, we define the polar volume as the limit of the double Riemann sum,

= lim Z Z £ty L 0% )% Arao.

m, n —- o

i=1j=1

This becomes the expression for the double integral.

Definition

The double integral of the function f(r, 8) over the polar rectangular region R in the 76 -plane is defined as

// f(r, 0)dA = Tim Z Z firs, 05)AA = lim 0012 z:: (%, 0% )%, ArAd. (5.8)

1—1]—

Again, just as in Double Integrals over Rectangular Regions, the double integral over a polar rectangular region can
be expressed as an iterated integral in polar coordinates. Hence,

O0=fr=»b
J 1. 0dA = [ fr, 0rdrdo= [ [ e oyrdrae.
R R

OQ=ql=a

Notice that the expression for dA is replaced by r dr df when working in polar coordinates. Another way to look at the
polar double integral is to change the double integral in rectangular coordinates by substitution. When the function f is

given in terms of x and y, using x =rcosf, y=rsinf, anddA = rdr df changes it to

ff f(x, y)dA = // f(rcos @, rsin @)rdr do.
R R

Note that all the properties listed in Double Integrals over Rectangular Regions for the double integral in rectangular
coordinates hold true for the double integral in polar coordinates as well, so we can use them without hesitation.
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Example 5.24

Sketching a Polar Rectangular Region
Sketch the polar rectangular region R = {(r, 9)|]1 <r <3,0<6 < n}.

Solution
As we can see from Figure 5.30, r =1 and r =3 are circles of radius 1and3 and 0 <8 <z covers the
entire top half of the plane. Hence the region R looks like a semicircular band.

yi

X2+y?=9

dh

T
_ 5 X

i 1

Figure 5.30 The polar region R lies between two
semicircles.

Now that we have sketched a polar rectangular region, let us demonstrate how to evaluate a double integral over this region
by using polar coordinates.

Example 5.25

Evaluating a Double Integral over a Polar Rectangular Region

Evaluate the integral // 3xdA overtheregion R={(r, 9|1 <r<2,0<60<x}.
R

Solution

First we sketch a figure similar to Figure 5.30 but with outer radius 2. From the figure we can see that we have

oZmr=? Use an iterated integral with correct limits
J3xda = [ [ 3rcosordrde O
R 0=0r=1 of integration.
0=r r=2
= f cos 6[r3|r _ I:IJH Integrate fir t with respect to r.
=0
O=nx
= [ 7cos0d0="Tsin6l§=F =0.

@ 5.17 Sketch the region R = {(r, Nl<r<2, —2<0< %}, and evaluate ff xdA.
R
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Example 5.26

Evaluating a Double Integral by Converting from Rectangular Coordinates

Evaluate the integral [/ (1 -x2- yz)dA where R is the unit circle on the xy -plane.
R

Solution
The region R is a unit circle, so we can describe itas R = {(r, )0 <r <1,0<60 < 2x}.

Using the conversion x = rcosd, y=rsinf, and dA =rdrd0, wehave

Example 5.27

Evaluating a Double Integral by Converting from Rectangular Coordinates

Evaluate the integral ff (x+ y)dA where R = {(x, VI < X+ y2 <4,x< O}.
R

Solution
We can see that R is an annular region that can be converted to polar coordinates and described as

R= {(7‘, Nl <r<2, % <0< 3777} (see the following graph).

yi

X4+yr=4

Figure 5.31 The annular region of integration R.

Hence, using the conversion x = rcosd, y=rsind, and dA = rdrd0, we have
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0= 3ﬂ/2r—2
/ (rcos @+ rsin@)rdrdf
9

2 r=1

4[ (x + y)dA

i \u II

371'/2
zdr)[ (cos @ + sin 0)d6]

] sin @ — cos 9]|]3172/2

14
3

@ 5.18  Evaluate the integral /f (4 —-x2- yz)dA where R is the circle of radius 2 on the xy -plane.
R

General Polar Regions of Integration

Chapter 5 | Multiple Integration

To evaluate the double integral of a continuous function by iterated integrals over general polar regions, we consider two
types of regions, analogous to Type I and Type II as discussed for rectangular coordinates in Double Integrals over

General Regions. It is more common to write polar equations as r = f(f) than 6 = f(r),

polar region as R = {(r, O)la < 0 < B, h{(0) < r < h,(0)} (see the following figure).

r=h,(0)
Figure 5.32 A general polar region between a < 6 < f and
hi (@) <r<hy(0).

Theorem 5.8: Double Integrals over General Polar Regions

so we describe a general

If f(r, 6) is continuous on a general polar region D as described above, then

0=pr=hy©)

J feordrdo= [ [ . ordrdo
D O=ar="hy @)
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Example 5.28

Evaluating a Double Integral over a General Polar Region

Evaluate the integral ff r%sin Or dr d0 where D is the region bounded by the polar axis and the upper half of
D

the cardioid r = 1 + cos 6.

Solution

We can describe the region D as {(r, 0)0 <0 <7z, 0 <r <1+ cosf} asshown in the following figure.

r=1+cos#

05 10 15 20

Figure 5.33 The region D is the top half of a cardioid.

Hence, we have

J Psinordrde = [
D =

)
3

Il
A=
<

Ll A sin @ dg

3 o

(1 + cos 0)*sin 6 dO

Il
ENE

I \le IhS~<1I

)
[e=]

(1 +c0s9)5]ﬂ_
5 0~

Il
A=
| —

3
5

@ 5.19 Evaluate the integral
[ r?sin®26r dr d6 where D = {(r, 6)I0 < 6 < 7z, 0 < r < 2Vcos 26).
D

Polar Areas and Volumes

As in rectangular coordinates, if a solid S is bounded by the surface z = f(r, #), as well as by the surfaces

r=a,r=b,0=a, and 0 =, we can find the volume V of S by double integration, as
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O0=Pr=0>p
V= [ frnowdrdo= [ [ fr, 0)rdrdo.
R

OQ=ql=a

If the base of the solid can be described as D = {(r, O)la < 0 < B, h;(0) < r < hy ()}, then the double integral for the
volume becomes
0=pr=hy6)
v= [ fnowdrao= [ [ fe ordrao.
D O=ar=hy(0)

We illustrate this idea with some examples.

Example 5.29

Finding a Volume Using a Double Integral

Find the volume of the solid that lies under the paraboloid z =1 — x? - y2 and above the unit circle on the xy

-plane (see the following figure).

1.0
Figure 5.34 The paraboloid z =1 — x? - yz.

Solution
By the method of double integration, we can see that the volume is the iterated integral of the form
I (1=x* = y?*)dA where R={(r, )0 <r<1,0<6<2z).

R

This integration was shown before in Example 5.26, so the volume is % cubic units.

Example 5.30

Finding a Volume Using Double Integration

Find the volume of the solid that lies under the paraboloid z=4—)62—y2 and above the disk

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 5 | Multiple Integration 533

(x - 1)2+y2 =1 on the xy-plane. See the paraboloid in Figure 5.35 intersecting the cylinder

(x— 1)2 + y2 =1 above the xy -plane.

x—12+y2=1

X
Figure 5.35 Finding the volume of a solid with a paraboloid
cap and a circular base.

Solution
First change the disk (x— DZ+ y2 =1 to polar coordinates. Expanding the square term, we have
x2—2x+1+ y2 = 1. Then simplify to get X+ y2 = 2x, which in polar coordinates becomes r?=2rcos@

and then either ¥ =0 or r=2cos6. Similarly, the equation of the paraboloid changes to z =4 — .

Therefore we can describe the disk (x — 1)2 + y2 =1 onthe xy-plane as the region
D={(r,00<0<x0<r<2cosb}.

Hence the volume of the solid bounded above by the paraboloid z =4 — x? - y2 and below by r =2 cos @ is

O=rxr=2cosf

v = [ feordrdo= [ [ (4=r)rdrae
D

6=0 r=0
EY
_ /l4r_2_r_4
0L 0 2 4
T

2cos @
20— 1c0s20l0 = [39 4 5 s gl =5
[8 cos“6 — 4 cos 9](19 = [29 + =sin @ cos 8 — sin O cos 9]0 271.

0
2

o~—n

Notice in the next example that integration is not always easy with polar coordinates. Complexity of integration depends
on the function and also on the region over which we need to perform the integration. If the region has a more natural
expression in polar coordinates or if f has a simpler antiderivative in polar coordinates, then the change in polar

coordinates is appropriate; otherwise, use rectangular coordinates.
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Example 5.31

Finding a Volume Using a Double Integral

Find the volume of the region that lies under the paraboloid z = X+ y2 and above the triangle enclosed by the
lines y=x, x=0, and x+y =2 inthe xy-plane (Figure 5.36).

Solution

First examine the region over which we need to set up the double integral and the accompanying paraboloid.

yi &
\ Xty=2 i &= -.:osffLS' f
6=? 32_4_
x=0Dy (1,1) y
0 \ * =0 "

Figure 5.36 Finding the volume of a solid under a paraboloid and above a given triangle.

The region D is {(x, ¥)|0 < x <1, x <y <2 — x}. Converting the lines y=x, x=0, and x+ y =2 inthe
xy -plane to functions of r and 6, we have 8 = z/4, 6= n/2, and r = 2/(cos @ + sinf), respectively.
Graphing the region on the xy -plane, we see that it looks like
D={(r O)n/4d <0 <n2,0<r<2/(cosf+sind)}. Now converting the equation of the surface gives

z=x2+ y2 = r2. Therefore, the volume of the solid is given by the double integral

0 = n/2 r = 2/(cos 0 + sin ) 2 . 2/(cos 8 + sin 6)
v = Jfirordrao= [ / rzrdrcm:f[%]o &0
b 0 =nal4 r=0 b
4 4 A

/2 7l2 /2
=1l f(—2 =16 (#) = (#)
4/(cost9+sin9) a0 4 / cos 8+ sin @ do 4/ cos 0 +sin @ do.
nl4 n/4 nl4
As you can see, this integral is very complicated. So, we can instead evaluate this double integral in rectangular

coordinates as

12

V= / ZX(XZ + yz)dy dx.

0

Evaluating gives
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X 1 2—x

(x2+y2)dydx= /[x2y+y?3]x
0

3
§—4x+4x2—8%dx

2

\% dx

X

S O~

3
1
_[8x_ 52, 43 24| _4
—[3 2x+3 3]‘0—3.

To answer the question of how the formulas for the volumes of different standard solids such as a sphere, a cone, or a
cylinder are found, we want to demonstrate an example and find the volume of an arbitrary cone.

Example 5.32

Finding a Volume Using a Double Integral

Use polar coordinates to find the volume inside the cone z =2 — X%+ y2 and above the xy-plane.

Solution
The region D for the integration is the base of the cone, which appears to be a circle on the xy-plane (see the

following figure).

Figure 5.37 Finding the volume of a solid inside the cone and above
the xy -plane.
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We find the equation of the circle by setting z = O:

0 = 2- x2+y2
2 = x2+y2
x2+y2 = 4

This means the radius of the circle is 2, so for the integration we have 0 < § < 27 and 0 < r < 2. Substituting

x=rcosf and y = rsinf in the equation z =2 — X2+ y2 we have z =2 — r. Therefore, the volume of

the cone is

0=2nr=2
Q- Pyrdrdf = 2;:% = %’T cubic units.

0=0r=0

Analysis

Note that if we were to find the volume of an arbitrary cone with radius a units and height %4 units, then the

equation of the cone would be z =h — %\/xz + y2.

O=2rr=a

We can still use Figure 5.37 and set up the integral as / f (h — %r)r drdo.
6=0r=0

Evaluating the integral, we get %7[02 h.

5.20 Use polar coordinates to find an iterated integral for finding the volume of the solid enclosed by the
paraboloids z = X%+ y2 and z =16 - x> — yz.

As with rectangular coordinates, we can also use polar coordinates to find areas of certain regions using a double integral.
As before, we need to understand the region whose area we want to compute. Sketching a graph and identifying the region
can be helpful to realize the limits of integration. Generally, the area formula in double integration will look like

B h2 ()

Area A = [hf(e)lrdrde.
1

Example 5.33

Finding an Area Using a Double Integral in Polar Coordinates
Evaluate the area bounded by the curve r = cos 46.

Solution

Sketching the graph of the function » = cos 46 reveals that it is a polar rose with eight petals (see the following
figure).
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Figure 5.38 Finding the area of a polar rose with eight petals.

Using symmetry, we can see that we need to find the area of one petal and then multiply it by 8. Notice that
the values of @ for which the graph passes through the origin are the zeros of the function cos 46, and these
are odd multiples of 7/8. Thus, one of the petals corresponds to the values of @ in the interval [—x/8, #/8].
Therefore, the area bounded by the curve r = cos 48 is

0 =r/8 r=cos4b

A =8 [ [ trdrae
0=-n/8 r=0

/8 1 2108 40 /8 1 2 1 1. /8 x x
=8 f/g[ir |0 :IJH =8 //85005 40 do = 8[10 + 1650 46 cos 460 _ﬂ/g] = 8[1—6] =Z.
—7) -7

Example 5.34

Finding Area Between Two Polar Curves

Find the area enclosed by the circle » = 3 cos @ and the cardioid » = 1 + cos 6.

Solution
First and foremost, sketch the graphs of the region (Figure 5.39).
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r = 3cosf

Figure 5.39 Finding the area enclosed by both a circle and a cardioid.

We can from see the symmetry of the graph that we need to find the points of intersection. Setting the two
equations equal to each other gives

3cosf =1+cosH.
One of the points of intersection is @ = z/3. The area above the polar axis consists of two parts, with one

part defined by the cardioid from @ =0 to @ = /3 and the other part defined by the circle from 6 = #/3 to
6 = /2. By symmetry, the total area is twice the area above the polar axis. Thus, we have

O=n/3r=1+cos@ O=nrl2r=3cos0
a=9 [ [ warae+ [ [ tirdrae|
0=0 r=0 O=n/3 r=0

Evaluating each piece separately, we find that the area is

=l 9343, 93)=2f3;)=3 i
A= 2(471 + 16\54_ o7 16@) = 2(871) = <7 square units.

@ 5.21 Find the area enclosed inside the cardioid » = 3 — 3 sin @ and outside the cardioid » = 1 + sin 6.
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Evaluating an Improper Double Integral in Polar Coordinates

—10(x2 + 2
Evaluate the integral f/ e (x Y )
R2

dx dy.

Solution

This is an improper integral because we are integrating over an unbounded region R2 In polar coordinates, the

entire plane R? canbeseenas 0 < 6 < 2z, 0<r < o0
Using the changes of variables from rectangular coordinates to polar coordinates, we have

_ 2,.2 0=2nr=c0 0=2rn r=a
I e lo(x v )dxdy = / /Oe_lorzrdrdt?: / (ali}mOo /e_lorzrdr]JH

R2 =0 r= 6=0 r=0

0=2n r=a 2
[ / de)[ali)moo fe_lor rdr]

=0 r=0

(2%

@ 5.22 —4
Evaluate the integral /[ e dx dy.

2

R
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5.3 EXERCISES

In the following exercises, express the region D in polar
coordinates.

122. D is the region of the disk of radius 2 centered at
the origin that lies in the first quadrant.

123. D is the region between the circles of radius 4
and radius 5 centered at the origin that lies in the second
quadrant.

124. D is the region bounded by the y-axis and

125. D is the region bounded by the x-axis and
y= 2—x2

126. D= {(x, W +y% < 4x}

127. D ={(x, y*+y? <4y}

In the following exercises, the graph of the polar
rectangular region D is given. Express D in polar
coordinates.

128.

129.
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131.
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132. In the following graph, the region D is situated
below y=x and is bounded by x=1,x=35, and

y=0.
y
51

1 2 3 a4 5%
133. In the following graph, the region D is bounded by

y=x and y=x2.
y
5.1

1 2 3 4 5%

In the following exercises, evaluate the double integral
// f(x, y)dA over the polar rectangular region D.
R

134.
fa, =2+ D={(n OB <r<50<0<2n)

135.

fy)=x+y, D={(r, 0B <r<50<6<2x}

136.

fo, ) =x>+x, D={r 0| <r<2,1<60<2r}

541

137.
fee ) =xt+ 3% D={o 0N <r <2, 3 <0 <21f

3
138. flx, y)= \/x2 + yz,

where
={e.on<r<1,Z<0<al
139. Flx, y) =x*+2x2y2 44, where
p={roB<r<4Z<o<al
140. flx, y) = sm(arctan ) where
pefnopzr2gzosy
141. f(x. y) = arctan(}), where
p={ropsr<3Z<o<2
142.
/ e"2”2[1 +2arctan(})[A, D ={or, Ol <r <2, L<0 < £}
143.

2yl g 2.2, .4 Y
g(e +xt+2x7y +y a.rclan(})dA,D {(r Ol <r<2, %565%}

In the following exercises, the integrals have been
converted to polar coordinates. Verify that the identities are
true and choose the easiest way to evaluate the integrals, in
rectangular or polar coordinates.

2 x % 2secl
144. /f(x2 +y2)dy dx = / f rdrdo
10 0 secl

/4 tan @ sec 0
dy dx =

\/x +y 0 {

/4 tan @ sec 0
dy dx = /

\/x2 + y 0 {

rcos@drdf

3
145. /
2

o\x

146. dr dé

S
I

/4 tan @ sec 0

dy dx = rsin @ dr d6

1 x
o e ]

In the following exercises, convert the integrals to polar
coordinates and evaluate them.
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3 Jo—y2 157. Find the area of the region D, which is the region
148. / / (x2 + yz)dx dy inside the disk x>+ y2 <4 and to the right of the line
0 0 —
x=1
2 4—y? 5 158. Determine the average value of the function
149. / / (x2 +y2) dxdy fx,y) = x? +y2 over the region D bounded by the
0
4 -2 polar curve r =cos26, where —% <f< % (see the
following graph).
11— x2 )
150. / f (x+y)dydx 05
0 0 0.4
4 V16-x2 0.3
151. / sin(x2 + yz)dy dx 0.2
0_ V16 — x2 y )
0.1 _ . \ D\
152. Evaluate the integral /g rdA where D is the L 02 04 06 08 1o
region bounded by the polar axis and the upper half of the e '
cardioid r = 1 + cos 6. 0.2
153. Find the area of the region D bounded by the polar -0.3
axis and the upper half of the cardioid » = 1 + cos 6. 0.4
154. Evaluate the integral // rdA, where D is the -0:5
D

region bounded by the part of the four-leaved rose 159. Determine the average value of the function

r = sin 26 situated in the first quadrant (see the following fx, y) = 4/xz N y2 over the region D bounded by the
figure). ’

polar curve r =3sin260, where 0 <0< % (see the

following graph).
y
25+

2.0+
1.5+

1.0+

155. Find the total area of the region enclosed by the 0.59

four-leaved rose r = sin 26 (see the figure in the previous

exercise).

0 f i t £ t f t f t f —x
156. Find the area of the region D, which is the region 03 10 15 20 23

boundedby y = V4 —x% x=43, x=2, and y=0. 160. Find the volume of the solid situated in the first
octant and bounded by the paraboloid z =1 — 4x? - 4y2

and the planes x =0, y=0, and z=0.
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161. Find the volume of the solid bounded by the
paraboloid z =2 — 9x? — 9y2 and the plane z = 1.

162.

a. Find the volume of the solid §; bounded by the
cylinder X2+ y2 =1 and the planes z=0 and
z=1.

b. Find the volume of the solid S, outside the double

2

cone 2 =x2+y2, inside the cylinder

X+ y2 =1, and above the plane z = 0.
c. Find the volume of the solid inside the cone
2=x2 +y2 and below the plane z=1 by

subtracting the volumes of the solids S and S,.

163.

a. Find the volume of the solid S; inside the unit
sphere X%+ y2 +z2=1 and above the plane
z=0.

b. Find the volume of the solid S, inside the double

cone (z—DZ=x+ y2 and above the plane
z=0.

c. Find the volume of the solid outside the double
cone (z— 1)2 =x2+ y2 and inside the sphere

x2+y2+z2= 1.

For the following two exercises, consider a spherical ring,
which is a sphere with a cylindrical hole cut so that the axis
of the cylinder passes through the center of the sphere (see
the following figure).

164. 1If the sphere has radius 4 and the cylinder has radius
2, find the volume of the spherical ring.

165. A cylindrical hole of diameter 6 cm is bored through
a sphere of radius 5 cm such that the axis of the cylinder

passes through the center of the sphere. Find the volume of
the resulting spherical ring.

543

166. Find the volume of the solid that lies under the

double cone z2=4x2+4y2, inside the cylinder

X2+ y2 = x, and above the plane z = 0.

167. Find the volume of the solid that lies under the

paraboloid z=x2+ y2, inside  the  cylinder

X2+ y2 = x, and above the plane z = 0.

168. Find the volume of the solid that lies under the plane
X+ y+z =10 and above the disk X2+ y2 = 4y.

169. Find the volume of the solid that lies under the plane
2x + y + 2z = 8 and above the unit disk X%+ y2 =1.

170. A radial function f is a function whose value at

each point depends only on the distance between that point
and the origin of the system of coordinates; that is,

f(x, y)=g(r), where r= \/m Show that if f

is a continuous radial function, then
I fCx, y)dA = (0, — 0,]G(R,) — G(R))], where
D

G'(r) =rg(r) and

x,WeED={r, )Ry <r<R,,0<6<2x, with
0<R,<R,and 0<0, <0, <2n.

171. Use the information from the preceding exercise to

3
calculate the integral f/ (x2 + yz) dA, where D is the
D

unit disk.

F'(r) . . .
172. Let f(x, y) = —5— be a continuous radial function
defined on the annular region
D={r,)|R| <r<R, 0<0<2x, where

r=\x2+y% 0< R; <R,, and F is a differentiable
function. Show that /| f(x, y)dA = 2a{F(R,) — F(R)|
D

173. Apply the preceding exercise to calculate the integral

1 2+ 2
f/dedy,

D \x2 + y2

between the circles of radii 1 and 2 situated in the third

where D is the annular region

quadrant.
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174. Let f be a continuous function that can be expressed
in polar coordinates as a function of 6 only; that is,
f@x, y) = h@),
(x, VED={r,0)|R;<r<R, 0,<0<0,, with
0<R; <R, and 0<£60,<0,<2m

g f(x, y)dA = %(R% ~R3\H(9,) - H©))], where H

where

Show that

is an antiderivative of h.

175. Apply the preceding exercise to calculate the integral

2
/fy—dA, where D = {(r, (9)|1 <r<2, <6< l}
D x2 6 3
176. Let f be a continuous function that can be expressed
in polar coordinates as a function of € only; that is,
J@x, y) = g(rh@),
(x, ) ED={r, )R <r<Rp, 0, <0<0,} with
0<R; <R, and 0<£6,<6,<2m.

g f(x, y)dA = [G(R,) — G(R))][H(,) — H(6)),

where G and H are antiderivatives of g and 4,

where

Show that

respectively.

177. Evaluate ff arctan(%) \/)c2 + ysz, where
D

D={(r,9)|25r£3, ses%}.
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178. A spherical cap is the region of a sphere that lies
above or below a given plane.
a. Show that the volume of the spherical cap in the

figure below is %ﬂh(&zz + hz).

b. A spherical segment is the solid defined by
intersecting a sphere with two parallel planes. If the
distance between the planes is A, show that the

volume of the spherical segment in the figure below

is +h(3a” +3b° + h?).




Chapter 5 | Multiple Integration

179. In statistics, the joint density for two independent,
normally distributed events with a mean u=0 and a

standard distribution c is defined by
y?
__1 20’2 .
p(x, y) = 5e . Consider (X,Y), the
270

Cartesian coordinates of a ball in the resting position after
it was released from a position on the z-axis toward the
xy -plane. Assume that the coordinates of the ball are

independently normally distributed with a mean u =0 and

a standard deviation of ¢ (in feet). The probability that
the ball will stop no more than a feet from the origin

is given by P[X2 +Y2< a2] = [[ p(x, y)dydx, where
D

D is the disk of radius a centered at the origin. Show that

P[X2 +Y2< az] Z ]2,

180. The double improper integral

(-2 +2%0)
f e dydx may be defined as the limit

—0o0

y—s

(—x2 + y2/2)

value of the double integrals /f e dA over
D

a

disks D, of radii a centered at the origin, as a increases
without bound; that is,
SRS 2.2 2,.2
—x“+y“/2 . —x“+y“/2
f fe( )dy dx= lim_[f e( )dA.
a — o0
—00 —co Dg

a. Use polar coordinates to show that

co o (—x2+y2/2)
f fe dydx =2r.
—00 —00

o
2
b. Show that f e *2dx =2z, by using the
—00

relation

0 oo (2,2 5] [SS)
/ /e( o /Z)dydxz[/e_xz/zdx][/e_yzlzdy].
~00 ~00 —o0 —®

545
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5.4 | Triple Integrals

Learning Objectives

5.4.1 Recognize when a function of three variables is integrable over a rectangular box.

5.4.2 Evaluate a triple integral by expressing it as an iterated integral.

5.4.3 Recognize when a function of three variables is integrable over a closed and bounded
region.

5.4.4 Simplify a calculation by changing the order of integration of a triple integral.

5.4.5 Calculate the average value of a function of three variables.

In Double Integrals over Rectangular Regions, we discussed the double integral of a function f(x, y) of two
variables over a rectangular region in the plane. In this section we define the triple integral of a function f(x, y, z) of three
variables over a rectangular solid box in space, R>. Later in this section we extend the definition to more general regions

in R3.
Integrable Functions of Three Variables

We can define a rectangular box B in R® as B= v, Dla<x<b, c<y<d, e<z< fl. We follow a similar
procedure to what we did in Double Integrals over Rectangular Regions. We divide the interval [a, b] into [
—Xi—1

subintervals [x; _, x;] of equal length Ax = Al ]

, divide the interval [c, d] into m subintervals [y;_, y;]

of equal length Ay = %, and divide the interval [e, f] into n subintervals [z;_1, z;] of equal length

Az = Zk_n# Then the rectangular box B is subdivided into Imn subboxes

Bjj=[x;_ 1, x;Ix [y;_ 1, il X [z;_1, 2], as shown in Figure 5.40.
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e

X
Figure 5.40 A rectangular box in R? divided into subboxes by planes
parallel to the coordinate planes.

For each i, j, andk, consider a sample point (x;.“jk, y;!‘jk, z’l?‘jk) in each sub-box Bijk- We see that its volume is

AV = AxAyAz. Form the triple Riemann sum

l m n
Z Z Z f(x?jks y?jk’ Z;-kjk)AxAyAz,
i=1j=1k=1

We define the triple integral in terms of the limit of a triple Riemann sum, as we did for the double integral in terms of a
double Riemann sum.

Definition

The triple integral of a function f(x, y, z) over a rectangular box B is defined as

I m  n (5.10)
im Y D D f e i) ArAyAz = /B[/ fCx, y, 2dV

Limon~ o0 2 f21 K20

if this limit exists.

When the triple integral exists on B, the function f(x, y, z) is said to be integrable on B. Also, the triple integral exists
if f(x, y, z) is continuous on B. Therefore, we will use continuous functions for our examples. However, continuity is

sufficient but not necessary; in other words, f is bounded on B and continuous except possibly on the boundary of B.
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The sample point (xfjk, y;!‘jk, z’l!‘jk) can be any point in the rectangular sub-box B;; and all the properties of a double

integral apply to a triple integral. Just as the double integral has many practical applications, the triple integral also has
many applications, which we discuss in later sections.

Now that we have developed the concept of the triple integral, we need to know how to compute it. Just as in the case of the
double integral, we can have an iterated triple integral, and consequently, a version of Fubini’s thereom for triple integrals
exists.

Theorem 5.9: Fubini’s Theorem for Triple Integrals

If f(x, y, z) is continuous on a rectangular box B = [a, b] X [c, d] X [e, f], then

f d b
I $x 5. D4V = [ [ [£e v, paxdydz.

a

This integral is also equal to any of the other five possible orderings for the iterated triple integral.

For a, b, ¢, d, e, and f real numbers, the iterated triple integral can be expressed in six different orderings:

S

fod b d [ b
ooy, adxdydzs = [([([ £y, adnaydz = [(f ([ £ox y. ddodody

S~
n\&.

S

f d f b d
([ 1y adpdadx= [([([foxy. Ddy)dndz

a0 S

b f b e f
S e v, panavdy = [([([ fex v, Ddndyyax.

For a rectangular box, the order of integration does not make any significant difference in the level of difficulty in
computation. We compute triple integrals using Fubini’s Theorem rather than using the Riemann sum definition. We follow
the order of integration in the same way as we did for double integrals (that is, from inside to outside).

Example 5.36

Evaluating a Triple Integral

z=1

y=4 x=5
Evaluate the triple integral f f (x+ yzz)dx dydz.
z=0"y=2"x=-1

Solution

The order of integration is specified in the problem, so integrate with respect to x first, then y, and then z.
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z=1

f / f (x + yzQ)dx dydz

x=5
l +xyz l]dydz

12 + 6yz2]dy dz

y 4

z=1

TAvE

z=1

e

z=0""y=2

z=1

= [24z + 36%]Z -

Evaluating a Triple Integral

Evaluate the triple integral fff x2yz dV where B ={(x, y,
B

in the following figure.

549

Integrate with respect to x.

Evaluate.

Integrate with respect to y.

Evaluate.

Integrate with respect to z.

Example 5.37

2)|—-2<x<1,0<y<3,1<z<5} as shown

(1,0,5)

(—2,3,5)

(1,3, 5

(—=2.3, 1)

(1, O,ZL}/

X

rectangular box.

Solution

Choose, say, to integrate y first, then x, and then z.

1,31 Y

Figure 5.41 Evaluating a triple integral over a given

The order is not specified, but we can use the iterated integral in any order without changing the level of difficulty.
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3
f[x yz]dydxdz—//l ‘O]dez
0
5
%xzzdxdz—/[z 33 |_2]Jz= / zdz— 227z22

Now try to integrate in a different order just to see that we get the same answer. Choose to integrate with respect
to x first, then z, and then y.
1
_p jaz dy

1 35
/{/ﬂyzdv = fz[x )’Z]ddedy=/[lx—3yz
1]4 f36ydy 36—

5
=162,

0
5 3
0= 189 —0) = 162.

@’ 5.23 Evaluate the triple integral JJJ zsinxcosydV where
B

B={wxyo0<x<n Z<y<om 12223

Triple Integrals over a General Bounded Region
We now expand the definition of the triple integral to compute a triple integral over a more general bounded region E in
R>. The general bounded regions we will consider are of three types. First, let D be the bounded region that is a projection

of E onto the xy -plane. Suppose the region E in R? has the form

E= {()C, Ys Z)l(x9 }’) € D’ ul(-x’ }’) <z< I/tz(.x, )’)}

For two functions z =u(x, y) and z =u,(x, y), such that u(x, y) < u,(x, y) forall (x, y) in D as shown in the

following figure.

Z = Uy(x, y)

z=u06Y)

Figure 5.42 We can describe region E as the space between
uq(x, y) and u,(x, y) above the projection D of E onto the

xy -plane.
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Theorem 5.10: Triple Integral over a General Region

The triple integral of a continuous function f(x, y, z) over a general three-dimensional region
E ={(x, y, 2|(x, y) € D, u(x, y) < z < up(x, )}

in R3, where D is the projection of E onto the xy -plane, is

uy(x, y)
W feyaav= | [ fexy, 2dz A,
E D fuyix, y)

Similarly, we can consider a general bounded region D in the xy -plane and two functions y = u(x, z) and y = u,(x, z)

such that u(x, z) < u,(x, z) forall (x, z) in D. Then we can describe the solid region E in R3 as

E= {()C, Vs Z)l(x’ Z) € D, ul(x’ Z) < y < I/tz(.x, Z)}

where D is the projection of E onto the xy -plane and the triple integral is

up(x, 2)
W fxy, 2dV = f f(x, y, 2)dy [dA.
E D uy(x, 2)

Finally, if D is a general bounded region in the yz-plane and we have two functions x = u(y, z) and x = u,(y, z) such
that u((y, z) < uy(y, z) forall (y, z) in D, then the solid region E in R> can be described as
E={x v 2|0, 2) €D, u;(y, 2) < x < uy(y, 2)}

where D is the projection of E onto the yz-plane and the triple integral is

un(y, z)
W fevoaav=fI| [ fey. dxlda.
E D luqy(v. 2

Note that the region D in any of the planes may be of Type I or Type II as described in Double Integrals over General
Regions. If D inthe xy -plane is of Type I (Figure 5.43), then

E={xy Dla<x<b, g1(0) <y < go), uy(x, y) <z <uylx, y))
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Z = Uy(X, y)

zZ= Ul(x, y)

b Y =0:.(x)
¥ =921
x
Figure 5.43 A box E where the projection D in the xy -plane is of

Type L.

Then the triple integral becomes
b 82(x) us(x, y)

1] 15 v, v = [ [ [ oy adzdvax

4 g1 uyx, y)
If D inthe xy-plane is of Type II (Figure 5.44), then

E={xy, dlc <x<d, hj(x) <y < hy(x), uy(x, y) <z < up(x, y))

z z = Uy(x, y)

X = hyly)
Figure 5.44 A box E where the projection D inthe xy

-plane is of Type II.

Then the triple integral becomes

‘gf@ygmv=/

y=clx=h z=upxy

y=d x=hy(y) z=up(xy)
)f(x, ¥, 2)dzdx dy.
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Example 5.38

Evaluating a Triple Integral over a General Bounded Region

Evaluate the triple integral of the function f(x, y, z) = 5x — 3y over the solid tetrahedron bounded by the planes
x=0,y=0,z=0, and x+y+z=1.

Solution
Figure 5.45 shows the solid tetrahedron E and its projection D on the xy -plane.

Z)

(0,0,1)

Figure 5.45 The solid E has a projection D on the xy -plane of Type L.

We can describe the solid region tetrahedron as

E={xy90<x<1,0<y<1-x0<z<1-x-yl

Hence, the triple integral is

x=1 y=l-x z=1l-x-y
X, v, 2)dV = S5x — 3y)dz dy dx.
4Zf( Y ) /;=0/;=0 /;=0 ( ﬂ 4
z=1—-x—-y
To simplify the calculation, first evaluate the integral f (5x — 3y)dz. We have
z=0
z=1—-x—-y

/ (5x = 3y)dz = (5x — 3yl — x — y).
z=0

y=1-x

Now evaluate the integral _/ (5x = 3y)J1 — x — y)dy, obtaining
y=0

/

y=0

y=1-x
(5x =3yl — x = Yy = Lor = D*(6x - 1).

Finally, evaluate

x=1

/ 36 - 1)%6x — Ddx = 4.
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Putting it all together, we have

yx=1 y=1—-x z=1-x-y

/él.f(x’y’z)dvz/;6=0/;=0 /z=0 (S)C—3y)d2dydx=11—2.

Just as we used the double integral ff 1dA to find the area of a general bounded region D, we can use //f 1dV to find
D E

the volume of a general solid bounded region E. The next example illustrates the method.

Example 5.39

Finding a Volume by Evaluating a Triple Integral

Find the volume of a right pyramid that has the square base in the xy -plane [—1, 1] X [-1, 1] and vertex at the

point (0, 0, 1) as shown in the following figure.

Figure 5.46 Finding the volume of a pyramid with a square base.

Solution
In this pyramid the value of z changes from Oto 1, and at each height z, the cross section of the pyramid for

any value of z is the square [—-1+2z, 1 —z] X [—1 + z, 1 — z]. Hence, the volume of the pyramid is //f 1dV
E

where

E={xy20<z<1l,-1+z<y<1l—-z —-1+z<x<1-17

Thus, we have
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z=1 =1- z=1 z=1

Iy 1av = /. / / 1dxdydz—f f (2—2z)dydz:/ [2-20%dz=4%

y=1+z"x=1+4z2 y=1+ z=
Hence, the volume of the pyramid is % cubic units.

@ 5.24  Consider the solid sphere E = {(x, v, z)|)c2 + y2 +72= 9}. Write the triple integral fff fx, vy, 2dV
E

for an arbitrary function f as an iterated integral. Then evaluate this triple integral with f(x, y, z) = 1. Notice

that this gives the volume of a sphere using a triple integral.

Changing the Order of Integration

As we have already seen in double integrals over general bounded regions, changing the order of the integration is done
quite often to simplify the computation. With a triple integral over a rectangular box, the order of integration does not
change the level of difficulty of the calculation. However, with a triple integral over a general bounded region, choosing an
appropriate order of integration can simplify the computation quite a bit. Sometimes making the change to polar coordinates
can also be very helpful. We demonstrate two examples here.

Example 5.40

Changing the Order of Integration

Consider the iterated integral

x—l)’—x Z=Yy

f f / fx, y, 2)dzdy dx.

x=0y=02z=0

The order of integration here is first with respect to z, then y, and then x. Express this integral by changing the
order of integration to be first with respect to x, then z, and then y. Verify that the value of the integral is the

same if we let f(x, y, 2) = xyz.

Solution
The best way to do this is to sketch the region E and its projections onto each of the three coordinate planes.
Thus, let
E={(xy20<x<1,0<y<x%0<z<y).
and

x=1y:x212)’2

/ f f f(x, v, 2dzdydx = /é/ f(x, y, 2)dV.

x=0y=0 z=0

We need to express this triple integral as
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y=dz=voMx=uy(y, 2
f(x, v, 2dx dz dy.

—

Y=Cz=viMx=u;(,2)
Knowing the region E we can draw the following projections (Figure 5.47):

on the xy-planeis D, ={(x, y)|0§x§ 1, 03y£x2}={(x, NWOLy<1,yy<x< 1},
on the yz-planeis D, = {(y, z)|0 <y<1,0<z< yZ}, and
on the xz-planeis D3 = {(x, z)|0 <x<1,0<zL xz}.

Yi (1, 1) 24 (1,1 Z
1+ p 1+ p 1+

x =1
(0, 0) (1,0) (0,0) (1,0) (0,0)
0 1X 0 1Y 0

Figure 5.47 The three cross sections of E on the three coordinate planes.

Now we can describe the same region E as {(x, ¥, z)|0 <y<1,0<z< y2, Wy <x < 1}, and consequently,
the triple integral becomes

y=dz=vy(Mx=uy(y 2) y

fy, odxdedy = [
Y=Cz=viMx=u1(, 2 y=

/ f(x’ Y, Z)dx dz dy

Now assume that f(x, y, z) = xyz in each of the integrals. Then we have
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x—ly—x z=Yy

/ f f xyzdzdy dx

x=0y=0 z=0

x=1)’=)f2 2 =)’2 x—lY—x x=1 6y=x2 x=1 13 :
— Z_ J_ - X Jy=-1_
= / f 5= yde= f /(x )J / 12 r= f 2% = Teg:
x=0y= x= x=0

y=lz=y2 y—

f fxyzdxdzdy

y=02z=0x=1y

y=lz=y? 1
- / f [yzxz‘w zdy

y=02z=0

y=1z=y2 ) = 2 ) y2 y=1 5 6
- Y _yz = Y _yz = Y Y Igy=_L
‘[Oz[o[z z]dzdy ! 4 g |z=0 @ y!o(4 4]dy 168

The answers match.

@ 5.25 Write five different iterated integrals equal to the given integral
z=4y=4d—zx=y

f / / f(x, v, 2dxdydz.
z=0 y=0 x=0

Example 5.41
Changing Integration Order and Coordinate Systems

Evaluate the triple integral //f Vx% + z2dV, where E is the region bounded by the paraboloid y = x> +72
E

(Figure 5.48) and the plane y = 4.
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Z)

y=4
Figure 5.48 Integrating a triple integral over a paraboloid.

Solution

The projection of the solid region E onto the xy -plane is the region bounded above by y = 4 and below by the

2

parabola y = x“ as shown.

-

(-2, 4) (2, 4)

—i4

Figure 5.49 Cross section in the xy -plane of the paraboloid
in Figure 5.48.

Thus, we have

E={(x, »ol-2<x<2, 22 <y<4, —\/y—xZSZs\/y—xz}.
The triple integral becomes

x=2 y=4 z=ly-x?

fEff x*+2%dV = / f / Vx? + z%dz dy dx.

x=—2y=x22=_ y_xz

This expression is difficult to compute, so consider the projection of £ onto the xz-plane. This is a circular disc

X2+ z2 < 4. So we obtain

x=2 y=4 z=y-x? x=2 z=V4-x2 y=4
[ Vx?+2%dv = / / f Vx? + 22dzdy dx = / / Vx? + z2dy dz dx.
E x=—2y=x22=_4y_x2 X=_22=_4_x2y=x 2

S

+z
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Here the order of integration changes from being first with respect to z, then y, and then x to being first with
respectto y, thento z, and thento x. It will soon be clear how this change can be beneficial for computation.
We have
x=2 z=m x=2 z=14-x2
/ Vx%+z dy dzdx = / / (4 -x2 —zz)\/x2+z2dzdx.
x=_2z=—4—xZY—x +22 x=_21=—m

Now use the polar substitution x =rcosd, z=rsinf, and dzdx=rdrdf in the xz-plane. This is

essentially the same thing as when we used polar coordinates in the xy -plane, except we are replacing y by z.

Consequently the limits of integration change and we have, by using rr=x*+7%

- 4—x2 =2r=
f / ) (4—x2—zz)\/x2+zzdzdx = / f rrdrde
=2 :_4 x2 = =

2z
=/l4_r3_r_
0 3 510

Average Value of a Function of Three Variables

Recall that we found the average value of a function of two variables by evaluating the double integral over a region on the
plane and then dividing by the area of the region. Similarly, we can find the average value of a function in three variables
by evaluating the triple integral over a solid region and then dividing by the volume of the solid.

Theorem 5.11: Average Value of a Function of Three Variables

If f(x, y, z) is integrable over a solid bounded region E with positive volume V(E), then the average value of the

function is

__1
Save = m /é/f(xa v, 2)dV.

Note that the volume is V(E) = //f 1dV.
E

Example 5.42

Finding an Average Temperature

The temperature at a point (x, y, z) of asolid E bounded by the coordinate planes and the plane x +y+z =1
is T(x, y, 7) = (xy + 8z + 20)°C. Find the average temperature over the solid.

Solution

Use the theorem given above and the triple integral to find the numerator and the denominator. Then do the
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division. Notice that the plane x + y +z = 1 has intercepts (1, 0, 0), (0, 1, 0), and (0, O, 1). The region E
looks like
E={x920<x<1,0<y<1-x0<z<1l—-x—y.

Hence the triple integral of the temperature is

y=1y=1l—-xz=1-x-y

_ _ 147
fé/f(x,y,z)dV—xlo y!o Z[O (xy + 82 + 20z dy dx = LEL.

x=1y=1—-xz=1-x-y
The volume evaluation is V(E) = fff 1dV = f f _/ ldzdydx:%.
E x=0 y=0 z=0

Hence the average value is Tyye = 147/40 _ 6147) _ 441

1/6 40 20

degrees Celsius.

5.26 Find the average value of the function f(x, y, z) = xyz over the cube with sides of length 4 units in the

first octant with one vertex at the origin and edges parallel to the coordinate axes.
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5.4 EXERCISES

In the following exercises, evaluate the triple integrals over
the rectangular solid box B.

181. fo (2x + 3y2 + 4z3)dV, where
B={xy20<x<1,0<y<2,0<z<3|
182. fB[f (xy + yz+ xz)dV, where
B={x,y 21 <x<2,0<y<2,1<z<3
183. /1/! (xcosy+z)dV, where
B={x,y,20<x<1,0<y<n -1<z<1}

where

184. /f (Z sin x + yz)dV,
B

B={xy290<x<70<y<l1,-1<z<2|

In the following exercises, change the order of integration
by integrating first with respect to z, then x, then y.

185. ]?7()62 +Iny+ z)dx dydz
01 2
1.1 3

186. ///(zex+2y)dxdydz
0-10
2 3 4

187. ///(xzz+% xdydz
110
2 —-11

8. [ [ 2 laxaya:
1-20

189. Let F, G, and H be continuous functions on
la, bl, [c, d], and e, f],

a,b,c,d,e, andf are real

respectively, ~ where
numbers such that
a<b,c<d, ande < f. Show that

b d

f b d f
| ] [FoGoHdzdy dx=( / F(x)dx]( / G(y)dy]( / H(z)dz}

a ¢

190. Let F, G, and H be differential functions on
la, b, [c, d], and e, f],

a,b,c,d,e, andf are real

respectively,  where
numbers such that

a<b,c<d, ande < f. Show that

A

d [
f / F'(x)G' (WH' (2)dzdy dx = [F(b) — F(a)][G(d) = G(O)][H(f) — H(e)].
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In the following exercises, evaluate the triple integrals over
the bounded region
E={xy dla<x<b hi(x) <y<hy(x),e<z< fl.

191. [l @x+ 5y +7z)dV, where
E

E={xy520<x<1,0<y< —x+1,1<z<2)

where

192. ] Inx+2dV,
E

E={xy2/l<x<e,0<y<lnx,0<z<1}

193. JIJ (sinx + sin y)dV, where
E

E={(x, Y, z)lOst%, —cosx<y<cosx, —1<z< 1}

194, I (xy + yz+ x2)dV, where
E

E={xy0<x<1, —x*<y<x0<z< 1}

In the following exercises, evaluate the triple integrals over
the indicated bounded region E.

195. I &+ 2y2)dV, where
E

E={xy90<x<1,0<y<x,0<z<5-x—y

196. YA (x3 +y3+ 13)dV, where
E

E={xy90<x<2,0<y<2x,0<z<4—-x—)

where

197. I ydv,

E={(x,y,z)|—1sxsl,—\/l—XZSySVl—xz,OSZsl—xz—yz}

where

198. [ xav,
E
E={(x,y,z)|—25xs2, —4V1—x2§ySW/4—x2,05254_)52_)'2}

In the following exercises, evaluate the triple integrals over
the bounded region E of the form

E={xy2g(0)<x<g,»),c<y<d e<z<f}
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199. f/ x2d v, where
E

E={xy ol-y*<x<y*-1-1<y<1,1<:<2|

where

200. JIJ sinx + y)dv,

E
E={(x,y’Z)|—y4SXSy4,OSJ’S2,OSZS4}

where

201. W (x=yz)av,
E

E={xy |-y <x<y50<y<ln -1<z<1]

where

202. J zdv,

E={x92P2-2y<x<2+4+y,0<y<1Ix,2<z<3

In the following exercises, evaluate the triple integrals over
the bounded region

E={xy 280 <x<gy(), c<y<d u(x, y) <z<uy(x, )

203. JJ zv.,

E={xy 2|-y<x<y0<y<1,0<z<1-x* =y

where

204. fff (xz+ DdV, where
E

E={x 5 0<x<y30<y<2,0<z<1-x2—)?

where

205. [ x=2av,
E

E={(x,y,z)|—\/1—y2£x§y,0§y§%x,0§zs1—x2—y2}

206. /ff (x+y)dV, where
E

E:{(x,y,z)|05xg\/1—y2,03ys1x,05z51—x}

In the following exercises, evaluate the triple integrals over
the bounded region

E= {()C, Vs Z)l(X, )’) € D’ up ()C, )’)x <z< Mz(x, y)}’

where D is the projection of E onto the xy -plane.
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2
207. f/ ( / (x+ z)dz]dA, where
D \1
D ={x yl*+y* <1}
3
208. I [ [xz+ l)dz)dA, where
D \'1
D= {(x, y)|)c2 —y2 >1,x< \/3}
10—x—-y
2009. I f (x + 22)dz |dA, where
D 0
D={x, yly>0,x>0,x+y<10}
ax? 4 4y2
210. Y / ydz|dA, where
D 0

D={(x, y)|x2+y2§4,y21,x20}

211. The solid E bounded by y>+z2=9,z=0, and
x =5 is shown in the following figure. Evaluate the

integral //f zdV by integrating first with respect to z,
E

then y, and then x.
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212. Thesolid E boundedby y=vx, x=4, y=0,
and z =1 is given in the following figure. Evaluate the

integral /] xyzdV by integrating first with respect to x,
E

then y, and then z.

213. [T] The volume of a solid E is given by the integral

0 0 x+y?

dzdydx. Use a computer algebra system
-2 X 0
(CAS) to graph E and find its volume. Round your answer
to two decimal places.

214. [T] The volume of a solid E is given by the integral

7 2,2

1+ \Vx“+y
/ dzdydx. Use a CAS to graph E and
2 0

_\o

find its volume V. Round your answer to two decimal
places.

In the following exercises, use two circular permutations
of the variables x, y, and z to write new integrals whose

values equal the value of the original integral. A circular
permutation of x, y, andz is the arrangement of the

numbers in one of the orders:

y, z, and xorz, x, and y.

following

(x2 2+ l)dx dydz

N
=
o1
o
'—\w
DS~

—-x+1
/ 2x+ 5y + 7z)dy dx dz
0

3
216. /
1

o —
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[ — x4y

217. / Inx dzdx dy
0

o——
A=

5

/ (x+ yz)dxdydz

y6

~

218.

L~
O\r

219. Set up the integral that gives the volume of the solid

E bounded by y2 =x%+2° and y= a®, where a > 0.

220. Set up the integral that gives the volume of the solid

2

E bounded by x:yz+z2 and x = a“, where a > 0.

221. Find the average value of the function
f(x, y, 2) = x+ y + z over the parallelepiped determined

by x=0,x=1,y=0,y=3,z=0, and z=15.

222, Find the average value of the function
fGx, y, 2 =xyz over the solid

=10, 11 x [0, 1] x [0, 1] situated in the first octant.

223. Find the volume of the solid E that lies under the
plane x+y+z=9 and whose projection onto the xy

-plane is bounded by x =\y—1,x=0, and x+y=7.

224. Find the volume of the solid E that lies under the
plane 2x + y+ z =8 and whose projection onto the xy

and x =Z,

-plane is bounded by x = sin™! v,y =0, 2

225. Consider the pyramid with the base in the xy -plane
of [-2, 2] X [-2, 2] and the vertex at the point (0, 0, 8).

a. Show that the equations of the planes of the lateral
faces of the pyramid are 4y+z=38,

4y—z=-8, 4x+z=38, and —4x+z=28.
b. Find the volume of the pyramid.

226. Consider the pyramid with the base in the xy -plane
of [-3, 3] X [-3, 3] and the vertex at the point (0, 0, 9).

a. Show that the equations of the planes of the side
faces of the pyramid are 3y+z=09,

3y+z=9, y=0and x=0.
b. Find the volume of the pyramid.
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227. The solid E bounded by the sphere of equation

2

X+ y2 +z2=7r with r>0 and located in the first

octant is represented in the following figure.

2.0

15

0.5

AL L T W T B W O T

0,0 0.0

15 %

15
y 2020
a. Write the triple integral that gives the volume of
E by integrating first with respect to z, then with

y, and then with x.
b. Rewrite the integral in part a. as an equivalent
integral in five other orders.
228. The solid E bounded by the
9)62+4yz+z2 =1 and located in the first octant is

equation

represented in the following figure.

1.0
0.75
z o5
0.0
0.25 Ui
5
X

0.0
00 g1

02

a. Write the triple integral that gives the volume of
E by integrating first with respect to z, then with

y, and then with x.
b. Rewrite the integral in part a. as an equivalent
integral in five other orders.

229. Find the volume of the prism with vertices
0,0,0),(2,0,0), (23,0,

0,3,0),(0,0, 1), and (2, 0, 1).

Chapter 5 | Multiple Integration

230. Find the volume of the prism with vertices
(0, 0, 0), 4, 0, 0), (4, 6, 0),

(0, 6, 0), (0,0, 1), and (4, 0, 1).

231. The solid E bounded by z=10—-2x—-y and

situated in the first octant is given in the following figure.
Find the volume of the solid.

10.0

7.5

25

N
o
o

T T

0.0

232. The solid E bounded by z=1— x? and situated

in the first octant is given in the following figure. Find the
volume of the solid.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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233. The midpoint rule for the triple integral
JII f(x, y, 2dV over the rectangular solid box B is a
B

generalization of the midpoint rule for double integrals.
The region B is divided into subboxes of equal sizes and

the integral is approximated by the triple Riemann sum
[ m n

> X X AF. v, )AV. where (5. 7 ) is

i=1j=1k=1

the center of the box Bk and AV is the volume of

each subbox. Apply the midpoint rule to approximate
fff x2dv over the solid
B

B={xv20<x<1,0<y<1,0<z<1} by using

a partition of eight cubes of equal size. Round your answer
to three decimal places.

234. [T]
a. Apply the midpoint rule to approximate
2
Jf e dv over the solid
B

B={x,»20<x<1,0<y<1,0<z< 1}

by using a partition of eight cubes of equal size.
Round your answer to three decimal places.

b. Use a CAS to improve the above integral

approximation in the case of a partition of n’

cubes of equal size, where n =3, 4,..., 10.

235. Suppose that the temperature in degrees Celsius at
a point (x, y, z) of a solid E bounded by the coordinate

planes and x+y+z=15 is T(x, y, z2) = xz+ 5z + 10.
Find the average temperature over the solid.

236. Suppose that the temperature in degrees Fahrenheit
at a point (x, y, z) of asolid £ bounded by the coordinate
planes and x+y+z=5 is T(x,y,2) =x+y+xy.

Find the average temperature over the solid.

237. Show that the volume of a right square pyramid of

2
height 4 and side length a is v = h% by using triple

integrals.
238. Show that the volume of a regular right hexagonal
prism of edge length a is 3"37\5 by using triple
integrals.
239. Show that the volume of a regular right hexagonal

a>V3
2

pyramid of edge length a is by using triple

integrals.
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240. 1If the charge density at an arbitrary point (x, y, z)
of a solid E is given by the function p(x, y, z), then the

total charge inside the solid is defined as the triple integral
f// p(x, y, 2)dV. Assume that the charge density of the
E

solid E enclosed by the paraboloids x =5 — y2 — 7% and

x= y2 +72-5is equal to the distance from an arbitrary

point of E to the origin. Set up the integral that gives the
total charge inside the solid E.



566 Chapter 5 | Multiple Integration

5.5 | Triple Integrals in Cylindrical and Spherical
Coordinates

Learning Objectives

5.5.1 Evaluate a triple integral by changing to cylindrical coordinates.
5.5.2 Evaluate a triple integral by changing to spherical coordinates.

Earlier in this chapter we showed how to convert a double integral in rectangular coordinates into a double integral in polar
coordinates in order to deal more conveniently with problems involving circular symmetry. A similar situation occurs with
triple integrals, but here we need to distinguish between cylindrical symmetry and spherical symmetry. In this section we
convert triple integrals in rectangular coordinates into a triple integral in either cylindrical or spherical coordinates.

Also recall the chapter opener, which showed the opera house I’Hemisphéric in Valencia, Spain. It has four sections with
one of the sections being a theater in a five-story-high sphere (ball) under an oval roof as long as a football field. Inside is
an IMAX screen that changes the sphere into a planetarium with a sky full of 9000 twinkling stars. Using triple integrals

in spherical coordinates, we can find the volumes of different geometric shapes like these.
Review of Cylindrical Coordinates

As we have seen earlier, in two-dimensional space Rz, a point with rectangular coordinates (x, y) can be identified
with (r, 8) in polar coordinates and vice versa, where x = rcos#, y = rsiné, r2=x2+ y2 and tan @ = (%) are the
relationships between the variables.

In three-dimensional space R3, a point with rectangular coordinates (x, y, z) can be identified with cylindrical
coordinates (r, 6, z) and vice versa. We can use these same conversion relationships, adding z as the vertical distance to

the point from the xy -plane as shown in the following figure.

Z)

P(x, v, 2)
P(r, 0, 2)

z

y

°
1
|
|
|
1
I
|
I
|
|
1
|
1
|
1
1
I
|
I
1
1
I
]

x Y
Figure 5.50 Cylindrical coordinates are similar to polar
coordinates with a vertical z coordinate added.

To convert from rectangular to cylindrical coordinates, we use the conversion x = rcos@ and y = rsiné. To convert
from cylindrical to rectangular coordinates, we use rr=x+ y2 and 6 = tan~! (%) The z-coordinate remains the same

in both cases.

In the two-dimensional plane with a rectangular coordinate system, when we say x = k (constant) we mean an unbounded
vertical line parallel to the y -axis and when y =/ (constant) we mean an unbounded horizontal line parallel to the x -axis.
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With the polar coordinate system, when we say r = ¢ (constant), we mean a circle of radius ¢ units and when 6 = «a
(constant) we mean an infinite ray making an angle « with the positive x -axis.

Similarly, in three-dimensional space with rectangular coordinates (x, y, z), the equations x =k, y=1[, and z =m,

where k, I, and m are constants, represent unbounded planes parallel to the yz-plane, xz-plane and xy -plane,
respectively. With cylindrical coordinates (r, 6, z), by r=c¢, 8 =a, and z =m, where ¢, @, and m are constants,
we mean an unbounded vertical cylinder with the z-axis as its radial axis; a plane making a constant angle a with

the xy-plane; and an unbounded horizontal plane parallel to the xy -plane, respectively. This means that the circular

2

cylinder X+ y2 = ¢“ in rectangular coordinates can be represented simply as 7 = ¢ in cylindrical coordinates. (Refer to

Cylindrical and Spherical Coordinates for more review.)

Integration in Cylindrical Coordinates

Triple integrals can often be more readily evaluated by using cylindrical coordinates instead of rectangular coordinates.
Some common equations of surfaces in rectangular coordinates along with corresponding equations in cylindrical
coordinates are listed in Table 5.1. These equations will become handy as we proceed with solving problems using triple
integrals.

Circular cylinder Circular cone Sphere Paraboloid
Rectangular x2+y2=c? 2= cz()c2 + y2) 2+y?42=c? z= c(x2 + yz)
Cylindrical r=c z=cr 2472 =2 7=cr’

Table 5.1 Equations of Some Common Shapes

As before, we start with the simplest bounded region B in R3, to describe in cylindrical coordinates, in the form

of a cylindrical box, B={(r, 0, 2)la<r<b,a <0< f, c <z<d} (Figure 5.51). Suppose we divide each interval

into [, mandn subdivisions such that Ar = b ; 4 A9 = p ;10{, and Az = d 7 €. Then we can state the following

definition for a triple integral in cylindrical coordinates.

Z)

B = [ri-1, il X [0;-1, 0] X [Z41, 2]

0=a
Figure 5.51 A cylindrical box B described by cylindrical
coordinates.
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Definition

Consider the cylindrical box (expressed in cylindrical coordinates)

B={r,0,0la<r<b a<0<p c<z<d.
If the function f(r, 6, z) is continuous on B and if (r;."jk, H;ij, z’l!‘jk) is any sample point in the cylindrical subbox

Bijx=1lri_y, rx [0]- _1s Hj] X [zg _ 1, 24l (Figure 5.51), then we can define the triple integral in cylindrical

coordinates as the limit of a triple Riemann sum, provided the following limit exists:

I m n
T % % ¥k
l, m,lzm—) OOiZI 121 kzl f(rijk’ Gijk, Zij )rijk ArAeAZ

Note that if g(x, y, z) is the function in rectangular coordinates and the box B is expressed in rectangular coordinates,

then the triple integral //f g(x, v, 2)dV is equal to the triple integral fff g(rcos @, rsin 6, 7)r dr dd dz and we have
B B

I ex, y, 2dV = [Jf g(rcos6, rsin®, 2yrdrdddz= [Jf f(r, 6, z)rdrd6dz. (5.11)
B B B

As mentioned in the preceding section, all the properties of a double integral work well in triple integrals, whether
in rectangular coordinates or cylindrical coordinates. They also hold for iterated integrals. To reiterate, in cylindrical
coordinates, Fubini’s theorem takes the following form:

Theorem 5.12: Fubini’s Theorem in Cylindrical Coordinates

Suppose that g(x, y, z) is continuous on a rectangular box B, which when described in cylindrical coordinates looks
like B={r,0,la<r<b,a<0<p,c<z<d.

Then g(x, y, z) = g(rcos @, rsin @, z) = f(r, 0, ) and
d

B b
W g v, 2av = [ [ [1. 0, rdradad:.
B c a

a

The iterated integral may be replaced equivalently by any one of the other five iterated integrals obtained by integrating
with respect to the three variables in other orders.

Cylindrical coordinate systems work well for solids that are symmetric around an axis, such as cylinders and cones. Let us
look at some examples before we define the triple integral in cylindrical coordinates on general cylindrical regions.

Example 5.43

Evaluating a Triple Integral over a Cylindrical Box

Evaluate the triple integral fff (zrsin@)rdrdfdz where the cylindrical box B is
B

B={(r0,90<r<2,0<0<r/2,0<z<4}.

Solution

As stated in Fubini’s theorem, we can write the triple integral as the iterated integral
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60 =72

r=2 .z=4
in)rdrdddz = in @)r dz dr do.
/B[f(zrsm rdr 7z /9 fr_OfZ:O(zrsm Vrdz dr

=0

The evaluation of the iterated integral is straightforward. Each variable in the integral is independent of the others,
so we can integrate each variable separately and multiply the results together. This makes the computation much
easier:

O0=n2 . r=2 ,z=4
f f f (zrsin O)r dz dr do
0=0 0z=0

r=

i [ fon/zsin ) d@)( /Ozrzdr]( fo . dz]= (~cos 6'|3’2)[%3

@ 5.27 O=nr=1z=4
Evaluate the triple integral / / f rzsin Or dz dr d6.
0=0r=0z=0

If the cylindrical region over which we have to integrate is a general solid, we look at the projections onto the coordinate
planes. Hence the triple integral of a continuous function f(r,8,z) over a general solid region

E={(r, 0, 2|(r, 0) € D, uy(r, 0) <z < uy(r, O)} in R3, where D is the projection of E onto the 76 -plane, is

uy (r, 0)
J £ 6. 9rdrdodz= [[| [ fir, 6, 2dzrdrdo.
E D uy(r, 0)

In particular, if D ={(r, )|g;(0) <r < g,(0), a <0 < f], then we have

O=pr=g2@ z=uy(r, 0
[ f(r, 6, 2rdrdo = f f f f@r, 0, Ordzdrdb.
E O=ar=g1@z=uy(,0)

Similar formulas exist for projections onto the other coordinate planes. We can use polar coordinates in those planes if
necessary.

Example 5.44

Setting up a Triple Integral in Cylindrical Coordinates over a General Region

Consider the region E inside the right circular cylinder with equation r = 2 sin @, bounded below by the rf

-plane and bounded above by the sphere with radius 4 centered at the origin (Figure 5.52). Set up a triple
integral over this region with a function f(r, 8, z) in cylindrical coordinates.
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r= 2sing

rr+2z>=16

Figure 5.52 Setting up a triple integral in cylindrical
coordinates over a cylindrical region.

Solution

First, identify that the equation for the sphere is r? + 2% = 16. We can see that the limits for z are from 0 to

z=V16 — 2. Then the limits for r are from O to r = 2sin . Finally, the limits for @ are from 0 to .

Hence the region is
E={(r, 0,20<0<7,0<r<2sn6 0<z< \/16—r2}.

Therefore, the triple integral is

//ff(r’ 99 Z)rdZdrd9=
E

5.28 Consider the region E inside the right circular cylinder with equation » = 2sinf, bounded below by
the 76 -plane and bounded above by z = 4 — y. Set up a triple integral with a function f(r, 8, z) in cylindrical

coordinates.

Example 5.45

Setting up a Triple Integral in Two Ways

Let E be the region bounded below by the cone z = sz + y2 and above by the paraboloid z =2 — X% - yz.

(Figure 5.53). Set up a triple integral in cylindrical coordinates to find the volume of the region, using the
following orders of integration:

a. dzdrdf
b. drdzdo.
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0,0,2)

X
Figure 5.53 Setting up a triple integral in cylindrical coordinates
over a conical region.

Solution

2

a. The cone is of radius 1 where it meets the paraboloid. Since z=2—x2—y2=2—r and

z= \/x2+y2:r (assuming r is nonnegative), we have 2—rr=r. Solving, we have

rPr—2= (r+2)(r—1)=0. Since r >0, we have r = 1. Therefore z = 1. So the intersection
of these two surfaces is a circle of radius 1 in the plane z = 1. The cone is the lower bound for z and
the paraboloid is the upper bound. The projection of the region onto the xy -plane is the circle of radius

1 centered at the origin.
Thus, we can describe the region as

E=kh&OWSGS2mOSrSLrSzSZ—ﬂ}

Hence the integral for the volume is

v=[ [ [ razarae.

0=0r=0 =7

29— z. The lower bound for r is

b. We can also write the cone surface as » = z and the paraboloid as r
zero, but the upper bound is sometimes the cone and the other times it is the paraboloid. The plane z = 1

divides the region into two regions. Then the region can be described as
E ={(r0,2900<0<27,0<z<1,0<r<z}
U{(r 0.2910<0<27, 1<2<2,0<r<2-1).

Now the integral for the volume becomes

0=2rz=1r=z 0=2rz=2r=\2-z¢

V= f f /rdrdzd9+ f f f rdrdzdo.
0=0z=0r=0 ~0z=1 r=0

@’ 5.29 Redo the previous example with the order of integration df dz dr.
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Example 5.46

Finding a Volume with Triple Integrals in Two Ways

Let E be the region bounded below by the 8 -plane, above by the sphere X+ y2 +2z2 =4, andon the sides by

the cylinder X%+ y2 =1 (Figure 5.54). Set up a triple integral in cylindrical coordinates to find the volume of

the region using the following orders of integration, and in each case find the volume and check that the answers
are the same:

a. dzdrd6f
b. drdzdé.
z
X
Figure 5.54 Finding a cylindrical volume with a triple
integral in cylindrical coordinates.
Solution

a. Note that the equation for the sphere is

x2+y2+22=40rr2+22=4

and the equation for the cylinder is

x2+y2=10rr2=1.

Thus, we have for the region E

E={0,0,00<:<Va-r%0<r<1,0<0<24)

Hence the integral for the volume is
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0=2rr=1z= 4-r2

viey = [ [ [ rdzaras

::2(;!::(1) ZZ:=O4_r2 0=2rr=1 5
- 04‘0 rlo[mlz=md”d9= 0[0 rlo(ﬂ/:)drdﬁ

2
— [(8 —3)0 = 248 — V3) cubic units.
{ (3 3)d9 2;;(3 3)cub1c units

b. Since the sphere is X%+ y2 +72= 4, whichis 2472 = 4, and the cylinder is x>+ y2 =1, which
is 2= 1, wehave 1+ z2 =4, thatis, z2 = 3. Thus we have two regions, since the sphere and the

cylinder intersect at (1, W/§) in the rz-plane

Ey={0n0,00<r<Va-23<222,0<0<24]

and

Ey={r0,10<r<1,0<z<V3,0<0<2q].

Hence the integral for the volume is

0=2722=2r=\4—,2 0=272z2="3r=1
V(E) = [ rdrazae+ [ [ [ rdrdzae
0=0 =3 r=0 0=0 z=0r=0
_ 16 _ _ (8 _ . .
=3z + ( 3 3W/§)ﬂ 27[(3 \/§) cubic units.

@ 5.30 Redo the previous example with the order of integration df dz dr.

Review of Spherical Coordinates

573

In three-dimensional space R? in the spherical coordinate system, we specify a point P by its distance p from the origin,

the polar angle € from the positive x-axis (same as in the cylindrical coordinate system), and the angle ¢ from the

positive z-axis and the line OP (Figure 5.55). Notethat p > 0 and 0 < ¢ < z. (Refer to Cylindrical and Spherical

Coordinates for a review.) Spherical coordinates are useful for triple integrals over regions that are symmetric with

respect to the origin.
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P(x, ¥, 2)
P(p, 6, ¢)

X
Figure 5.55 The spherical coordinate system locates points
with two angles and a distance from the origin.

Recall the relationships that connect rectangular coordinates with spherical coordinates.
From spherical coordinates to rectangular coordinates:

x=psingcosh, y=psingsind, andz = pcos ¢.
From rectangular coordinates to spherical coordinates:

2

P =x2+y2+z2,tan6’=%,(p=axccos 4

\/)c2 + y2 + Z2
Other relationships that are important to know for conversions are

e r=psing
These equations are used to convert from

o 0=0 . . Lo .
spherical coordinates to cylindrical coordinates

e 7=pcosg

and

These equations are used to convert from
o 0=0 cylindrical coordinates to spherical
coordinates.

e = MCCOS(%]
r'+z

The following figure shows a few solid regions that are convenient to express in spherical coordinates.
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z
0
y
X
0<c<3 S <c<m
Sphere p = ¢ (constant) Half plane @ = ¢ (constant) Half cone ¢ = ¢ (constant)

Figure 5.56 Spherical coordinates are especially convenient for working with solids bounded by these types of surfaces.
(The letter ¢ indicates a constant.)

Integration in Spherical Coordinates

We now establish a triple integral in the spherical coordinate system, as we did before in the cylindrical coordinate system.
Let the function f(p, 0, @) be continuous in a bounded spherical box, B={p, 0, pla<p <b,a <0<,y <@ Lyl

We then divide each interval into /, m and n subdivisions such that Ap = b%“, AG = b ;1 a, Ap = w

Now we can illustrate the following theorem for triple integrals in spherical coordinates with (p;?‘jk, 9;-“].k, qo;?‘jk) being any
sample point in the spherical subbox B; k- For the volume element of the subbox AV in spherical coordinates, we have
AV = (Ap)pAg)p sin pAb), , as shown in the following figure.

Z |

psin ¢ A0

Figure 5.57 The volume element of a box in spherical coordinates.

Definition

The triple integral in spherical coordinates is the limit of a triple Riemann sum,

L. m n
. 9 o
) JZI 2 Sl O 500 sin pipA0Ag

provided the limit exists.

As with the other multiple integrals we have examined, all the properties work similarly for a triple integral in the spherical
coordinate system, and so do the iterated integrals. Fubini’s theorem takes the following form.
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Theorem 5.13: Fubini’s Theorem for Spherical Coordinates

If f(p, 0, @) is continuous on a spherical solid box B = [a, b] X [a, f]X [y, w], then

p=wb0=pp=>b (5.12)
/g flp. 6, ppp*singdpdpdo= [ [ [ fip. 6. p)p*sindp de do.
P=Yf@=aP=4a

This iterated integral may be replaced by other iterated integrals by integrating with respect to the three variables in
other orders.

As stated before, spherical coordinate systems work well for solids that are symmetric around a point, such as spheres
and cones. Let us look at some examples before we consider triple integrals in spherical coordinates on general spherical
regions.

Example 5.47

Evaluating a Triple Integral in Spherical Coordinates

O=2z9p=nl2p=1
Evaluate the iterated triple integral f / / p2 sin g dp do do.
0=0 ¢=0 p=0

Solution

As before, in this case the variables in the iterated integral are actually independent of each other and hence we
can integrate each piece and multiply:

2r 7/2 1 2z 7l2 1
[ [ [o¥singdpdgan= [ao [sinpdo [p*dp = @mn(L)=22.
0 0 0 0 0 0

The concept of triple integration in spherical coordinates can be extended to integration over a general solid, using the
projections onto the coordinate planes. Note that dV and dA mean the increments in volume and area, respectively. The

variables V and A are used as the variables for integration to express the integrals.

The triple integral of a continuous function f(p, 8, @) over a general solid region
E= {(p’ 97 (p)l(p’ 9) € D’ ul(pv 9) < ("4 < u2(p7 9)}

in R3, where D is the projection of E onto the p@ -plane, is

us(p, 6)
W fo 0. 0dv=[| [ fio. 0. g lda.
E D uylp, 6)

In particular, if D ={(p, 0)|g;(0) < p < g,(0), a <0 < f}, then we have

B 82O uz(p. 0)

fEff fo.0.0av=[ [ [ flp. 6, gp*singdpdpdo.

* g1 uylp, 0

Similar formulas occur for projections onto the other coordinate planes.
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Example 5.48

Setting up a Triple Integral in Spherical Coordinates

Set up an integral for the volume of the region bounded by the cone z = 3(x2 + y2) and the hemisphere

z=V4- x? - y2 (see the figure below).

z =302 + y?)

z=/4-x2 -y

— et _— y

Figure 5.58 A region bounded below by a cone and above by
a hemisphere.

Solution

Using the conversion formulas from rectangular coordinates to spherical coordinates, we have:

For the cone: z = 1/3(x2 + y2) or pcosp = \3psing or tan =Loggp=2
(x*+?) or pcosg =3psing v=more=¢%

For the sphere: z = \/4—x2—y2 or zz+x2+y2=4 or p2=4 or p=2.

0=2np=nl6p=2

Thus, the triple integral for the volume is V(E) = / f p2 sin g dp de do.
0=0 ¢=0 p=0

@ 5.31 Set up a triple integral for the volume of the solid region bounded above by the sphere p =2 and
bounded below by the cone ¢ = #/3.

Example 5.49

Interchanging Order of Integration in Spherical Coordinates

Let E be the region bounded below by the cone z = \/x2 + y2 and above by the sphere z = X2+ y2 +22

(Figure 5.59). Set up a triple integral in spherical coordinates and find the volume of the region using the
following orders of integration:

a. dpdedo,




578 Chapter 5 | Multiple Integration

b. dedpdo.
z
[ Sphere z = x2 + y2 + 22
/ / Cone z = |x? + y?
I 3
/ ;’
x
Figure 5.59 A region bounded below by a cone and above by
a sphere.
Solution

a. Use the conversion formulas to write the equations of the sphere and cone in spherical coordinates.
For the sphere:

x2+y2+z2

= Z
p? = pcose
p = cosq.

For the cone:

Z =
pcosep = \/pz sin2¢cosz¢+p25m2§o sin2¢
pcosgy = \/p2 sinzrp(coszqﬁ + sin2¢)
pcosep = psing
cos@ = sing
¢ = n/4

Hence the integral for the volume of the solid region E becomes

O=2x@=nl4p=cosqg

viey= [ [ [ pisingdpdgae.
6=0 ¢=0 p=0

b. Consider the @p -plane. Note that the ranges for ¢ and p (from part a.) are

0<¢p<n/4
0<p<cose.

The curve p = cos @ meets the line ¢ = z/4 at the point (JT/4, W/E/Z). Thus, to change the order of

integration, we need to use two pieces:

0<p<V212 ‘ V22 < p<1
an
0< @< a4 0 < (pgcos_lp.
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Hence the integral for the volume of the solid region E becomes

0=27p="212¢=nl4 0=27 p=1 (p=cos_1p
viey= [ [ [ pisingdpdpac+ [ [ [ pisingdedpae.
0=0 p=0 ¢=0 0=0p=22 »=0
In each case, the integration results in V(E) = %

Before we end this section, we present a couple of examples that can illustrate the conversion from rectangular coordinates
to cylindrical coordinates and from rectangular coordinates to spherical coordinates.

Example 5.50

Converting from Rectangular Coordinates to Cylindrical Coordinates

Convert the following integral into cylindrical coordinates:

/ f xyzdzdxdy.

y=-1 x=0  _ 2, y2
Solution
The ranges of the variables are
-1 < y<1
0 < x<\1- y2

xz+y2 < zS\/x2+y2.

The first two inequalities describe the right half of a circle of radius 1. Therefore, the ranges for 6 and r are

_t A
256’52and0§r51.

The limits of z are r2§z§r, hence
y=1x=\1-y z=\x +y O=n2 r=1z=r

f / xyzdzdxdy = f / / r(r cos 0)(r sin 0)z dz dr d6.

y 0 Z:)62_'_}}2 9=—ﬂ/2r=0Z:r2

Example 5.51

Converting from Rectangular Coordinates to Spherical Coordinates

Convert the following integral into spherical coordinates:
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y=3x=lo—y2z=1{18-x2-2
f f f (x2+y2+zz)dz dxdy.
y=0 x=0

= x2+y2

Solution
The ranges of the variables are
0

0 x<\9- y2
)c2+y2 < zS\/lS—xz—yz.
The first two ranges of variables describe a quarter disk in the first quadrant of the xy -plane. Hence the range for

0 is OS@S%.

A
~

A

w

IA

The lower bound z = \/)c2 + y2 is the upper half of a cone and the upper bound z = |18 — X2 - y2 is the upper
half of a sphere. Therefore, we have 0 < p < V18, whichis 0 < p =< 342.

For the ranges of ¢, we need to find where the cone and the sphere intersect, so solve the equation

P+t = 18
2
(\/x2+y2' +z2 = 18
2+t = 18
222 = 18
2 =9
z = 3.
This gives
3V2cosp = 3
1
cosyp = —=
M)
- I
Putting this together, we obtain
y=3x=10—y2z=118-x2 -2 p=nlbg=nnp=32
(x2+y2+z2)dzdxdy= / / f p4sin(pdpd€dq).
y:O x=0 2 2 (/)20 0=0 /):0

Z=\x"+y
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5.32 Use rectangular, cylindrical, and spherical coordinates to set up triple integrals for finding the volume of
the region inside the sphere X2+ y2 + 22 = 4 but outside the cylinder X%+ y2 =1.

X+yr+z2=4

Now that we are familiar with the spherical coordinate system, let’s find the volume of some known geometric figures, such
as spheres and ellipsoids.

Example 5.52

Chapter Opener: Finding the Volume of ’'Hemisphéric

Find the volume of the spherical planetarium in I’Hemisphéric in Valencia, Spain, which is five stories tall and

has a radius of approximately 50 ft, using the equation X+ y2 +72=r%

Figure 5.60 (credit: modification of work by Javier Yaya Tur,
Wikimedia Commons)

Solution
We calculate the volume of the ball in the first octant, where x >0, y >0, and z >0, using spherical
coordinates, and then multiply the result by 8 for symmetry. Since we consider the region D as the first octant

in the integral, the ranges of the variables are

0<p<Z 0<p<r,0<0<Z

DIy

Therefore,
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O=nl2p=m@=n/2
Jdxavdz=8 [ [ [ p*sinodgpdpde
D 0=0 p=0 ¢=0
r 0=rnl2
p*dp [ sinodo

<
I

Il
[ee]
U
<
[y

This exactly matches with what we knew. So for a sphere with a radius of approximately 50 ft, the volume is

%;:(50)3 ~ 523,600 ft3.

For the next example we find the volume of an ellipsoid.

Example 5.53

Finding the Volume of an Ellipsoid

2

2 2
Find the volume of the ellipsoid 25 + y_2 + Z_2 =1.
a b

c

Solution
We again use symmetry and evaluate the volume of the ellipsoid using spherical coordinates. As before, we use
the first octant x > 0, y > 0, and z > 0 and then multiply the result by 8.

In this case the ranges of the variables are

0S¢S%,OSPS%,OS;7§1, andosﬁs%
Also, we need to change the rectangular to spherical coordinates in this way:

x=apcos@sinf, y=>bpsingsiné, andz = cpcosé.
Then the volume of the ellipsoid becomes
V = [[] dxdydz
D

O=n2p=1¢=n2
=8 f / / abcpzsinedqodpdﬁ
=0 p=0 ¢=0

p=x2 p=1 0=nl2

= 8abc dqo/pzdp / sin 6 dO
=0 p=0 0=

- z\l

s

=4

—37mbc.
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Example 5.54

Finding the Volume of the Space Inside an Ellipsoid and Outside a Sphere

2 2 2
Find the volume of the space inside the ellipsoid x_2+y_2+z_2=1 and outside the sphere
75 80 90

x2+y2 +22 =502

Solution

This problem is directly related to the I’Hemispheéric structure. The volume of space inside the ellipsoid and
outside the sphere might be useful to find the expense of heating or cooling that space. We can use the preceding
two examples for the volume of the sphere and ellipsoid and then substract.

First we find the volume of the ellipsoid using a = 75 ft, b = 80ft, and ¢ = 90 ft in the result from Example

5.53. Hence the volume of the ellipsoid is

Vellipsoid = %;;(75)(80)(90) ~ 2,262,000 ft>.

From Example 5.52, the volume of the sphere is

1% ~ 523,600 ft°.

sphere

2 2 2
Therefore, the volume of the space inside the ellipsoid #+$+$:1 and outside the sphere

x% + y% + 22 = 507 is approximately

3
VHemisferic = Vcllipsoid - Vspherc = 1,738,400 ft".
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Student PR

Hot air balloons

Hot air ballooning is a relaxing, peaceful pastime that many people enjoy. Many balloonist gatherings take place
around the world, such as the Albuquerque International Balloon Fiesta. The Albuquerque event is the largest hot air
balloon festival in the world, with over 500 balloons participating each year.

¥ % y . i)
Figure 5.61 Balloons lift off at the 2001 Albuquerque International Balloon Fiesta. (credit: David Herrera, Flickr)

As the name implies, hot air balloons use hot air to generate lift. (Hot air is less dense than cooler air, so the balloon
floats as long as the hot air stays hot.) The heat is generated by a propane burner suspended below the opening of the
basket. Once the balloon takes off, the pilot controls the altitude of the balloon, either by using the burner to heat the
air and ascend or by using a vent near the top of the balloon to release heated air and descend. The pilot has very little
control over where the balloon goes, however—balloons are at the mercy of the winds. The uncertainty over where we
will end up is one of the reasons balloonists are attracted to the sport.

In this project we use triple integrals to learn more about hot air balloons. We model the balloon in two pieces. The top
of the balloon is modeled by a half sphere of radius 28 feet. The bottom of the balloon is modeled by a frustum of
a cone (think of an ice cream cone with the pointy end cut off). The radius of the large end of the frustum is 28 feet
and the radius of the small end of the frustum is 6 feet. A graph of our balloon model and a cross-sectional diagram
showing the dimensions are shown in the following figure.
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@ (b)
Figure 5.62 (a) Use a half sphere to model the top part of the balloon and a frustum of a cone to model
the bottom part of the balloon. (b) A cross section of the balloon showing its dimensions.

We first want to find the volume of the balloon. If we look at the top part and the bottom part of the balloon separately,
we see that they are geometric solids with known volume formulas. However, it is still worthwhile to set up and
evaluate the integrals we would need to find the volume. If we calculate the volume using integration, we can use the
known volume formulas to check our answers. This will help ensure that we have the integrals set up correctly for the
later, more complicated stages of the project.

1. Find the volume of the balloon in two ways.

a. Use triple integrals to calculate the volume. Consider each part of the balloon separately. (Consider
using spherical coordinates for the top part and cylindrical coordinates for the bottom part.)

4_3

b. Verify the answer using the formulas for the volume of a sphere, V = 37 and for the volume of a
cone, V = %m’z h.

In reality, calculating the temperature at a point inside the balloon is a tremendously complicated endeavor.
In fact, an entire branch of physics (thermodynamics) is devoted to studying heat and temperature. For the
purposes of this project, however, we are going to make some simplifying assumptions about how temperature
varies from point to point within the balloon. Assume that just prior to liftoff, the temperature (in degrees
Fahrenheit) of the air inside the balloon varies according to the function

Tor, 6, 2) = Zl_()r +210.

2. What is the average temperature of the air in the balloon just prior to liftoff? (Again, look at each part of the
balloon separately, and do not forget to convert the function into spherical coordinates when looking at the top
part of the balloon.)

Now the pilot activates the burner for 10 seconds. This action affects the temperature in a 12 -foot-wide

column 20 feet high, directly above the burner. A cross section of the balloon depicting this column in shown
in the following figure.
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Z)

12 ft
|

Figure 5.63 Activating the burner heats the air in a 20 -foot-
high, 12 -foot-wide column directly above the burner.

Assume that after the pilot activates the burner for 10 seconds, the temperature of the air in the column
described above increases according to the formula

H(r, 0, z) = =2z — 48.

Then the temperature of the air in the column is given by

Ty(r, 6, 2) = Z1_or +210 4 (=27 —48),

while the temperature in the remainder of the balloon is still given by

To(r, 6, 2) = 11‘0’ +210.

3. Find the average temperature of the air in the balloon after the pilot has activated the burner for 10 seconds.
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5.5 EXERCISES

In the following exercises, evaluate the triple integrals

fff f(x, y, 2)dV over the solid E. 245.
E

241. fG,y, 2=z,

- 2, .2
B={xy of*+y*<9,x>0,y>0,0<z< 1} 246,

247.
d.
Z
2 b.
242. S, y, 2) =x2%,
B={xy o*+y*<16,x20,y<0, -1 <z< 1}
243. fx, v, 2) = xy,
B={xy. o +y* <L x>0, x>y -1<z<1} 248
d.
F 4
b.
244, fx, y,2)= 2+ yz,

B={(x,y o’ +y*<4,x>0,x<y 0<z <3

587

\x2+y2

f,y,2)=e ,

B={(X»y,2)|1SX2+y2S4,yS0,xSyW/§,2§z§3}

fx, y2) = \x2+ 2%

B={xy 9l <x*+y*<9.y<0,0<z<1f

Let B be a cylindrical shell with inner radius a,
outer radius b, and height ¢, where 0 <a <b
and ¢ > 0. Assume that a function F defined on

B can be expressed in cylindrical coordinates as

F(x,y,2) = f(r)+h(z), where f and h are

b
differentiable functions. If / }(r)dr =0 and
a

iz(O) =0, where } and & are antiderivatives of

f and h, respectively, show that
/f/ F(x, y, 2)dV = 27rc(b]~‘(b) - a}’(a)) + r:(b2 — az)iz(c).
B

Use the previous result to show that

f/ (z + sin\/)c2 + y2 ’dx dydz = 672 (r=2),
B

where B is a cylindrical shell with inner radius
z, outer radius 2z, and height 2.

Let B be a cylindrical shell with inner radius a,
outer radius b, and height ¢, where 0 <a <b
and ¢ > 0. Assume that a function F defined on

B can be expressed in cylindrical coordinates as

F(x, y, 2) = f(r)g(@h(z), where f, g, andh

b
are differentiable functions. If / ~;‘(r)a’r= 0,
a

where f is an antiderivative of f, show that

[ Foxy.av = [67®) - af(@|[22m) - 2O)][ ) - hO)],

where g and h are antiderivatives of g and A,

respectively.
Use the previous result to show that

fff zsin \/x2 + yzdx dydz = —1272, where B
B

is a cylindrical shell with inner radius z, outer

radius 2z, and height 2.
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In the following exercises, the boundaries of the solid E
are given in cylindrical coordinates.

a. Express the region E in cylindrical coordinates.

/I/Eff(x, vy, 2dV  to

b. Convert the integral

cylindrical coordinates.

249. E is bounded by the right circular cylinder

r=4sin6, the r0-plane, and the sphere 2+ 7% =16.

250. E

r=-cos6,

is bounded by the right circular cylinder
the r@ -plane, and the sphere rP+z2=09.

251. E is located in the first octant and is bounded by the
the cylinder r = V3,
20 —z.

circular paraboloid z =9 — 3r2,
and the plane r(cos 8 + sin ) =

252. E is located in the first octant outside the circular
paraboloid z =10 — 2r? and inside the cylinder r =5

and is bounded also by the planes z =20 and 6 = %

In the following exercises, the function f and region E
are given.

a. Express the region E and the function f in

cylindrical coordinates.

b. Convert the integral

I f(x, y, 2dV  into
B

cylindrical coordinates and evaluate it.

253. f,y, 2= H%

={(x,y,z)|0sx2+yzs9,x20,y20,Osz5x+3}

254. £y, =x2 4y
E={xy20<x>+y*<4,y20,0<z<3-x]

255. fx, v, 2) = x,
={(x, Y, Z)|1 <y?+72<9,0<x< l—yz—zz}

256. fG,y, 2=y,
={r.y. Ol <F*+27 <9, 0<y <1 —x? =27

In the following exercises, find the volume of the solid E
whose boundaries are given in rectangular coordinates.

257. E is above the xy-plane, inside the cylinder

X+ y2 =1, and below the plane z = 1.
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258. E is below the plane z=1 and inside the
paraboloid z = X%+ yz.

259. E is bounded by the circular cone z = \/)c2 + y2
and z = 1.

260. E is located above the xy-plane, below z =1,
outside the one-sheeted hyperboloid X+ y2 —2=1,

and inside the cylinder X+ y2 =2.

261. FE is located inside the cylinder X%+ y2 =1 and
between the circular paraboloids z=1— X2 - y2 and

z=x2+y2.

262. E is located inside the sphere X+ y2 +22=1,

above the xy-plane, and inside the circular cone

Z= \/x2 + y2.
263. E is

x2+y2=
= 2.

located outside the circular cone

(z— 1)2 and between the planes z=0 and

264. E is located outside the circular cone

Z:I—\/x2+y2,

circular  paraboloid, and
z=0andz=2

above the xy-plane, below the

between the planes

265. [T] Use a computer algebra system (CAS) to graph

the solid whose volume is given by the iterated integral
w2 1 r

fr dz drdf. Find the
—n/2 0 r2

in cylindrical coordinates

volume V' of the solid. Round your answer to four decimal
places.

266. [T] Use a CAS to graph the solid whose volume
is given by the iterated integral in cylindrical coordinates
2 1 r

f/frdzdrdﬁ. Find the volume V of the solid
4
.
Round your answer to four decimal places.
1= 2 x2+y
267. Convert the integral f f

1= y2 22452

into an integral in cylindrical coordinates.

xzdzdxdy
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2 x 1
268. Convert the integral / f f (xy + 2)dzdx dy into
000

an integral in cylindrical coordinates.

In the following exercises, evaluate the triple integral
JI f(x, y, 2)dV over the solid B.
B

269. oy =1,
B = {(X, s Z)|x2 +y* 42290, 2> 0}

270. Fon v )= 1=+ 2+ 22

B={(x, Ys Z)|x2+y2+12$9,y20,120}

271. f(x, y, 2) = x>+ y% B is bounded above by the
half-sphere X%+ y2 +2z2=9 with z>0 and below by

the cone 2z = x> + y2.

272, f(x,y,2) =2,
sphere X%+ y2 +2z2=16 with z> 0 and below by the

B is bounded above by the half-

cone 2z% = x% + yz.

589

273. Show that if Flp, 0, @)= f(p)g(@)h(p) is a

continuous  function on  the  spherical  box
B={p,0,pla<p<b a<O0=<py<¢=<yl then

b p v
fB[/ Fav = ( [0 f(p)dr] [0 ( [h@sing d(p].
a a 14

274.
a. A function F is said to have spherical symmetry

if it depends on the distance to the origin only,
that is, it can be expressed in spherical coordinates

as F(x, y, z2) = f(p), where p= m

Show that

b
I Fes v v =2 [ 7 f(p2d.

where B is the region between the upper
concentric hemispheres of radii @ and b centered
at the origin, with 0 < a < b and F a spherical
function defined on B.

b. Use the previous show that
J (2 + 2+ 2 +y* + 27 dV =21z,
B

result to

where
B={(x, v, z)|1 $x2+y2+z2$2, zzo}.

275.
a. Let B be the region between the upper concentric

hemispheres of radii @ and b centered at the origin
and situated in the first octant, where 0 < a < b.

Consider F a function defined on B whose form
in  spherical  coordinates (p, 0, ) s
F(x, y, z) = f(p)cos . Show that if
b
gla) =g(b) =0 and _/h(p)dp =0, then
a

2
f‘[f F(x, y, 2)dV = ”T[ah(a) — bh(b)),

where g is an antiderivative of f and % is an

antiderivative of g.

b. Use the previous result to show that
M2 L2, 2 5
ff/zcosx ty +2 dV=%, where B is
B \x? 4y 22
the region between the upper concentric

hemispheres of radii # and 2z centered at the
origin and situated in the first octant.

In the following exercises, the function f and region E

are given.
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a. Express the region E and function f in

cylindrical coordinates.

b. Convert the integral

/[/ f(-x9 Yy, Z)dV into
B

cylindrical coordinates and evaluate it.

276. fx, v, 20=2
={(x, v, z)|0§x2+y2+12$ 1, ZZO}

277. Sy, ) =x+y;
E={y ol <22 +y2+22<2,220,y> 0}

278. fx, y, 2) =2xy;

E={(x,y, z)|Vx2+yzsst1—xz—yz,xzo,yzo}

279. &y, 2=z
E={(x, y, z)|x2+y2+z2—2150, x2+y2§Z}
In the following exercises, find the volume of the solid E
whose boundaries are given in rectangular coordinates.

280.
={(x, Y, Z)|\/x2+yZSZS \/16—x2—y2, x>0, yZO}

281.

E= {(x, Vs z)’x2 +y2+22-22<0, \x2+y2 < z}

282. Use spherical coordinates to find the volume of the
solid situated outside the sphere p =1 and inside the

sphere p = cos @, with ¢ € [0, %]

283. Use spherical coordinates to find the volume of the

ball p <3 that is situated between the cones
.y 4 .y 4

=7 and ¢ 3

284. Convert the integral

4 16-y2 Y16-22 -2
(x2+y2+zz)dzdxdy into an
_4—\/16—y2—‘\/16—x2—y2

integral in spherical coordinates.
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285. Convert the

4 \16 — x2
[

2
/ (x2 + y2 + zz) dzdydx into an
integral in spherical coordinates.

integral

o\i

—\16 — x—y

286. Convert the
Va— 2 16— x2 -2

f [ dzdyax
4/ 2 1x2 + y

spherical coordinates and evaluate it.

integral

into an integral in

I\)\N

287. [T] Use a CAS to graph the solid whose volume

is given by the iterated integral in spherical coordinates
n w6 2

f f /p2 sin @ dp dep df. Find the volume V of the
/2 57/6 0

solid. Round your answer to three decimal places.

288. [T] Use a CAS to graph the solid whose volume is
given by the iterated integral in spherical coordinates as
2z 7/4 1

/ fpzsinq)dp dep df. Find the volume V of the
0 3z/4 0

solid. Round your answer to three decimal places.

289. [T] Use a CAS to evaluate the integral
fff (x2+y2)dV where E lies above the paraboloid
E

i=x+ y2 and below the plane z = 3y.

290. [T]

a. Evaluate the integral

//' e x2+y2+22dv’
E

bounded by the
4xz+4yz+4z2 =1 and x2+y2+zz= 1.

where FE is spheres

b. Use a CAS to find an approximation of the previous
integral. Round your answer to two decimal places.

291. Express the volume of the solid inside the sphere
X%+ y2 + 7% =16 and outside the cylinder X%+ y2 =4

as triple integrals in cylindrical coordinates and spherical
coordinates, respectively.

292. Express the volume of the solid inside the sphere
X%+ y2 +z% =16 and outside the cylinder X+ yz =4
that is located in the first octant as triple integrals in

cylindrical coordinates and spherical coordinates,
respectively.
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293. The power emitted by an antenna has a power density
per unit volume given in spherical coordinates by

Py
plp, 0, @)= —cos 29 sin* @, where P is a constant
p?

with units in watts. The total power within a sphere B of
radius r meters is defined as P = ff plp, 8, )dV. Find
B

the total power P.

294. Use the preceding exercise to find the total power
within a sphere B of radius 5 meters when the power

density per unit volume is given by
plp, 0, ¢) = 30cos 0 sin* Q.
p

295. A charge cloud contained in a sphere B of radius
r centimeters centered at the origin has its charge density
2uC

9
Cl’l’l3

given by gq(x,y,2) =k X%+ y2 +z where

k> 0. The total charge contained in B is given by
= fff q(x, v, 2)dV. Find the total charge Q.
B

296. Use the preceding exercise to find the total charge
cloud contained in the unit sphere if the charge density is
2uC C
cm?

q(x, y, 2) =20 x2 +y +z

501
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5.6 | Calculating Centers of Mass and Moments of Inertia

Learning Objectives

5.6.1 Use double integrals to locate the center of mass of a two-dimensional object.
5.6.2 Use double integrals to find the moment of inertia of a two-dimensional object.
5.6.3 Use triple integrals to locate the center of mass of a three-dimensional object.

We have already discussed a few applications of multiple integrals, such as finding areas, volumes, and the average value
of a function over a bounded region. In this section we develop computational techniques for finding the center of mass and
moments of inertia of several types of physical objects, using double integrals for a lamina (flat plate) and triple integrals
for a three-dimensional object with variable density. The density is usually considered to be a constant number when the
lamina or the object is homogeneous; that is, the object has uniform density.

Center of Mass in Two Dimensions

The center of mass is also known as the center of gravity if the object is in a uniform gravitational field. If the object has
uniform density, the center of mass is the geometric center of the object, which is called the centroid. Figure 5.64 shows a
point P as the center of mass of a lamina. The lamina is perfectly balanced about its center of mass.

Figure 5.64 A lamina is perfectly balanced on a spindle if the
lamina’s center of mass sits on the spindle.

To find the coordinates of the center of mass P(x, y) of a lamina, we need to find the moment M, of the lamina about the

x-axis and the moment M, about the y-axis. We also need to find the mass m of the lamina. Then

M,

- _ My 5=
x=—randy =—2*

Refer to Moments and Centers of Mass (http://cnx.org/content/m53649/latest/) for the definitions and the
methods of single integration to find the center of mass of a one-dimensional object (for example, a thin rod). We are going
to use a similar idea here except that the object is a two-dimensional lamina and we use a double integral.

M,

T andy = % give the centroid of the lamina.

If we allow a constant density function, then x =

Suppose that the lamina occupies a region R in the xy-plane, and let p(x, y) be its density (in units of mass per unit

area) at any point (x, y). Hence, p(x, y) = lim Am  \here Am and AA are the mass and area of a small rectangle

m
AA - 0AA°
containing the point (x, y) and the limit is taken as the dimensions of the rectangle go to 0 (see the following figure).
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yi
x,y)
Lamina
Mass = Am
Area = AA
0 X

Figure 5.65 The density of a lamina at a point is the limit of
its mass per area in a small rectangle about the point as the area
goes to zero.

Just as before, we divide the region R into tiny rectangles R;; with area AA and choose (x;“J , y’}‘j ) as sample points.

Then the mass m;; of each R;; is equal to p(x;?‘j , y’}‘j )AA (Figure 5.66). Let k and [ be the number of subintervals in
x and y, respectively. Also, note that the shape might not always be rectangular but the limit works anyway, as seen in
previous sections.

yi

x5y Ry

Figure 5.66 Subdividing the lamina into tiny rectangles

R;j, each containing a sample point (x;-"j , y;?‘j ).

Hence, the mass of the lamina is

k ko (5.13)
m= _lim Z z mij=, }iglooz 2 p(x;!‘j,y;“j )JAA = {{p(x, y)dA.
= 1 , i=1j=1

Let’s see an example now of finding the total mass of a triangular lamina.
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Example 5.55

Finding the Total Mass of a Lamina

Consider a triangular lamina R with vertices (0, 0), (0, 3), (3, 0) and with density p(x, y) = xy kg/mz. Find

the total mass.

Solution
A sketch of the region R is always helpful, as shown in the following figure.

Y1
(0,3)
X+y=3
dm = p(x, y)dA
~~~~~~ °
(0,0) (3,0)
0 ‘ i X

Figure 5.67 A lamina in the xy-plane with density
p(x, y) = xy.

Using the expression developed for mass, we see that
x=3y=3-x =3[ Hy=3-¢

{{dmz {{p(x,y)dAz f f xydydx = 7

Y_
x=0 y=0 x =0 2

3
1

3 x=3

=

I
g\u

L3 2dr= |92 _ 3t
2x(3 X) dx—[4 x+8]

=

SN

The computation is straightforward, giving the answer m = % kg.

@ 5.33 Consider the same region R as in the previous example, and use the density function p(x, y) = 4/xy.

Find the total mass.

Now that we have established the expression for mass, we have the tools we need for calculating moments and centers of
mass. The moment My about the x-axis for R is the limit of the sums of moments of the regions R;; about the x-axis.

Hence
(5.14)

= lim Z Z( )m-:k,}iglooz Z( )( )AA—//yp(x y)dA.

kl—>oo =1j=1 =1/=1
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Similarly, the moment My about the y-axis for R is the limit of the sums of moments of the regions R;; about the

y-axis. Hence

My = lim Z i (x"_‘.)ml-j= lim Z i (y"_‘_y(xjfj,y*;j)AA= {{xp(x, y)dA.

kl—»oo =1/=1 k, I > oo

Example 5.56

Finding Moments

(5.15)

Consider the same triangular lamina R with vertices (0, 0), (0, 3), (3, 0) and with density p(x, y) = xy. Find
the moments M, and M,.

Solution

Use double integrals for each moment and compute their values:

x=3y=3-x
My= ffyp(x y)dA = f f Xy dydx—8—
x=0 y=0
x=3y=3-x
My=ffxp(x,y)dA= / f xzydydxz%.
R x=0 y=0

The computation is quite straightforward.

@ 5.34 Consider the same lamina R as above, and use the density function p(x, y) = yxy. Find the moments
M, and M.

Finally we are ready to restate the expressions for the center of mass in terms of integrals. We denote the x-coordinate of
the center of mass by x and the y-coordinate by y. Specifically,

5.16
M 4[ xp(x, y)dA M, // yp(x, y)dA (5.16)

=—2=-R_ = andy= R0
tm [ s aA wey=Tm [ o D"

Example 5.57

Finding the Center of Mass

Again consider the same triangular region R with vertices (0, 0), (0, 3), (3, 0) and with density function

p(x, y) = xy. Find the center of mass.

Solution

Using the formulas we developed, we have
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/f xp(x, y)dA

oMy R _8120_6
m e ydA 28 TS
R
yp(x, y)dA
—_%_4[ _81/20_6
y_ m

[ p(x, y)dA 2718 T 5
R

Therefore, the center of mass is the point (%, %)
Analysis
If we choose the density p(x, y) instead to be uniform throughout the region (i.e., constant), such as the value 1

(any constant will do), then we can compute the centroid,

xdA

=My _ 4 _92

¢ om [[daa 92 7

R
J[ ydA

Ve = My R _92_ 1

¢ om Jfdaa 92 ’

R
Notice that the center of mass (%, g) is not exactly the same as the centroid (1, 1) of the triangular region.

This is due to the variable density of R. If the density is constant, then we just use p(x, y) = ¢ (constant). This

value cancels out from the formulas, so for a constant density, the center of mass coincides with the centroid of
the lamina.

@ 5.35 Again use the same region R as above and the density function p(x, y) = yxy. Find the center of mass.

Once again, based on the comments at the end of Example 5.57, we have expressions for the centroid of a region on the
plane:

M {{diand _%{{ydA
Jaa T T maa

We should use these formulas and verify the centroid of the triangular region R referred to in the last three examples.

Example 5.58

Finding Mass, Moments, and Center of Mass

— Yy
Xe =5

Find the mass, moments, and the center of mass of the lamina of density p(x, ¥) = x +y occupying the region

2

R under the curve y = x“ in the interval 0 < x <2 (see the following figure).
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yi
(2, 4)
L ]
y=x ki
R
(2,0)
0 X

Figure 5.68 Locating the center of mass of a lamina R with
density p(x, y) = x+y.

Solution

Finally, evaluate the center of mass,

[ xp(x. y)dA

oMy %k _176/15 _ 44
m /fp(x, y)dA 36/5 27’
R
yp(x, y)dA
§=%=4f _ 80/7 _ 100
m

R

x=0 and x =2:
x:2y=x2 x=2
m = [[dn= [ p(x, y)dA = / / (x+ y)dydx = / xy + 2
R R x=0y=0 x=0
x=2 x=2
= f N g PRI Fagnral =36
2 4 T 10fx=0""5
x=0
Now compute the moments M, and M :
x=2y=x2
Me= [yt da= [ [ yec+ydyde=52,
R x=0y=0
x=2y=x2
M, = /fxp(x, Y)dA = f / x(x+y)dydx=m.
R x=0y=0 15

2

7Y

=X

y=0

2

First we compute the mass m. We need to describe the region between the graph of y = x? and the vertical lines

X

597
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Hence the center of mass is (x, y) = (% %)

@ 5.36 Calculate the mass, moments, and the center of mass of the region between the curves y = x and

y= x2 with the density function p(x, y) = x inthe interval 0 < x < 1.

Example 5.59

Finding a Centroid

Find the centroid of the region under the curve y = ¢” over the interval 1 < x < 3 (see the following figure).

yi

. 3,6
E+'3 p

(=]

(1, 0) (3.0) X

Figure 5.69 Finding a centroid of a region below the curve
X
y=e".

Solution

To compute the centroid, we assume that the density function is constant and hence it cancels out:

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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R x73y7e R x=3
dA xdydx xe™ dx
Xc_%z .[I{x =x:1y:0 =x[ = 263 = 262
M dA T x=3y=¢F x=3 ES—e -1
R / dy dx fexdx
x=1y=0 x=
x=3y=e* x=3 5
X
pos T L swe T
ye=2x =R == = =x=1 et = e(eZ+1)
¢ m ffdA x=3y=e* x:3x e(ez—l) 4
R dy dx /e dx
x=1y=0 x=1

Thus the centroid of the region is

_ (22 1,2
(‘x(,'5 y(,') - (82 13 Ze(e + 1))-

5.37 Calculate the centroid of the region between the curves y = x and y = vx with uniform density in the

interval 0 < x < 1.

Moments of Inertia

For a clear understanding of how to calculate moments of inertia using double integrals, we need to go back to the
general definition in Section 6.6. The moment of inertia of a particle of mass m about an axis is mr?, where r is the

distance of the particle from the axis. We can see from Figure 5.66 that the moment of inertia of the subrectangle R; 3
about the x-axis is (y?‘j )2 p(x’fj , y;“j )JAA. Similarly, the moment of inertia of the subrectangle R;; about the y-axis is

(x;-“j )2 p(xj-“j , y;!‘j )AA. The moment of inertia is related to the rotation of the mass; specifically, it measures the tendency
of the mass to resist a change in rotational motion about an axis.
The moment of inertia 7, about the x-axis for the region R is the limit of the sum of moments of inertia of the regions

R;; about the x-axis. Hence

2

) !
I, = ’lim Z Z(y;'kj)mif=k}i£n>°°' 1Z

i=1j= > i=1j=1

k 2
(%) ol vt Jaa = 57 ptx naa.

Similarly, the moment of inertia /,, about the y-axis for R is the limit of the sum of moments of inertia of the regions

R;; about the y-axis. Hence

ko1 2

I
Iy= lim Z Zl () myy= tim D D (xn) platy.vh )aA = {{x%(x, Y)dA.

kb= 0/ /2
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Sometimes, we need to find the moment of inertia of an object about the origin, which is known as the polar moment of
inertia. We denote this by /;; and obtain it by adding the moments of inertia 7, and [y. Hence

Ly=I:+1,= | (x2 + yz)p(x, V)dA.
R

All these expressions can be written in polar coordinates by substituting x = rcosd, y=rsinf, and dA = rdrd0.

For example, /= f/ rzp(r cos 6, rsin B)dA.
R

Example 5.60

Finding Moments of Inertia for a Triangular Lamina

Use the triangular region R with vertices (0, 0), (2, 2), and (2, 0) and with density p(x, ¥) = xy as in

previous examples. Find the moments of inertia.

Solution
Using the expressions established above for the moments of inertia, we have

x=2Y=X

o= [Ypeyda= [ [ xidyar=3
R x=0y=0
xX=2Y=X

I, = ffxzp(x,y)dA: f fx3ydydx=%,
R x=0y=0
2 x

Iy = 4!(x2+y2)p(x, y)dA:ff(x2+y2)xydydx

00

Iy+1,=38.

5.38 Again use the same region R as above and the density function p(x, y) = y/xy. Find the moments of

inertia.

As mentioned earlier, the moment of inertia of a particle of mass m about an axis is mr® where r is the distance of the
particle from the axis, also known as the radius of gyration.

Hence the radii of gyration with respect to the x-axis, the y-axis, and the origin are

I Iy W
Ro= 5 R, = B and o = |2,

respectively. In each case, the radius of gyration tells us how far (perpendicular distance) from the axis of rotation the entire
mass of an object might be concentrated. The moments of an object are useful for finding information on the balance and
torque of the object about an axis, but radii of gyration are used to describe the distribution of mass around its centroidal
axis. There are many applications in engineering and physics. Sometimes it is necessary to find the radius of gyration, as in
the next example.

Example 5.61

Finding the Radius of Gyration for a Triangular Lamina

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Consider the same triangular lamina R with vertices (0, 0), (2, 2), and (2, 0) and with density p(x, y) = xy

as in previous examples. Find the radii of gyration with respect to the x-axis, the y-axis, and the origin.

Solution
If we compute the mass of this region we find that m = 2. We found the moments of inertia of this lamina in
Example 5.58. From these data, the radii of gyration with respect to the x-axis, y-axis, and the origin are,

respectively,
R. = \lx_ 83 _,8_2/3
X m 2 6 3
R, = |bro 163 _\8_216
y = m 2 - 3_ 3 )
Ry = Im0= %=\/Z=2

@ 5.39 Use the same region R from Example 5.61 and the density function p(x, y) = yxy. Find the radii of

gyration with respect to the x-axis, the y-axis, and the origin.

Center of Mass and Moments of Inertia in Three Dimensions

All the expressions of double integrals discussed so far can be modified to become triple integrals.

Definition

If we have a solid object Q with a density function p(x, y, z) at any point (x, y, z) in space, then its mass is

m= fof px, y, 2)dV.

Its moments about the xy-plane, the xz-plane, and the yz-plane are
My =[] zp(x, y, 2)dV, My = [l yp(x, y, 2)dV,
0 0

My, = fof xp(x, y, 2)dV.

If the center of mass of the object is the point (x, y, z), then

My, My, - _ My

X="m> Y= m *=m

Also, if the solid object is homogeneous (with constant density), then the center of mass becomes the centroid of the
solid. Finally, the moments of inertia about the yz-plane, the xz-plane, and the xy-plane are

Iy= /Q/! (v2 +2%)pCx, y, 2aV,
Iy=[J
0

I, = fof (x2 + yz)p(x, ¥y, 2)dV.

S5

(x2 + ZZ),O()C, y, 2)dV,
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Example 5.62

Finding the Mass of a Solid

Suppose that Q is a solid region bounded by x+2y+ 3z =6 and the coordinate planes and has density

px, v, 2) = xzyz. Find the total mass.

Solution
The region Q is a tetrahedron (Figure 5.70) meeting the axes at the points (6, 0, 0), (0, 3, 0), and (0, 0, 2).

To find the limits of integration, let z = 0 in the slanted plane z = %(6 — x —2y). Then for x and y find the
projection of QO onto the xy-plane, which is bounded by the axes and the line x + 2y = 6. Hence the mass is

x=6y=1/26-xz=1/36-x—-2y)

m=[If plx, y, dV = f f xzyzdzdydx=%z3.086.
0 x=0 y=0 z=0

(0,0,2)

(6,0,0) y
X+2y+3z2=6
X
Figure 5.70 Finding the mass of a three-dimensional solid

0.

5.40  Consider the same region Q (Figure 5.70), and use the density function p(x, y, z) = xyzz. Find the

mass.

Example 5.63

Finding the Center of Mass of a Solid

Suppose Q is a solid region bounded by the plane x + 2y + 3z = 6 and the coordinate planes with density

px,y, 2) = x2 vz (see Figure 5.70). Find the center of mass using decimal approximation.

Solution

We have used this tetrahedron before and know the limits of integration, so we can proceed to the computations
right away. First, we need to find the moments about the xy-plane, the xz-plane, and the yz-plane:
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x=6y=12(6—-x7z=1/36-x-2y)
Myy = M zo(x, y, 2dV = f xzyzzdzdy dx =24 1.543,
[0} 35
x=0 y=0 z=0
x=6Y=1/2(6—-x)z=1/36—x—2y)
M= [[f yo(x, y, 9V = Py zdzdyde =52~ 2314,
0 x=0 y=0 z=0
x=6Yy=1/2(6—-x)z=1/36—-x—2y)
My = [l xp(x, y, 9dV = x> yzdzdydx = % ~ 6.943.
Q x=0 y=0 z=0
Hence the center of mass is
_ M, _ M
X = n,{z,yzj‘i:lrz,zz n/);y’
- M
_ Myz _ 243/35 _ 243 _
Y= =085 T 108~ 22
- _ My _ 81/35 _ 81 _
Y= = 08/35 ~ 108 = 07>
= _My _ 5435 _ 54
2= = 08735 ~ 108~ O
The center of mass for the tetrahedron Q is the point (2.25, 0.75, 0.5).

5.41  Consider the same region Q (Figure 5.70) and use the density function p(x, y, z) = xyzz. Find the

center of mass.

We conclude this section with an example of finding moments of inertia 7, / s and /.

Example 5.64

Finding the Moments of Inertia of a Solid

Suppose that Q is a solid region and is bounded by x+2y+3z=6

the xz-plane, and the xy-plane.

Solution

about the xy-plane, the xz-plane, and the yz-plane are

and the coordinate planes with density

px, y, z7) = x2 vz (see Figure 5.70). Find the moments of inertia of the tetrahedron Q about the yz-plane,

Once again, we can almost immediately write the limits of integration and hence we can quickly proceed to
evaluating the moments of inertia. Using the formula stated before, the moments of inertia of the tetrahedron Q
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I,= féf (v + 22)p(x, . dV,

Iy= [éf (¥ + 2%)p(x, v, DV,

and

= (x2 + y2)p(x, y, 2)dV with p(x, y, 2) = x yz.
0

Proceeding with the computations, we have

—Lle_n-=Le_x—
—gY=70-0z 3(6 x=2y)

= /g(y2+zz)x2yde=z[ [ 2[0 (2 + W2 yzdzdydx = L ~ 3343,
r=6) "= 2(6—X)Z——(6—x—2y)
Iy= ///(x + 22 yZdV_x[o y[o Z[O (2 + A yzdzdy dv = 8 ~ 19543,
e =26-nz=t6-x-2y
= /g(x2+y2)x2yde=x£O y[o Zlo (42 + 3202 yedzdy dx = T2 % 20.829.

Thus, the moments of inertia of the tetrahedron Q about the yz-plane, the xz-plane, and the xy-plane are
117/35, 684/35, and 729/35, respectively.

5.42  Consider the same region Q (Figure 5.70), and use the density function p(x, y, z) = xyzz. Find the

moments of inertia about the three coordinate planes.
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5.6 EXERCISES

In the following exercises, the region R occupied by a
lamina is shown in a graph. Find the mass of R with the
density function p.

297. R is the triangular region with vertices
(0, 0), (0, 3), and (6, 0); p(x, y) = xy.
yi

o0 1 2 5 4 5 o
298. R is the
0,0, 1, D,

triangular region with vertices
0, 5); plx, y) =x+y.
\

Ui

w

Fara

of 02 04 06 08 1%

299. R is the rectangular region with vertices
(0, 0), (0, 3), (6, 3), and (6, 0); p(x, y) = Vxy.

%’ 3

24

14

0 1 2 3 4 5 6%

300. R is the rectangular

0, 1), (0, 3), (3,3), and (3, 1); p(x,y) = xzy.

Yi
4+

region with vertices

605

301. R is the trapezoidal region determined by the lines
1 5

y=-px+3y=0y=2, and x=0;
p(x, y) = 3xy.

%

2]

1}

B TR W T m

302. R is the trapezoidal region determined by the lines

y=0,y=1,y=x, and
y=—x+3; px, y) =2x+y.

Yi

1.5+

14

0.5+

o 1 2 @ 3x

303. R is the disk of radius 2 centered at (1, 2);
px, y):x2+y2—2x—4y+5.

Yi
4+

-1-05 0 05 1 15 2 25 3%
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304. R is the unit disk; p(x, y) = 3x* + 6x2 y2 +3y%,
Y

“1l0-08-06-04-02 O 02 04 06 08 1o*

305. R is the
P +dyr=1px, y) = 1.

region enclosed by the ellipse

¥
0.3+

~19-08-06-04-02 9 02 04 06 08 JoX

-0.3+
306. R={0c »x?+y? <1, x 20,y 2 0f
plx, y) = \/9)62 + yz.
Yi
14

x¥
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307. R is the region bounded by
y=x,y=—x,y=x+2,y=—x+2; plx,y) =1
{L
15+
1+
0.5+
—Zi. ‘ —0i5 ‘ 0 ‘ 0i5 I 1;
308. R is the region bounded by y = %, y= %, y=1,
and y =2; p(x, y) = 4(x +y).
Yi
2
18+
16+
14+
1.2+
1:
o o5 1 15 2 X

In the following exercises, consider a lamina occupying
the region R and having the density function p given in

the preceding group of exercises. Use a computer algebra
system (CAS) to answer the following questions.

a. Find the moments M, and M, about the x-axis

and y-axis, respectively.

b. Calculate and plot the center of mass of the lamina.

c. [T] Use a CAS to locate the center of mass on the
graph of R.

309. [T] R is the triangular region with vertices
(0, 0), (0, 3), and (6, 0); p(x, y) = xy.

310. [T] R is the triangular region with vertices
(0, 0), (1, 1), and (0, 5); p(x, y) = x +y.

311. [T] R is the rectangular region with vertices
(0, 0), (0, 3), (6, 3), and (6, 0); p(x, y) = yxy.

312. [T] R is the rectangular region with vertices
0, 1), (0, 3), (3, 3), and 3, 1); p(x, y) = x>y.
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313. [T] R is the trapezoidal region determined by the

lines y= —lx+i

1~ 5 =0

y=2,andx =0;
px, y) = 3xy.

314. [T] R is the trapezoidal region determined by the
lines y=0,y=1,y=x, and
y=—x+3;p(x y)=2x+y.

315. [T] R is the disk of radius 2 centered at (1, 2);
p(x, y) =x2+y2—2x—4y+5.

316. [T] R is the unit disk;
p(x, y) = 3x* + 6x%y? + 3yt

317. [Tl R
P +dyr =1 px, y) = 1.

is the region enclosed by the ellipse

318. [Tl R={x yPx*+y*<1,x>0,y>0k

plx, y) = \/9x2 + yz.

319. [T] R is the region bounded by
y=Xx,y=—-X,y=x+2, and y=-x+2;
plx, y) =1

320. [T] R is the region bounded by y= %,

y:%,y: I,andy =2; p(x, y) =4(x+y).

In the following exercises, consider a lamina occupying the
region R and having the density function p given in the

first two groups of Exercises.
a. Find the moments of inertia I, / s and /; about

the x-axis, y-axis, and origin, respectively.

b. Find the radii of gyration with respect to the
x-axis, y-axis, and origin, respectively.

321. R is the triangular region with vertices
(0, 0), (0, 3), and (6, 0); p(x, y) = xy.

322. R is the triangular region with vertices
(0,0, (1, 1), and (0, 5); p(x, y) = x+y.

323. R is the rectangular region with vertices
(0, 0), (0, 3), (6, 3), and (6, 0); p(x, y) = VXy.

324. R is the
O, 1), (0, 3), 3,3), and (3, 1); p(x, y) = x*y.

rectangular region with vertices

607

325. R is the trapezoidal region determined by the lines

- _1,.5
y= 4x+2,

x=0; p(x, y) = 3xy.

y=0,y=2, and

326. R is the trapezoidal region determined by the lines
y=0,y=1,y=x, and
y=—x+3;px y)=2x+y.

327. R is the disk of radius 2 centered at (1, 2);
p(x, y)=x2+y2—2x—4y+5.

328. R is the unit disk; p(x, y) = 3xt 4 6Jc2y2 + 3y4.

329. R is the
4yt =1;px, y) = 1.

region enclosed by the ellipse

330.
R= {(x, y)|9)c2 + y2 <Lx>0,y> 0}; plx, y) = \/9)62 + y2.

331. R is the region bounded by
y=x,y=—-x,y=x+2,andy=—x+2;

p(x, y) =L

332. R is the region bounded by

y=ty=2y=1andy=2p(x, y) =4(x+)).

333. Let Q be the solid unit cube. Find the mass of the
solid if its density p is equal to the square of the distance

of an arbitrary point of Q to the xy-plane.

334. Let Q be the solid unit hemisphere. Find the mass of
the solid if its density p is proportional to the distance of

an arbitrary point of Q to the origin.

335. Thesolid Q of constant density 1 is situated inside
the sphere X%+ yz+z2 =16 and outside the sphere
x? +y2 +2z2=1. Show that the center of mass of the
solid is not located within the solid.

336. Find the mass of the solid
0={0y ol <x?+22<25 y<1-x2- 2

whose density is p(x, y, z) =k, where k > 0.
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337. [Tl The solid
Q={xy 2 +y*<9,0<z<1,x>0,y>0}
has density equal to the distance to the xy-plane. Use a

CAS to answer the following questions.
a. Find the mass of Q.

b. Find the moments My, M,,, and M,, about the
xy-plane, xz-plane, and yz-plane, respectively.
Find the center of mass of Q.

d. Graph Q and locate its center of mass.

338. Consider the solid
0={xy 90<x<1,0<y<2,0<z<3} with the
density function p(x, y,z) =x+y+ 1.
Find the mass of Q.
b. Find the moments My, M, and M yz about the
xy-plane, xz-plane, and yz-plane, respectively.

c. Find the center of mass of Q.

339. [T] The solid Q has the mass given by the triple

1
integral f
-1

following questions.
a. Show that the center of mass of Q is located in the

r2drdo dz. Use a CAS to answer the

O~
o

xy-plane.

b. Graph Q and locate its center of mass.

340. The solid @ is bounded by
x+4y+z=8,x=0,y=0,andz=0.

the planes
Its density at
any point is equal to the distance to the xz-plane. Find the

moments of inertia /, of the solid about the xz-plane.

341. The solid Q@ is bounded by the planes

x+y+z=3, x=0,y=0, and z = 0. Its density is

p(x, vy, z7) =x+ay, where a > 0. Show that the center
3

of mass of the solid is located in the plane z =< for any

5
value of a.

342. Let Q be the solid situated outside the sphere
xz+y2+z2 =z and inside the upper hemisphere

X%+ y2 +z2=R? where R> 1. If the density of the

solidis p(x, y, z) = ——L—— find R such that the
\/)c2 + y2 + 22
mass of the solid is 72”
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343. The of a

2 V4 _ x2\16 - x2 ,

/ f f (x + y2 + zz) dzdydx, where n
0 0 /x2 + y

is an integer. Determine n such the mass of the solid is

2 =V2)x.

mass solid @ is given by

344. Let Q be the solid bounded above the cone

2 and below the

X2+ y2 =z sphere
X%+ y2 +722-4z=0. Its density is a constant k > 0.

Find k such that the center of mass of the solid is situated
7 units from the origin.

345. The solid

0={x. 7 20<x2+y2<16,x20,y>0,0<z <2
has the density p(x, y, z) = k. Show that the moment
M,y about the xy-plane is half of the moment My, about

the yz-plane.

346. The solid Q

2+yi=al

is bounded by the cylinder
the paraboloid pr—z=x>+ yz, and
the xy-plane, where 0 < a < b. Find the mass of the

solid if its density is given by p(x, y, z) = \/x2 + yz.

347. Let Q be a solid of constant density k, where

k > 0, thatis located in the first octant, inside the circular

cone x2+ y2 =9z — 1), and above the plane z=0.
Show that the moment M, about the xy-plane is the

same as the moment M, about the xz-plane.

348. The solid Q has the mass given by the triple integral

2 r2

[ [+ rdzaoar.
00

da

Find the density of the solid in rectangular
coordinates.
b. Find the moment M, about the xy-plane.

349. The solid Q has the moment of inertia 7, about

the  yz-plane  given by the triple integral
5 N4- y2 x2 + y2
f f (y2 + zz)(xz + yz)dz dxdy.

a. Find the density of Q.

b. Find the moment of inertia /, about the xy-plane.
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350. The solid Q has the mass given by the triple integral
4 2secl 1

[ ( cos 6:5in 0 + 2r)dz dr do.
0 0 0

a. Find the density of the solid in rectangular
coordinates.
b. Find the moment M, about the xz-plane.

351. Let Q be the solid bounded by the xy-plane,

the cylinder x+ y2 =a?, and the plane z =1, where

a>1 is a real number. Find the moment M,y of the

solid about the xy-plane if its density given in cylindrical
. . d*f ‘
coordinates is p(r, 0, z) = 7(}’), where f is a
r

differentiable function with the first and second derivatives
continuous and differentiable on (0, a).

b
352. A solid Q has a volume given by ff / dA dz,
D a

where D is the projection of the solid onto the xy-plane

and a < b are real numbers, and its density does not
depend on the variable z. Show that its center of mass lies
in the plane z = %.

353. Consider the solid enclosed by the cylinder
x> +z2=da? and the planes y=» and y =c¢, where
a>0 and b < c are real numbers. The density of Q
is given by p(x, y, 2) = f'(y), where f is a differential
function whose derivative is continuous on (b, ¢). Show
that if f(b) = f(c), then the moment of inertia about the

xz-plane of Q isnull.

354. [T] The average density of a solid Q is defined

as Pave = @ g px, y, 2)dV = %, where V(Q)

and m are the volume and the mass of Q, respectively.

If the density of the unit ball centered at the origin is
2_,2_.2

px, v, 2) = e , use a CAS to find its average

density. Round your answer to three decimal places.

355. Show that the moments of inertia 1, Iy, and /,

about the yz-plane, xz-plane, and xy-plane,

respectively, of the unit ball centered at the origin whose
x2oy2_ 2
density is p(x, y,2) =€ are the same. Round

your answer to two decimal places.

609
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5.7 | Change of Variables in Multiple Integrals

Learning Objectives

5.7.1 Determine the image of a region under a given transformation of variables.
5.7.2 Compute the Jacobian of a given transformation.

5.7.3 Evaluate a double integral using a change of variables.

5.7.4 Evaluate a triple integral using a change of variables.

Recall from Substitution Rule (http://cnx.org/content/m53634/latest/) the method of integration by substitution.
When evaluating an integral such as / x(x2 - 4)5 dx, we substitute u = g(x)= x> —4. Then du=2xdx or
2

xdx =Ldu and the limits change to u =g(2) = 22-4=0 and u= g(3)=9—-4=>5. Thus the integral becomes

2

/ %usdu and this integral is much simpler to evaluate. In other words, when solving integration problems, we make
0

appropriate substitutions to obtain an integral that becomes much simpler than the original integral.

We also used this idea when we transformed double integrals in rectangular coordinates to polar coordinates and
transformed triple integrals in rectangular coordinates to cylindrical or spherical coordinates to make the computations
simpler. More generally,

b d
[1edx = [ flgw)g'wyd,

Where x = g(u), dx = g’'(u)du, and u = c and u = d satisfy ¢ = g(a) and d = g(b).

A similar result occurs in double integrals when we substitute x = f(r, ) =rcosf, y=g(r, ) =rsinf, and
dA = dxdy = rdrd0. Then we get

fff(x, y)dA = /ff(rcos 0, rsin @)r dr do
R S

where the domain R is replaced by the domain § in polar coordinates. Generally, the function that we use to change the
variables to make the integration simpler is called a transformation or mapping.

Planar Transformations

A planar transformation 7 is a function that transforms a region G in one plane into a region R in another plane by
a change of variables. Both G and R are subsets of R?. For example, Figure 5.71 shows a region G in the uv-plane
transformed into a region R in the xy-plane by the change of variables x = g(u, v) and y = h(u, v), or sometimes
we write x = x(u, v) and y = y(u, v). We shall typically assume that each of these functions has continuous first partial
derivatives, which means g,, g, #,, and h, exist and are also continuous. The need for this requirement will become

clear soon.
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vy yi
o (u,v) o (X, )
G X = g(u,v) i
y =h(u,v)
—8
0 U 0 %
Cartesian uv-plane Cartesian xy-plane

Figure 5.71 The transformation of a region G in the uv-plane into aregion R in the

xy-plane.

Definition

A transformation 7: G — R, defined as T(u, v) = (x, ¥), is said to be a one-to-one transformation if no two

points map to the same image point.

To show that T is a one-to-one transformation, we assume 7(u, v{) = T(u,, v,) and show that as a consequence we
obtain (uy, v{) = (15, v,). If the transformation 7 is one-to-one in the domain G, then the inverse T~ exists with the
domain R suchthat 7 'eT and ToT~! are identity functions.

Figure 5.71 shows the mapping T(u, v) = (x, y) where x and y are related to # and v by the equations x = g(u, v)
and y = h(u, v). The region G is the domain of 7" and the region R is the range of 7, also known as the image of G

under the transformation 7.

Example 5.65

Determining How the Transformation Works

Suppose a transformation 7 is defined as T'(r, 8) = (x, y) where x = rcos @, y = rsin 8. Find the image of

the polar rectangle G = {(r, 9)[0 < r <1, 0 <0 < #/2} inthe rf-plane to aregion R inthe xy-plane. Show

that T is a one-to-one transformation in G and find 7! (x, ¥).

Solution
Since r varies from O to 1 in the r@-plane, we have a circular disc of radius 0 to 1 in the xy-plane. Because

0 varies from 0 to #/2 in the r@-plane, we end up getting a quarter circle of radius 1 in the first quadrant of

the xy-plane (Figure 5.72). Hence R is a quarter circle bounded by X+ y2 =1 in the first quadrant.
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a4 yi
_
z i
G X = rcos R
y=rsing
_—
=0
0 1 r 0 1 X
Cartesian r-plane Cartesian xy-plane

Figure 5.72 A rectangle in the r@-plane is mapped into a quarter circle in the xy-plane.

In order to show that T is a one-to-one transformation, assume 7(r;, 6;) = T(r,, 6,) and show as a consequence

that (rq, 61) = (ry, 0,). In this case, we have

T(ry, 01) = Tlry, 05)
(X17 Y1) = (xp )’1)7
(rycos @y, rysin@,) = (rpcosf,, rysinb,),
ricosfy = rpcosb,, rysinf; =r,sinb,.
Dividing, we obtain
ricosfy _ rpcost,
rysin @, rsin 6,
cosy _ cosl,
sin 6, sin 6,
tanf; = tan6,
0 = 0,

since the tangent function is one-one function in the interval 0 < 8 < z/2. Also, since 0 < r <1, we have

ry =ry, 01 = 0,. Therefore, (ry, 8;)=(ry, 6,) and T is a one-to-one transformation from G into R.

To find 77! (x, y) solve for r, € in terms of x, y. We already know that rr=x+ y2 and tan 6 = % Thus

! (x, ) = (r, 0) is defined as r = \/x2 + y2 and 0 = tan™! (%)

Example 5.66

Finding the Image under T

Let the transformation 7 be defined by T'(u, v) = (x, y) where x = u>—v? and y = uv. Find the image of

the triangle in the uv-plane with vertices (0, 0), (0, 1), and (1, 1).

Solution
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The triangle and its image are shown in Figure 5.73. To understand how the sides of the triangle transform, call
the side that joins (0, 0) and (0, 1) side A, the side that joins (0, 0) and (1, 1) side B, and the side that

joins (1, 1) and (0, 1) side C.

Yi
14}
vi
15}
1.0 &
A 057 "
10 -05 _ 0.5
_05_
_1.0__
10 -05 0 05 10X
A’

Figure 5.73 A triangular region in the uv-plane is transformed into an image in the xy-plane.

For the side A:u =0, 0<v <1 transforms to x = —v2, y =0 so this is the side A" that joins (-1, 0) and
0, 0).

For the side B:u=v,0<u <1 transforms to x =0, y = u? so this is the side B’ that joins (0, 0) and
O, 1).

For the side C:0<u <1, v=1 transforms to x = u”— 1, y =u (hence x = y2 — 1) so this is the side C’
that makes the upper half of the parabolic arc joining (-1, 0) and (0, 1).

All the points in the entire region of the triangle in the uv-plane are mapped inside the parabolic region in the

xy-plane.

5.43 Leta transformation 7 be defined as T(u, v) = (x, y) where x = u + v, y = 3v. Find the image of the

rectangle G = {(i, v):0 <u < 1,0 <v <2} from the uv-plane after the transformation into a region R in

the xy-plane. Show that T is a one-to-one transformation and find T~ (x, y).

Jacobians

Recall that we mentioned near the beginning of this section that each of the component functions must have continuous
first partial derivatives, which means that g,, g, h,, and h, exist and are also continuous. A transformation that has this

property is calleda C ! transformation (here C denotes continuous). Let T'(u, v) = (g(u, v), h(u, v)), where x = g(u, v)

and y = h(u, v), be a one-to-one C I transformation. We want to see how it transforms a small rectangular region S,

Au units by Av units, in the uv-plane (see the following figure).
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v y
u = up r(uo, V)
9
Av / S
T
(Uo, Vo) Au \ (%o, Yo)
V="V r(u, vg)
0 U 0 x

Figure 5.74 A small rectangle S in the uv-plane is transformed into a region R in the

xy-plane.

Since x = g(u, v) and y = h(u, v), we have the position vector r(u, v) = g(u, v)i + h(u, v)j of the image of the point
(u, v). Suppose that (i, v() is the coordinate of the point at the lower left corner that mapped to (x, yg) = T(uq, vg).
The line v = v(; maps to the image curve with vector function r(u, v(), and the tangent vector at (x(, y) to the image
curve is
. . . 0y,
vy, = gu (g, vl + hy (g, vo)j = g—ﬁl + % .
Similarly, the line u = u maps to the image curve with vector function r(u(, v), and the tangent vector at (x, yg) to

the image curve is
i . . 0y.
r, =g, (ug, voli+h, (g, vo)j = g_ifl +()_3;)']'

Now, note that

. rlug+ Au, vg) —r(ugy, v
r,= lim (g o) = r(ug, vo)

sor(ug+ Au, vg) —r(ug, vo) & Aur,.
Au— 0 Au (o o) = rltg, vo) “

Similarly,

. r(uo, Vo + AV) - r(uo, Vo)
ry= lim Ay SO T{(ug, vo+ Av) — r(ug, vo) & Avr,,
This allows us to estimate the area AA of the image R by finding the area of the parallelogram formed by the sides Avr,,
and Aur,. By using the cross product of these two vectors by adding the kth component as 0, the area AA of the image

R (refer to The Cross Product) is approximately |Aur, X Avr,|=|r, X r,|AuAv. In determinant form, the cross

product is
i j k
o | lax oy
roxr, = |25 5 0 _[ou ou ~ (297 _2592)
wony u au 9x 0y ou dv  0v ou
ox 9 0 Jdv  0dv
dv  dv

o3

Since |kl =1, wehave AA x |r, X r,|AuAy = (ﬂ_y - ﬂﬂ)AL{A\}.
du dv v ou

Definition

The Jacobian of the C! transformation T(u, v) = (g(u, v), h(u, v)) is denoted by J(u, v) and is defined by the

2 X 2 determinant
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oy o Y.

_ o, )| _ |ou au_(ﬂ_y_ﬂ_y)

T =560 = g 9y~ \ouwav ~avau)
ov  0dv

Using the definition, we have

~ _ 9, y)‘
AA ~ J(u, v)AulAv = ‘a(u, ) Aulv.

Note that the Jacobian is frequently denoted simply by

_9(xy)
J(u, v) = )
Note also that
ox 9Y 0x 0x|
ou ou _(dxﬂ_axﬂ)_ ou dv
gx 0y| \ouadv odvou) |dy dy[
ov  ov du O0v
Hence the notation J(u, v) = % suggests that we can write the Jacobian determinant with partials of x in the first

row and partials of y in the second row.

Example 5.67

Finding the Jacobian

Find the Jacobian of the transformation given in Example 5.65.

Solution
The transformation in the example is T'(r, ) = (r cos 8, r sin @) where x = rcos @ and y = rsin §. Thus the
Jacobian is

Jdx 0x
_0(x,y) _|or 90| _ |cos9 —rsin 6
T 0(r,0) |9y 9y| Isin@  rcosd
or 90

=rcos20 +rsinZ0 = r(coszﬁ + sin20) =r.

J(r, 0)

Example 5.68

Finding the Jacobian

Find the Jacobian of the transformation given in Example 5.66.

Solution
The transformation in the example is T(u, v) = (u2 - vz, uv) where x =u%—v? and y = uv. Thus the

Jacobian is
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0x Ox|
_0(x,y) _|ou 6V_|2u v|_ 2 2
J(M’v)_a(u,v)_ﬂ oy~ 22 u—2u +2v°.
Ju Ov

@ 5.44 Find the Jacobian of the transformation given in the previous checkpoint: T'(u, v) = (u + v, 2v).

Change of Variables for Double Integrals

We have already seen that, under the change of variables T(u, v) = (x, y) where x = g(u, v) and y = h(u, v), a small

region AA inthe xy-plane is related to the area formed by the product AuAv in the uv-plane by the approximation
AA ~ J(u, v)Au, Av.
Now let’s go back to the definition of double integral for a minute:
1 n
[ fepaa =, tim D X flxij vi)AA
R ’ i=1j=1
Referring to Figure 5.75, observe that we divided the region S in the uv-plane into small subrectangles S; ; and we let

the subrectangles R;; in the xy-plane be the images of S;; under the transformation T'(u, v) = (x, y).

Vi y
S;
i
)
S Av e
- Ay T
L —
(uij! VI]) (xijs ylj)
0 U 0 x

Figure 5.75 The subrectangles S; j in the uv-plane transform into subrectangles R; ;j inthe

xy-plane.

Then the double integral becomes

n n nm n
4[ feydA= lim 2 2 i vi)aa= m, L wZ 2 Flelwij vigh Mg, vig)P s vig|duav.

i=1j=1 i=1j=1

Notice this is exactly the double Riemann sum for the integral

fsf FlgCu, vy, htu, vy| 22

I y) du dv.
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Theorem 5.14: Change of Variables for Double Integrals

Let T(u, v)=(x,y) where x=g(u,v) and y = h(u, v) be a one-to-one C . transformation, with a nonzero
Jacobian on the interior of the region S in the wuv-plane; it maps S into the region R in the xy-plane. If f is

continuous on R, then

[ fG ydA = [ flgCu v). hu, )2 y>‘d ’
R S o(u

With this theorem for double integrals, we can change the variables from (x, y) to (u, v) in a double integral simply by

replacing

dA = dxdy = ‘;Ex y;

when we use the substitutions x = g(u, v) and y = h(u, v) and then change the limits of integration accordingly. This

du dv

change of variables often makes any computations much simpler.

Example 5.69

Changing Variables from Rectangular to Polar Coordinates

Consider the integral
2 12x— x2
f / \/x2 + y2 dydx.
0 0

Use the change of variables x = rcos @ and y = rsin#, and find the resulting integral.

Solution

First we need to find the region of integration. This region is bounded below by y =0 and above by
y=\12x— x? (see the following figure).

Yi

y = {2x — x?

(0.0 @0 X

Figure 5.76 Changing a region from rectangular to polar
coordinates.

Squaring and collecting terms, we find that the region is the upper half of the circle X+ y2 —2x=0, that

is, y2 +(x=1%=1.In polar coordinates, the circle is » =2cos @ so the region of integration in polar

coordinates is bounded by 0 < r <cosf and 0 < 0 < %
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The Jacobian is J(r, ) = r, as shown in Example 5.67. Since r > 0, we have |J(r, 8)| =r.

The integrand \/)c2 + y2 changes to r in polar coordinates, so the double iterated integral is

X —X T z
2 V2x— 2 /22 cos 0 /22 cos 0
f f V2 + y2dy dx = f f rM(r, O)ldrdf = f f r2dr do.

@ 5.45 L2

Considering the integral / / (x2+y2)dy dx, use the change of variables x =rcosf and
0 0

y=rsind, and find the resulting integral.

Notice in the next example that the region over which we are to integrate may suggest a suitable transformation for the
integration. This is a common and important situation.

Example 5.70

Changing Variables

Consider the integral ff (x —y)dydx, where R is the parallelogram joining the points (1, 2),
R

(3,4), 4,3), and (6,5) (Figure 5.77). Make appropriate changes of variables, and write the resulting

integral.

Yi {6,5)

3.4
(4,3)
(1.2
0 x
Figure 5.77 The region of integration for the given integral.

Solution

First, we need to understand the region over which we are to integrate. The sides of the parallelogram are
x=y+1=0,x—y—-1=0, x—3y+5=0,andx—-3y+9 =0 (Figure 5.78). Another way to look at

themis x—y=-1,x—y=1, x—3y=-5, and x—3y=09.
Clearly the parallelogram is bounded by the lines y=x+ 1, y = x — = —(x +5), and y= %(x +9).

Notice that if we were to make u=x—y and v=x—3y, then the limits on the integral would be
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—1<u<land -9<v< -5.

To solve for x and y, we multiply the first equation by 3 and subtract the second equation,

3u

3u—v=03x—3y)—(x—3y)=2x. Then we have x = T_v Moreover, if we simply subtract the second

equation from the first, we get u —v=(x—y)—(x—3y)=2y and y =4 > Y

é'f. V=it 1L

74

Figure 5.78 A parallelogram in the xy-plane that we want to transform by a

change in variables.

Thus, we can choose the transformation

T = (252, 252)

and compute the Jacobian J(u, v). We have

0x Ox
_0(x,y) _|ou ov|_|3/2 —-1/2| _ _3,1_ _1
TN =50 oy oy|Thn -2~ "3%2= "2
du adv
Therefore, |J(u, v)| = 5. Also, the original integrand becomes
xX—y= [3u—v—u+v] l[3u—u] =l[2u] =u.
2 2 2

Therefore, by the use of the transformation 7', the integral changes to

1

ff(x y)dydx—//](u v)ududv—f/( )ududv

297

which is much simpler to compute.

@ 5.46  Make appropriate changes of variables in the integral /f dy dx, where R is the trapezoid

(x— y)
bounded by the lines x —y =2, x —y =4, x =0, and y = 0. Write the resulting integral.

619
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We are ready to give a problem-solving strategy for change of variables.

Problem-Solving Strategy: Change of Variables

1. Sketch the region given by the problem in the xy-plane and then write the equations of the curves that form
the boundary.

Depending on the region or the integrand, choose the transformations x = g(u, v) and y = h(u, v).
Determine the new limits of integration in the uv-plane.
Find the Jacobian J(u, v).

In the integrand, replace the variables to obtain the new integrand.

@ @ s @ N

Replace dydx or dxdy, whichever occurs, by J(u, v)du dv.

In the next example, we find a substitution that makes the integrand much simpler to compute.

Example 5.71

Evaluating an Integral

Using the change of variables # = x —y and v = x+ y, evaluate the integral
2 2
J =ype 77 daA,
R

where R is the region bounded by the lines x+y=1 and x+y =3 and the curves X - y2 =—1 and

x?— y2 =1 (see the first region in Figure 5.79).

Solution

As before, first find the region R and picture the transformation so it becomes easier to obtain the limits of
integration after the transformations are made (Figure 5.79).

yi v

!

_u+v
& X=- uv = -1
—_v—-u
3 y 2
—_— -
X u

x+y=1
Figure 5.79 Transforming the region R into the region S to simplify the computation of an integral.

and hence the transformation to use is

and y =

Given u=x—y and v=x+Yy, we have x:“}'" VEM

T(u, v) = (“T"'V, %) The lines x+y=1 and x+y =3 become v=1 and v =3, respectively. The
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curves x> — y2 =1 and x> — y2 = —1 become uv =1 and uv = —1, respectively.
Thus we can describe the region S (see the second region Figure 5.79) as
s={w il <v<3 sl<us<d

The Jacobian for this transformation is

dx 0Jx
ov| 112 —1/2 _1
9y 172 172 2’
Ju ov

_0x,y) |0
T = 56w = o

Therefore, by using the transformation 7', the integral changes to

) 2 3 1y
ff(x—)’)ex oY dA=%f /ue”vdudv.
R 1 —1/v
Doing the evaluation, we have
13 1/v 4
1 uv =4
1 [ [ ueauav 4~ 0.490.

1 -1/

@ 5.47  Using the substitutions x =v and y =Vu +v, evaluate the integral /'y sin(y2 - x)dA where R is
R

the region bounded by the lines y = vx, x =2, andy = 0.

Change of Variables for Triple Integrals

Changing variables in triple integrals works in exactly the same way. Cylindrical and spherical coordinate substitutions are
special cases of this method, which we demonstrate here.

Suppose that G is a region in uvw-space and is mapped to D in xyz-space (Figure 5.80) by a one-to-one C !
transformation 7'(u, v, w) = (x, y, z) where x = g(u, v, w), y=h(u, v, w), and z = k(u, v, w).

wy Z

x = g(u, v, w)
y = h(u, v, w)
z = k(u, v, w)

\G\ \D‘

v Yy

Cartesian uvw-space Cartesian xyz-space
Figure 5.80 Aregion G in uvw-space mapped to aregion D in xyz-space.
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Then any function F(x, y, z) defined on D can be thought of as another function H(u, v, w) that is defined on G:
F(x, v, 2) = Flg(u, v, w), h(u, v, w), k(u, v, w)) = H(u, v, w).

Now we need to define the Jacobian for three variables.

Definition

The Jacobian determinant J(u, v, w) in three variables is defined as follows:

ox 9y 9z
Ju Odu OJu
—lox 9y 9z
T, v, w) ov dv o0v
ox 9y 0z
ow oJdw ow
This is also the same as

Jx OJx Ox
ou oJv ow
_[9y 9y 9y
J(“’V’W)‘au ov ow|
9z 9z 9z
ou v ow

a(x, y, 2)

The Jacobian can also be simply denoted as 3 v W)

With the transformations and the Jacobian for three variables, we are ready to establish the theorem that describes change
of variables for triple integrals.

Theorem 5.15: Change of Variables for Triple Integrals

Let T(u, v, w)=(x,y,z) where x=g(u, v, w),y=h(u,v,w), and z=k(u, v, w), be a one-to-one c!
transformation, with a nonzero Jacobian, that maps the region G in the wvw-plane into the region D in the

xyz-plane. As in the two-dimensional case, if F is continuous on D, then

du dv dw

fff F(x, y, 2)dV fff Flg(u, v, w), h(u, v, w), k(u, v, w))M
R G

a(u, v, w)

[ H@w, v, W, v, w)ldu dv dw.
G

Let us now see how changes in triple integrals for cylindrical and spherical coordinates are affected by this theorem. We
expect to obtain the same formulas as in Triple Integrals in Cylindrical and Spherical Coordinates.

Example 5.72

Obtaining Formulas in Triple Integrals for Cylindrical and Spherical Coordinates

Derive the formula in triple integrals for
a. cylindrical and

b. spherical coordinates.
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Solution
a. For cylindrical coordinates, the transformation is 7(r, 6, z) = (x, y, z) from the Cartesian rfz-plane to
the Cartesian xyz-plane (Figure 5.81). Here x =rcos@, y=rsin6, and z = z. The Jacobian for

the transformation is

0x OJx Ox

or 060 0z

_9y,2) _[dy dy dy

I, 0.0 =500 =ar 36 a2
0z 0z oz

or 00 o0z

=)

cos@ —rsind
sinf rcosf@® O
0 0

=rcos20 + rsin?0 = r(00329 + sin29) =r.

—

We know that » > 0, so |J(r, 8, z)| = r. Then the triple integral is

I f(x, v, 2dV = [J] f(rcos@, rsin®, z)rdrdo dz.
D G

Cube with sides
parallel to the

Z) coordinate axes z)
Z = constant
D
X = rcosf
y = rsinfl
Z=2Z
—_—
G
r = constant
[ = constant 1%
r X
Cartesian rfz-space Cartesian xyz-space

Figure 5.81 The transformation from rectangular coordinates to cylindrical coordinates can be treated as a change of
variables from region G in réz-space toregion D in xyz-space.

b. For spherical coordinates, the transformation is T(p, 0, @) = (x, y, z) from the Cartesian pO¢p-plane to
the Cartesian xyz-plane (Figure 5.82). Here x = psing@cosf, y=psingsinf, and z = pcos ¢.

The Jacobian for the transformation is

Jx OJx Ox
(;'0 30 Zw sinpcos@® —psingsind pcosecos
J(p,0,<p)=M=—y CAAAN sinpsind —psingpcosd pcosesind|.
dp, 0, ) |0p 06 d¢ .
9z 9z oz cos d 0 —psin @
dp 00 O0¢

Expanding the determinant with respect to the third row:
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—psingsin@ pcos@cos b singcos® —psin g sinb

= cos — psing

(ppsin(psine p cos @ sin @ singsin@ psingcosd

= cos (p(—p2 sin ¢ cos ¢ sin%0 — p2 sin ¢ cos ¢ cosze)

—p sin (p(p sin2(p cos? 6 + p sinz(p sin? 9)
= —p2 sin ¢ coszrp(sinze + cos26’) - p2 sin ¢ sin? (p(sin29 + 00526’)
= —p2 sin ¢ COSz(p — p2 sin ¢ sinzqo

= —p2 sin (p(coszgo + sin? go) = —p2 sin @.

Since 0 < ¢ <&, we must have sin¢ > 0. Thus |[J(p, 8, ¢) = |—p2sin (p| = pZsin g.

Cube with sides

parallel to the 0 = constant
P coordinate axes z
p = constant
X = psin ¢ cos 6 D
y=psingsinf
= pCcos ¢
= n n
\ ¢ = constant
i} y
r X
Cartesian pgf-space Cartesian xyz-space

Figure 5.82 The transformation from rectangular coordinates to spherical coordinates can be treated as a change of
variables from region G in pfg-space to region D in xyz-space.

Then the triple integral becomes

ffff(x, v, 2dV = ///f(p sin ¢ cos 6, p sin ¢ sin 8, p cos q))pzsinq)dp do do.
D G

Let’s try another example with a different substitution.

Example 5.73

Evaluating a Triple Integral with a Change of Variables

Evaluate the triple integral

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Solution

in xyz-space by using the transformation

u=_2x—y)y2, v=y/2, andw = z/3.

Then integrate over an appropriate region in uvw-space.

that x=u+v, y=2v, and z=3w.

As before, some kind of sketch of the region G in xyz-space over which we have to perform the integration
can help identify the region D in wvw-space (Figure 5.83). Clearly G in xyz-space is bounded by
the planes x =y/2, x=(y/2)+1,y=0, y=4, z=0,andz=4. We also know that we have to use

u=Q2x—y)y2, v=y/2, andw = z/3 for the transformations. We need to solve for x, y, and z. Here we find

Using elementary algebra, we can find the corresponding surfaces for the region G and the limits of integration
in uvw-space. It is convenient to list these equations in a table.

Equations in xyz for the Corresponding equations in uvw for Limits for the
region D the region G integration in uvw
x=y/2 u+v=2w/1R2=vy u=20

x =yl u+v=2v2)+1=v+1 u=1

y=0 2v=0 v=20

y=4 2v=4 v=2

z=0 3w=0 w=0

z=13 3w=3 w=1

625
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Rear plane:
X = %- ory = 2x

Front plane:
x=%+10ry=2x-2
Figure 5.83 Theregion G in uvw-space is transformed to region D in xyz-space.

Now we can calculate the Jacobian for the transformation:

dx Jdx O0x
du Jv ow 110
T, v, wy =92 9Y 9yl 5 ol—.
> ou dv oJw 0 0 3
dz dz Odz
ou Jdv ow

The function to be integrated becomes

[y, Z)=x+§=u+v+3TW:u+v+w.

We are now ready to put everything together and complete the problem.

3 4 (0/2)+1
{{ yé (x+% x dy dz

Il
o~~~

2 1 1 21
/ /(u +v+w)lJ(u, v, wdudvdw = f /(u + v+ w)|6|du dv dw
00 000

1

2 1 12

=6 ff(u+v+w)dudvdw=6ff[%z+vu+wu]0dvdw
00 00
2 1 5 2
f(%+v+w vdw:6_/|:%v+v7+wv]0dw
0 0

I
o)

2\
o= O~ O~

5 1
(3 + 2w)dw = 6[3w + w?|, = 24,
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@ 5.48 Let D be the region in xyz-space definedby 1 <x<2,0<xy<2,and0<z<1.

Evaluate fff (x2 y+ 3xyz)dx dy dz by using the transformation u = x, v = xy, and w = 3z.
D
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5.7 EXERCISES

In the following exercises, the
T:S—>R, Tu,v)=(1y) on the

S={u,vI0<u<1,0<v<1} bounded by the unit

function
region

square is given, where R C R? is the image of S under

T.

a. Justify that the function 7 isa C ! transformation.

b. Find the images of the vertices of the unit square S
through the function 7.

C. Determine the image R of the unit square S and
graph it.

356. x=2u,y=3v
—U ,_V

357. x—z,y 3

358. x=u—-v,y=u+v

359. x=2u—-v,y=u+2v

360. )c=142,y=v2

361. x=u3,y=v3

In the following exercises, determine whether the
transformations 7 : S — R are one-to-one or not.

362. x= uz, y= v2, where S is the rectangle of vertices
(=1,0), (1, 0), (1, 1), and (-1, 1).

363. x= u4, y= u + v, where § is the triangle of
vertices (=2, 0), (2, 0), and (0, 2).

364. x=2u,y=3v, whereS is the square of vertices
(_19 1), (_19 _1)9 (19 _1)9 and(lv 1)

365. T(u, v) =Qu—v, u), where § is the triangle of
vertices (-1, 1), (=1, —1), and (1, —1).

366. X=u+v+w,y=u+v,z2=w, where
S=R=R>.
367. x=u2+v+w,y=u2+v,z=w, where
S=R=R>

In the following exercises, the transformations 7 : S — R
are one-to-one. Find their related inverse transformations

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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T-':R>s.
368. x=4u, y=>5v, where S=R= RZ

369. x=u+2v,y=—-u+v, where S=R=RZ

370. x=eXtY, y=¢e""", where S= R% and
R={x, y)x>0,y>0

371. x =1Inu, y=In(uv), where
S={(u, Vu>0,v>0} and R =R

372. x=u+v+w,y=73v, z="2w, where
S=R=R>

373. X=u+v,y=v+w, Z2=u+w, where
S=R=R>

In the following exercises, the transformation

T:S— R, T(u, v) =(x, y) and the region R C R? are

given. Find the region S C R

374, x=au,y=bv, R= {(x, M2 +y2 < azbz},

where a, b > 0

2 y2
375. x=au,y=>bv,R = (x,y)|x—2+—2§1 ,
a b
where a, b > 0
376. x=gy=p21=%

R = {(x, y)Ix2 + y2 +72< 1}, where a, b, ¢ > 0

377.

where a, b, ¢ > 0

In the following exercises, find the Jacobian J of the
transformation.

378. x=u+2v,y=—-u+v

3
—u Y
379. x= 2,y—u2

380. x=eXTV, y=¢"T
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381l. x=ue',y=e"’

382. x=ucos(e"), y = usin(e")

383. x=v sin(uz), y=v cos(uz)

384. x=ucoshv, y=usinhv, z=w

385. x=v cosh(%), y=v sinh(%), z=u+ w2
386. x=u+v,y=v+w,z=1u

387. x=u—-v,y=u+v,z=u+v+w

388. The triangular region R with the vertices
0, 0), (1, 1), and (1, 2)

figure.

Yi
2__

is shown in the following

15+

05+

O " 02 04 06 08 1%
a. Find a transformation T:S— R,
T(u, v) = (x, ¥) = (au + bv, cu + dv), where

a,b,c, and d are real numbers with

ad —bc #0 such that
7710,0= (0,0, 77'(1, ) =(1,0), and
7711, 2) = (0, 1).

b. Use the transformation 7 to find the area A(R) of

the region R.

629

389. The triangular region R with the vertices
0, 0), (2,0), and (1, 3) is shown in the following
figure.

Yi

3 4

24

1+

0 : 1 : 2 X

a. Find a transformation T:S—R,

T(u, v) = (x, y) = (au + bv, cu + dv), where

a, b, ¢ and d are real numbers with ad — bc # 0
such that 7710, 0) = (0, 0),
7712, 0)=(1,0), and 77!(1, 3) = (0, 1).

b. Use the transformation 7 to find the area A(R) of
the region R.

In the following exercises, use the transformation

u=y—x,v=y, to evaluate the integrals on the

parallelogram R of vertices
©, 0), (1, 0), (2, 1), and (1, 1) shown in the following

figure.

Yi
1..

0.8+

0.6 +

0.4

0.2+

390. ff (y —x)dA
R

391. 4[ (v* = xy)dA

In the following exercises, use the transformation
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y—x=u,x+y=v to evaluate the integrals on the

square R determined by the lines

y=x,y=—-x+2,y=x+2, and y=—x shown in

the following figure.

392. [ T aaA
R

393. [ sin(x — y)dA
R

In the following exercises, use the transformation
x=u, Sy =v to evaluate the integrals on the region R

bounded by the ellipse x2+25y2=1 shown in the

following figure.

394. [ x> +25y%dA
R

395 Jf (x*+ 25y2)2 dA
R

In the following exercises, use the transformation
u=x+y,v=x—y to evaluate the integrals on the

trapezoidal region R determined by the points
(1, 0), (2, 0), (0, 2), and (0, 1) shown in the following

figure.
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396. ff (x2 —2xy + yz)ex+ydA
R

397. ff (x3 + 3x2y + 3xy2 + y3)dA
R

398. The circular annulus sector R bounded by the circles
4x% + 4y2 =1 and 9x% + 9y2 =64, theline x = y\3,
and the y-axis is shown in the following figure. Find

a transformation 7 from a rectangular region S in the
r@-plane to the region R in the xy-plane. Graph S.

o
25F

24
154

14
0.51

0 05 1 15 2 25 3X
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399. The solid R bounded by the circular cylinder

x2 + y2 =9 and the planes z=0,z=1,
x =0, andy = 0 is shown in the following figure. Find a
transformation 7 from a cylindrical box S in rfz-space

to the solid R in xyz-space.

1.0 &L

0.75¢

0.25]

0.0

400. Show that

f/f[ x—2+y—2 A=2ﬂm7f(p)pdp where f isa
I3 3'” / ’

continuous function on [0, 1] and R is the region

bounded by the ellipse 5x% + 3y2 = 15.

401. Show that

1
ff/f(\/16x2+4y2+22 'dV=%ff(p)p2dp, where
R 0

f is a continuous function on [0, 1] and R is the region

bounded by the ellipsoid 16x2 + 4y% + 7> = 1.

402. [T] Find the area of the region bounded by the curves
xy=1,xy=3,y=2x, and y=3x by using the

transformation #=xy and v= A

- Use a computer

algebra system (CAS) to graph the boundary curves of the
region R.

403. [T] Find the area of the region bounded by the curves
x2y =2, xzy =3,y=x, and y=2x by using the

transformation u = xzy and v = % Use a CAS to graph

the boundary curves of the region R.

631

+1
[ v+ taxdydz
Z

1 2z
404. Evaluate the triple integral f f
01

by using the transformation U=x-—2z,
= =2

v=3y, andw = >

405. Evaluate the triple integral
2 6 3z+2

/ / / (5 —4y)dxdzdy by using the transformation
0 4 3z

u=x-3z,v=4y, andw = z.

406. A transformation T : RZ — RZ, T(u, v) = (x, y) of

the form x=au+bv,y=cu+dy, where
a, b, c, andd are real numbers, is called linear. Show
that a linear transformation for which ad — bc # 0 maps

parallelograms to parallelograms.

407. The transformation
Ty:R? = R% Ty, v) = (x, y),

x=ucos@—vsind, y=usinf+vcos6, iscalleda

where

rotation of angle €. Show that the inverse transformation
of Ty satisfies T9_1 =T_y, where T_, is the rotation
of angle —6.

408. [T] Find the region S in the uv-plane whose image

through a rotation of angle Z is the region R enclosed

4
by the ellipse X+ 4y2 = 1. Use a CAS to answer the

following questions.
a. Graph the region S.

b. Evaluate the integral // ¢ du dv. Round your
S

answer to two decimal places.

4009. [T] The transformations 7;: R? - Rz,
i=1,..,4, defined by Ty, v) = (u, =v),
Ty, v) = (—u, v), T3(u, v) = (—u, —v), and
Ty(u,v)=(v,u) are called reflections about the

Xx-axis, y-axis, origin, and the line y = x, respectively.
a. Find the image of the region
S ={@ i +v*-2u—4v+1<0} in the
xy-plane through the transformation
T1eTyoT50T,.

b. Use a CAS to graph R.

c. Evaluate the integral ff sin(u?)du dv by using a
S

CAS. Round your answer to two decimal places.
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410. [T] The transformation

Ty 1.1 R > R3, Ty 1,1, v, w)=(x,y,2) of the
form x =ku, y=v,z=w, where k# 1 is a positive
real number, is called a stretch if k > 1 and a compression
if 0 <k <1 inthe x-direction. Use a CAS to evaluate

—(4x2 + 9y2 + 2522)

the integral ff e dx dydz on the solid
N

S = {(x, ¥, z)|4x2 + 9y2 +2572 < 1} by considering the

compression T2’ 3.5 (u, v, w) =(x, y,z) defined by
X = %, y= %, and z = % Round your answer to four
decimal places.

411. [T] The transformation
T,o: R* - R2, T, o, v) = (u+av, v), where
a#0 is a real number, is called a shear in the
x-direction. The transformation,
Tb, 0: RZ > Rz, To, p U, v) = (u, bu +v), where
b#0 is a real number, is called a shear in the

y-direction.

a. Find transformations T ,°73 .

b. Find the image R of the trapezoidal region S§
boundedby u=0,v=0,v=1, and v=2—-u
through the transformation 7y 5773 .

Use a CAS to graph the image R in the xy-plane.

d. Find the area of the region R by using the area of
region S.

412. Use the transformation, x =au, y=av, z=cw

and spherical coordinates to show that the volume of a

2 + 2 2
region bounded by the spheroid _2y+z_2=1 is
a c
4ra’c
3

413. Find the volume of a football whose shape is a

2 2 2

X . ..

spheroid % + Z—z =1 whose length from tip to tip is
a c

11 inches and circumference at the center is 22 inches.

Round your answer to two decimal places.
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414. [T] Lamé ovals (or superellipses) are plane curves of

. o (Y .
equations (E) + (5) =1, where a, b, and n are positive
real numbers.

a. Use a CAS to graph the regions R bounded by
Laméovalsfor a=1,b=2,n=4 and n =6,

respectively.
b. Find the transformations that map the region R

bounded by the Lamé oval xt y4 =1, also

called a squircle and graphed in the following
figure, into the unit disk.
Yi

1
=+

Y

0.5

159

c. Use a CAS to find an approximation of the area
A(R) of the region R bounded by X+ y4 =1

Round your answer to two decimal places.

415. [T] Lamé ovals have been consistently used by
designers and architects. For instance, Gerald Robinson,
a Canadian architect, has designed a parking garage in a
shopping center in Peterborough, Ontario, in the shape of a

n
. SRS AT A aoa_9
superellipse of the equation (E) + (Z) =1 with =7

and n = e. Use a CAS to find an approximation of the area
of the parking garage in the case a = 900 yards, b = 700
yards, and n = 2.72 yards.
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CHAPTER 5 REVIEW

KEY TERMS

double integral of the function f(x, y) over the region R inthe xy -plane is defined as the limit of a double Riemann

sum, {{f(x, WdA = lim OO.Z Z J&5 s v )AA.

SRty W ey

double Riemann sum LI
of the function f(x, y) over arectangular region R is Z Z f(x;!‘j , y;?‘j )JAA where R is

i=1j=1
divided into smaller subrectangles R;; and (x’}‘j , y;-“j ) is an arbitrary point in R;;

Fubini’s theorem if f(x, y) is a function of two variables that is continuous over a rectangular region

R = {(x, y) € R? la < x<b,c<y<d], thenthedouble integral of f over the region equals an iterated integral,
b .d d b
5 d d = 5 d d = s d d
[ 1 vava= [ [ g axdy= [ [ g vxay

improper double integral a double integral over an unbounded region or of an unbounded function

iterated integral for a function f(x, y) over the region R is

a [ [t vcay= | b[ e y)dy]dx,
d .a d[ b
b. [ ] s ydxdy= [, [ /e y)dx]dy,

where a, b, ¢, and d are any real numbers and R = [a, b] X [c, d]

Jacobian the Jacobian J(u, v) in two variables is a 2 X 2 determinant:

ox 9Y
T, v) = du du;
ox 9y
Jov  dv

the Jacobian J(u, v, w) in three variables isa 3 X 3 determinant:

ox 9y 0z
Ju OJdu OJu

0
J(u,v,w):% a—z g—‘Z}
ox 9y 0z
ow Jdw oJw

one-to-one transformation a transformation 7 : G — R defined as T'(u, v) = (x, y) is said to be one-to-one if no

two points map to the same image point

planar transformation a function 7' that transforms a region G in one plane into a region R in another plane by a
change of variables

polar rectangle the region enclosed between the circles » =a and r = b and the angles § =a and 6 = f; it is
describedas R={(r, Dla<r<b,a <0 < p}

radius of gyration the distance from an object’s center of mass to its axis of rotation
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transformation , fhction that transforms a region G in one plane into a region R in another plane by a change of
variables
triple integral the triple integral of a continuous function f(x, y, z) over a rectangular solid box B is the limit of a
Riemann sum for a function of three variables, if this limit exists
triple integral in cylindrical coordinates the limit of a triple Riemann sum, provided the following limit exists:
l m n
im Y ) 21 Fr 0% Z50rE ArAOAZ

Lmyn =00 2 fZ1 K2

triple integral in spherical coordinates the limit of a triple Riemann sum, provided the following limit exists:

1 m

n
im D D D ke O 0500k sin pApAGAY
k=1

Lim, n— o029 2

Type |l a region D in the xy-plane is Type I if it lies between two vertical lines and the graphs of two continuous

functions g (x) and g, (x)

Type Il aregion D in the xy-plane is Type II if it lies between two horizontal lines and the graphs of two continuous

functions £ (y) and A5 (y)

KEY EQUATIONS

* Double integral
143 n
4[ flx, )dA = lim °°,-Zl ,—21 £ 5 )AA

e TIterated integral

fabfcdf(x, ydxdy = fab[/cdf(x, y)a’y]dx

or
/d/af(x, y)dx dy = fd fbf(x’ V)dx dy
c“b cl|/a

¢ Average value of a function of two variables
1
Jave = 3o M f(x. y)dxdy
ae ™ AreaR 4/

e TIterated integral over a Type I region
b [82(0

[ 1 vda= [] fos vdyax=[| [ oo nay

481

U

X

¢ Iterated integral over a Type II region
d[h®

[ 1 A= [ i ydxdy = S| [ s vaxlay

¢|no

¢ Double integral over a polar rectangular region R

m n m n
4[ f(r, 0)dA = Tim ”'21 -21 fryg*. 0,%)0A = lim 00_2 D fri*, 0% iy Ara6
i=1j=

i=1j=1

* Double integral over a general polar region
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=ﬁr:h2(6))
J feordrdo= [ [ e ordrdo
D O=ar=h©)

Triple integral

lim Z Z Z f(xljk, yUk, Uk)AxAyAz— ffff(x v, 2)dV

lmn—»oo_lj_

Triple integral in cylindrical coordinates

I &x, y, 2dV = [Jf g(rcos6, rsin@, 2yrdrdddz= [f f(r, 6, 2)rdrdfdz
B B B

Triple integral in spherical coordinates
p=y0=pp=>

I 10,000 sinpdpdpdo= [ [ [ fip.0.gp?singdpdpds

P=YO=aqP=0a

Mass of a lamina
k l

m= _lim 2 Z m,-j: hm Z Z p(xlj,ylj)AA— ffp(x y)dA

ko l= 002 20 ©/ =1 =1

Moment about the x-axis
k l

k l
Moo= Jim D0 2 (o= fim 2 X (5 ety vgad = vt yya

k,l—»ooi=1j=1 k,l—>ool~=lj

Moment about the y—axis

My=lim Z Z( )m = lim Z Z( )p(x;-’},y;-’})AA:{{xp(x,y)dA

kl—>oo kl—>oo

Center of mass of a lamina
v A xeGe ydA [ yp(x, y)dA
R R

y M
m ff p(x, y)dA
R

x=—F=—"———and y =
T ot Y

KEY CONCEPTS

5.1 Double Integrals over Rectangular Regions

635

We can use a double Riemann sum to approximate the volume of a solid bounded above by a function of two
variables over a rectangular region. By taking the limit, this becomes a double integral representing the volume of

the solid.

Properties of double integral are useful to simplify computation and find bounds on their values.

We can use Fubini’s theorem to write and evaluate a double integral as an iterated integral.

Double integrals are used to calculate the area of a region, the volume under a surface, and the average value of a

function of two variables over a rectangular region.

5.2 Double Integrals over General Regions

¢ A general bounded region D on the plane is a region that can be enclosed inside a rectangular region. We can use

this idea to define a double integral over a general bounded region.

¢ To evaluate an iterated integral of a function over a general nonrectangular region, we sketch the region and express
it as a Type I or as a Type II region or as a union of several Type I or Type II regions that overlap only on their

boundaries.
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We can use double integrals to find volumes, areas, and average values of a function over general regions, similarly
to calculations over rectangular regions.

We can use Fubini’s theorem for improper integrals to evaluate some types of improper integrals.

5.3 Double Integrals in Polar Coordinates

To apply a double integral to a situation with circular symmetry, it is often convenient to use a double integral in
polar coordinates. We can apply these double integrals over a polar rectangular region or a general polar region,
using an iterated integral similar to those used with rectangular double integrals.

The area dA in polar coordinates becomes r dr d6.

Use x=rcosd, y=rsinf, and dA = rdrd6 to convert an integral in rectangular coordinates to an integral
in polar coordinates.

Use r2

=x+ y2 and 6 = tan~! (%) to convert an integral in polar coordinates to an integral in rectangular

coordinates, if needed.
To find the volume in polar coordinates bounded above by a surface z = f(r, #) over a region on the xy -plane,

use a double integral in polar coordinates.

5.4 Triple Integrals

To compute a triple integral we use Fubini’s theorem, which states that if f(x, y, z) is continuous on a rectangular
box B =|[a, b]|X|[c, d|X[e, f], then

S od b
] 15 v, 9av = [ [ [ y. daxaya:

e a

and is also equal to any of the other five possible orderings for the iterated triple integral.

To compute the volume of a general solid bounded region E we use the triple integral
V(E) = ff/ 1dVv.
E

Interchanging the order of the iterated integrals does not change the answer. As a matter of fact, interchanging the
order of integration can help simplify the computation.

To compute the average value of a function over a general three-dimensional region, we use

__1
Save = W fEff fx, vy, 2dV.

5.5 Triple Integrals in Cylindrical and Spherical Coordinates

To evaluate a triple integral in cylindrical coordinates, use the iterated integral
O=pr=g7@ z=uy(r,0)

f(r, 0, Drdzdrdb.
O=ar=g1@z=u|(,0)

To evaluate a triple integral in spherical coordinates, use the iterated integral
0=pp=820) @ =uy(r, 0)

flp, 6, p)p?sin ¢ de dp do.
0=ap="g1Op=1t,0,0

5.6 Calculating Centers of Mass and Moments of Inertia

Finding the mass, center of mass, moments, and moments of inertia in double integrals:

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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For alamina R with a density function p(x, y) at any point (x, y) in the plane, the mass is m = ff p(x, y)dA.
R

The moments about the x-axis and y-axis are
My= [[ yp(x, ydAand My = [ xp(x, y)dA.
R R

- M, _
The center of mass is given by x = Wy’ y= %

The center of mass becomes the centroid of the plane when the density is constant.

The moments of inertia about the x — axis, y — axis, and the origin are

L= [[ y?p(x, y)dA, I, = [ ¥2p(x, YdA, and Iy =1, + L= [ (x2 +y2)p(x, y)dA.
R R R

Finding the mass, center of mass, moments, and moments of inertia in triple integrals:

For a solid object Q with a density function p(x, y, z) at any point (x, y, z) in space, the mass is

m= /é/ p(x, y, 2)dV.

The moments about the xy-plane, the xz-plane, and the yz-plane are
Myy = fff zp(x, ¥, 2)dV, My, = ff ypx, y, 2)dV, My, = fffxp(x, v, 2)dV.
0 0 0

My, - M, My,

The center of mass is given by x = —=, y = 3=, z = ——

The center of mass becomes the centroid of the solid when the density is constant.

The moments of inertia about the yz-plane, the xz-plane, and the xy-plane are
I,= fff (y2 + zz)p(x, v, 2dV, I, = [[[ (x2 + zz)p(x, v, 2)dV,
0 0

I= fé/ (x2 + yz)p(x, v, 2)dV.

5.7 Change of Variables in Multiple Integrals

A transformation 7 is a function that transforms a region G in one plane (space) into a region R in another plane
(space) by a change of variables.
A transformation 7 : G — R defined as T(u, v) = (x, y) (or T(u, v, w) = (x, y, z)) is said to be a one-to-one

transformation if no two points map to the same image point.

a(x, y)

IORD) du dv.

If f is continuous on R, then [[ f(x, y)dA = [[ f(g(u, v), h(u, v))
R s
If F is continuous on R, then

du dv dw

fff F(x, y, 2)dV fff Flg(u, v, w), h(u, v, w), k(u, v, w))M
R G

o(u, v, w)

[ H@w, v, I, v, w)ldu dv dw.
G

CHAPTER 5 REVIEW EXERCISES

True or False? Justify your answer with a proof or a b d d b
counterexample. 416. / f f(x, ydydx = / f f(x, y)dydx
a ¢ c a
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417. Fubini’s theorem can be extended to three
dimensions, as long as f is continuous in all variables.

418. The integral

o~V

11

/ f dz dr do represents the volume
0o r

of a right cone.

419. The
x=u>=2v, y = 3v — 2uv is given by —4u? + 6u + 4v.

Jacobian of the transformation for

Evaluate the following integrals.

420.
f/(5x3y2—y2)dA, R={x y0<x<2,1<y<4)
R

421.

53

D 3x

1dA,Dz{(x,y)|O§x§1,—x§y§x}

422. ff sin(x2 + yz)dA where D is a disk of radius 2
D

centered at the origin

423. ]]xyexzdxdy
0y

1 zx—z
aa. [ [ [edyaxa:
-10 O
425. //f 3ydV, where
R

R={(x,y,z)IOstl,OSny,()gzgw_ﬂ

2 2x 1
426. ///rdzd&dr
00"
2r w2 3
a7, [ [ [psin@)dp dgdo
001

l—x2 Vl—xz—yz
dzdydx

428. 7

0 —\/1 —xz—\/l —x2—y2

For the following problems, find the specified area or
volume.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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429. The area of region enclosed by one petal of
r = cos(40).

430. The volume of the solid that lies between the
paraboloid z = 2%+ 2y2 and the plane z = 8.

431. The volume of the solid bounded by the cylinder
x2+y2= 16 and from z=1to z+x=2.

432. The volume of the intersection between two spheres
of radius 1, the top whose center is (0, 0, 0.25) and the

bottom, which is centered at (0, 0, 0).

For the following problems, find the center of mass of the
region.

433. p(x, y) = xy on the circle with radius 1 in the first

quadrant only.

434. p(x, y)=(y+ 1)vx in the region bounded by

X

y=e', y=0, and x=1.

435. p(x, y, 7) = z on the inverted cone with radius 2
and height 2.

436. The volume an ice cream cone that is given by the

solid above z = (x2 + y2) and below z2 + x> + y2 =2z

The following problems examine Mount Holly in the state
of Michigan. Mount Holly is a landfill that was converted
into a ski resort. The shape of Mount Holly can be
approximated by a right circular cone of height 1100 ft

and radius 6000 ft.

437. 1If the compacted trash used to build Mount Holly on
average has a density 400 Ib/tt3, find the amount of work

required to build the mountain.

438. In reality, it is very likely that the trash at the bottom
of Mount Holly has become more compacted with all the
weight of the above trash. Consider a density function with
respect to height: the density at the top of the mountain
is still density 400 Ib/ft> and the density increases. Every
100 feet deeper, the density doubles. What is the total

weight of Mount Holly?

The following problems consider the temperature and
density of Earth’s layers.



Chapter 5 | Multiple Integration

439. [T] The temperature of Earth’s layers is exhibited in
the table below. Use your calculator to fit a polynomial of
degree 3 to the temperature along the radius of the Earth.
Then find the average temperature of Earth. (Hint: begin
at O in the inner core and increase outward toward the

639

440. [T] The density of Earth’s layers is displayed in the
table below. Using your calculator or a computer program,
find the best-fit quadratic equation to the density. Using this
equation, find the total mass of Earth.

surface)

Layer Depth from Temperature
center (km) °C

Rocky 0 to 40 0
Crust
Upper 40 to 150 870
Mantle
Mantle 400 to 650 870
Inner 650 to 2700 870
Mantel
Molten 2890 to 5150 4300
Outer Core
Inner Core 5150 to 6378 7200

Source: http://www.enchantedlearning.com/subjects/
astronomy/planets/earth/Inside.shtml

Layer Depth from Density (g/
center (km) cm3)

Inner 0 12.95

Core

Outer 1228 11.05

Core

Mantle 3488 5.00

Upper 6338 3.90

Mantle

Crust 6378 2.55

Source: http://hyperphysics.phy-astr.gsu.edu/hbase/
geophys/earthstruct.html

The following problems concern the Theorem of Pappus
(see Moments and Centers of Mass (http://lcnx.orgl/
content/m53649/latest/) for a refresher), a method for
calculating volume using centroids. Assuming a region R,

when you revolve around the x-axis the volume is given
by Vy=2zAYy, and when you revolve around the

y-axis the volume is given by V), =27A x, where A
is the area of R. Consider the region bounded by
x2+y2: 1 and above y =x+ 1.

441. Find the volume when you revolve the region around
the x-axis.

442. Find the volume when you revolve the region around
the y-axis.


http://cnx.org/content/m53649/latest/
http://cnx.org/content/m53649/latest/

	Preface
	1. About OpenStax
	2. About OpenStax's resources
	3. About Calculus Volume 3
	4. Additional resources
	5. About the authors

	Chapter 1. Parametric Equations and Polar Coordinates
	1.1. Parametric Equations*
	1.2. Calculus of Parametric Curves*
	1.3. Polar Coordinates*
	1.4. Area and Arc Length in Polar Coordinates*
	1.5. Conic Sections*
	Glossary

	Chapter 2. Vectors in Space
	2.1. Vectors in the Plane*
	2.2. Vectors in Three Dimensions*
	2.3. The Dot Product*
	2.4. The Cross Product*
	2.5. Equations of Lines and Planes in Space*
	2.6. Quadric Surfaces*
	2.7. Cylindrical and Spherical Coordinates*
	Glossary

	Chapter 3. Vector-Valued Functions
	3.1. Vector-Valued Functions and Space Curves*
	3.2. Calculus of Vector-Valued Functions*
	3.3. Arc Length and Curvature*
	3.4. Motion in Space*
	Glossary

	Chapter 4. Differentiation of Functions of Several Variables
	4.1. Functions of Several Variables*
	4.2. Limits and Continuity*
	4.3. Partial Derivatives*
	4.4. Tangent Planes and Linear Approximations*
	4.5. The Chain Rule*
	4.6. Directional Derivatives and the Gradient*
	4.7. Maxima/Minima Problems*
	4.8. Lagrange Multipliers*
	Glossary

	Chapter 5. Multiple Integration
	5.1. Double Integrals over Rectangular Regions*
	5.2. Double Integrals over General Regions*
	5.3. Double Integrals in Polar Coordinates*
	5.4. Triple Integrals*
	5.5. Triple Integrals in Cylindrical and Spherical Coordinates*
	5.6. Calculating Centers of Mass and Moments of Inertia*
	5.7. Change of Variables in Multiple Integrals*
	Glossary

	Chapter 6. Vector Calculus
	6.1. Vector Fields*
	6.2. Line Integrals*
	6.3. Conservative Vector Fields*
	6.4. Green’s Theorem*
	6.5. Divergence and Curl*
	6.6. Surface Integrals*
	6.7. Stokes’ Theorem*
	6.8. The Divergence Theorem*
	Glossary

	Chapter 7. Second-Order Differential Equations
	7.1. Second-Order Linear Equations*
	7.2. Nonhomogeneous Linear Equations*
	7.3. Applications*
	7.4. Series Solutions of Differential Equations*
	Glossary

	Appendix A. Table of Integrals*
	A.1. Basic Integrals
	A.2. Trigonometric Integrals
	A.3. Exponential and Logarithmic Integrals
	A.4. Hyperbolic Integrals
	A.5. Inverse Trigonometric Integrals
	A.6. Integrals Involving a2 + u2, a > 0
	A.7. Integrals Involving u2 − a2, a > 0
	A.8. Integrals Involving a2 − u2, a > 0
	A.9. Integrals Involving 2au − u2, a > 0
	A.10. Integrals Involving a + bu, a ≠ 0

	Appendix B. Table of Derivatives*
	B.1. General Formulas
	B.2. Trigonometric Functions
	B.3. Inverse Trigonometric Functions
	B.4. Exponential and Logarithmic Functions
	B.5. Hyperbolic Functions
	B.6. Inverse Hyperbolic Functions

	Appendix C. Review of Pre-Calculus*
	C.1. Formulas from Geometry
	C.2. Formulas from Algebra
	C.3. Formulas from Trigonometry

	Solutions
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	Chapter 7
	Index

	CalculusVolume3.pdf
	Blank Page


