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6| VECTOR CALCULUS

Figure 6.1 Hurricanes form from rotating winds driven by warm temperatures over the ocean. Meteorologists forecast the
motion of hurricanes by studying the rotating vector fields of their wind velocity. Shown is Cyclone Catarina in the South
Atlantic Ocean in 2004, as seen from the International Space Station. (credit: modification of work by NASA)
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Introduction

Hurricanes are huge storms that can produce tremendous amounts of damage to life and property, especially when they
reach land. Predicting where and when they will strike and how strong the winds will be is of great importance for preparing
for protection or evacuation. Scientists rely on studies of rotational vector fields for their forecasts (see Example 6.3).

In this chapter, we learn to model new kinds of integrals over fields such as magnetic fields, gravitational fields, or velocity
fields. We also learn how to calculate the work done on a charged particle traveling through a magnetic field, the work done
on a particle with mass traveling through a gravitational field, and the volume per unit time of water flowing through a net
dropped in a river.

All these applications are based on the concept of a vector field, which we explore in this chapter. Vector fields have
many applications because they can be used to model real fields such as electromagnetic or gravitational fields. A deep
understanding of physics or engineering is impossible without an understanding of vector fields. Furthermore, vector fields
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have mathematical properties that are worthy of study in their own right. In particular, vector fields can be used to develop
several higher-dimensional versions of the Fundamental Theorem of Calculus.

6.1 | Vector Fields

Learning Objectives

6.1.1 Recognize a vector field in a plane or in space.
6.1.2 Sketch a vector field from a given equation.
6.1.3 ldentify a conservative field and its associated potential function.

Vector fields are an important tool for describing many physical concepts, such as gravitation and electromagnetism, which
affect the behavior of objects over a large region of a plane or of space. They are also useful for dealing with large-scale
behavior such as atmospheric storms or deep-sea ocean currents. In this section, we examine the basic definitions and graphs
of vector fields so we can study them in more detail in the rest of this chapter.

Examples of Vector Fields

How can we model the gravitational force exerted by multiple astronomical objects? How can we model the velocity of
water particles on the surface of a river? Figure 6.2 gives visual representations of such phenomena.

Figure 6.2(a) shows a gravitational field exerted by two astronomical objects, such as a star and a planet or a planet and
a moon. At any point in the figure, the vector associated with a point gives the net gravitational force exerted by the two
objects on an object of unit mass. The vectors of largest magnitude in the figure are the vectors closest to the larger object.
The larger object has greater mass, so it exerts a gravitational force of greater magnitude than the smaller object.

Figure 6.2(b) shows the velocity of a river at points on its surface. The vector associated with a given point on the river’s
surface gives the velocity of the water at that point. Since the vectors to the left of the figure are small in magnitude, the
water is flowing slowly on that part of the surface. As the water moves from left to right, it encounters some rapids around
arock. The speed of the water increases, and a whirlpool occurs in part of the rapids.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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(b)
Figure 6.2 (a) The gravitational field exerted by two astronomical bodies on a small object.
(b) The vector velocity field of water on the surface of a river shows the varied speeds of water.
Red indicates that the magnitude of the vector is greater, so the water flows more quickly; blue
indicates a lesser magnitude and a slower speed of water flow.

Each figure illustrates an example of a vector field. Intuitively, a vector field is a map of vectors. In this section, we study

vector fieldsin RZ and R3.

Definition

A vector field F in R? isan assignment of a two-dimensional vector F(x, y) to each point (x, y) of a subset D
of RZ. The subset D is the domain of the vector field.
A vector field Fin R> isan assignment of a three-dimensional vector F(x, y, z) to each point (x, y, z) of a subset

Dof R3. The subset D is the domain of the vector field.

Vector Fields in R2

A vector fieldin R? can be represented in either of two equivalent ways. The first way is to use a vector with components

that are two-variable functions:
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F(x, y) = (P(x, y), O(x, ») ) . (6.1)
The second way is to use the standard unit vectors:
F(x, y) = P(x, »)i + O(x, y)j. (6.2)

A vector field is said to be continuous if its component functions are continuous.

Example 6.1

Finding a Vector Associated with a Given Point

Let F(x, y) = (2y2 + x —4)i+ cos(x)j be a vector field in R? . Note that this is an example of a continuous

vector field since both component functions are continuous. What vector is associated with point (0, —1)?

Solution
Substitute the point values for x and y:

FO, 1) =@Q(=12+0-4)i+ cos0)j
=-2i+j.

@ 6.1 Tet Gx,y) = x? yi—(x+y)j be a vector field in R2. What vector is associated with the point
(-2, 3)?

Drawing a Vector Field

We can now represent a vector field in terms of its components of functions or unit vectors, but representing it visually by
sketching it is more complex because the domain of a vector field is in R?, asis the range. Therefore the “graph” of a

vector fieldin R? lives in four-dimensional space. Since we cannot represent four-dimensional space visually, we instead
draw vector fieldsin R? ina plane itself. To do this, draw the vector associated with a given point at the point in a plane.
For example, suppose the vector associated with point (4, —1) is (3, 1 ). Then, we would draw vector (3, 1) at
point (4, —1).

We should plot enough vectors to see the general shape, but not so many that the sketch becomes a jumbled mess. If we

were to plot the image vector at each point in the region, it would fill the region completely and is useless. Instead, we
can choose points at the intersections of grid lines and plot a sample of several vectors from each quadrant of a rectangular

coordinate system in RZ.

There are two types of vector fields in R2 on which this chapter focuses: radial fields and rotational fields. Radial fields

model certain gravitational fields and energy source fields, and rotational fields model the movement of a fluid in a vortex.
In a radial field, all vectors either point directly toward or directly away from the origin. Furthermore, the magnitude of
any vector depends only on its distance from the origin. In a radial field, the vector located at point (x, y) is perpendicular

to the circle centered at the origin that contains point (x, y), and all other vectors on this circle have the same magnitude.

Example 6.2

Drawing a Radial Vector Field

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Sketch the vector field F(x, y) = %i +

Solution

To sketch this vector field, choose a sample of points from each quadrant and compute the corresponding vector.

Y

2

J-

The following table gives a representative sample of points in a plane and the corresponding vectors.

(x, y) F(x, y) (x, y) F(x, y) (x, y) F(x, y)

(1, 0) <%,0> 2, 0) (1,0) (1, 1) <%,%>
o, 1) (0’%> (0, 2) (0,1) -1, 1) (_%,%>
(-1,0) (-L0) (-2.0) | (-1,0) (-1, -1) (-1 -1
0, —1) (0. -1 0, -2) (0,-1) 1, =1) . -b

Figure 6.3(a) shows the vector field. To see that each vector is perpendicular to the corresponding circle, Figure

6.3(b) shows circles overlain on the vector field.

645
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(b)
Figure 6.3 (a) A visual representation of the radial vector field F(x, y) = %i + % j-

The radial vector field F(x, y) = %i + %‘] with overlaid circles. Notice that each vector is

perpendicular to the circle on which it is located.
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@ 62 Draw the radial field F(x, y) = —%i —%j,
In contrast to radial fields, in a rotational field, the vector at point (x, y) is tangent (not perpendicular) to a circle with

radius r = \/x2 + yz. In a standard rotational field, all vectors point either in a clockwise direction or in a counterclockwise

direction, and the magnitude of a vector depends only on its distance from the origin. Both of the following examples are
clockwise rotational fields, and we see from their visual representations that the vectors appear to rotate around the origin.

Example 6.3

Chapter Opener: Drawing a Rotational Vector Field

ps

Figure 6.4 (credi: modification of work by NAS)

Sketch the vector field F(x, y) = (y, —x ).

Solution

Create a table (see the one that follows) using a representative sample of points in a plane and their corresponding
vectors. Figure 6.6 shows the resulting vector field.

(x, y) F(x, y) (x, y) F(x, y) (x, ) F(x, y)
(1,0 (0, -1) 2,0 (0,-2) (1, 1) (1,-1)
©, 1) (1,0) 0, 2) (2,0) (-1, 1) (1, 1)
(-1, 0) (0,1) (=2, 0) (0,2) (-1, =1) (-1,1)
0, =1) (-1,0) 0, -2 (=2,0) (1, -1 (-1, -1)
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(b) (c)
Figure 6.5 (a) A visual representation of vector field F(x, y) = ( y, —x ) . (b) Vector field

F(x, y) = (y, —x ) with circles centered at the origin. (c) Vector F(a, b) is perpendicular to

radial vector ( a, b ) atpoint (a, b).

Analysis
Note that vector F(a, b) = ( b, —a ) points clockwise and is perpendicular to radial vector { a, b ) . (We can

verify this assertion by computing the dot product of the two vectors: (a, b ) - ( =b,a) =—ab+ab=0.)

Furthermore, vector (b, —a ) has length r = Va? + b%. Thus, we have a complete description of this

rotational vector field: the vector associated with point (a, b) is the vector with length r tangent to the circle with

radius r, and it points in the clockwise direction.

Sketches such as that in Figure 6.6 are often used to analyze major storm systems, including hurricanes and
cyclones. In the northern hemisphere, storms rotate counterclockwise; in the southern hemisphere, storms rotate
clockwise. (This is an effect caused by Earth’s rotation about its axis and is called the Coriolis Effect.)

Example 6.4

Sketching a Vector Field

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Y

)cz+y2

X

i— J
xz+y2

Sketch vector field F(x, y) =

Solution
To visualize this vector field, first note that the dot product F(a, b)- (ai + bj) is zero for any point (a, b).
Therefore, each vector is tangent to the circle on which it is located. Also, as (a, b) — (0, 0), the magnitude of

F(a, b) goes to infinity. To see this, note that

2 2
IF(a, bl = || = L
V@2+bﬂ a”+b

Since — 1 2 — o0 as (a, b) — (0, 0), then |[F(a, b)|| = oo as (a, b) = (0, 0). This vector field looks
a” +

similar to the vector field in Example 6.3, but in this case the magnitudes of the vectors close to the origin are
large. Table 6.3 shows a sample of points and the corresponding vectors, and Figure 6.6 shows the vector field.
Note that this vector field models the whirlpool motion of the river in Figure 6.2(b). The domain of this vector

field is all of R> except for point (0, 0).

(x, y) F(x, y) (x, y) F(x, y) (x, y) F(x, y)

(1, 0) (0,-1) 2, 0) (o, _% (1, 1) <%’ _%
©, 1) (1,0) (0, 2) <%,0> (-1, 1) <%’%>
(-1, 0) (0,1) (=2, 0) <0’%> (-1, -1) <_%,%
©, =1) (-1,0) 0, -2 (—%,0) (1, =1) <_%, —
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Figure 6.6 A visual representation of vector field

F(x, y) =— Y 5i—— X 5 J- This vector field could be
x“+y X" +y

used to model whirlpool motion of a fluid.

@ 6.3 Sketch vector field F(x, y) = ( =2y, 2x ) . Is the vector field radial, rotational, or neither?

Example 6.5

Velocity Field of a Fluid

Suppose that v(x, y) = — 22y i+ 22x 3 j is the velocity field of a fluid. How fast is the fluid moving at

X +y2 xX“+y

point (1, —1)? (Assume the units of speed are meters per second.)

Solution
To find the velocity of the fluid at point (1, —1), substitute the point into v:

2-1)., 2(1) . . .
v(l, -1) = —%l+%‘]=l+‘].

The speed of the fluid at (1, —1) is the magnitude of this vector. Therefore, the speed is |[i + j|| = V2 m/sec.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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6.4 Vector field v(x, y) = (4lxl, 1 ) models the velocity of water on the surface of a river. What is the

speed of the water at point (2, 3)? Use meters per second as the units.

We have examined vector fields that contain vectors of various magnitudes, but just as we have unit vectors, we can also
have a unit vector field. A vector field F is a unit vector field if the magnitude of each vector in the field is 1. In a unit
vector field, the only relevant information is the direction of each vector.

Example 6.6

A Unit Vector Field

( Yy - X
\/x2 + y2 \/x2 + y2

Show that vector field F(x, y) = ) is a unit vector field.

Solution

To show that F is a unit field, we must show that the magnitude of each vector is 1. Note that

2 2

b e
2 +y? X2 +y? 4yt x4y

_ q/xz+y2
xz+y2

=1

Therefore, F is a unit vector field.

@ 6.5 Isvector field F(x, y) = ( —y, x ) a unit vector field?

Why are unit vector fields important? Suppose we are studying the flow of a fluid, and we care only about the direction in
which the fluid is flowing at a given point. In this case, the speed of the fluid (which is the magnitude of the corresponding
velocity vector) is irrelevant, because all we care about is the direction of each vector. Therefore, the unit vector field
associated with velocity is the field we would study.

Q0 R

TR TR ) . Notice that if

If F= (P, Q,R) is a vector field, then the corresponding unit vector field is (ﬁ,

F(x, y) = (y, —x ) is the vector field from Example 6.3, then the magnitude of F is |x+ y%, and therefore the
corresponding unit vector field is the field G from the previous example.

If F is a vector field, then the process of dividing F by its magnitude to form unit vector field F/||F|| is called normalizing
the field F.

Vector Fields in R3

We have seen several examples of vector fields in R? ; let’s now turn our attention to vector fields in R3 . These vector

fields can be used to model gravitational or electromagnetic fields, and they can also be used to model fluid flow or heat flow
in three dimensions. A two-dimensional vector field can really only model the movement of water on a two-dimensional
slice of a river (such as the river’s surface). Since a river flows through three spatial dimensions, to model the flow of the
entire depth of the river, we need a vector field in three dimensions.

The extra dimension of a three-dimensional field can make vector fields in R> more difficult to visualize, but the idea is
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the same. To visualize a vector field in R3 , plot enough vectors to show the overall shape. We can use a similar method
to visualizing a vector field in R? by choosing points in each octant.

Just as with vector fields in R?, we can represent vector fields in R3 with component functions. We simply need an

extra component function for the extra dimension. We write either
F(x, y,2) = (P(x, y, 2), O(x, y, 2), R(x, y, 2) ) (6.3)

or
F(x, y, z) = P(x, y, i + Q(x, y, 2)j + R(x, y, 2)k. (6.4)

Example 6.7

Sketching a Vector Field in Three Dimensions
Describe vector field F(x, y, z) = (1, 1,z).

Solution

For this vector field, the x and y components are constant, so every point in R3 has an associated vector with x
and y components equal to one. To visualize F, we first consider what the field looks like in the xy-plane. In the
xy-plane, z = 0. Hence, each point of the form (a, b, 0) has vector ( 1, 1, 0 ) associated with it. For points

not in the xy-plane but slightly above it, the associated vector has a small but positive z component, and therefore
the associated vector points slightly upward. For points that are far above the xy-plane, the z component is large,
so the vector is almost vertical. Figure 6.7 shows this vector field.

Figure 6.7 A visual representation of vector field
F(X,Y’Z)= (1’ 1’Z>'

@ 6.6  Sketch vector field G(x, y, 2) = ( 2, %, 1).

In the next example, we explore one of the classic cases of a three-dimensional vector field: a gravitational field.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Example 6.8

Describing a Gravitational Vector Field

mymy &

Newton’s law of gravitation states that F = —G , where G is the universal gravitational constant. It

r
describes the gravitational field exerted by an object (object 1) of mass 1, located at the origin on another object

(object 2) of mass m, located at point (x, y, z). Field F denotes the gravitational force that object 1 exerts on

N
object 2, r is the distance between the two objects, and r indicates the unit vector from the first object to the

second. The minus sign shows that the gravitational force attracts toward the origin; that is, the force of object 1
is attractive. Sketch the vector field associated with this equation.

Solution

Since object 1 is located at the origin, the distance between the objects is given by r = \/x2 + y2 + z2. The unit

A
vector from object 1 to object 2is r = M, %’
I ¢x ys 20l

vector field F exerted by object 1 on object 2 is

A
and hence r = (%, %) . Therefore, gravitational

F=-Gmm, (X, L X,
1233 .3
This is an example of a radial vector field in R3.

Figure 6.8 shows what this gravitational field looks like for a large mass at the origin. Note that the magnitudes
of the vectors increase as the vectors get closer to the origin.

Figure 6.8 A visual representation of gravitational vector field

F=-Gm;m, %, %, % ) for a large mass at the origin.
r’orlor

6.7 The mass of asteroid 1 is 750,000 kg and the mass of asteroid 2 is 130,000 kg. Assume asteroid 1 is
located at the origin, and asteroid 2 is located at (15, —5, 10), measured in units of 10 to the eighth power

kilometers. Given that the universal gravitational constant is G = 6.67384 x 1071 m3kg_1 s72, find the

gravitational force vector that asteroid 1 exerts on asteroid 2.
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Gradient Fields

In this section, we study a special kind of vector field called a gradient field or a conservative field. These vector fields
are extremely important in physics because they can be used to model physical systems in which energy is conserved.
Gravitational fields and electric fields associated with a static charge are examples of gradient fields.

Recall that if f is a (scalar) function of x and y, then the gradient of f is
grad f = Vf = filx, i+ fy(x, y)j.

We can see from the form in which the gradient is written that V£ is a vector field in RZ. Similarly, if f is a function

of x, y, and z, then the gradient of f is
gradf = V.f = fx(x, y9 Z)i +fy(x3 y9 Z)j +fZ(-x’ y9 Z)k
The gradient of a three-variable function is a vector field in R3.

A gradient field is a vector field that can be written as the gradient of a function, and we have the following definition.

Definition

A vector field F in R? orin R? isa gradient field if there exists a scalar function f suchthat Vf =F.

Example 6.9

Sketching a Gradient Vector Field
Use technology to plot the gradient vector field of f(x, y) = x? y2 fx,y) = x? y2.

Solution

The gradient of f is Vf = ( 2xy%, 2x%y ) V.f = ( 2xy% 2x2y ) . To sketch the vector field, use a computer
algebra system such as Mathematica. Figure 6.9 shows Vf.

yi
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Figure 6.9 The gradient vector field is Vf, where f(x, y) = x2y2.
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@ 6.8 Use technology to plot the gradient vector field of f(x, y) = sinxcos y.

Consider the function f(x, y) = x? y2 from Example 6.9. Figure 6.11 shows the level curves of this function overlaid

on the function’s gradient vector field. The gradient vectors are perpendicular to the level curves, and the magnitudes of the
vectors get larger as the level curves get closer together, because closely grouped level curves indicate the graph is steep,
and the magnitude of the gradient vector is the largest value of the directional derivative. Therefore, you can see the local
steepness of a graph by investigating the corresponding function’s gradient field.

Figure 6.10 The gradient field of f(x, y) = x? y2 and several level curves of f.

Notice that as the level curves get closer together, the magnitude of the gradient vectors
increases.

As we learned earlier, a vector field F is a conservative vector field, or a gradient field if there exists a scalar function
f such that Vf =F. In this situation, f is called a potential function for F. Conservative vector fields arise in many

applications, particularly in physics. The reason such fields are called conservative is that they model forces of physical
systems in which energy is conserved. We study conservative vector fields in more detail later in this chapter.

You might notice that, in some applications, a potential function f for F is defined instead as a function such that

—V f =F. This is the case for certain contexts in physics, for example.

Example 6.10

Verifying a Potential Function

Is f(x,y,2)= x2 yz — sin(xy) a potential function for vector field
F(x, y, 2) = ( 2xyz—ycos(xy), x>z — xcos(xy), x%y ) ?

Solution
We need to confirm whether Vf = F. We have

fx=2xyz — ycos(xy), fy= x2z— xcos(xy), and f,; = xzy.
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Therefore, Vf =F and f is a potential function for F.

69 s fx, vy, 2) = x? cos(yz) + y222 a potential function for

F(x, y, z) = (2xcos(yz), —x%z sin(yz) + 2yzz, y2 y?

Example 6.11

Verifying a Potential Function

2 2 2
The velocity of a fluid is modeled by field v(x, y) = ( xy, % —vy ). Verify that f(x, y) = % - y? is a

potential function for v.

Solution

2
To show that f is a potential function, we must show that Vf =v. Note that fy =xy and f, = x? -y

2
Therefore, Vf = ( xy,Z-—7y) and f is a potential function for v (Figure 6.11).

2
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Figure 6.11 Velocity field v(x, y) has a potential function and is a conservative field.

6.10  Verify that flx, y) = x2y2 +Xx is a potential function for  velocity field

v(x, y) = (3x2y2+ 1, 2x3y).
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If F is a conservative vector field, then there is at least one potential function f such that Vf = F. But, could there be

more than one potential function? If so, is there any relationship between two potential functions for the same vector field?
Before answering these questions, let’s recall some facts from single-variable calculus to guide our intuition. Recall that if
k(x) is an integrable function, then k has infinitely many antiderivatives. Furthermore, if F and G are both antiderivatives

of k, then F and G differ only by a constant. That is, there is some number C such that F(x) = G(x) + C.

Now let F be a conservative vector field and let f and g be potential functions for F. Since the gradient is like a derivative,
F being conservative means that F is “integrable” with “antiderivatives” f and g. Therefore, if the analogy with single-
variable calculus is valid, we expect there is some constant C such that f(x) = g(x) + C. The next theorem says that this
is indeed the case.

To state the next theorem with precision, we need to assume the domain of the vector field is connected and open. To be
connected means if P, and P, are any two points in the domain, then you can walk from P, to P, along a path that

stays entirely inside the domain.

Theorem 6.1: Uniqueness of Potential Functions

Let F be a conservative vector field on an open and connected domain and let f and g be functions such that Vf = F

and Vg = F. Then, there is a constant C such that f = g + C.

Proof

Since f and g are both potential functions for F, then Vf =(f —g)=Vf—-Vg=F—-F=0. Let h= f — g, thenwe
have Vi = 0. We would like to show that h is a constant function.

Assume h is a function of x and y (the logic of this proof extends to any number of independent variables). Since Vi = 0,
we have n,=0 and &y, =0. The expression hy=0 implies that h is a constant function with respect to x—that
is, h(x, y) =k (y) for some function k;. Similarly, 4, =0 implies A(x, y) = k,(x) for some function k,. Therefore,
function h depends only on y and also depends only on x. Thus, /4(x, y) = C for some constant C on the connected domain

of F. Note that we really do need connectedness at this point; if the domain of F came in two separate pieces, then k could
be a constant C; on one piece but could be a different constant C, on the other piece. Since f — g =h = C, we have that

f—g+C, asdesired.

O

Conservative vector fields also have a special property called the cross-partial property. This property helps test whether a
given vector field is conservative.

Theorem 6.2: The Cross-Partial Property of Conservative Vector Fields

Let F be a vector field in two or three dimensions such that the component functions of F have continuous second-
order mixed-partial derivatives on the domain of F.

0P _00

If F(x,y)= (P(x,y), O, y)) is a conservative vector field in R2 , then TR

F(x, y,2) = ( P(x, y, 2), O(x, v, 2), R(x, y, ) ) is a conservative vector field in R3 , then

0P _0Q 90 _oR , q0R _ 0P

dy ~ ox’ dz 0y’ dox ~ Jz

Proof

Since F is conservative, there is a function f(x, y) suchthat Vf = F. Therefore, by the definition of the gradient, f, = P



658 Chapter 6 | Vector Calculus

and fy = Q. By Clairaut’s theorem, fy, = fyx, But, fy, =Py and fyy = Qy, andthus Py,=Q,.
O

Clairaut’s theorem gives a fast proof of the cross-partial property of conservative vector fields in R3 , just as it did for
vector fields in R?.
The Cross-Partial Property of Conservative Vector Fields shows that most vector fields are not conservative. The

cross-partial property is difficult to satisfy in general, so most vector fields won’t have equal cross-partials.

Example 6.12

Showing a Vector Field Is Not Conservative
Show that rotational vector field F(x, y) = (y, —x ) is not conservative.

Solution
Let P(x, y) = yand Q(x, y) = —x. If F is conservative, then the cross-partials would be equal—that is, P,
would equal Q. Therefore, to show that F is not conservative, check that P, # Q. Since Py,=1 and

0, = —1, the vector field is not conservative.

@ 6.11  Show that vector field F(x, y)xyi — x2yj is not conservative.

Example 6.13

Showing a Vector Field Is Not Conservative
Is vector field F(x, y, 2) = (7, =2, X3 ) conservative?

Solution

Let P(x,y,2)=7, O, y,z2)=-2, and R(x, y, 2) = ¥, I Fis conservative, then all three cross-partial
equations will be satisfied—that is, if F is conservative, then P, would equal Q,, Q, would equal Ry, and

R would equal P,. Note that Py =Q,=Ry,=0,=0, so the first two necessary equalities hold. However,

R, =3x> and P, =0 so Ry # P;. Therefore, F is not conservative.

@ 6.12 Isvector field G(x, y, z) = ( y, x, xyz ) conservative?

We conclude this section with a word of warning: The Cross-Partial Property of Conservative Vector Fields says
that if F is conservative, then F has the cross-partial property. The theorem does not say that, if F has the cross-partial
property, then F is conservative (the converse of an implication is not logically equivalent to the original implication).
In other words, The Cross-Partial Property of Conservative Vector Fields can only help determine that a field
is not conservative; it does not let you conclude that a vector field is conservative. For example, consider vector field
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3
F(x, y) = (x2 ¥, XT> . This field has the cross-partial property, so it is natural to try to use The Cross-Partial

Property of Conservative Vector Fields to conclude this vector field is conservative. However, this is a misapplication
of the theorem. We learn later how to conclude that F is conservative.
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6.1 EXERCISES

1. The domain of vector field F = F(x, y) is a set of
points (x, y) in a plane, and the range of F is a set of what

in the plane?

For the following exercises, determine whether the
statement is true or false.

2. Vector field F = (3x2, 1) is a gradient field for
both ¢ (x, y) = x> +yand ¢, (x, y) = y+x3 + 100.

3. Vector field F = M is constant in direction and
x2 + y2

magnitude on a unit circle.

4. Vector field F = M is neither a radial field nor
x2 + y2

a rotation.

For the following exercises, describe each vector field by
drawing some of its vectors.

5. [T] F(x, y) = xi + yj
6. [T] F(x, y) = —yi+ xj

7. [Tl F(x, y) = xi — yj

®

[T] F(x, y) =i+

®

[T] F(x, y) = 2xi + 3yj

10. [T] F(x, y) = 3i+ xj

11. [T] F(x, y) = yi + sin xj

12. [T] F(x, y, z) = xi+yj +zk

13. [T] F(x, y, z) = 2xi — 2yj — 27k

14. [T] F(x, y, 2) = %i - %J

For the following exercises, find the gradient vector field of
each function f.

15. f(x, y) = xsiny+cosy
16. f(x,y,2)=ze °

17. f(x,y,2) = x2y+xy+yzz
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18. f(x, y) = x*sin(5y)

19. f(x, y) =In(1+x* +2y%)

20. f(x,y,2) = xcos(%)

21. What is vector field F(x, y) with a value at (x, y)
that is of unit length and points toward (1, 0)?

For the following exercises, write formulas for the vector
fields with the given properties.

22. All vectors are parallel to the x-axis and all vectors on
a vertical line have the same magnitude.

23. All vectors point toward the origin and have constant
length.

24. All vectors are of unit length and are perpendicular to
the position vector at that point.
25. Give a formula F(x, y) = M(x, y)i+ N(x, y)j for

the vector field in a plane that has the properties that F = 0

at (0, 0) and that at any other point (a, b), F is tangent

to circle x? + y2 =a’+b? and points in the clockwise
direction with magnitude |F| = Va? + b2
26. Is vector field

F(x, y) = (P(x, y), O(x, y)) = (sinx + y)i + (cos y + x)j
a gradient field?

27. Find a formula for vector field
F(x, y) = M(x, y)i + N(x, y)j given the fact that for all

points (x,y), F points toward the origin and
X" +y

For the following exercises, assume that an electric field
in the xy-plane caused by an infinite line of charge along
the x-axis is a gradient field with potential function

Vix,y)=c ln( d

and 7, is a reference distance at which the potential is

} where ¢ > 0 is a constant

assumed to be zero.

28. Find the components of the electric field in the x- and
y-directions, where E(x, y) = —=VV(x, y).
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29. Show that the electric field at a point in the xy-plane
is directed outward from the origin and has magnitude

El =<, where r= Vx? =y

A flow line (or streamline) of a vector field F is a curve
r(t) such that dr/dt=F(r(2)).

velocity field of a moving particle, then the flow lines
are paths taken by the particle. Therefore, flow lines are
tangent to the vector field. For the following exercises,
show that the given curve ¢(#) is a flow line of the given

If F represents the

velocity vector field F(x, y, 2).

30.
o(t) = (¢%, Inif, +). 1 # 0 F(x, y, ) = (2%, 2, =2%)

31. ¢(r) = (sint, cost, e'), F(x, y, 2) = (y, —x, 2)

For the following exercises, let F = xi+ yj,

G =—-yi+xj, and H=xi—-yj. Match F, G, and H

with their graphs.

32.
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6.2 | Line Integrals

Learning Objectives

6.2.1 Calculate a scalar line integral along a curve.
6.2.2 Calculate a vector line integral along an oriented curve in space.

6.2.3 Use a line integral to compute the work done in moving an object along a curve in a vector
field.

6.2.4 Describe the flux and circulation of a vector field.

b
We are familiar with single-variable integrals of the form / f(x)dx, where the domain of integration is an interval [a, b].
a

Such an interval can be thought of as a curve in the xy-plane, since the interval defines a line segment with endpoints (a, 0)
and (b, 0) —in other words, a line segment located on the x-axis. Suppose we want to integrate over any curve in the plane,
not just over a line segment on the x-axis. Such a task requires a new kind of integral, called a line integral.

Line integrals have many applications to engineering and physics. They also allow us to make several useful generalizations
of the Fundamental Theorem of Calculus. And, they are closely connected to the properties of vector fields, as we shall see.

Scalar Line Integrals

A line integral gives us the ability to integrate multivariable functions and vector fields over arbitrary curves in a plane or in
space. There are two types of line integrals: scalar line integrals and vector line integrals. Scalar line integrals are integrals
of a scalar function over a curve in a plane or in space. Vector line integrals are integrals of a vector field over a curve in a
plane or in space. Let’s look at scalar line integrals first.

A scalar line integral is defined just as a single-variable integral is defined, except that for a scalar line integral, the integrand
is a function of more than one variable and the domain of integration is a curve in a plane or in space, as opposed to a curve
on the x-axis.

For a scalar line integral, we let C be a smooth curve in a plane or in space and let f be a function with a domain that
includes C. We chop the curve into small pieces. For each piece, we choose point P in that piece and evaluate f at P. (We
can do this because all the points in the curve are in the domain of f.) We multiply f(P) by the arc length of the piece
As, add the product f(P)As over all the pieces, and then let the arc length of the pieces shrink to zero by taking a limit.
The result is the scalar line integral of the function over the curve.

For a formal description of a scalar line integral, let C be a smooth curve in space given by the parameterization
r() = ( x(?), y@), 2(t) ), a<t<b. Let f(x, y, z) be afunction with a domain that includes curve C. To define the
line integral of the function f over C, we begin as most definitions of an integral begin: we chop the curve into small
pieces. Partition the parameter interval [a, b] into n subintervals [¢; _, #;] of equal width for 1 <i <n, where tj=a
and t, = b (Figure 6.12). Let r* be a value in the ith interval [z; _j, #;]. Denote the endpoints of r(z), r(ty),..., r(ty)
by Py,..., P,. Points P; divide curve C into n pieces Cy, C,,..., C, withlengths Asy, As,,..., As,, respectively.
Let P¥ denote the endpoint of r(z¥ ) for 1 <i <n. Now, we evaluate the function f at point P¥ for 1 <i<n.
Note that P¥ is in piece C, and therefore P¥ is in the domain of f. Multiply f (Pj‘ ) by the length As; of C,,
which gives the area of the “sheet” with base C{, and height f/ (P’l" ) This is analogous to using rectangles to approximate
area in a single-variable integral. Now, we form the sum i f(P’t?‘ )As ;- Note the similarity of this sum versus a Riemann

i=1
sum; in fact, this definition is a generalization of a Riemann sum to arbitrary curves in space. Just as with Riemann sums

b
and integrals of form / g(x)dx, we define an integral by letting the width of the pieces of the curve shrink to zero by
a

taking a limit. The result is the scalar line integral of f along C.
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X
Figure 6.12 Curve C has been divided into n pieces, and a point
inside each piece has been chosen.

You may have noticed a difference between this definition of a scalar line integral and a single-variable integral. In this
definition, the arc lengths Asy, As,,..., As, aren’t necessarily the same; in the definition of a single-variable integral, the

curve in the x-axis is partitioned into pieces of equal length. This difference does not have any effect in the limit. As we
shrink the arc lengths to zero, their values become close enough that any small difference becomes irrelevant.

Definition

Let f be a function with a domain that includes the smooth curve C that is parameterized by
r(t) = ( x(2), ¥(®), z(t) )}, a <t < b. The scalar line integral of f along C is
L (6.5)
/ S, ads= lim Y f(P¥)As;
i=1

if this limit exists (7 and As; are defined as in the previous paragraphs). If C is a planar curve, then C can be

represented by the parametric equations x = x(¢), y = y(¢), and a <t < b. If Cis smooth and f(x, y) is a function

of two variables, then the scalar line integral of f along C is defined similarly as

. y)ds = i P* )As,,
[ fex s anooi;f( ¥ )As

if this limit exists.

If f is a continuous function on a smooth curve C, then f Cfds always exists. Since f o fds is defined as a limit of

b

Riemann sums, the continuity of f is enough to guarantee the existence of the limit, just as the integral / g(x)dx exists
a

if g is continuous over [a, b].

Before looking at how to compute a line integral, we need to examine the geometry captured by these integrals. Suppose
that f(x, y) > O for all points (x, ¥) on a smooth planar curve C. Imagine taking curve C and projecting it “up” to the

surface defined by f(x, y), thereby creating a new curve C’ that lies in the graph of f(x, y) (Figure 6.13). Now we

drop a “sheet” from C’ down to the xy-plane. The area of this sheet is f Cf (x, y)ds. If f(x, y) <0 for some points in

C, then the value of (x, y)ds is the area above the xy-plane less the area below the xy-plane. (Note the similarit
y y-p y-P y

b
with integrals of the form / g(x)dx.)
a
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Figure 6.13 The area of the blue sheet is /Cf(x, y)ds.

From this geometry, we can see that line integral / Cf (x, y)ds does not depend on the parameterization r(z) of C. As long

as the curve is traversed exactly once by the parameterization, the area of the sheet formed by the function and the curve is
the same. This same kind of geometric argument can be extended to show that the line integral of a three-variable function
over a curve in space does not depend on the parameterization of the curve.

Example 6.14

Finding the Value of a Line Integral

Find the value of integral / C2ds, where C is the upper half of the unit circle.

Solution
The integrand is f(x, y) = 2. Figure 6.14 shows the graph of f(x, y) =2, curve C, and the sheet formed by

them. Notice that this sheet has the same area as a rectangle with width # and length 2. Therefore, f Cst =2nx.

z

L~
\

y

Figure 6.14 The sheet that is formed by the upper half of the
unit circle in a plane and the graph of f(x, y) = 2.
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To see that / C2ds = 27 using the definition of line integral, we let r(#) be a parameterization of C. Then,

flr@;)) =2 for any number ¢; in the domain of r. Therefore,

= 2(length of C)
=2nx.

@ 6.13 Find the value of / C(x + y)ds, where C is the curve parameterizedby x =¢, y=t 0<t<1.

Note that in a scalar line integral, the integration is done with respect to arc length s, which can make a scalar line integral

difficult to calculate. To make the calculations easier, we can translate / Cfa’s to an integral with a variable of integration

that is t.

Let r(r) = ( x(t), ¥(t), z(t) ) for a <t < b be a parameterization of C. Since we are assuming that C is smooth,
r'(t)= {(x'(¢), y'(¢), 2 (t) ) is continuous for all ¢ in [a, b]. In particular, x'(¢), y'(f), and z'(¢) exist for all ¢ in
la, b]. According to the arc length formula, we have

1

length(C)) = as; = [ Iv'(@) | .
i—1
1

If width At; =1t;—1t;_; is small, then function f ') || dt~ || ¥ (t;k ) || Az, |l r'(#) || is almost constant
Li—1

i—

over the interval [t; _ |, ;] Therefore,

I e'@ llde~ || v’ ) | Ar,
1

i—
and we have

n n 6.6
Z Fr(s NAs; = Z fa@EE ) I e'(#F ) |l At e

i=1 i=1

See Figure 6.15.
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Curve C

Small segment of

curve is almost linear
Figure 6.15 If we zoom in on the curve enough by making
At; very small, then the corresponding piece of the curve is

approximately linear.

Note that

n b
im0 e ) [T | A= [ @) | o | d.
i=1 a

n
In other words, as the widths of intervals [¢; _;, #;] shrink to zero, the sum z fa@E ) | v’ ) || At; converges to

i=1

b
the integral f f@@®) || ¥'(t) || dt. Therefore, we have the following theorem.
a

Theorem 6.3: Evaluating a Scalar Line Integral

Let f be a continuous function with a domain that includes the smooth curve C with parameterization

r(¢), a <t <b. Then

(6.7)

b
[ fds= [ sy v | ar

Although we have labeled Equation 6.6 as an equation, it is more accurately considered an approximation because we can
show that the left-hand side of Equation 6.6 approaches the right-hand side as n — oo0. In other words, letting the widths

of the pieces shrink to zero makes the right-hand sum arbitrarily close to the left-hand sum. Since

1@ =V @)+ 0% + @)

we obtain the following theorem, which we use to compute scalar line integrals.

Theorem 6.4: Scalar Line Integral Calculation

Let f be a continuous function with a domain that includes the smooth curve C with parameterization

r(t) = ( x(2), y(), z(t) ) , a <t < b. Then

b (6.8)
Sty ads = [ e 0+ 0F + @ ©)%.

Similarly,
b
[t yds= [ i o) +0 @par

if Cis a planar curve and f is a function of two variables.
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Note that a consequence of this theorem is the equation ds = || r’(¢) || dt. In other words, the change in arc length can be

viewed as a change in the t domain, scaled by the magnitude of vector r’(z).

Example 6.15

Evaluating a Line Integral

Find the value of integral / C(x2+y2+z)ds, where C is part of the helix parameterized by

r(t) = (cost, sint,t), 0<1<2r.

Solution
To compute a scalar line integral, we start by converting the variable of integration from arc length s to t. Then, we
can use Equation 6.8 to compute the integral with respect to t. Note that f(r(?)) = cos’t+sin?r+r=1+1

and

Y @2+ OP + @ @)2 = V(—sin()? + cos? (1) + 1
_\a.

Therefore,
2
/C(x2+y2+z)ds - fo (1 + 1)V2dt.

Notice that Equation 6.8 translated the original difficult line integral into a manageable single-variable integral.

Since
2r ) 2
/ (1 +0V2dt = [@t + @—t]o
0 2
=22 + 2\/57[2,
we have

/C(x2 + y2 + z)ds =227 + 2\27°.

@ 6.14  Eyaluate f C(x2 + y2 + z)ds, where C is the curve with  parameterization

r(r) = (sin(3f), cos(3t) ), 0 <t < %

Example 6.16

Independence of Parameterization

Find the wvalue of integral / C(x2+y2+z)ds, where C is part of the helix parameterized by

r(t) = { cos(2t), sin(2t), 2t ) , 0 <t < &. Notice that this function and curve are the same as in the previous

example; the only difference is that the curve has been reparameterized so that time runs twice as fast.
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Solution

As with the previous example, we use Equation 6.8 to compute the integral with respect to t. Note that
fr(®) = cos2(2f) +sin2(2) + 2t =2¢+ 1 and

\/(X’ O+ () + @ @)> =1(=sint+ cost+4)
=22

so we have
[ (P42 +2)s = 2«5[”(1 +20)d
C 0
=2/t +17,
= 2\/5(7[ + 71'2).
Notice that this agrees with the answer in the previous example. Changing the parameterization did not change

the value of the line integral. Scalar line integrals are independent of parameterization, as long as the curve is
traversed exactly once by the parameterization.

@ 6.15 Eyaluate line integral f C(x2 + yz)ds, where C is the line with parameterization
r(t)= (2t,5t,—-t),0<r<10. Reparameterize C with parameterization
s(t) = (41, 10t, =2t ) , 0 <t <5, recalculate line integral / C(x2 + yz)ds, and notice that the change of

parameterization had no effect on the value of the integral.

Now that we can evaluate line integrals, we can use them to calculate arc length. If f(x, y, z) = 1, then

/ f v, ds

n
nli)mmi; (5 )As;
n

lim As;
n— oo
i=1
nll)moolength(C)

= length(C).

Therefore, / Clds is the arc length of C.

Example 6.17

Calculating Arc Length

A wire has a shape that can be modeled with the parameterization r(f) = ( cost, sint, V¢ ), 0 <7 < 4x. Find
the length of the wire.

Solution
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The length of the wire is given by / Clds, where C is the curve with parameterization r. Therefore,
The length of the wire = [ 1ds
e /.

4r
=/ Irold
0

4r
=f W/(—sint)2+coszt+tdt
0
4
=/ V1 + tdt
0

B [2(1 + t)3/2]4”
Sk <k i

=201 +4m2 1)

@ 6.16 Find the length of a wire with parameterization r(f) = (3r+1,4—-2t,5+2t),0<t<4.

Vector Line Integrals

The second type of line integrals are vector line integrals, in which we integrate along a curve through a vector field. For
example, let

F(x,y,2) = P(x, y, 2i+ O(x, y, 2)j + R(x, y, 2k

be a continuous vector field in R> that represents a force on a particle, and let C be a smooth curve in R3 contained in
the domain of F. How would we compute the work done by F in moving a particle along C?

To answer this question, first note that a particle could travel in two directions along a curve: a forward direction and a
backward direction. The work done by the vector field depends on the direction in which the particle is moving. Therefore,
we must specify a direction along curve C; such a specified direction is called an orientation of a curve. The specified
direction is the positive direction along C; the opposite direction is the negative direction along C. When C has been given
an orientation, C is called an oriented curve (Figure 6.16). The work done on the particle depends on the direction along
the curve in which the particle is moving.

A closed curve is one for which there exists a parameterization r(f), a <t <b, such that r(a) =r(b), and the curve

is traversed exactly once. In other words, the parameterization is one-to-one on the domain (a, b).

Curve C

Curve C

(a) Oriented curve (b) Closed curve
Figure 6.16 (a) An oriented curve between two points. (b) A
closed oriented curve.

Let r(z) be a parameterization of C for a <t < b such that the curve is traversed exactly once by the particle and
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the particle moves in the positive direction along C. Divide the parameter interval [a, b] into n subintervals
[t;_1, ;] 0<i<n, of equal width. Denote the endpoints of r(zy), r(),..., r(t,) by Py.,..., P,. Points P; divide C
into n pieces. Denote the length of the piece from P;_; to P; by As;. For each i, choose a value ## in the subinterval
[#; _ 1, t;]. Then, the endpoint of r(s* ) is a point in the piece of C between P;_ | and P; (Figure 6.17). If As; is small,
then as the particle moves from P;_; to P; along C, it moves approximately in the direction of T(P;), the unit tangent
vector at the endpoint of r(#f ). Let P¥ denote the endpoint of r(¢f ). Then, the work done by the force vector field in

moving the particle from P; _ | to P;is F(P* )-(As; T(P* )), so the total work done along C is

n n

2 F(PF)-(AsT(PF ) = D F(PF)-T(PF )As,

1

i=1

Figure 6.17 Curve C is divided into n pieces, and a point
inside each piece is chosen. The dot product of any tangent
vector in the ith piece with the corresponding vector F is

approximated by F(P;k )-T(P;.k )

Letting the arc length of the pieces of C get arbitrarily small by taking a limit as n» — oo gives us the work done by the

field in moving the particle along C. Therefore, the work done by F in moving the particle in the positive direction along C
is defined as

W=/ <Tds.

which gives us the concept of a vector line integral.

Definition

The vector line integral of vector field F along oriented smooth curve C is
n
fCF “Tds = lim_ Zl F(Pt )- T(P¥ )As,
1=

if that limit exists.

With scalar line integrals, neither the orientation nor the parameterization of the curve matters. As long as the curve is
traversed exactly once by the parameterization, the value of the line integral is unchanged. With vector line integrals, the
orientation of the curve does matter. If we think of the line integral as computing work, then this makes sense: if you hike
up a mountain, then the gravitational force of Earth does negative work on you. If you walk down the mountain by the exact
same path, then Earth’s gravitational force does positive work on you. In other words, reversing the path changes the work
value from negative to positive in this case. Note that if C is an oriented curve, then we let —C represent the same curve but
with opposite orientation.
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As with scalar line integrals, it is easier to compute a vector line integral if we express it in terms of the parameterization

function r and the variable t. To translate the integral / CF -Tds in terms of ¢, note that unit tangent vector T along C is

given by T = ﬁ (assuming || r'(¢) || # 0). Since ds = || r'(¢) || dt, as we saw when discussing scalar line

integrals, we have

F-Tds = F(r(t))‘% [| (@) || dt = Fx(2))-r'(¢)dt.

Thus, we have the following formula for computing vector line integrals:

b (6.9)
f F-Tds = f F(r(r)) - ¥ (1)dL.
C a

Because of Equation 6.9, we often use the notation / CF -dr for the line integral f CF - Tds.

If r(r) = ( x(t), y(t), z(¢) ), then dr denotes vector { x' (), y' (1), 7' (t) ) .

Example 6.18

Evaluating a Vector Line Integral

Find the value of integral f CF-dr, where C is the semicircle parameterized by r(f) = (cost, sint ),
0<t<mand F= (—y, x).

Solution

We can use Equation 6.9 to convert the variable of integration from s to t. We then have

F(r()) = ( —sint, cost ) andr'(f) = ( —sint, cost ).
Therefore,

¥4
fF~dr =f ( —sint, cost) - ( —sint, cost ) dt
C 0
y/3
:/ sin’t + cos? rdr
0

= /Oﬂldt=7r.

See Figure 6.18.
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Figure 6.18 This figure shows curve
r(t) = (cost, sint ), 0 <t <z invector field

F=(-y,x).

Example 6.19

Reversing Orientation

Find the wvalue of integral /CF-dr, where C is the semicircle parameterized by

r(t)= (cost+mx,sint),0<t<mwand F= (-y, x).

Solution

Notice that this is the same problem as Example 6.18, except the orientation of the curve has been traversed. In

this example, the parameterization starts at r(0) = ( z, 0 ) and ends at r(z) = (0, 0 ) . By Equation 6.9,

T
fCF-dr :f ( —sint,cost+x) - ( —sint+m, cost ) dt
0
T
=/ ( —sint, —cost ) - {sint, cost ) dt
0
f” 2 2
= —sin“t — cos“t|dt
| Y
T
= [ -1a
0
=-x
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Notice that this is the negative of the answer in Example 6.18. It makes sense that this answer is negative
because the orientation of the curve goes against the “flow” of the vector field.

Let C be an oriented curve and let —C denote the same curve but with the orientation reversed. Then, the previous two
examples illustrate the following fact:
[Far=-[Far
C C

That is, reversing the orientation of a curve changes the sign of a line integral.

@ 6.17 Let F = xi + yj be a vector field and let C be the curve with parameterization ( 7, 2 Yy for 0 <t <2.

Which is greater: / F-Tds or / F-Tds?

Another standard notation for integral / CF -dr is / Cde + Qdy + Rdz. In this notation, P, Q, and R are functions, and

ﬂﬂ@)dt.

we think of dr as vector ( dx, dy, dz ) . To justify this convention, recall that dr = Tds = r'(t)dt = ( g dr dr

Therefore,
F-dr= (P,Q,R) - (dx,dy,dz) = Pdx+ Qdy+ Rdz.

_ dx dy dz dx dy dz
If dr= (dx,dy,dz), then dt = ar dr di Y, which implies that dt = { ar dr dr Y dt. Therefore
6.10)
F.dr = [ Pdx+Qdy+Rd (
/ c r / x + QOdy Z

= [(Paer + 0@ + Rae) L ar

Example 6.20

Finding the Value of an Integral of the Form /;de + Qdy + Rdz

Find the wvalue of integral f Czdx+xdy+ ydz, where C 1is the curve parameterized by
(= (5 Vi, 1), 1 <t<4.

Solution

As with our previous examples, to compute this line integral we should perform a change of variables to write
everything in terms of ¢. In this case, Equation 6.10 allows us to make this change:
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fczdx +xdy + ydz = f4(t(2t) +12 (2%/5) + W)dt

f(Zt +’ +«f)d

¢ 22‘3/2
2]
793

15

@ 6.18 Eind the value of f 4xdx+zdy+4y2dz, where C is the curve parameterized by

r(t) = (4cos(2t), 2sin(2t),3),0<¢

4>-I:|

We have learned how to integrate smooth oriented curves. Now, suppose that C is an oriented curve that is not smooth, but
can be written as the union of finitely many smooth curves. In this case, we say that C is a piecewise smooth curve. To
be precise, curve C is piecewise smooth if C can be written as a union of n smooth curves C{, C5,..., Cp such that the

endpoint of C; is the starting point of C;,  (Figure 6.19). When curves C; satisfy the condition that the endpoint of
C; is the starting point of C;, |, we write their unionas C; + Cp + - + Cp.

Csy

o
C,

Figure 6.19 The union of C;, C,, C5 is a piecewise smooth

curve.

The next theorem summarizes several key properties of vector line integrals.

Theorem 6.5: Properties of Vector Line Integrals

Let F and G be continuous vector fields with domains that include the oriented smooth curve C. Then

i, [F+G)dr=[F.ar+ [ G-dr

e Een= o i

i. [ KkF-dr=k[ F-dr, whereki tant
/C r /C I, where K 1S a constan

i f_CF-dr - —/CF-dr

iv. Suppose instead that C is a piecewise smooth curve in the domains of F and G, where
C=C{+Cy+ - +C, and Cy, C,,..., C,, are smooth curves such that the endpoint of C; is the
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starting point of C; , {. Then

I

F'ds=/C1F~ds+/C2F~ds+

+ /CnF-ds.
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Notice the similarities between these items and the properties of single-variable integrals. Properties i. and ii. say that line
integrals are linear, which is true of single-variable integrals as well. Property iii. says that reversing the orientation of a
curve changes the sign of the integral. If we think of the integral as computing the work done on a particle traveling along
C, then this makes sense. If the particle moves backward rather than forward, then the value of the work done has the

b a
opposite sign. This is analogous to the equation / fx)dx =— / f(x)dx. Finally, if [a, a;], [a,, asl,..., [a, _ 1, anl
a b

are intervals, then

/a alnf (x)dx = /a alz f)dx + /a a13 fx)dx + -

which is analogous to property iv.

ap
+J
a, _

Sfo)dx,
1

Example 6.21

y

Using Properties to Compute a Vector Line Integral

vertices (0, 0), (2, 0), (2, 1), and (0, 1), and where F = ( x -2y, y—x ) (Figure 6.20).

Find the value of integral f CF -Tds, where C is the rectangle (oriented counterclockwise) in a plane with

Solution
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Note that curve C is the union of its four sides, and each side is smooth. Therefore C is piecewise smooth. Let C
represent the side from (0, 0) to (2, 0), let C, represent the side from (2, 0) to (2, 1), let C5 represent
the side from (2, 1) to (0, 1), andlet C, represent the side from (0, 1) to (0, 0) (Figure 6.20). Then,

fCF~Tdr:/C F~Tdr+fc F~Tdr+fc F-Tdr+fc F.Tdr.
1 2 3 4

We want to compute each of the four integrals on the right-hand side using Equation 6.8. Before doing this, we
need a parameterization of each side of the rectangle. Here are four parameterizations (note that they traverse C

counterclockwise):
Ci:(1,0),0<t<2
Cr: (2,1),0<1t<1
Cy;: (2-11),0<1L2
Cy: (0, 1-1),0<t<1.
Therefore,

2
F-Tar = [ Fa()-r'(dr
€1 0
2 1
=f (1=200),0-17) - (1,0)dt=ftdt
0 0
2

(8-

Notice that the value of this integral is positive, which should not be surprising. As we move along curve C; from
left to right, our movement flows in the general direction of the vector field itself. At any point along Cj, the
tangent vector to the curve and the corresponding vector in the field form an angle that is less than 90°. Therefore,
the tangent vector and the force vector have a positive dot product all along C;, and the line integral will have
positive value.

The calculations for the three other line integrals are done similarly:

/1
F-dr = 2=2t,t—=2)-(0,1)dt
‘ S ) (0. 1)

1
= [ -2
0
1

2
t 3
- [2 2t]0 2’

2
/C3F~Tds :[0 (Q=0=2,1-Q2=0) - (=1,0)ds

=f02tdt=2,

and
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1
o Fdr =f0 (=21 =1, 1=1) - (0, 1) dr

- fol(z— dr

1
= ﬁ—t :—l
2 0 2°

Thus, we have /CF -dr = 2.

@ 6.19  Calculate line integral f CF -dr, where F is vector field ( yz, 2xy+ 1) and C is a triangle with

vertices (0, 0), (4, 0), and (0, 5), oriented counterclockwise.

Applications of Line Integrals

Scalar line integrals have many applications. They can be used to calculate the length or mass of a wire, the surface area of
a sheet of a given height, or the electric potential of a charged wire given a linear charge density. Vector line integrals are
extremely useful in physics. They can be used to calculate the work done on a particle as it moves through a force field, or
the flow rate of a fluid across a curve. Here, we calculate the mass of a wire using a scalar line integral and the work done
by a force using a vector line integral.

Suppose that a piece of wire is modeled by curve C in space. The mass per unit length (the linear density) of the wire is a

continuous function p(x, y, z). We can calculate the total mass of the wire using the scalar line integral f Cp(x, ¥, 2)ds.

The reason is that mass is density multiplied by length, and therefore the density of a small piece of the wire can be
approximated by p(x*, y*, z*)As for some point (x*, y*, z*) in the piece. Letting the length of the pieces shrink to

zero with a limit yields the line integral f Cp(x, ¥, 2)ds.
Example 6.22
Calculating the Mass of a Wire

Calculate the mass of a spring in the shape of a curve parameterized by (¢, 2cost, 2sint), 0<r< %,

with a density function given by p(x, y, z) = e* + yz kg/m (Figure 6.21).
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0.0

15
Figure 6.21 The wire from Example 6.22.

Solution
To calculate the mass of the spring, we must find the value of the scalar line integral / C(ex + yz)ds, where Cis

the given helix. To calculate this integral, we write it in terms of t using Equation 6.8:
/2
/Cex +yzds = / ((et + 4 cos tsin t)\/l +(=2cos % + (2 sin t)2)dt
0
/2

=/0 ((e" + 4 cos ¢ sin )V5)dt

= \/§[e’ +2 sinzt]i z g/z

(2 + 1)

Therefore, the mass is \/g(e”/Z + 1) kg.

6.20 Calculate the mass of a spring in the shape of a helix parameterized by
r(t) = (cost, sint, t), 0 <t < 6z, with a density function given by p(x, y, z2) = x+ y + z kg/m.

When we first defined vector line integrals, we used the concept of work to motivate the definition. Therefore, it is not
surprising that calculating the work done by a vector field representing a force is a standard use of vector line integrals.
Recall that if an object moves along curve C in force field F, then the work required to move the object is given by

/CF -dr.
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Example 6.23

Calculating Work

How much work is required to move an object in vector force field F = (yz, xy, xz) along path

rit)= (151, 1*), 0<t<1? SeeFigure 6.22.

Solution

Let C denote the given path. We need to find the value of / CF -dr. To do this, we use Equation 6.9:

1
/CF~dr =/0((z5, 210y (21,40 ) Jar

= fol(2t6 +17+ 46 )dr

Figure 6.22 The curve and vector field for Example 6.23.

Flux and Circulation

We close this section by discussing two key concepts related to line integrals: flux across a plane curve and circulation along
a plane curve. Flux is used in applications to calculate fluid flow across a curve, and the concept of circulation is important
for characterizing conservative gradient fields in terms of line integrals. Both these concepts are used heavily throughout
the rest of this chapter. The idea of flux is especially important for Green’s theorem, and in higher dimensions for Stokes’

theorem and the divergence theorem.
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Let C be a plane curve and let F be a vector field in the plane. Imagine C is a membrane across which fluid flows, but C does
not impede the flow of the fluid. In other words, C is an idealized membrane invisible to the fluid. Suppose F represents the
velocity field of the fluid. How could we quantify the rate at which the fluid is crossing C?

Recall that the line integral of F along C is / CF - Tds —in other words, the line integral is the dot product of the vector

field with the unit tangential vector with respect to arc length. If we replace the unit tangential vector with unit normal

vector N(#) and instead compute integral f F-Nds, we determine the flux across C. To be precise, the definition of
C

integral / CF -Nds is the same as integral / CF -Tds, except the T in the Riemann sum is replaced with N. Therefore,

the flux across C is defined as
n
/ F-Nds = nli)mooigl F(P¥ )-N(P¥ )As,

where P¥ and As; are defined as they were for integral / CF -Tds. Therefore, a flux integral is an integral that is

perpendicular to a vector line integral, because N and T are perpendicular vectors.

If F is a velocity field of a fluid and C is a curve that represents a membrane, then the flux of F across C is the quantity of
fluid flowing across C per unit time, or the rate of flow.

More formally, let C be a plane curve parameterized by r(¢) = ( x(), y(¢t) ), a <t <b. Let n(t) = (y'(¢), —x'(¢) )

be the vector that is normal to C at the endpoint of r(¢#) and points to the right as we traverse C in the positive direction

(Figure 6.23). Then, N(¢) = % is the unit normal vector to C at the endpoint of r(7) that points to the right as we
traverse C.
Definition

The flux of F across C is line integral / CF . %ds.

Curve C

Vector field F

Figure 6.23 The flux of vector field F across curve C is computed
by an integral similar to a vector line integral.
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We now give a formula for calculating the flux across a curve. This formula is analogous to the formula used to calculate a
vector line integral (see Equation 6.9).

Theorem 6.6: Calculating Flux across a Curve

Let F be a vector field and let C be a smooth curve with parameterization r(t) = ( x(¢), y(¢) ), a <t < b. Let
n(®) = (y'(t), —x'(¢) ) . The flux of F across C is

b 6.11
/CF-Na's= /a F(r(0)) - n()dt e

Proof

The proof of Equation 6.11 is similar to the proof of Equation 6.8. Before deriving the formula, note that

In@ I = I (Y@, -x®) I =V0'®)?+&' @)= || () | . Therefore,
, 0@
JFNas = [ P

_ _n@®
A T 1O

b
= [ Fa@) n@ar.

O

Example 6.24

Flux across a Curve

Calculate the flux of F = ( 2x, 2y ) across a unit circle oriented counterclockwise (Figure 6.24).

Y
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Figure 6.24 A unit circle in vector field F = ( 2x, 2y ) .

Solution

To compute the flux, we first need a parameterization of the unit circle. We can use the standard parameterization
r(t) = (cost,sint), 0 <t <2z Thenormal vector to a unit circle is ( cost, sint ) . Therefore, the flux

is
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27
/F-Nds =/ (2cost,2sint) - (cost, sint ) dt
C 0

2r 2r
= /;) (2 cos?t+2 sinzt)dt = 2/0 (coszt + sinzt)dt

=2f02”dt=477:.

6.21 Calculate the flux of F= ( x+y, 2y ) across the line segment from (0, 0) to (2, 3), where the

curve is oriented from left to right.

Let F(x, y)= ( P(x, y), Q(x, ¥) ) be a two-dimensional vector field. Recall that integral / CF -Tds is sometimes

written as / Cde + Qdy. Analogously, flux f CF -Nds is sometimes written in the notation / C—de + Pdy, because
the unit normal vector N is perpendicular to the unit tangent T. Rotating the vector dr = ( dx, dy ) by 90° results in

vector { dy, —dx ) . Therefore, the line integral in Example 6.21 can be written as f C—2ydx + 2xdy.

Now that we have defined flux, we can turn our attention to circulation. The line integral of vector field F along an oriented

closed curve is called the circulation of F along C. Circulation line integrals have their own notation: 95 F-Tds. The
C

circle on the integral symbol denotes that C is “circular” in that it has no endpoints. Example 6.18 shows a calculation of

circulation.

To see where the term circulation comes from and what it measures, let v represent the velocity field of a fluid and let C be
an oriented closed curve. At a particular point P, the closer the direction of v(P) is to the direction of T(P), the larger the
value of the dot product v(P)-T(P). The maximum value of v(P)-T(P) occurs when the two vectors are pointing in the

exact same direction; the minimum value of v(P)-T(P) occurs when the two vectors are pointing in opposite directions.

Thus, the value of the circulation 55 v - Tds measures the tendency of the fluid to move in the direction of C.
C

Example 6.25

Calculating Circulation

Let F= ( —y, x) be the vector field from Example 6.16 and let C represent the unit circle oriented

counterclockwise. Calculate the circulation of F along C.

Solution
We use the standard parameterization of the unit circle: r(f) = (cost, sint), 0 <7<2z Then,

F(r(¢)) = ( —sint, cost) and r'(f) = ( —sint, cost ) . Therefore, the circulation of F along C is
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27
55 F-Tds =f ( —sint, cost) - ( —sint, cost ) dt
C 0

2r
= fO (sin2 t+ coszt) dt

- fo = 2n

Notice that the circulation is positive. The reason for this is that the orientation of C “flows” with the direction
of F. At any point along the circle, the tangent vector and the vector from F form an angle of less than 90°, and
therefore the corresponding dot product is positive.

In Example 6.25, what if we had oriented the unit circle clockwise? We denote the unit circle oriented clockwise by —C.
Then

¢ F-Tds=-¢ F-Tds=-2z.

-C C

Notice that the circulation is negative in this case. The reason for this is that the orientation of the curve flows against the

direction of F.

@ 6.22  Calculate the circulation of F(x, y)= ( —%, ﬁ ) along a unit circle oriented
X“+y" x"+y

counterclockwise.

Example 6.26

Calculating Work

Calculate the work done on a particle that traverses circle C of radius 2 centered at the origin, oriented
counterclockwise, by field F(x, y) = ( =2, y ) . Assume the particle starts its movement at (1, 0).

Solution
The work done by F on the particle is the circulation of F along C: 55 F-Tds. We use the parameterization
C

r(f) = (2cost,2sint),0<t<2xn for C. Then, r'(ty= ( —2sint, 2cost ) and
F(r()) = (=2, 2sint ) . Therefore, the circulation of F along C is

2r

FF-Tas = [ (-2 2sinr) - (=2sint, 2cost ) dr
C 0
2r
= f (4sint+ 4 sin t cos 1)dt
0

= [—4 cos t + 4 sin? t](z)”

= (—4 cos(2z) + 2 sin*(27)) — (—4 cos(0) + 4 sin*(0))
=—444=0.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 6 | Vector Calculus 685

The force field does zero work on the particle.

Notice that the circulation of F along C is zero. Furthermore, notice that since F is the gradient of
2
flx, y)=-2x+ y?, F is conservative. We prove in a later section that under certain broad conditions, the

circulation of a conservative vector field along a closed curve is zero.

6.23 Calculate the work done by field F(x, y) = (2x, 3y ) on a particle that traverses the unit circle.

Assume the particle begins its movement at (—1, 0).
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6.2 EXERCISES

39. True or False? Line integral / f(x, y)ds is equal
C

to a definite integral if C is a smooth curve defined on
[a, b] and if function f is continuous on some region that

contains curve C.

40. True or False? Vector functions r, = fi+ 1%},
0<r<1, and ry=(1-0i+(1-0n%j, 0<r<1,

define the same oriented curve.

41. True or False?

[ (Pdx+0dy) = [ (Pdx- 0dy)
-C C

42. True or False? A piecewise smooth curve C consists
of a finite number of smooth curves that are joined together
end to end.

43. True or False? If C is given by

1
x@®)=t,y@®)=1t0<t<1, then fcxyds = fo 2 dt.

For the following exercises, use a computer algebra system
(CAS) to evaluate the line integrals over the indicated path.

44, [T /C(x+y)ds Cix=t,y=(1—-1),z=0 from

(0,1,0)t0 (1, 0,0)

45. [T /C(x— y)ds  C:r(f)=41i+3tj when

0<r<2

46. [T] / C(x2 + 2+ 2)ds

C:r(t) =sinti+costj+ 8tk when 0 <t < %

47. [T] Evaluate / )cy4 ds, where C is the right half
C

of circle x”+ y2 = 16 and is traversed in the clockwise

direction.

48. [T] Evaluate f 4x3 ds, where C is the line segment
C

from (-2, —1) to (1, 2).

For the following exercises, find the work done.

49. Find the work done by vector field
F(x, y, z7) = xi+ 3xyj— (x+ 2)k on a particle moving

along a line segment that goes from (1, 4, 2) to (0, 5, 1).
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50. Find the work done by a person weighing 150 Ib
walking exactly one revolution up a circular, spiral
staircase of radius 3 ft if the person rises 10 ft.

51. Find the work done by force field
F(x, y,2)= — %xi - %yj + %k on a particle as it moves

along the helix r(f) =costsi+sintj+tk from point
(1, 0, 0) to point (-1, 0, 3x).

52. Find the work done by vector field
F(x, y) = yi+2xj in moving an object along path C,

which joins points (1, 0) and (0, 1).

53. Find the work done by force
F(x, y)=2yi+3xj+ (x+y)k in moving an object
along curve r(¢) = cos(Hi + sin(z)j + %k, where

0<tr<L2m.

54. Find the mass of a wire in the shape of a circle of
radius 2 centered at (3, 4) with linear mass density

plx, ) = y*.
For the following exercises, evaluate the line integrals.

55. Evaluate fCF-dr, where F(x, y) = —1j, and C

is the part of the graph of y = %x3 —x from (2, 2) to

(=2, =2).

-1
56. Evaluate f(x2+y2+zz) ds, where y is the
v

helix x =cost, y=sint, z=t(0<t < T).

57. Evaluate / vzdx + xzdy + xydz over the line
C

segment from (1, 1, 1) to (3, 2, 0).

58. Let C be the line segment from point (0, 1, 1) to point
(2, 2, 3). Evaluate line integral f yds.

C

59. [T] Use a computer algebra system to evaluate the
line integral f Cy2 dx + xdy, where C is the arc of the

parabola x =4 — y2 from (-5, —3) to (0, 2).
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60. [T] Use a computer algebra system to evaluate the

line integral f (x+ 3y2)dy over the path C given by
C

x=2t,y=10t, where 0 <t < 1.

61. [T] Use evaluate line

/ xydx + ydy over path C given by x =2z, y=10¢t,
C

a CAS to integral

where 0 <r<1.

62. Evaluate line integral f C(2x — yldx + (x + 3y)dy,

where C lies along the x-axis from x =0tox = 5.

63. [T] Use a CAS to evaluate / %ds, where C
C2x“—y

isx=t,y=1t,1<t<5.
64. [T] Use a CAS to evaluate fcxyds, where C is
x=1%y=4,0<1<1.

In the following exercises, find the work done by force field
F on an object moving along the indicated path.

65. F(x, y) = —xi — 2yj
C:y= x> from 0,0)to (2, 8)

66. F(x,y) =2xi+yj C: counterclockwise around the
triangle with vertices (0, 0), (1, 0), and (1, 1)

67. F(x,y,z) = xi +yj—5zk
C:r(t)=2costi+2sintj+1k,0<t<2x

68. Let F be vector field
F(x, y) = (y2 + 2xe” + l)i + (2xy +x2ed + 2y)j.

Compute the work of integral / F-dr, where C is the
C

path r(f) = sinfi+costj,0 <t < %

69. Compute the work done by force

F(x, y, 2) = 2xi + 3yj — zk along path

r(t)=ti+t2j+t3k, where 0 <r < 1.

70. Evaluate f F-dr, where
C

F(x, y) =i+

Xty x+y~] and C is the segment of the

unit circle going counterclockwise from (1, 0) to (0, 1).
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71. Force F(x, y, 7) = zyi + xj + z2xk actsona particle

that travels from the origin to point (1, 2, 3). Calculate the
work done if the particle travels:
a. along the path
0,0,00—~(1,0,0)—>(1,2,0) > (1, 2, 3)

along straight-line segments joining each pair of
endpoints;

b. along the straight line joining the initial and final
points.

c. Is the work the same along the two paths?
1,23

(1,0,0) (1,2,0)

72. Find the vector field

work done by
F(x, y, ) = xi + 3xyj — (x + 2)k on a particle moving

along a line segment that goes from (1, 4, 2) to (0, 5, 1).

73. How much work is required to move an object in
vector field F(x, y) = yi + 3xj along the upper part of

2
ellipse XT + y2 =1 from (2,0)to (-2, 0)?

74. A vector field is
F(x, y) = 2x+3y)i + Bx + 2y)j.

given by
Evaluate the line

integral of the field around a circle of unit radius traversed
in a clockwise fashion.

75. Evaluate the line integral of scalar function xy along

parabolic path y = x? connecting the origin to point (1,

1).

76. Find f yzdx + (xy - x2)dy along C: y = 3x from
C

(0, 0) to (1, 3).

77. Find / y2 dx + (xy - xz)dy along C: y2 = 9x from
C

(0,0) to (1, 3).

For the following exercises, use a CAS to evaluate the

(0,0,0)
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given line integrals.

78. [T] Evaluate F(x,y,z) = X2+ 6yj + yz2 k,
where C is

r()=fi+1*j+Inrk, 1 <r<3.

represented by

79. [T] Evaluate line integral / xe”ds where, y is the
v

arc of curve x = ¢” from (1, 0) to (e, 1).

80. [T] Evaluate the integral _/ xyzds, where y is a
Y

triangle with vertices (0, 1, 2), (1, 0, 3), and (0, —1, 0).

81. [T] Evaluate line integral f (y2 - xy)dx, where y
¥

is curve y = Inx from (1, 0) toward (e, 1).

82. [T] Evaluate line integral / xy4 ds, where y is the
4

right half of circle X+ y2 = 16.

83. [T] Evaluate f F-dr, where
C
F(x, y,2) = xzyi + (x—2)j+ xyzk and C:
r=t+t>j+2k0<r<1.
84. Evaluate f F-dr, where
C

F(x, y) = 2x sin(y)i + (xzcos(y) - 3y2)j and C is any
path from (-1, 0) to (5, 1).

85. Find the line integral of
F(x, y, 2) = 12x%i — 5xyj + xzk over path C defined by
y= xz, z= x> from point (0, 0, 0) to point (2, 4, 8).

86. Find the line integral of / (l +x2 y)ds, where C is
C

ellipse r(f) =2 costi+ 3sin¢j from 0 <t < 7.
For the following exercises, find the flux.

87. Compute the flux of F = xZi+ yj across a line
segment from (0, 0) to (1, 2).

88. Let F=15i and let C be curve y=0,0<x<4.

Find the flux across C.

89. Let F=5j and let C be curve y=0,0<x<4.

Find the flux across C.
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90. Let F=—yi+xj and let C: r(f) = costi+ sintj
(0 <t < 2m). Calculate the flux across C.

91. Let F= (x2 + y3)i + (2xy)j. Calculate flux F

orientated counterclockwise across curve C: x> + y2 =9.

92. Find the line integral of / szdx+ ydy + 2ydz,

where C consists of two parts: C; and C,. C; is the

intersection of cylinder X%+ y2 =16 and plane z=3
from (0, 4, 3) to (-4, 0, 3). C, is a line segment from
(-4, 0, 3) to (0, 1, 5).

93. A spring is made of a thin wire twisted into the shape
of a circular helix x =2cost,y =2sint,z =t Find the

mass of two turns of the spring if the wire has constant mass
density.

94. A thin wire is bent into the shape of a semicircle of
radius a. If the linear mass density at point P is directly
proportional to its distance from the line through the
endpoints, find the mass of the wire.

95. An object force field

F(x, y, 2) = y?i+ 2(x + 1)yj

moves in

counterclockwise from

point (2, 0) along elliptical path x2+4y2=4 to
(_2, O)’

much work is done by the force field on the object?

and back to point (2, 0) along the x-axis. How

96. Find the work done when an object moves in force
field F(x,y, z)=2xi—(x+2)j+ (y—x)k along the

path given by r(r) = % i+ (> —t)j+ 3k, 0<r<1.

97. If an inverse force field F is given by
F(x, y,2) = i k” 3T, where k is a constant, find the
r

work done by F as its point of application moves along the
x-axis from A(1, 0, 0) to B(2, 0, 0).

98. David and Sandra plan to evaluate line integral

f F.dr along a path in the xy-plane from (0, 0) to (1,
C

1). The force field is F(x, y) = (x +2y)i + (—x + yz)j.

David chooses the path that runs along the x-axis from (0,
0) to (1, 0) and then runs along the vertical line x = 1 from
(1, 0) to the final point (1, 1). Sandra chooses the direct path
along the diagonal line y = x from (0, 0) to (1, 1). Whose

line integral is larger and by how much?
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6.3 | Conservative Vector Fields

Learning Objectives

6.3.1 Describe simple and closed curves; define connected and simply connected regions.
6.3.2 Explain how to find a potential function for a conservative vector field.

6.3.3 Use the Fundamental Theorem for Line Integrals to evaluate a line integral in a vector field.
6.3.4 Explain how to test a vector field to determine whether it is conservative.

In this section, we continue the study of conservative vector fields. We examine the Fundamental Theorem for Line
Integrals, which is a useful generalization of the Fundamental Theorem of Calculus to line integrals of conservative vector
fields. We also discover show how to test whether a given vector field is conservative, and determine how to build a
potential function for a vector field known to be conservative.

Curves and Regions

Before continuing our study of conservative vector fields, we need some geometric definitions. The theorems in the
subsequent sections all rely on integrating over certain kinds of curves and regions, so we develop the definitions of those
curves and regions here.

We first define two special kinds of curves: closed curves and simple curves. As we have learned, a closed curve is one that
begins and ends at the same point. A simple curve is one that does not cross itself. A curve that is both closed and simple is
a simple closed curve (Figure 6.25).

Definition

Curve C is a closed curve if there is a parameterization r(z), a < t < b of C such that the parameterization traverses
the curve exactly once and r(a) = r(b). Curve C is a simple curve if C does not cross itself. That is, C is simple
if there exists a parameterization r(z), a <t < b of C such that r is one-to-one over (a, b). It is possible for

r(a) = r(b), meaning that the simple curve is also closed.

JKSk

(a) Simple, not closed (b) Simple, closed (c) Not simple, (d) Not simple,
closed not closed
Figure 6.25 Types of curves that are simple or not simple and closed or not closed.

Example 6.27

Determining Whether a Curve Is Simple and Closed
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. N in(2 .
Is the curve with parameterization r(f) = ( cost, ST(t) Y, 0 <t <2x asimple closed curve?

Solution

Note that r(0) = ( 1, 0 ) = r(2x); therefore, the curve is closed. The curve is not simple, however. To see this,

note that r(%) =(0,0) = r(?’?’[), and therefore the curve crosses itself at the origin (Figure 6.26).

sin2e) |

r(t) = (cost, sin(2t)

YA @ 1o 2 .-'}
0.5+

—0.5+

Figure 6.26 A curve that is closed but not simple.

@ 6.24 Is the curve given by parameterization r(t) = ( 2cost, 3sint ), 0 <t < 6z, asimple closed curve?

Many of the theorems in this chapter relate an integral over a region to an integral over the boundary of the region, where
the region’s boundary is a simple closed curve or a union of simple closed curves. To develop these theorems, we need two
geometric definitions for regions: that of a connected region and that of a simply connected region. A connected region is
one in which there is a path in the region that connects any two points that lie within that region. A simply connected region
is a connected region that does not have any holes in it. These two notions, along with the notion of a simple closed curve,
allow us to state several generalizations of the Fundamental Theorem of Calculus later in the chapter. These two definitions
are valid for regions in any number of dimensions, but we are only concerned with regions in two or three dimensions.

Definition

A region D is a connected region if, for any two points P; and P,, there is a path from P; to P, with a trace

contained entirely inside D. A region D is a simply connected region if D is connected for any simple closed curve C
that lies inside D, and curve C can be shrunk continuously to a point while staying entirely inside D. In two dimensions,
a region is simply connected if it is connected and has no holes.

All simply connected regions are connected, but not all connected regions are simply connected (Figure 6.27).
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A0®

(a) Simply connected regions

A0

(b) Connected regions that are not simply connected

(c) Aregion that is not connected
Figure 6.27 Not all connected regions are simply connected. (a)
Simply connected regions have no holes. (b) Connected regions that are
not simply connected may have holes but you can still find a path in the
region between any two points. (c) A region that is not connected has
some points that cannot be connected by a path in the region.

@ 6.25 Is the region in the below image connected? Is the region simply connected?

Fundamental Theorem for Line Integrals

Now that we understand some basic curves and regions, let’s generalize the Fundamental Theorem of Calculus to line
integrals. Recall that the Fundamental Theorem of Calculus says that if a function f has an antiderivative F, then the

integral of f from a to b depends only on the values of F at a and at b—that is,

b
/a f(x)dx = E(b) — F(a).

If we think of the gradient as a derivative, then the same theorem holds for vector line integrals. We show how this works
using a motivational example.
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Example 6.28

Evaluating a Line Integral and the Antiderivatives of the Endpoints

Let F(x, y) = (2x, 4y ) . Calculate fCF e dr, where C is the line segment from (0,0) to (2,2)(Figure 6.28).

Solution
We use Equation 6.9 to calculate / CF e dr. Curve C can be parameterized by r(f) = (2t 2¢),0<¢< 1.

Then, Fr(s)) = (4¢, 8t ) and r'(f) = (2,2 ), whichimplies that
1
F-dr = 4, 8ty - (2,2 ) dt
JEar = [ (4n80) - (2.2)
1 1
= f 8t + 160)dt = f 24tdt
0 0

= [12¢2]é = 12.

y
\\\'t%__?ffff/’l(?sz)/
X % kA L R B B 4 A P 4
X X &k 4T¢ 4 P A AP
LS U W Y O oA I 7w
~ % % M M| A £ A & v
\\\PQ(O,U) f o & ¥ v - il

20 0% 7 Pl L LN~ T X
2 x FEF T U N NN AR
F ¥ F FRETE U U N Oy
FARV N A O B TR T U B U W
/r’if_zi__#¥\\\\\ Ny

Figure 6.28 The value of line integral / CF e dr depends

only on the value of the potential function of F at the endpoints
of the curve.

Notice that F =V f, where f(x,y) = X%+ 2y2. If we think of the gradient as a derivative, then f is an
“antiderivative” of F. In the case of single-variable integrals, the integral of derivative g’ (x) is g(b) — g(a),

where a is the start point of the interval of integration and b is the endpoint. If vector line integrals work like
single-variable integrals, then we would expect integral F to be f(P)— f(Py), where P, is the endpoint of the

curve of integration and P, is the start point. Notice that this is the case for this example:

fCFodr=/CVfodr=12

and
f2,2)—f(0,00=4+8—-0=12.
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In other words, the integral of a “derivative” can be calculated by evaluating an “antiderivative” at the endpoints
of the curve and subtracting, just as for single-variable integrals.

The following theorem says that, under certain conditions, what happened in the previous example holds for any gradient
field. The same theorem holds for vector line integrals, which we call the Fundamental Theorem for Line Integrals.

Theorem 6.7: The Fundamental Theorem for Line Integrals

Let C be a piecewise smooth curve with parameterization r(¢), a <t <b. Let f be a function of two or three

variables with first-order partial derivatives that exist and are continuous on C. Then,

V7« dr = i) - fixca). (6.12)

Proof
By Equation 6.9,

b
/ Vfedr= fa V£(x(0) o ¥ ().
By the chain rule,
L) = V@) o v @).

Therefore, by the Fundamental Theorem of Calculus,
b
\% dr = \Y% t "(t)dt
Jyredr = [ viamera

b
= | sy
=[fe@) =}
= fr(b) = f(r(@))
O

We know that if F is a conservative vector field, there are potential functions f such that Vf =F. Therefore

/ CF -dr = f CV f-dr = f{r(b)) — f(r(a)). In other words, just as with the Fundamental Theorem of Calculus, computing

the line integral / CF -dr, where F is conservative, is a two-step process: (1) find a potential function (“antiderivative™)

f for F and (2) compute the value of f at the endpoints of C and calculate their difference f(r(b))— f(r(a)). Keep in

mind, however, there is one major difference between the Fundamental Theorem of Calculus and the Fundamental Theorem
for Line Integrals. A function of one variable that is continuous must have an antiderivative. However, a vector field, even
if it is continuous, does not need to have a potential function.

Example 6.29

Applying the Fundamental Theorem
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2
Calculate integral f CF e dr, where F(x,y,z)= (2xIny, x7+12, 2yz) and C is a curve with

parameterization r(f) = ( t2, Lt)y,1<t<e

a. without using the Fundamental Theorem of Line Integrals and

b. using the Fundamental Theorem of Line Integrals.
Solution

a. First, let’s calculate the integral without the Fundamental Theorem for Line Integrals and instead use
Equation 6.9:

e
[Fedr = [ Fow) e r @ar
c 1
e 4
=/1 (20t Lt 1%, 267 ) @ (26,1, 1) dt
e
= [ (481t + 3 +362dr
/ M
¢ 3 ‘3,22
= [ 4t Intdt + t” + 3t7)dt
/ /3
‘3 il
=/14t lntdt+|:Z+t ]1

e 4
_ 3 e ., 3_5
—rflt Intdt + T +e T

e
Integral / ntdt requires integration by parts. Let # = Int and dv = 3. Then u =1Int, dv =1
1
and
S P
du = tdt,v— T
Therefore,
e 4 € e
3 _ 13
flt Inzdt —[41nt]1 4/1t dt
et _1fet 1
4 T\4 4
Thus,
e 4
- 3 e L, 3_35
/CFodr —4/1t lntdt+4+e T
4 4
—q4le e 1))y e 35
= (4 4(4 4))+4+e 4
4 4
—et_e ylie 3.5
=t -Gt pt S e’ -5
=et+e’ 1.

b. Given that f(x, y, 2) = x*In v+ yzz is a potential function for F, let’s use the Fundamental Theorem

for Line Integrals to calculate the integral. Note that
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Fedr = [ Vfedr
JFedr =[5
= f(r(e)) — f(r(1))
= fle? e e)— f(1, 1, 1)
ety
This calculation is much more straightforward than the calculation we did in (a). As long as we have a

potential function, calculating a line integral using the Fundamental Theorem for Line Integrals is much
easier than calculating without the theorem.

Example 6.29 illustrates a nice feature of the Fundamental Theorem of Line Integrals: it allows us to calculate more easily
many vector line integrals. As long as we have a potential function, calculating the line integral is only a matter of evaluating
the potential function at the endpoints and subtracting.

@ 6.26 Given that fo, ) =Gx=D%y+(y+17>%x is a potential function for
F= (2xy—-2y+(y+ 1% =D+ 2yx+2x ), calculate integral /CF -dr, where C is the lower half

of the unit circle oriented counterclockwise.

i
aeias = R P S & Pl F i 2 i A
\\m(%:;/;l////// XSS
\\\\f////f/////-"':«'://_
‘\"\\T/‘//xﬁvsxxx////_-"'.”‘
B EEESEFE I TPy W,
Yy Vbt 1 mmpmrd AP
A P VLo FCE S i A
oA PR IP w852 4H | PR 4R
f L EEAES .
. i raxf 1ty XX
WAL o PSS B N
Ll F A 1 sl X W arae -
A A & x e R P

The Fundamental Theorem for Line Integrals has two important consequences. The first consequence is that if F is

conservative and C is a closed curve, then the circulation of F along C is zero—that is, / F-dr = 0. To see why this is
C

true, let f be a potential function for F. Since C is a closed curve, the terminal point r(b) of C is the same as the initial

point r(a) of C—that is, r(a) = r(b). Therefore, by the Fundamental Theorem for Line Integrals,

F-dr =¢ Vf-d
= fie(b)) - f(r(a))

= fle(b)) - fie(b))
=0.

Recall that the reason a conservative vector field F is called “conservative” is because such vector fields model forces in
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which energy is conserved. We have shown gravity to be an example of such a force. If we think of vector field F in integral
y§ F -dr as a gravitational field, then the equation 95 F -dr = 0 follows. If a particle travels along a path that starts and
C C

ends at the same place, then the work done by gravity on the particle is zero.

The second important consequence of the Fundamental Theorem for Line Integrals is that line integrals of conservative
vector fields are independent of path—meaning, they depend only on the endpoints of the given curve, and do not depend
on the path between the endpoints.

Definition

Let F be a vector field with domain D. The vector field F is independent of path (or path independent) if

c F.dr = c F-dr for any paths C| and C, in D with the same initial and terminal points.
1 2

The second consequence is stated formally in the following theorem.

Theorem 6.8: Path Independence of Conservative Fields

If F is a conservative vector field, then F is independent of path.

Proof
Let D denote the domain of F and let C; and C, be two paths in D with the same initial and terminal points (Figure
6.29). Call the initial point P; and the terminal point P,. Since F is conservative, there is a potential function f for F.

By the Fundamental Theorem for Line Integrals,

F.-dr = f(Py — f(Py) = F-dr.
/C1 f(Py) - f(Py) /C2
Therefore, / c F.dr = / c F.dr andF is independent of path.

1 2

O

:
I‘ é‘l
\ {
\

i
.5
W A
. =T
1 4
P,
0
F o » A

‘2.5( rdarr-gs,5

y oo oo F d 4 4 ¢« v+ v v o v = a g

1
‘
d d d 4 v vvesre=naaaq
-

A
,‘_0..5._4-1w'w\\-\\l::

PR e d d d d vy v

Figure 6.29 The vector field is conservative, and therefore independent of path.

To visualize what independence of path means, imagine three hikers climbing from base camp to the top of a mountain.
Hiker 1 takes a steep route directly from camp to the top. Hiker 2 takes a winding route that is not steep from camp to the
top. Hiker 3 starts by taking the steep route but halfway to the top decides it is too difficult for him. Therefore he returns to
camp and takes the non-steep path to the top. All three hikers are traveling along paths in a gravitational field. Since gravity
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is a force in which energy is conserved, the gravitational field is conservative. By independence of path, the total amount
of work done by gravity on each of the hikers is the same because they all started in the same place and ended in the same
place. The work done by the hikers includes other factors such as friction and muscle movement, so the total amount of
energy each one expended is not the same, but the net energy expended against gravity is the same for all three hikers.

We have shown that if F is conservative, then F is independent of path. It turns out that if the domain of F is open and
connected, then the converse is also true. That is, if F is independent of path and the domain of F is open and connected,
then F is conservative. Therefore, the set of conservative vector fields on open and connected domains is precisely the set
of vector fields independent of path.

Theorem 6.9: The Path Independence Test for Conservative Fields

If F is a continuous vector field that is independent of path and the domain D of F is open and connected, then F is
conservative.

Proof

We prove the theorem for vector fields in R? . The proof for vector fields in R3 is similar. To show that F = (P, Q)

is conservative, we must find a potential function f for F. To that end, let X be a fixed point in D. For any point (x, y) in
D, let C be a path from X to (x, y). Define f (x, y) by f(x, y) = / CF -dr. (Note that this definition of f makes sense

only because F is independent of path. If F was not independent of path, then it might be possible to find another path C’

from X to (x, y) such that _/ CF -dr # / CF -dr, andinsuchacase f (x, y) would not be a function.) We want to show
that f has the property Vf =F.

Since domain D is open, it is possible to find a disk centered at (x, y) such that the disk is contained entirely inside D. Let
(a, y) with a < x be a point in that disk. Let C be a path from X to (x, y) that consists of two pieces: C; and C,. The
first piece, C, is any path from Cto (a, y) that stays inside D; C, is the horizontal line segment from (a, y) to (x, y)
(Figure 6.30). Then

fx, y) = /ClF dr + fC2F~dr.

The first integral does not depend on x, so

-0
fe=Z CzF o dr.

If we parameterize C, by r(t) = (t,y),a <t <x, then

-0
Jx T ox CzF.dr

_ % fa "F() o v (0)d1

=0 [ Ry o L (n vy
- %faxF(r(t)) o (1,0)dr
-2 fa “p(e, yydr.

By the Fundamental Theorem of Calculus (part 1),

fe=L /a P(t, y)dt = P(x, y).
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o

Figure 6.30 Here, C; is any path from Cto (a, y) that
stays inside D, and C, is the horizontal line segment from

(a,y) to (x, y).

A similar argument using a vertical line segment rather than a horizontal line segment shows that f) = Q(x, y).
Therefore Vf =F andF is conservative.

O

We have spent a lot of time discussing and proving Path Independence of Conservative Fields and The Path
Independence Test for Conservative Fields, but we can summarize them simply: a vector field F on an open and
connected domain is conservative if and only if it is independent of path. This is important to know because conservative
vector fields are extremely important in applications, and these theorems give us a different way of viewing what it means
to be conservative using path independence.

Example 6.30

Showing That a Vector Field Is Not Conservative
Use path independence to show that vector field F(x, y) = ( x? vy, y+5) isnot conservative.

Solution
We can indicate that F is not conservative by showing that F is not path independent. We do so by giving two
different paths, C| and C,, thatboth startat (0, 0) andendat (1, 1), and yet fC Fedr# -/C F o dr.

1 2

Let C; be the curve with parameterization r(f)= (f,¢),0<¢t<1 and let C, be the curve with

parameterization r,(f) = (t, 1* Y, 0<t<1 (Figure 6.31). Then

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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1

C]F-dr =fOF(r1(t))-r1’(t)dt

1

1
3 3
= t’,t+5) - (1,1 )dt= " +t+5)dt
J < ) (L1ydi= [ J
1
4 2
i ANyl =23
—[4+2+5t]0—4
and

/1
F-dr = F(r (1)) ry ()dt
o JFdr = J Fra0)-ry0)
/1 4 2 /14 3
= Lt +5) - (1,2t )Ydt = 7+ 217 + 10¢)dt
S Y- (12t) | )
1

5 4
| 52| =57
—[5+2+5t ]0_10.

Since f c Fedr # / c F e dr, the value of a line integral of F depends on the path between two given points.
1 2

Therefore, F is not independent of path, and F is not conservative.
y

RN NN NN 44
PAL A ERT a0 ‘4
IS N N RN ) 44
YR IREEY /4
P A A A d J 44
TRy Ry
EREENE §§ic§ (N
i4¢+P$ b ]
) W ) [N N
YRRy Crasag
YRRy Fhhad

Figure 6.31 Curves C; and C, are both oriented from left

to right.

@' 6.27 Show that F(x, y) = ( xy, x2y2) is not path independent by considering the line segment from

2
(0, 0) to (0, 2) and the piece of the graph of y = x? that goes from (0, 0) to (0, 2).

Conservative Vector Fields and Potential Functions

As we have learned, the Fundamental Theorem for Line Integrals says that if F is conservative, then calculating / CF -dr

has two steps: first, find a potential function f* for F and, second, calculate f(P) — f(Py), where P is the endpoint of
Cand P is the starting point. To use this theorem for a conservative field F, we must be able to find a potential function

f for F. Therefore, we must answer the following question: Given a conservative vector field F, how do we find a function
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f such that Vf = F? Before giving a general method for finding a potential function, let’s motivate the method with an

example.

Example 6.31

Finding a Potential Function

Find a potential function for F(x, y) = ( 2xy3, 3x? y2 + cos(y) ), thereby showing that F is conservative.
Solution
Suppose that f(x, y) is a potential function for F. Then, Vf = F, and therefore
fx= 2xy3 and f, = 3)62)/2 + cosy.
Integrating the equation f, = 2)cy3 with respect to x yields the equation

Foe ) = %2y + h(y).

Notice that since we are integrating a two-variable function with respect to x, we must add a constant of
integration that is a constant with respect to x, but may still be a function of y. The equation

flx, y) = x? y3 + h(y) can be confirmed by taking the partial derivative with respect to x:

% = %(x2y3) + %{h(y)) = 2xy3 +0= 2xy3.
Since f is a potential function for F,
fy= 3x2y2 + cos(y),
and therefore
3x2y2 +g' ()= 3xzy2 + cos(y).
This implies that #A’'(y) =cosy, so h(y)=siny+ C. Therefore, any function of the form

fx, y) = x? y3 + sin(y) + C is a potential function. Taking, in particular, C = 0 gives the potential function

fGx, y) = x2y3 + sin(y).

To verify that f is a potential function, note that Vf = ( 2xy3 , 3x? y2 +cosy) =F.

@ 6.28  Find a potential function for F(x, y) = ( e*y> +y, 3¢*y>+x ).

The logic of the previous example extends to finding the potential function for any conservative vector field in RZ . Thus,

we have the following problem-solving strategy for finding potential functions:

Problem-Solving Stragegy: Finding a Potential Function for a Conservative Vector Field
Fx,y) = (P(x, y), O(x, y) )

1. Integrate P with respect to x. This results in a function of the form g(x, y) + h(y), where A(y) is unknown.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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2. Take the partial derivative of g(x, y) + h(y) with respect to y, which results in the function gy (x, y) + A’ (y).
3. Use the equation gy (x, y) + A’ (y) = O(x, y) to find A’ (y).
4. Integrate h’(y) to find A(y).

5. Any function of the form f(x, y) = g(x, y) + hA(y) + C, where C is a constant, is a potential function for F.

We can adapt this strategy to find potential functions for vector fields in R3, asshown in the next example.

Example 6.32

Finding a Potential Function in R3

Find a potential function for F(x, y) = ( 2xy, x>+ 2yz>, 3y?z>+2z), thereby showing that F is

conservative.

Solution
Suppose that f is a potential function. Then, Vf =F and therefore f, = 2xy. Integrating this equation with

respect to x yields the equation f(x, y, z) = x2 v+ g(y, z) for some function g. Notice that, in this case, the
constant of integration with respect to x is a function of y and z.

Since f is a potential function,
X+ 2yz3 =fy= X+ gy
Therefore,
gy = 2yz3 .
Integrating this function with respect to y yields
g0, 9 =y2 2 + h(2)

for some function %4(z) of z alone. (Notice that, because we know that g is a function of only y and z, we do not

need to write g(y, z) = y2z3 + h(x, z).) Therefore,

f v, ) =x2y+80, 2) = x>y +y2 23 + h(2).

To find f, we now must only find h. Since f is a potential function,
39222+ 22 =g, =3y’ 22+ 1 (2).
This implies that /' (z) =2z, so h(z) = 22+ C. Letting C = 0 gives the potential function
fouy, 2 =x2y+y223 + 22

To verify that f is a potential function, note that Vf = ( 2xy, X2+ 2yz3, 3y2 2422 ) =F.

@ 6.29 Finda potential function for F(x, y, z) = ( 12x2, cosycosz, | —sinysinzg ) .
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We can apply the process of finding a potential function to a gravitational force. Recall that, if an object has unit mass and
is located at the origin, then the gravitational force in R? that the object exerts on another object of unit mass at the point
(x, y) is given by vector field

F()C, }’) =-G < R 3/2° Y 3/2 > 5

e )

where G is the universal gravitational constant. In the next example, we build a potential function for F, thus confirming
what we already know: that gravity is conservative.

Example 6.33

Finding a Potential Function

X

5 23/2’ y23/2>‘
(x +y) (x +y)

Find a potential function f for F(x, y) = —G {

Solution
Suppose that f is a potential function. Then, Vf = F and therefore

= ——Gx.
fx (x2 + y2)3/2

To integrate this function with respect to x, we can use u-substitution. If u = X%+ yz, then %

—Gx - [ =G
/ (x2+y2)3/zdx / 2u3/2d”

= xdx, SO

-G
=5 HhO)

__ G
= 2+h(y)

Vx“+y

for some function A(y). Therefore,

__ G
flx, y)= W + h(y).

Since f is a potential function for F,

_Gy

fy= P
(x +y )
Since f(x, y) = %+ h(y), fy also equals ——Gym + h' ().
X +y (x2 + yZ)
Therefore,
-G , -G
> s T = > 32’
2 2 2 2
(x +y ) (x +y )

which implies that 4’(y) = 0. Thus, we can take A(y) to be any constant; in particular, we can let A(y) = 0.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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The function

fle ==
x“+y

is a potential function for the gravitational field F. To confirm that f is a potential function, note that

=(-1_ G oy -1 G o)
Vi =(— (x2+y2)3/2( x) zm( )
_ -G
= o 32 > 37 )
(x2 + y2) x“+ yz)
=F.

@ 6.30 Find a potential function f for the three-dimensional  gravitational force

ooy, 9= (—=C0x =0 -Gz _
(x2 + y2 + 12)3/2 (x2 + y2 + 22)3/2 (x2 + y2 + 22)3/2

Testing a Vector Field

Until now, we have worked with vector fields that we know are conservative, but if we are not told that a vector field is
conservative, we need to be able to test whether it is conservative. Recall that, if F is conservative, then F has the cross-
partial property (see The Cross-Partial Property of Conservative Vector Fields). Thatis, if F= (P, O, R) is

conservative, then Py = Q,, P,=Ry, and Q= Ry. So, if F has the cross-partial property, then is F conservative? If

the domain of F is open and simply connected, then the answer is yes.

Theorem 6.10: The Cross-Partial Test for Conservative Fields

If F= (P, Q, R) isavector field on an open, simply connected region Dand Py = Qy, P, =R,, and Q; =R,

throughout D, then F is conservative.

Although a proof of this theorem is beyond the scope of the text, we can discover its power with some examples. Later, we
see why it is necessary for the region to be simply connected.

Combining this theorem with the cross-partial property, we can determine whether a given vector field is conservative:

Theorem 6.11: Cross-Partial Property of Conservative Fields

Let F= (P, Q,R) be a vector field on an open, simply connected region D. Then Py =0 P;,=R,, and

Q. = Ry, throughout D if and only if F is conservative.

The version of this theorem in R? is also true. If F = (P, Q) isavector field on an open, simply connected domain

in R? , then F is conservative if and only if Py = Q.
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Example 6.34

Determining Whether a Vector Field Is Conservative
Determine whether vector field F(x, y, ) = ( xyzz, x2 ¥z, Z2 ) is conservative.

Solution

Note that the domain of F is all of R? and R is simply connected. Therefore, we can use Cross-Partial
Property of Conservative Fields to determine whether F is conservative. Let

P(x, v, 2) = xy%z, O(x, v, 2) = x> yz, and R(x, y, 2) = 2.

Since Q, = x2 y and Ry =0, the vector field is not conservative.

Example 6.35

Determining Whether a Vector Field Is Conservative
2
Determine vector field F(x, y) = ( xIn(y), g—y is conservative.

Solution

Note that the domain of F is the part of R? in which y > 0. Thus, the domain of F is part of a plane

above the x-axis, and this domain is simply connected (there are no holes in this region and this region is
connected). Therefore, we can use Cross-Partial Property of Conservative Fields to determine whether F
is conservative. Let

2
P(x, y) = xIn(y) and Q(x, y) = g—y

Then Py = % = (Q, and thus F is conservative.

@ 6.31 Determine whether F(x, y) = ( sinxcosy, cosxsiny ) is conservative.

When using Cross-Partial Property of Conservative Fields, it is important to remember that a theorem is a tool, and
like any tool, it can be applied only under the right conditions. In the case of Cross-Partial Property of Conservative
Fields, the theorem can be applied only if the domain of the vector field is simply connected.

To see what can go wrong when misapplying the theorem, consider the vector field from Example 6.30:

F(x, y) = —2—i+——%j.
x2+y2 x2+y2

This vector field satisfies the cross-partial property, since

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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ay| 2 2 - 2

i[ y ]=(x2+y2)—y(2y)_ x2—y?
X% +y? (2 +5?) (2 +?)

and

L[ . ]_—(x2+y2)+x(2x)_ x2—y2
ox x2+y2 - (x2+y2)2 - (x2+y2)2-

Since F satisfies the cross-partial property, we might be tempted to conclude that F is conservative. However, F is not
conservative. To see this, let

r(t) = {cost,sint),0<t<n
be a parameterization of the upper half of a unit circle oriented counterclockwise (denote this C;) and let
s(®) = (cost, —sint ), 0<¢t<x
be a parameterization of the lower half of a unit circle oriented clockwise (denote this C,). Notice that C; and C, have
the same starting point and endpoint. Since sin7 + cos’ 1 = 1,
Fir()) e v’ (r) = (sin(z), —cos(t) ) e ( —sin(¢), cos(t) ) = —1

and

F(s(n)-s'(t)

( —sint, —cost ) - ( —sint, —cost )

2

sin2 ¢+ cos?t

=1

Therefore,
/CIF-dr - /Oﬂ—ldt = —zand /CZF-dr - /Onldt -

Thus, C; and C, have the same starting point and endpoint, but _/ c F-dr # _/ c F - dr. Therefore, F is not independent
1 2

of path and F is not conservative.

To summarize: F satisfies the cross-partial property and yet F is not conservative. What went wrong? Does this contradict
Cross-Partial Property of Conservative Fields? The issue is that the domain of F is all of R? except for the origin.
In other words, the domain of F has a hole at the origin, and therefore the domain is not simply connected. Since the domain
is not simply connected, Cross-Partial Property of Conservative Fields does not apply to F.

We close this section by looking at an example of the usefulness of the Fundamental Theorem for Line Integrals. Now
that we can test whether a vector field is conservative, we can always decide whether the Fundamental Theorem for Line

Integrals can be used to calculate a vector line integral. If we are asked to calculate an integral of the form / CF -dr, then
our first question should be: Is F conservative? If the answer is yes, then we should find a potential function and use the

Fundamental Theorem for Line Integrals to calculate the integral. If the answer is no, then the Fundamental Theorem for
Line Integrals can’t help us and we have to use other methods, such as using Equation 6.9.

Example 6.36

Using the Fundamental Theorem for Line Integrals

2

Calculate line integral /CF-dr, where F(x, y, z) = (2xe?z+e¥z, x7 ¢’z x2eY +e* Y and C is any
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smooth curve that goes from the originto (1, 1, 1).

Solution
Before trying to compute the integral, we need to determine whether F is conservative and whether the domain
of F is simply connected. The domain of F is all of R3, which is connected and has no holes. Therefore, the

domain of F is simply connected. Let
P(x, v, 2) = 2xe” z+ €%z, O(x, y, 2) = x>z, andR(x, y, 2) = x> e’ + *
so that F= (P, Q, R). Since the domain of F is simply connected, we can check the cross partials to
determine whether F is conservative. Note that
P, 2xe¥z=Qy
P, 2xe? + e =R,

2
0, x“e’ =R,

Therefore, F is conservative.
To evaluate / CF -dr using the Fundamental Theorem for Line Integrals, we need to find a potential function

f for F. Let f be a potential function for F. Then, Vf =F, and therefore f, =2xe”z+ e*z. Integrating
this equation with respect to x gives f(x, y, z) = x2eVz+e 7+ h(y, z) for some function h. Differentiating
this equation with respect to y gives x%eY Z+hy,=0= x%e¥z, which implies that £, = 0. Therefore,
h is a function of z only, and f(x,y,2) = x2e¥z+e*z+h(z). To find h, note that
f= x2e¥ + e+ N (z) =R =x%¢” +¢*. Therefore, h'(z)=0 and we can take h(z) =0. A potential
function for Fis f(x, y, 2) = x* e’z + ¢ 2.

Now that we have a potential function, we can use the Fundamental Theorem for Line Integrals to evaluate the
integral. By the theorem,

/CF-dr =fCVf-dr

= f(1, 1, 1) — f(0, 0, 0)
= 2e.

Analysis
Notice that if we hadn’t recognized that F is conservative, we would have had to parameterize C and use
Equation 6.9. Since curve C is unknown, using the Fundamental Theorem for Line Integrals is much simpler.

@ 6.32 Calculate integral / CF-dr, where F(x, y) = (sinxsiny, 5 —cosxcosy ) and C is a semicircle

with starting point (0, z) and endpoint (0, —7x).

Example 6.37

Work Done on a Particle

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Let F(x, y) = ( 2xy2, 2x2 y ) be a force field. Suppose that a particle begins its motion at the origin and ends

its movement at any point in a plane that is not on the x-axis or the y-axis. Furthermore, the particle’s motion can
be modeled with a smooth parameterization. Show that F does positive work on the particle.

Solution

We show that F does positive work on the particle by showing that F is conservative and then by using the
Fundamental Theorem for Line Integrals.

To show that F is conservative, suppose f(x, y) were a potential function for F. Then,
Vf=F= ( 2xy2, 2x2y ) and therefore f, = 2)cy2 and fy = 2x2 y. Equation f, = 2)cy2 implies that
fx, y) = x? y2 + h(y). Deriving both sides with respect to y yields fy = 2x2 y+ h' (y). Therefore, h'(y) =0
and we can take h(y) = 0.

If f(x,y) = x2y2, then note that Vf = ( 2xy2, 2x2y Yy =F, and therefore f is a potential function for F.
Let (a, b) be the point at which the particle stops is motion, and let C denote the curve that models the particle’s

motion. The work done by F on the particle is / CF -dr. By the Fundamental Theorem for Line Integrals,

fCF-dr =fCVf-dr
= f(a, b) - f(0, 0)

=a’b>
Since a # 0 and b # 0, by assumption, a’b?>o0. Therefore, f CF -dr > 0, and F does positive work on

the particle.

Analysis

Notice that this problem would be much more difficult without using the Fundamental Theorem for Line
Integrals. To apply the tools we have learned, we would need to give a curve parameterization and use Equation
6.9. Since the path of motion C can be as exotic as we wish (as long as it is smooth), it can be very difficult to
parameterize the motion of the particle.

6.33 Let F(x, y)= ( 453 y4, 4x* y3 ), and suppose that a particle moves from point (4, 4) to (1, 1)

along any smooth curve. Is the work done by F on the particle positive, negative, or zero?
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6.3 EXERCISES

99. True or False? If vector field F is conservative on the
open and connected region D, then line integrals of F are
path independent on D, regardless of the shape of D.

100. True or False? Function r(f)=a+ #(b—a),

where 0 <7 <1, parameterizes the straight-line segment

from atob.
101. True or False? Vector field
F(x, y, z) = (ysinz)i + (x sinz)j + (xy cosz)k is
conservative.
102. True or False? Vector field

F(x, y, 2) = yi+ (x + 2)j — Yk is conservative.

103. Justify the Fundamental Theorem of Line Integrals

for / CF -dr in the case when

F(x, y) = 2x + 2y)i + 2x + 2y)j and C is a portion of the

positively oriented circle 2+ y2 =25 from (5, 0) to (3,
4).

104. [T] Find / F-dr, ] where
C
F(x, y) = (yexy+cosx)i + (xexy+ 21 l]j and C is a
y-+

portion of curve y = sinx from x =0 to x = %

105. [T] Evaluate line integral / F-dr, where
C

F(x, y) = (e*siny — y)i + (¢e“cosy —x—2)j, and C is

. _ 3. n-_t - _ |z 77;_[ F/AF

the path given by r(¢) = [t sin 2]1 [2c03(2 + 2)]J

for 0 <tr<1.
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For the following exercises, determine whether the vector
field is conservative and, if it is, find the potential function.

106. F(x, y) = 2xy°i+3y2 4%

107. F(x, y) = (=y + e*siny)i + [(x + 2)e* cosy]j
108. F(x, y) = (ezx sin y)i + [er cos yli

109. F(x, y) = (6x+ 5y)i+ (Sx + 4y)j

110.
F(x, y) =[2x cos(y) — y cos(x)]i + [—x2 sin(y) — sin(x)]j

111, F(x, y) =[ye™ + siny]i + [e* + x cos(y)]j

For the following exercises, evaluate the line integrals
using the Fundamental Theorem of Line Integrals.

112. ﬁc(yi + xj) - dr, where C is any path from (0, 0) to
2,4

113. 5£C(2ydx + 2xdy), where C is the line segment
from (0, 0) to (4, 4)

114. [T]
Slgc[arctan% - xz)—?}yz]dx + [xz)fyz +e (1 - )’)]dy,

where C is any smooth curve from (1, 1) to (-1, 2)

115. Find the conservative vector field for the potential
function
f(x, y) = 5x2 + 3xy + 10y

For the following exercises, determine whether the vector
field is conservative and, if so, find a potential function.

116. F(x, y) = (12xy)i + 6()c2 + yz)j

117. F(x, y) = (e*cosy)i + 6(e” siny)j

2 2
118. F(x, y) = (nyex y)i + 6(x2 e y)j

119. F(x, y,2) = (yed)i + (xe)j + (xye‘k

120. F(x, y,z) = (siny)i — (xcosy)j + k
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121. F(x, y,2) = (%)l + [ﬁ]j +(2z-1k

122. F(x, y, 2) = 322i — cosyj + 2xzk
— : 2 : 2
123. F(x, y,2) = 2xy)i + (x + 2yz)J +y°k

For the following exercises, determine whether the given
vector field is conservative and find a potential function.

124. F(x, y) = (e*cosyli + 6(e” siny)j

2 2
125. F(x, y) = (nyex y)i + 6()c2 e” y)j

For the following exercises, evaluate the integral using the
Fundamental Theorem of Line Integrals.

Vf-dr,
/51
f(x, y,z) = cos(zx) + sin(xry) — xyz and C is any path

126. Evaluate where

that starts at (1, %, 2) and ends at (2, 1, —1).

127. [T] Evaluate where

Vf-dr,
J3i
f(x, ) =xy+e”* and C is a straight line from (0, 0) to
2, 1.

where

128. [T] Evaluate

Vf-dr,
/51
flx, y)= xzy — x and C is any path in a plane from (1, 2)
to (3, 2).

129. Evaluate where

Vf-dr,
J i
f(x, y,2) = xyz> — yz and C has initial point (1, 2) and

terminal point (3, 5).

For the following exercises, let
F(x, y) = 2xp%i + (2yx% + 2y)j and

G(x, y) =@ +xi+(y—2x)j, and let C; be the curve

consisting of the circle of radius 2, centered at the origin
and oriented counterclockwise, and C, be the curve
consisting of a line segment from (0, 0) to (1, 1) followed
by a line segment from (1, 1) to (3, 1).
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F(x, ¥) = 2xy%i + (2yx% + 2y)j
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130. Calculate the line integral of F over C;.
131. Calculate the line integral of G over Cj.
132. Calculate the line integral of F over C,.
133. Calculate the line integral of G over C».
134. [T] Let F(x, y, z) = x%i + zsin(yz)j + y sin(yz)k.
Calculate SZ§CF -dr, where C is a path from

A=(0,0,1)to B=(3, 1, 2).

135. [T] Find line integral 55 F-dr of vector field
C

F(x, y, 2) = 3x%zi+ sz + (x3 + 2yz)k along curve C

parameterized by
_(Inz ). , 32,
r(t) = (ln 2)1 + 17 j+tcos(nt), 1 <t <4

For the following exercises, show that the following vector
fields are conservative by using a computer. Calculate

/ CF -dr for the given curve.

136. F = (xy2 + 3x2y)i +(x+ y)xzj; C is the curve

consisting of line segments from (1, 1) to (0, 2) to
(3, 0).
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2y()c2 + 12)
(2 +1)

137. F= 22x i—
y +1

j; C is parameterized by

x=r-1,y=-r0<r<1.

138. [T]
F= [cos(xyz) - xy2 sin(xyz)]i —2x2 y sin(xyz)j; C is
curve (et, et l), -1<t<0.

139. The mass of Earth is approximately 6 X 1077

g and
that of the Sun is 330,000 times as much. The gravitational

constant is 6.7 x 108 cm?/s2- g. The distance of Earth

1.5x 102 cm. Compute,

approximately, the work necessary to increase the distance
of Earth from the Sun by 1 cm.

from the Sun is about

140. [T] Let

F = (x, y, 2) = (¢*siny)i + (¢*cosy)j + z°k.  Evaluate

the integral F-ds, here
integ f c s w

o) =i, 1% e 0<r <1,

141. [T] Let c¢:[1,2]> R?> be given by

x=e "1, y= sin(%). Use a computer to compute the

integral f CF -ds = f C2x cosydx — x%sin ydy, where

F = (2x cosy)i — (x2 siny)j.

142. [T] Use a computer algebra system to find the mass

of a wire that lies along curve
r() = (t2 - l)j +2tk, 0 <r <1, if the density is %l.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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143. Find the circulation and flux of field F = —yi + xj

around and across the closed semicircular path that consists
of semicircular arch
r(t) = (acost)i+ (asin?)j, 0 <t < &, followed by line

segment ry(t) =#, —a<t<La.

n

s
Y
'

5

144. Compute / Ccosx cosydx — sinx sinydy, where

)= 1?) 0<r<1.

145. Complete the proof of The Path Independence
Test for Conservative Fields by showing that

fy = Q(x’ )’)
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6.4 | Green’s Theorem

Learning Objectives

6.4.1 Apply the circulation form of Green’s theorem.
6.4.2 Apply the flux form of Green’s theorem.
6.4.3 Calculate circulation and flux on more general regions.

In this section, we examine Green’s theorem, which is an extension of the Fundamental Theorem of Calculus to two
dimensions. Green’s theorem has two forms: a circulation form and a flux form, both of which require region D in the
double integral to be simply connected. However, we will extend Green’s theorem to regions that are not simply connected.

Put simply, Green’s theorem relates a line integral around a simply closed plane curve C and a double integral over the
region enclosed by C. The theorem is useful because it allows us to translate difficult line integrals into more simple double
integrals, or difficult double integrals into more simple line integrals.

Extending the Fundamental Theorem of Calculus

Recall that the Fundamental Theorem of Calculus says that
b
[ Fydx = Fb) - F(a).
a

As a geometric statement, this equation says that the integral over the region below the graph of F’(x) and above the line

segment [a, b] depends only on the value of F at the endpoints a and b of that segment. Since the numbers a and b are the

b
boundary of the line segment [a, b], the theorem says we can calculate integral _/ F’(x)dx based on information about
a

the boundary of line segment [a, b] (Figure 6.32). The same idea is true of the Fundamental Theorem for Line Integrals:
J Vi -dr = fe) = fx(a)).

When we have a potential function (an “antiderivative”), we can calculate the line integral based solely on information
about the boundary of curve C.

yi
5 f(x)dix
NP
0 a b x

Figure 6.32 The Fundamental Theorem of Calculus says that
the integral over line segment [a, b] depends only on the

values of the antiderivative at the endpoints of [a, b].

Green’s theorem takes this idea and extends it to calculating double integrals. Green’s theorem says that we can calculate
a double integral over region D based solely on information about the boundary of D. Green’s theorem also says we can
calculate a line integral over a simple closed curve C based solely on information about the region that C encloses. In
particular, Green’s theorem connects a double integral over region D to a line integral around the boundary of D.

Circulation Form of Green’s Theorem

The first form of Green’s theorem that we examine is the circulation form. This form of the theorem relates the vector line



712 Chapter 6 | Vector Calculus

integral over a simple, closed plane curve C to a double integral over the region enclosed by C. Therefore, the circulation of
a vector field along a simple closed curve can be transformed into a double integral and vice versa.

Theorem 6.12: Green’s Theorem, Circulation Form

Let D be an open, simply connected region with a boundary curve C that is a piecewise smooth, simple closed curve
oriented counterclockwise (Figure 6.33). Let F= ( P, Q) be a vector field with component functions that have

continuous partial derivatives on D. Then,

_ _ 6.13
51§CF dr = 9§dex +Qdy=[[ (Qx—P)dA. (6.13)

Figure 6.33 The circulation form of Green’s theorem relates a
line integral over curve C to a double integral over region D.

Notice that Green’s theorem can be used only for a two-dimensional vector field F. If F is a three-dimensional field, then
Green’s theorem does not apply. Since

/dex +Qdy = /CF “Tds,

this version of Green’s theorem is sometimes referred to as the tangential form of Green’s theorem.

The proof of Green’s theorem is rather technical, and beyond the scope of this text. Here we examine a proof of the theorem
in the special case that D is a rectangle. For now, notice that we can quickly confirm that the theorem is true for the special
case in which F= ( P, Q) is conservative. In this case,

55 Pdx + Qdy =0
C

because the circulation is zero in conservative vector fields. By Cross-Partial Property of Conservative Fields, F
satisfies the cross-partial condition, so Py = Q,. Therefore,

J(@x=PydA= [ 0dA=0= g§Cde + Ody,

which confirms Green’s theorem in the case of conservative vector fields.
Proof

Let’s now prove that the circulation form of Green’s theorem is true when the region D is a rectangle. Let D be the rectangle
la, b]X [c, d] oriented counterclockwise. Then, the boundary C of D consists of four piecewise smooth pieces C;, C,,

C;, and C4 (Figure 6.34). We parameterize each side of D as follows:

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Cl:rl(t) = (t,c),aﬁtﬁb
Criry(®) = (bt),c<t<d
—C3:r3(t) = (t,d),a<t<bh
—Cyiry(t) = (a,t),c<t<d.
Yi
C
dt <
Cay AC
c o=
G
a b x

Figure 6.34 Rectangle D is oriented counterclockwise.

Then,

/CFodr =/C1Fodr+/C2FOdr+/C3F0dr+/C4Fodr
:f Fodr+f Fodr—f Fodr—f F o dr
- _4

- f r (1) e v, (D)t + f (r, (1) ® o (t)dt
d
- fa Flrs (1) o r3(1)df — fc Flr, (1)) o v, (1)dt
b d b d
= [ P, odi+ [ 0w, ndi— [ P, dydi— [ Ota, rydt
b d
- fa (P(t, ¢) — P(t, d)dr + fc (b, 1) — Ola, D)t

b d
=— fa (P(t, d) — P(t, ¢))dt + fc (O, 1) — O(a, t))dt.

By the Fundamental Theorem of Calculus,

d b
P(t. d) - P(t, ¢) = fc aiyp(z, y)dy and Q(b, 1) — Q(a, 1) = fa 20(x, dx.

Therefore,
b d
_L (P(t, d) — P(t, c))dt + /L (Q(b, t) — O(a, H)dt
b pd d b
-/ P dydi + [ Lo s

But,
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_ [a ’ fc d%P(t, y)dydt + /c ‘ fa b%Q(x, Hdxdt = — /a ’ /C daiyp(x, y)dydx + fc ‘ fa h%Q(x, y)dxdy

b .d
= /; fc (Qx - Py)dydx
= [/ f@x=Pya.
Therefore, / CF o dr = / / D(Q x— Py)dA and we have proved Green’s theorem in the case of a rectangle.

To prove Green’s theorem over a general region D, we can decompose D into many tiny rectangles and use the proof that
the theorem works over rectangles. The details are technical, however, and beyond the scope of this text.

O

Example 6.38

Applying Green’s Theorem over a Rectangle

Calculate the line integral

@ xPydx+ (v - 3)dy,
C

where C is a rectangle with vertices (1, 1), (4, 1), (4,5), and (1, 5) oriented counterclockwise.

Solution
Let F(x,y)= (P, y), Ok, y)) = { xzy, y—=3). Then, Q,=0 and P,= x%. Therefore,
Q,—Py=—x°.

Let D be the rectangular region enclosed by C (Figure 6.35). By Green’s theorem,
¢Cx2 ydx+(y—3)dy = //D(Qx - Py)dA

:ffD—xsz:/15f14—x2dxdy

- /15—21dy — _84.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Figure 6.35 The line integral over the boundary of the rectangle can be transformed into a
double integral over the rectangle.

(1’&1}\ U S TR —(‘4,—5—-————-
[ ] § AR Ssa  sws
1 l l J {2.5'/ / ////5/////}.5"
I 4

Analysis

If we were to evaluate this line integral without using Green’s theorem, we would need to parameterize each
side of the rectangle, break the line integral into four separate line integrals, and use the methods from Line
Integrals to evaluate each integral. Furthermore, since the vector field here is not conservative, we cannot apply
the Fundamental Theorem for Line Integrals. Green’s theorem makes the calculation much simpler.

Example 6.39

Applying Green’s Theorem to Calculate Work

Calculate the work done on a particle by force field
F(x,y)= (y+sinx, e’ —x)
as the particle traverses circle X2+ y2 = 4 exactly once in the counterclockwise direction, starting and ending

at point (2, 0).

Solution
Let C denote the circle and let D be the disk enclosed by C. The work done on the particle is
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W= 55 (y + sin x)dx + (¥ — x)dy.
C

As with Example 6.38, this integral can be calculated using tools we have learned, but it is easier to use the
double integral given by Green’s theorem (Figure 6.36).

Let F(x,y)= (P(x,y), 0, y)) = (y+sinx, e’ —x). Then, Qy=-1 and Py=1. Therefore,
Q¢ —Py=-2.

By Green’s theorem,

W o= 95 (v + sin(x))dx + (¢” — x)dy
C

= [(Qu—PydA =[] ~2dA

= —2(area(D)) = —277(22) = —8x.

44 t F Lt
P L Frrrd
L d rrEd
;;; YUY
i
]‘..I'rT %ﬁ\a##! -
SRR R
%{: TEEEN
Y 1/ / /7
LN / /A A
NN S /Ay
' /
\\\\\\\‘“““‘*‘T*’///::::/://j:

Figure 6.36 The line integral over the boundary circle can be transformed into a double
integral over the disk enclosed by the circle.

@ 6.34 Use Green’s theorem to calculate line integral
515 sin(x2)dx + Gx — y)dy,

where C is a right triangle with vertices (-1, 2), (4, 2), and (4, 5) oriented counterclockwise.

In the preceding two examples, the double integral in Green’s theorem was easier to calculate than the line integral, so we
used the theorem to calculate the line integral. In the next example, the double integral is more difficult to calculate than the
line integral, so we use Green’s theorem to translate a double integral into a line integral.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Example 6.40

Applying Green’s Theorem over an Ellipse

Calculate the area enclosed by ellipse - + % =1 (Figure 6.37).
a?

254 0. 1)
&
(—a, 0) (@ 0)
& \25 i R 25 5 X
—257(0, —b)

Figure 6.37 Ellipse x_2 % =1 is denoted by C.

Solution
Let C denote the ellipse and let D be the region enclosed by C. Recall that ellipse C can be parameterized by
x=acost,y=bsint, 0 <t < 2x.

Calculating the area of D is equivalent to computing double integral f/DdA. To calculate this integral without

Green’s theorem, we would need to divide D into two regions: the region above the x-axis and the region below.
The area of the ellipse is

Vb2 — (bxia)?
dydx.

f_af a’ydx+f_a/m

These two integrals are not straightforward to calculate (although when we know the value of the first integral,
we know the value of the second by symmetry). Instead of trying to calculate them, we use Green’s theorem to

transform ffDdA into a line integral around the boundary C.

Consider vector field

Fon = (P,Q) = (-3.4).

NSIE

Then, O, = % and Py = — and therefore O — P, = 1. Notice that F was chosen to have the property that

1
>
QO — Py = 1. Since this is the case, Green’s theorem transforms the line integral of F over C into the double
integral of 1 over D.

By Green’s theorem,
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@4 = QP
_ _1
= fCF o dr = E/C—ydx+xdy
2n
= %fo —b sin t(—a sin t) + a(cos 1)b cos tdt

Ve 2 2 Ve
=§f0 ab cos“t + ab sin tdt:ifo abdt = rab.

Therefore, the area of the ellipse is zab.

In Example 6.40, we used vector field F(x, y)= (P, Q) = ( —%, ) to find the area of any ellipse. The logic of

D=

the previous example can be extended to derive a formula for the area of any region D. Let D be any region with a boundary

that is a simple closed curve C oriented counterclockwise. If F(x, y)= (P, Q) = ( —%, % ), then Oy—Py=1.

Therefore, by the same logic as in Example 6.40,
= 14 _ (6.14)
areaof D = ffDdA = 2¢C ydx + xdy.
It’s worth noting that if F = (P, Q) is any vector field with O, — Py =1, then the logic of the previous paragraph
works. So. Equation 6.14 is not the only equation that uses a vector field’s mixed partials to get the area of a region.

6.35 Find the area of the region enclosed by the curve with parameterization
r(t) = (sintcost, sint),0<t<x.

057

Flux Form of Green’s Theorem

The circulation form of Green’s theorem relates a double integral over region D to line integral 55 F-Tds, where C isthe
C

boundary of D. The flux form of Green’s theorem relates a double integral over region D to the flux across boundary C. The

flux of a fluid across a curve can be difficult to calculate using the flux line integral. This form of Green’s theorem allows
us to translate a difficult flux integral into a double integral that is often easier to calculate.

Theorem 6.13: Green’s Theorem, Flux Form

Let D be an open, simply connected region with a boundary curve C that is a piecewise smooth, simple closed curve
that is oriented counterclockwise (Figure 6.38). Let F = ( P, O ) be a vector field with component functions that

have continuous partial derivatives on an open region containing D. Then,

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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$ F-Nds= [JPo+ 0ydA. (6.15)

Yi
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Figure 6.38 The flux form of Green’s theorem relates a double
integral over region D to the flux across curve C.

Because this form of Green’s theorem contains unit normal vector N, it is sometimes referred to as the normal form of
Green’s theorem.

Proof

Recall that ¢- F-Nds = 515 —Qdx + Pdy. Let M = —Q and N = P. By the circulation form of Green’s theorem,
C C

¢-C_de +Pdy = ychdx + Ndy

= ffDNx—MydA
= ﬂDPx_(_Q)ydA
= [/ Px+QydA.

O

Example 6.41

Applying Green’s Theorem for Flux across a Circle

Let C be a circle of radius r centered at the origin (Figure 6.39) and let F(x, y) = ( x, y ) . Calculate the flux

across C.
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Figure 6.39 Curve C is a circle of radius r centered at the origin.

Solution

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

flux of F(x, y) = ( P(x, ), Q(x, y) ) = ( 2 +e, x+ y ) across S.

Let D be the disk enclosed by C. The flux across C is 515 F - Nds. We could evaluate this integral using tools we
C

have learned, but Green’s theorem makes the calculation much more simple. Let P(x, y) =x and Q(x, y) =y
sothat F= (P, Q). Notethat P, =1=Q,, and therefore P+ Q,=2. By Green’s theorem,

/CF o Nds = fszdA = 2ffDdA.

Since / / DdA is the area of the circle, / / DdA T Therefore, the flux across C is 2712,

Example 6.42

Applying Green’s Theorem for Flux across a Triangle

Let S be the triangle with vertices (0, 0), (1, 0), and (0, 3) oriented clockwise (Figure 6.40). Calculate the
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Figure 6.40 Curve S is a triangle with vertices (0, 0), (1, 0), and (0, 3) oriented

clockwise.

Solution

VAR YRR
RN I S

x

721

To calculate the flux without Green’s theorem, we would need to break the flux integral into three line integrals,
one integral for each side of the triangle. Using Green’s theorem to translate the flux line integral into a single

double integral is much more simple.

Let D be the region enclosed by S. Note that Py =2x and Qy = 1; therefore, Px+ Q, =2x+ 1. Green’s

theorem applies only to simple closed curves oriented counterclockwise, but we can still apply the theorem

because §5 F-Nds =- §5 F-Nds and —S is oriented counterclockwise. By Green’s theorem, the flux is
C =S

55CF Nds = 55_SF -Nds
== JJ(Px+Q\JdA

= - [ (2x+ DdA.

Notice that the top edge of the triangle is the line y = —3x + 3. Therefore, in the iterated double integral, the

y-values run from y =0 to y = —=3x+ 3, and we have

— [, @x+ DdA

-3x+3

-,

2x + 1)dydx

1 1
= [ @r+ D(Br+ 3dx == [ (67 + 35+ 3)ix

1
_ 3, 3% _
——[—2x +%+3x]0— —

ok
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@ 6.36 Calculate the flux of F(x, y) = ( X3, y3 ) across a unit circle oriented counterclockwise.

Example 6.43

Applying Green’s Theorem for Water Flow across a Rectangle

Water flows from a spring located at the origin. The velocity of the water is modeled by vector field
v(x, y) = (5x+y, x+3y) m/sec. Find the amount of water per second that flows across the rectangle with

vertices (—1, =2), (1, =2), (1, 3), and (-1, 3), oriented counterclockwise (Figure 6.41).

(-1, 3) Y (1, =3)
e W W N % W[ b T[S AL AT
wwmmmwwmNNNK L L S A S A I
i e W% % KA %__f P S P RS
i SNV MY S A AT dw 7 A
aepep— . 0 WL W i i T A BV T R e
TR W W S B N A G e
w ot atatats g YN N | X T e i o
P “."‘“."".““L“‘." I et
/A S S S | - e T
B I e Re iy D ’“\ O e i T
B I R T
D B A R s
. - u e e i
wxorrus ks 3 fpgme——m
- i S
S R
P I Y I R N

Figure 6.41 Water flows across the rectangle with vertices
(-1, =-2), (1, =2), (1, 3), and (-1, 3), oriented counterclockwise.

Solution
Let C represent the given rectangle and let D be the rectangular region enclosed by C. To find the amount

of water flowing across C, we calculate flux / CV o dr. Let P(x, y)=5x+y and Q(x, y) = x+ 3y so that

v=(P, Q). Then, P, =35 and Q, = 3. By Green’s theorem,

/ vedr = [[(Pi+0,)dA
[, 8dA

8(area of D) = 80.

Therefore, the water flux is 80 m%/sec.

Recall that if vector field F is conservative, then F does no work around closed curves—that is, the circulation of F around
a closed curve is zero. In fact, if the domain of F is simply connected, then F is conservative if and only if the circulation of
F around any closed curve is zero. If we replace “circulation of F” with “flux of F,” then we get a definition of a source-free
vector field. The following statements are all equivalent ways of defining a source-free field F = ( P, O ) on a simply

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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connected domain (note the similarities with properties of conservative vector fields):

1. The flux ¢- F - Nds across any closed curve C is zero.
C

2. If C; and C, are curves in the domain of F with the same starting points and endpoints, then

F-Nds = / F - Nds. In other words, flux is independent of path.
€1 %)

3. There is a stream function g(x, y) for F. A stream function for F = ( P, Q) is a function g such that P = g,
and Q = —g,. Geometrically, F = (a, b) is tangential to the level curve of g at (a, b). Since the gradient of g is
perpendicular to the level curve of g at (a, b), stream function g has the property F(a, b) e Vg(a, b) = 0 for any
point (a, b) in the domain of g. (Stream functions play the same role for source-free fields that potential functions
play for conservative fields.)

4. Pi+0Qy=0

Example 6.44

Finding a Stream Function
Verify that rotation vector field F(x, y) = (y, —x ) is source free, and find a stream function for F.

Solution

Note that the domain of F is all of R2 , which is simply connected. Therefore, to show that F is source free, we

can show any of items 1 through 4 from the previous list to be true. In this example, we show that item 4 is true.
Let P(x, y) =y and Q(x, y) = —x. Then Py +0 = Q,, and therefore Py + Q, = 0. Thus, F is source free.

To find a stream function for F, proceed in the same manner as finding a potential function for a conservative
field. Let g be a stream function for F. Then g, =y, which implies that

2
8(x, ) = 5+ h().

Since —g, = Q = —x, we have /'(x) = x. Therefore,

2
h(x) = x7+ C.

Letting C = 0 gives stream function

2 2
glx, =%+ y?

To confirm that g is a stream function for F, note that g, =y =P and —g,=—x = Q.

Notice that source-free rotation vector field F(x, y) = (y, —x) is perpendicular to conservative radial vector
field Vg = (x,y) (Figure 6.42).
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PR =00

@) (b)
Figure 6.42 (a) In this image, we see the three-level curves of g and vector field F. Note
that the F vectors on a given level curve are tangent to the level curve. (b) In this image, we
see the three-level curves of g and vector field Vg. The gradient vectors are perpendicular to

the corresponding level curve. Therefore, F(a, b) ® Vg(a, b) = 0 for any point in the

domain of g.

@ 6.37 Find a stream function for vector field F(x, y) = ( xsiny, cosy ).

Vector fields that are both conservative and source free are important vector fields. One important feature of conservative
and source-free vector fields on a simply connected domain is that any potential function f of such a field satisfies

Laplace’s equation fyy + fyy = 0. Laplace’s equation is foundational in the field of partial differential equations because

it models such phenomena as gravitational and magnetic potentials in space, and the velocity potential of an ideal fluid. A
function that satisfies Laplace’s equation is called a harmonic function. Therefore any potential function of a conservative
and source-free vector field is harmonic.

To see that any potential function of a conservative and source-free vector field on a simply connected domain is harmonic,
let f be such a potential function of vector field F = ( P, Q ) . Then, f, =P and f, = Q because Vf = F. Therefore,

Sxx =Py and fy, = Q,. SinceF is source free, fyx+ fyy = Py+ 0y =0, and we have that f is harmonic.

Example 6.45

Satisfying Laplace’s Equation

For vector field F(x, y) = ( e*siny, e*cosy ), verify that the field is both conservative and source free, find

a potential function for F, and verify that the potential function is harmonic.

Solution
Let P(x, y) = e*siny and Q(x, y) = e*cos y. Notice that the domain of F is all of two-space, which is simply

connected. Therefore, we can check the cross-partials of F to determine whether F is conservative. Note that
Py=e"cosy=Q,, soF isconservative. Since P, =e"siny and Q, = e*siny, Py + Q, = 0 and the field

is source free.
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To find a potential function for F, let f be a potential function. Then, Vf =F, so f, = e*siny. Integrating
this equation with respect to x gives f(x, y) = e*siny+ h(y). Since f, = e cosy, differentiating f with
respect to y gives e*cosy = e*cos y+ h’(y). Therefore, we can take 4(y) =0, and f(x, y)=e"siny isa

potential function for f.

To verify that f is a harmonic function, note that fy, = %(ex siny) = e*siny and

Fy = %(ex cos y) = —e”sin y. Therefore, fyy+ fyy =0, and f satisfies Laplace’s equation.

@ 6.38 15 the function flx, y)= et > harmonic?

Green’s Theorem on General Regions

Green’s theorem, as stated, applies only to regions that are simply connected—that is, Green’s theorem as stated so far
cannot handle regions with holes. Here, we extend Green’s theorem so that it does work on regions with finitely many holes
(Figure 6.43).

Figure 6.43 Green’s theorem, as stated, does not apply to a
nonsimply connected region with three holes like this one.

Before discussing extensions of Green’s theorem, we need to go over some terminology regarding the boundary of a region.
Let D be a region and let C be a component of the boundary of D. We say that C is positively oriented if, as we walk along
C in the direction of orientation, region D is always on our left. Therefore, the counterclockwise orientation of the boundary
of a disk is a positive orientation, for example. Curve C is negatively oriented if, as we walk along C in the direction of
orientation, region D is always on our right. The clockwise orientation of the boundary of a disk is a negative orientation,
for example.

Let D be a region with finitely many holes (so that D has finitely many boundary curves), and denote the boundary of D
by 0D (Figure 6.44). To extend Green’s theorem so it can handle D, we divide region D into two regions, D and D,

(with respective boundaries 0D and dD,), insucha way that D = D{ U D, and neither D; nor D, has any holes
(Figure 6.44).
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D T

(@) (b)
Figure 6.44 (a) Region D with an oriented boundary has three holes. (b) Region D
split into two simply connected regions has no holes.

Assume the boundary of D is oriented as in the figure, with the inner holes given a negative orientation and the outer
boundary given a positive orientation. The boundary of each simply connected region D; and D, is positively oriented.

If F is a vector field defined on D, then Green’s theorem says that

F-dr
oD

Il
oS
O

=

QU

)

+

S

QU

]

ffDle —PydA + /fDZQx —P,dA

I Q= PydA.

Therefore, Green’s theorem still works on a region with holes.
To see how this works in practice, consider annulus D in Figure 6.45 and suppose that F= ( P, Q) is a vector

field defined on this annulus. Region D has a hole, so it is not simply connected. Orient the outer circle of the annulus
counterclockwise and the inner circle clockwise (Figure 6.45) so that, when we divide the region into D; and D,, we

are able to keep the region on our left as we walk along a path that traverses the boundary. Let D, be the upper half of
the annulus and D, be the lower half. Neither of these regions has holes, so we have divided D into two simply connected
regions.

We label each piece of these new boundaries as P; for some i, as in Figure 6.45. If we begin at P and travel along the
oriented boundary, the first segment is P, then P,, P3, and P,. Now we have traversed D; and returned to P. Next,
we start at P again and traverse D,. Since the first piece of the boundary is the same as P, in D, but oriented in the

opposite direction, the first piece of D, is —P,. Next, we have P5, then —P,, and finally Pg.
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Py
Ps
P
_b-
—P —Py
P
Pg
Pg

Figure 6.45 Breaking the annulus into two separate regions gives us two simply connected regions.
The line integrals over the common boundaries cancel out.

Figure 6.45 shows a path that traverses the boundary of D. Notice that this path traverses the boundary of region D,
returns to the starting point, and then traverses the boundary of region D,. Furthermore, as we walk along the path, the
region is always on our left. Notice that this traversal of the P; paths covers the entire boundary of region D. If we had
only traversed one portion of the boundary of D, then we cannot apply Green’s theorem to D.

The boundary of the upper half of the annulus, therefore, is P U P, U P53 U P, and the boundary of the lower half of the
annulus is —P4 U P5 U — P, U Pg. Then, Green’s theorem implies

| Fedr =fPlF-dr+fPZF-dr+fP3F~dr+/P4F-dr+f_P4F-dr+fPSF-dr—fsz-dr+/P6F-dr
=fPlF-dr+/P2F~dr+/P3F-dr+fP4F~dr—fP4F-dr+fP5F~dr—fPZF-dr+fP6F-dr

=fP F-dr+fP F-dr+fP F-dr+fP F.dr
1 3 5 6

f F-dr+ F-dr
oD, 0D,

T, 0:-Py)ia+ [, (0.~ Pyyia
// D(Qx - Py)dA
Therefore, we arrive at the equation found in Green’s theorem—namely,

aDF rdr=[] (O = P))dA.

The same logic implies that the flux form of Green’s theorem can also be extended to a region with finitely many holes:

yﬁCF Nds =[] (Px+0,)dA.

Example 6.46

Using Green’s Theorem on a Region with Holes
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Calculate integral
3 3
55 (smx 3 x+[3 +s1ny]d ,
oD
where D is the annulus given by the polar inequalities 1 <r <2, 0<6 <2x.

Solution

Although D is not simply connected, we can use the extended form of Green’s theorem to calculate the integral.
Since the integration occurs over an annulus, we convert to polar coordinates:

3 3
iy — 2 X7 g
55 [smx 3 x+(3 +smy)dy
oD

J Q= Py)dA
//D(x2 + yZ)dA

fo ” fl 3 drdo - fo ZH%de

_ 15z
Sz,

Example 6.47

Using the Extended Form of Green’s Theorem

Let F= (P, Q) = ( 5 Y 5 — A 5 Y and let C be any simple closed curve in a plane oriented
xX“+y X" 4y

counterclockwise. What are the possible values of 95 F-dr?
C

Solution

We use the extended form of Green’s theorem to show that 55 F - dr is either 0 or —27 —that is, no matter how
C

crazy curve C is, the line integral of F along C can have only one of two possible values. We consider two cases:
the case when C encompasses the origin and the case when C does not encompass the origin.

Case 1: C Does Not Encompass the Origin

In this case, the region enclosed by C is simply connected because the only hole in the domain of F is at the
origin. We showed in our discussion of cross-partials that F satisfies the cross-partial condition. If we restrict the
domain of F just to C and the region it encloses, then F with this restricted domain is now defined on a simply
connected domain. Since F satisfies the cross-partial property on its restricted domain, the field F is conservative

on this simply connected region and hence the circulation 55 F-dr is zero.
C

Case 2: C Does Encompass the Origin

In this case, the region enclosed by C is not simply connected because this region contains a hole at the origin. Let
C, be a circle of radius a centered at the origin so that C; is entirely inside the region enclosed by C (Figure

6.46). Give Cy a clockwise orientation.
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yi

Y
N

Figure 6.46 Choose circle C; centered at the origin that is

x 1

G

contained entirely inside C.

Let D be the region between C; and C, and C is orientated counterclockwise. By the extended version of Green’s

theorem,

/CF-dr+fC1F-dr = [0~ PydA

y 2 = x2 .\ 2 = x2
=0,
and therefore
f F-dr= - F-dr.
c Cy

Since C, is a specific curve, we can evaluate f c F-dr. Let
1

x=acost,y=asint,0 <t <2xn
be a parameterization of C. Then,

2z

/CIF-dr - fO F(r() - r'(1)dt
2 .
= fo (-80S y ¢ sin(r), —acos(r) ) dr
2 2
= [ sin’(t)+cos’di = [ dr =2z,
0 0

Therefore, fCF-ds = —2m.

@ 6.39  Calculate integral F-dr, where D is the annulus given by the polar inequalities
oD

2<r<50<60<2r and F(x,y)= (x°, 5x+e’siny).
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Measuring Area from a Boundary: The Planimeter

Figure 6.47 This magnetic resonance image of a patient’s
brain shows a tumor, which is highlighted in red. (credit:
modification of work by Christaras A, Wikimedia Commons)

Imagine you are a doctor who has just received a magnetic resonance image of your patient’s brain. The brain has a
tumor (Figure 6.47). How large is the tumor? To be precise, what is the area of the red region? The red cross-section
of the tumor has an irregular shape, and therefore it is unlikely that you would be able to find a set of equations or
inequalities for the region and then be able to calculate its area by conventional means. You could approximate the
area by chopping the region into tiny squares (a Riemann sum approach), but this method always gives an answer with
SOMme error.

Instead of trying to measure the area of the region directly, we can use a device called a rolling planimeter to calculate
the area of the region exactly, simply by measuring its boundary. In this project you investigate how a planimeter
works, and you use Green’s theorem to show the device calculates area correctly.

A rolling planimeter is a device that measures the area of a planar region by tracing out the boundary of that region
(Figure 6.48). To measure the area of a region, we simply run the tracer of the planimeter around the boundary of
the region. The planimeter measures the number of turns through which the wheel rotates as we trace the boundary;
the area of the shape is proportional to this number of wheel turns. We can derive the precise proportionality equation
using Green’s theorem. As the tracer moves around the boundary of the region, the tracer arm rotates and the roller
moves back and forth (but does not rotate).

7~

Tracer

(@) (b)
Figure 6.48 (a) A rolling planimeter. The pivot allows the tracer arm to rotate. The roller itself does not rotate; it
only moves back and forth. (b) An interior view of a rolling planimeter. Notice that the wheel cannot turn if the
planimeter is moving back and forth with the tracer arm perpendicular to the roller.
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Let C denote the boundary of region D, the area to be calculated. As the tracer traverses curve C, assume the roller
moves along the y-axis (since the roller does not rotate, one can assume it moves along a straight line). Use the
coordinates (x, y) to represent points on boundary C, and coordinates (0, Y) to represent the position of the pivot.

As the planimeter traces C, the pivot moves along the y-axis while the tracer arm rotates on the pivot.

’ Watch a short animation (http://lwww.openstaxcollege.org/l/20_planimeter) of a planimeter in
action.

Begin the analysis by considering the motion of the tracer as it moves from point (x, y) counterclockwise to point
(x + dx, y + dy) that is close to (x, y) (Figure 6.49). The pivot also moves, from point (0, Y) to nearby point
(0, Y + dY). How much does the wheel turn as a result of this motion? To answer this question, break the motion into
two parts. First, roll the pivot along the y-axis from (0, Y¥) to (0, Y + dY) without rotating the tracer arm. The tracer
arm then ends up at point (x, y + dY) while maintaining a constant angle ¢ with the x-axis. Second, rotate the tracer
arm by an angle df without moving the roller. Now the tracer is at point (x + dx, y + dy). Let [ be the distance from
the pivot to the wheel and let L be the distance from the pivot to the tracer (the length of the tracer arm).

yi

(x + dx,y + dy)
(. y +dv)

o R
"/JI Wheel

/
L
Y +dY %
Yy
Pivot

|

Figure 6.49 Mathematical analysis of the motion of the
planimeter.

1. Explain why the total distance through which the wheel rolls the small motion just described is
sin ¢pdY + 1dO = %dY + 1d6.

2. Show that 515 do = 0.
C

3. Use step 2 to show that the total rolling distance of the wheel as the tracer traverses curve C is

-1
Total wheel roll = T ygcxd Y.

Now that you have an equation for the total rolling distance of the wheel, connect this equation to Green’s
theorem to calculate area D enclosed by C.

4. Show that x>+ (y — Y)> = L%
5. Assume the orientation of the planimeter is as shown in Figure 6.49. Explain why Y <y, and use this

inequality to show there is a unique value of Y for each point (x, y): ¥ =y = VL? — x2.


http://www.openstaxcollege.org/l/20_planimeter
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6. Use step 5 to show that dY = dy + —2—dx.
L% — x?

7. Use Green’s theorem to show that yg 0.

X _dx=
C VL2 — X 2
8. Use step 7 to show that the total wheel roll is

-1
Total wheel roll = T %dey.

It took a bit of work, but this equation says that the variable of integration Y in step 3 can be replaced with y.

9. Use Green’s theorem to show that the area of D is 55 xdy. The logic is similar to the logic used to show that
C
-1f _
the area of D = 2-7§C yvdx + xdy.

10. Conclude that the area of D equals the length of the tracer arm multiplied by the total rolling distance of the
wheel.
You now know how a planimeter works and you have used Green’s theorem to justify that it works. To
calculate the area of a planar region D, use a planimeter to trace the boundary of the region. The area of the
region is the length of the tracer arm multiplied by the distance the wheel rolled.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 6 | Vector Calculus

6.4 EXERCISES

For the following exercises, evaluate the line integrals by
applying Green’s theorem.

146. f 2xydx + (x + y)dy, where C is the path from
C

(0, 0) to (1, 1) along the graph of y = x> and from (1,
1) to (0, 0) along the graph of y = x oriented in the

counterclockwise direction

147. / 2xydx + (x + y)dy, where C is the boundary
C

of the region lying between the graphs of y =0 and

2

y =4 — x“ oriented in the counterclockwise direction

148. / C2 arctan(%)dx + ln(x2 + yz)dy, where C is

defined by x =4+ 2cos6f, y=4sin6 oriented in the

counterclockwise direction

149. f sin x cos ydx + (xy + cos x sin y)dy, where C is
C

the boundary of the region lying between the graphs of
y=x and y=vx oriented in the counterclockwise

direction

150. / nydx + (x + y)dy, where C is the boundary of

the region lying between the graphs of X%+ y2 =1 and

X+ y2 = 9 oriented in the counterclockwise direction

151. 55 (—=ydx + xdy), where C consists of line
C

segment C; from (—1,0) to (1, 0), followed by the

semicircular arc C; from (1, 0) back to (1, 0)
For the following exercises, use Green’s theorem.

152. Let C be the curve consisting of line segments from
(0, 0) to (1, 1) to (0, 1) and back to (0, 0). Find the value of

/nydx + \/y2 + ldy.

153. Evaluate line integral

_/ Cxe X dx + (x4 +2x2 yz)dy, where C is the boundary

of the region between circles x2+y2:1 and

X+ y2 =4, and is a positively oriented curve.

733

154. Find the counterclockwise circulation of field
F(x, y) = xyi + y2 j around and over the boundary of the

2

region enclosed by curves y = x“ and y = x in the first

quadrant and oriented in the counterclockwise direction.

y (1,1)
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02}, A Y=
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—02.9. 02 .04.06. 0.8 1.0¥
_02, .............

155. Evaluate %Cy3dx—x3y2dy, where C is the

positively oriented circle of radius 2 centered at the origin.

156. Evaluate nyde -x dy, where C includes the

two circles of radius 2 and radius 1 centered at the origin,
both with positive orientation.

Y
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157. Calculate 55 —x2 ydx + xy2 dy, where Cis a circle
C

of radius 2 centered at the origin and oriented in the
counterclockwise direction.

158. Calculate
§£ 2ly + x sin(y)ldx + [x2 cos(y) — 3y2]dy along triangle
C

C with vertices (0, 0), (1, 0) and (1, 1), oriented
counterclockwise, using Green’s theorem.

integral
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159. Evaluate integral ¢ (x2 + yz)dx + 2xydy, where
C

C is the curve that follows parabola
y = x? from (0, 0)(2, 4), then the line from (2, 4) to (2,
0), and finally the line from (2, 0) to (0, 0).
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160. Evaluate line integral

yﬁ (y — sin(y)cos(y))dx + 2x sinz(y)dy, where C is
C

oriented in a counterclockwise path around the region
bounded by x = -1, x =2, y=4—x2, and y=x—2.

For the following exercises, use Green’s theorem to find the
area.

161. Find the area between ellipse -+ =

circle x? + y2 = 25.
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162. Find the area of the region enclosed by parametric
equation
p) = (005(9) - 0052(0))i + (sin(@) — cos(9)sin(#))j for 0 < @ < 2.

yi
1.5+

0.5

~15-1.0-05 9| 0.5¢
_05 =

-1.0

—15+

163. Find the area of the region bounded by hypocycloid
r(t) = cos3 Oi+ sin3(t) j. The curve is parameterized by
t € [0, 2x].

164. Find the area of a pentagon with vertices
(07 4)7 (47 1)’ (3’ 0)’ (_17 _1)’ and (_2’ 2)

165. Use Green’s theorem to evaluate

f (y2 +x° )dx +x* dy, where C* is the perimeter of
C+

square [0, 1] X [0, 1] oriented counterclockwise.

166. Use Green’s theorem to prove the area of a disk with

radius ais A = za>.

167. Use Green’s theorem to find the area of one loop of a
four-leaf rose r = 3 sin 20. (Hint: xdy — ydx = r’do).

168. Use Green’s theorem to find the area under one
arch of the cycloid given by parametric plane
x=t—sint,y=1-cost, t>0.

169. Use Green’s theorem to find the area of the region
enclosed by curve

r(t)=t2i+(§—t)j, -3 <13

Yi
1.0+

057

-05 0
_0.5"

05 1.0 15 2.0 3.0 3.5%

—-1.0+
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170. [T] Evaluate Green’s theorem using a computer

algebra system to evaluate the integral / Cxey dx + e*dy,

where C is the circle given by X2+ y2 =4 and is oriented

in the counterclockwise direction.

171. Evaluate f C(xzy —2xy + yz)ds, where C is the

boundary of the unit square 0<x<1,0<y<1,

traversed counterclockwise.
—(y+2)dx+ (x — l)dy
C (x=D*+(u+2)?

any simple closed curve with an interior that does not
contain point (1, —2) traversed counterclockwise.

172. Evaluate

, where C is

173. Evaluate f M,

C x“+y

where C is any piecewise,

smooth simple closed curve enclosing the origin, traversed
counterclockwise.

For the following exercises, use Green’s theorem to
calculate the work done by force F on a particle that is
moving counterclockwise around closed path C.

174, F(x, y) = xyi+ (x+y)j, C:x24+y*=4

175. F(x, y) = (x3/2 - 3y)i + (6x + 54y)j, C:boundary
of a triangle with vertices (0, 0), (5, 0), and (0, 5)

176. Evaluate / 23 =y Nax + (3 +y3 , where C
237 =+ (7 + )y
is a unit circle oriented in the counterclockwise direction.

177. A particle starts at point (-2, 0), moves along

the x-axis to (2, 0), and then travels along semicircle
y="14 - x? to the starting point. Use Green’s theorem
to find the work done on this particle by force field
F(x, y) = xi + (x3 + 3xy2)j.

178. David and Sandra are skating on a frictionless pond
in the wind. David skates on the inside, going along a
circle of radius 2 in a counterclockwise direction. Sandra
skates once around a circle of radius 3, also in the
counterclockwise direction. Suppose the force of the wind

at point x, y) (x, ¥) (x y) is
F(x, y) = (xzy + 10y)i + (x3 + 2xy2)j. Use Green’s

theorem to determine who does more work.

735

179. Use Green’s theorem to find the work done by force
field F(x, y) = 3y —4x)i+ (4x —y)j when an object

moves once counterclockwise around

4xz+y2 =4.

ellipse

180. Use Green’s theorem to evaluate line integral
55 e?*sin 2ydx + e** cos 2ydy, ~where C is ellipse
C

9(x — 1)2 +4(y — 3)2 = 36 oriented counterclockwise.

181. Evaluate line integral 95 yzdx +x2dy, where C
C

is the boundary of a
(0, 0), (1, 1), and (1, 0),

orientation.

triangle with  vertices
with the counterclockwise

182. Use Green’s theorem to evaluate line integral

/Ch-dr if h(x, y)=¢’i—sinzxj, where C is a

triangle with vertices (1, 0), (0, 1), and (-1, 0) (-1, 0)

traversed counterclockwise.

183. Use Green’s theorem to evaluate line integral
f V1 + x3dx + 2xydy where C is a triangle with vertices
C

(0, 0), (1, 0), and (1, 3) oriented clockwise.

184. Use Green’s theorem to evaluate line integral

/xzydx—xyzdy where C is a circle x2+y2=4
C

oriented counterclockwise.

185. Use Green’s theorem to evaluate line integral

fc(3y — et x)dx + (7x +y*+1 ’dy where C is circle

X%+ y2 = 9 oriented in the counterclockwise direction.

186. Use Green’s theorem to evaluate line integral
/ (Bx = 5y)dx+ (x — 6y)dy, where C is ellipse
C

x2
4

direction.

+y2 =1 and is oriented in the counterclockwise
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187. Let C be a triangular closed curve from (0, 0) to
(1, 0) to (1, 1) and finally back to (0, 0). Let

F(x, y) = 4yi+ 6x> j- Use Green’s theorem to evaluate
55 F-ds.
C

188. Use Green’s theorem to evaluate line integral

2 oriented

515 ydx — xdy, where C is circle ¥+ y2 =a
C
in the clockwise direction.

189. Use Green’s theorem to evaluate line integral
95 (y + x)dx + (x + sin y)dy, where C is any smooth
C

simple closed curve joining the origin to itself oriented in
the counterclockwise direction.

190. Use Green’s theorem to evaluate line integral
2 2 Yy :
5]5 y — In(x” + y~))dx + (2 arctan = )dy, where C is the
C( ( ) ( X

positively oriented circle (x — 2)2 +(y— 3)2 =1.

191. Use
515 xydx + x° y3dy, where C is a triangle with vertices
C

Green’s theorem to evaluate

(0, 0), (1, 0), and (1, 2) with positive orientation.

192. Use Green’s theorem to evaluate line integral

/ sin ydx + x cos ydy, where C is  ellipse
C

X2+ xy + y2 =1 oriented in the counterclockwise

direction.

193. Let F(x, y) = (cos(xs)) - %y3i + %x3j. Find the

counterclockwise circulation 55 F-dr, where C is a
C

curve
(-2, 0)and (-1, 0), half circle y="1 —x2%, the line
segment joining (1, 0) and (2, 0), and half circle

consisting of the line segment joining

y="14 -x%
194. Use Green’s theorem to evaluate line integral

/ . (3 2 . .
sm(x )dx +2ye” dy, where C is a triangular closed
C

curve that connects the points (0, 0), (2, 2), and (0, 2)
counterclockwise.

195. Let C be the boundary of square
0<x<70<Ly<m traversed counterclockwise. Use

Green’s theorem to find / sin(x + y)dx + cos(x + y)dy.
C
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196. Use Green’s theorem to evaluate line integral

f F.-dr, where F(x,y)= (y2 - xz)i + (x2 + yz)j,
C

and C is a triangle bounded by y =0,x =3, andy = x,

oriented counterclockwise.

197.  Use
/ F.dr, where F(x, y) = (xyz)i + xj, and C is a unit
C

Green’s Theorem to evaluate integral

circle oriented in the counterclockwise direction.

198. Use Green’s theorem in a plane to evaluate line
integral yﬂ- (xy+y2)dx+x2dy, where C is a closed
C

curve of a region bounded by y =xandy = x? oriented

in the counterclockwise direction.

199. Calculate the outward flux of F = —xi + 2yj over
a square with corners (+1, +1), where the unit normal

is outward pointing and oriented in the counterclockwise
direction.

200. [T] Let C be circle x>+ y2 =4 oriented in the

counterclockwise direction. Evaluate

Sgc[(fSy _ T lx)dx + (7x + \/)T—}—l)d)}] using a

computer algebra system.

201. Find the flux of field F = —xi+yj across

X%+ y2 = 16 oriented in the counterclockwise direction.

202. Let F= (y2 - xz)i + (x2 + yz)j, and let C be a
triangle bounded by y =0, x =3, and y = x oriented in

the counterclockwise direction. Find the outward flux of F
through C.

203. [T] Let C be unit circle x2 + y2 =1 traversed once

counterclockwise. Evaluate

/C[—y3 + sin(xy) + xy cos(xy)]dx + [x3 +x2 cos(xy)]dy
by using a computer algebra system.

204. [T] Find the outward flux of wvector field

F=xy?i+x%yj across the boundary of annulus
R={y):1<22+y> <4} ={(n0):1<r<2,0<0<21)

using a computer algebra system.

205.  Consider
y= x% andx = y2. Let C be the boundary of R oriented

region R bounded by parabolas

counterclockwise. Use Green’s theorem to evaluate

§5C(y + eﬁ)dx + (Zx + cos(yz))dy.
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6.5 | Divergence and Curl

Learning Objectives

6.5.1 Determine divergence from the formula for a given vector field.
6.5.2 Determine curl from the formula for a given vector field.

6.5.3 Use the properties of curl and divergence to determine whether a vector field is
conservative.

In this section, we examine two important operations on a vector field: divergence and curl. They are important to the field
of calculus for several reasons, including the use of curl and divergence to develop some higher-dimensional versions of the
Fundamental Theorem of Calculus. In addition, curl and divergence appear in mathematical descriptions of fluid mechanics,
electromagnetism, and elasticity theory, which are important concepts in physics and engineering. We can also apply curl
and divergence to other concepts we already explored. For example, under certain conditions, a vector field is conservative
if and only if its curl is zero.

In addition to defining curl and divergence, we look at some physical interpretations of them, and show their relationship to
conservative and source-free vector fields.

Divergence

Divergence is an operation on a vector field that tells us how the field behaves toward or away from a point. Locally, the
divergence of a vector field F in R? or R’ ata particular point P is a measure of the “outflowing-ness” of the vector

field at P. If F represents the velocity of a fluid, then the divergence of F at P measures the net rate of change with respect to
time of the amount of fluid flowing away from P (the tendency of the fluid to flow “out of” P). In particular, if the amount
of fluid flowing into P is the same as the amount flowing out, then the divergence at P is zero.

Definition

If F= (P, Q,R) isavector field in R3 and Py, Oy, and R; all exist, then the divergence of F is defined by

Note the divergence of a vector field is not a vector field, but a scalar function. In terms of the gradient operator

- (9 0 0 i - i
V= 9x 9y’ 92 ), divergence can be written symbolically as the dot product
divF=V .F.

Note this is merely helpful notation, because the dot product of a vector of operators and a vector of functions is not
meaningfully defined given our current definition of dot product.

If F= (P, Q) isavector field in R?, and Py and Qy both exist, then the divergence of F is defined similarly as

divF:Px+Qy=g—§+%:V-F.

To illustrate this point, consider the two vector fields in Figure 6.50. At any particular point, the amount flowing in is
the same as the amount flowing out, so at every point the “outflowing-ness” of the field is zero. Therefore, we expect the
divergence of both fields to be zero, and this is indeed the case, as

div((1,2))= %(1) +aiy(2) =0anddiv({ —y, x ) )= %(—y) +aa—y(x) =0.
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Figure 6.50 (a) Vector field ( 1, 2 ) has zero divergence. (b) Vector field { —y, x ) also has zero
_ 9 ()= _
(—=x) + ay( ) 2.

— 0
0x

divergence.
By contrast, consider radial vector field R(x, y) = ( —x, —y ) in Figure 6.51. At any given point, more fluid is flowing

in than is flowing out, and therefore the “outgoingness” of the field is negative. We expect the divergence of this field to be

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

negative, and this is indeed the case, as div(R)
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Figure 6.51 This vector field has negative divergence.

To get a global sense of what divergence is telling us, suppose that a vector field in R? represents the velocity of a fluid.

Imagine taking an elastic circle (a circle with a shape that can be changed by the vector field) and dropping it into a fluid.
If the circle maintains its exact area as it flows through the fluid, then the divergence is zero. This would occur for both
vector fields in Figure 6.50. On the other hand, if the circle’s shape is distorted so that its area shrinks or expands, then the
divergence is not zero. Imagine dropping such an elastic circle into the radial vector field in Figure 6.51 so that the center
of the circle lands at point (3, 3). The circle would flow toward the origin, and as it did so the front of the circle would travel
more slowly than the back, causing the circle to “scrunch” and lose area. This is how you can see a negative divergence.

Example 6.48

Calculating Divergence at a Point
If F(x, y, 2) = e“i+yzj — y2 k, then find the divergence of F at (0, 2, —1).

Solution

The divergence of F is

0 (x4 0 _ 0 (,,2)— x _
P )+6y(yZ) d_z(yz) e +7-2yz.

Therefore, the divergence at (0, 2, —1) is —1+4=4 IfF represents the velocity of a fluid, then more
fluid is flowing out than flowing in at point (0, 2, —1).

@ 6.40 Find divF for F(x, y,2) = (xy,5—22y, x>+ y>) .

One application for divergence occurs in physics, when working with magnetic fields. A magnetic field is a vector field that
models the influence of electric currents and magnetic materials. Physicists use divergence in Gauss’s law for magnetism,



740 Chapter 6 | Vector Calculus

which states that if B is a magnetic field, then V -B = 0; in other words, the divergence of a magnetic field is zero.

Example 6.49

Determining Whether a Field Is Magnetic

Is it possible for F(x, y) = ( x? V., y— xy2 ) to be a magnetic field?

Solution

If F were magnetic, then its divergence would be zero. The divergence of F is
0 (,2 d 2\ _ —
a(x y)+a—y(y—xy )—2xy+ 1-2xy=1

and therefore F cannot model a magnetic field (Figure 6.52).
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Figure 6.52 The divergence of vector field F(x, y) = ( xzy, y— xy2 ) is one, so it

cannot model a magnetic field.

Another application for divergence is detecting whether a field is source free. Recall that a source-free field is a vector
field that has a stream function; equivalently, a source-free field is a field with a flux that is zero along any closed curve.

The next two theorems say that, under certain conditions, source-free vector fields are precisely the vector fields with zero
divergence.

Theorem 6.14: Divergence of a Source-Free Vector Field

If F= (P, Q) isa source-free continuous vector field with differentiable component functions, then div F = 0.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Chapter 6 | Vector Calculus 741

Proof
Since F is source free, there is a function g(x, y) with g, =P and —g,= Q. Therefore, F= ( gy, —g,) and

divF = gyy — gxy = 0 by Clairaut’s theorem.

O

The converse of Divergence of a Source-Free Vector Field is true on simply connected regions, but the proof is too
technical to include here. Thus, we have the following theorem, which can test whether a vector field in R2 is source
free.

Theorem 6.15: Divergence Test for Source-Free Vector Fields

Let F= (P, Q) be a continuous vector field with differentiable component functions with a domain that is simply

connected. Then, divF = 0 if and only if F is source free.

Example 6.50

Determining Whether a Field Is Source Free
Is field F(x, y) = ( xzy, 5-— xy2 ) source free?

Solution

Note the domain of F is R?, which is simply connected. Furthermore, F is continuous with differentiable

component functions. Therefore, we can use Divergence Test for Source-Free Vector Fields to analyze F.
The divergence of F is

%(x2 y) + %(5 - xyz) =2xy—2xy=0.

Therefore, F is source free by Divergence Test for Source-Free Vector Fields.

@ 6.41 Let F(x, y) = ( —ay, bx ) be arotational field where a and b are positive constants. Is F source free?

Recall that the flux form of Green’s theorem says that
9§CF-Nds = [ Pr+0QydA,

where C is a simple closed curve and D is the region enclosed by C. Since P+ Qy=divF, Green’s theorem is

sometimes written as
9§CF ‘Nds =[] div FdA.

Therefore, Green’s theorem can be written in terms of divergence. If we think of divergence as a derivative of sorts, then
Green’s theorem says the “derivative” of F on a region can be translated into a line integral of F along the boundary of
the region. This is analogous to the Fundamental Theorem of Calculus, in which the derivative of a function f on a line

segment [a, b] can be translated into a statement about f on the boundary of [a, b]. Using divergence, we can see that

Green’s theorem is a higher-dimensional analog of the Fundamental Theorem of Calculus.



742 Chapter 6 | Vector Calculus

We can use all of what we have learned in the application of divergence. Let v be a vector field modeling the velocity of a
fluid. Since the divergence of v at point P measures the “outflowing-ness” of the fluid at P, div v(P) > O implies that more

fluid is flowing out of P than flowing in. Similarly, div v(P) < O implies the more fluid is flowing in to P than is flowing

out, and div v(P) = 0 implies the same amount of fluid is flowing in as flowing out.

Example 6.51

Determining Flow of a Fluid

Suppose v(x, y) = ( —xy, y ), y > 0 models the flow of a fluid. Is more fluid flowing into point (1, 4) than

flowing out?

Solution

To determine whether more fluid is flowing into (1, 4) than is flowing out, we calculate the divergence of v at
(1, 4):

div(v) = L(-xy) + a"—y(w =-y+1L

To find the divergence at (1, 4), substitute the point into the divergence: —4 + 1 = —3. Since the divergence
of vat (1, 4) is negative, more fluid is flowing in than flowing out (Figure 6.53).
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Figure 6.53 Vector field v(x, y) = ( —xy, y ) has negative divergence at (1, 4).

6.42 For vector field v(x, y) = ( —xy, y ),y >0, find all points P such that the amount of fluid flowing

in to P equals the amount of fluid flowing out of P.

Curl

The second operation on a vector field that we examine is the curl, which measures the extent of rotation of the field about
a point. Suppose that F represents the velocity field of a fluid. Then, the curl of F at point P is a vector that measures the

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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tendency of particles near P to rotate about the axis that points in the direction of this vector. The magnitude of the curl
vector at P measures how quickly the particles rotate around this axis. In other words, the curl at a point is a measure of the
vector field’s “spin” at that point. Visually, imagine placing a paddlewheel into a fluid at P, with the axis of the paddlewheel
aligned with the curl vector (Figure 6.54). The curl measures the tendency of the paddlewheel to rotate.

n

Figure 6.54 To visualize curl at a point, imagine placing a
small paddlewheel into the vector field at a point.

Consider the vector fields in Figure 6.50. In part (a), the vector field is constant and there is no spin at any point. Therefore,
we expect the curl of the field to be zero, and this is indeed the case. Part (b) shows a rotational field, so the field has spin.
In particular, if you place a paddlewheel into a field at any point so that the axis of the wheel is perpendicular to a plane,
the wheel rotates counterclockwise. Therefore, we expect the curl of the field to be nonzero, and this is indeed the case (the
curl is 2K).

To see what curl is measuring globally, imagine dropping a leaf into the fluid. As the leaf moves along with the fluid flow,
the curl measures the tendency of the leaf to rotate. If the curl is zero, then the leaf doesn’t rotate as it moves through the
fluid.

Definition

If F= (P, Q,R) isavector field in R3 , and Py, Oy, and R; all exist, then the curl of F is defined by

cul F = (Ry— Q)i+ (P;— Ryj+(0x— Pyk (6.17)
_(oR 90\ | (0P _ dR); , (0Q 4P
= (8- S2)i+(3E- %)+ (32- %

Note that the curl of a vector field is a vector field, in contrast to divergence.

The definition of curl can be difficult to remember. To help with remembering, we use the notation V X F to stand for a

“determinant” that gives the curl formula:

v Pl -
Q 3|QJ [N
= & &

The determinant of this matrix is
(Ry—0.)i—(Ry—PJi+(Qx—Pyk=(Ry— Q)i+ (P,— Ry)j+(Qx— Pyk = curl F.

Thus, this matrix is a way to help remember the formula for curl. Keep in mind, though, that the word determinant is used



744 Chapter 6 | Vector Calculus

very loosely. A determinant is not really defined on a matrix with entries that are three vectors, three operators, and three
functions.

If F= (P, Q) isavector field in R? , then the curl of F, by definition, is

curl F = (Q, — Pyk = (% - g—f;’)k.

Example 6.52

Finding the Curl of a Three-Dimensional Vector Field

Find the curl of F(P, Q, R) = ( x2z, ¥+ xz, xyz ).

Solution
The curl is
curlF =V xF
i J k
= [0/dx 0/dy d/0z
P QO R

= (Ry - Qz)i +(P;— Ryj + (Qx - Py)k
=(xz—x)i+ (x2 - yz)j + zk.

@ 6.43 Find the curl of F = ( sinxcosz, sinysinz, cosxcosy ) at point (O, % %)

Example 6.53

Finding the Curl of a Two-Dimensional Vector Field
Findthecurlof F= (P, Q) = (y,0).

Solution

Notice that this vector field consists of vectors that are all parallel. In fact, each vector in the field is parallel to
the x-axis. This fact might lead us to the conclusion that the field has no spin and that the curl is zero. To test this
theory, note that

curl F = (Q)C — Py)k =-k#0.
Therefore, this vector field does have spin. To see why, imagine placing a paddlewheel at any point in the first

quadrant (Figure 6.55). The larger magnitudes of the vectors at the top of the wheel cause the wheel to rotate.
The wheel rotates in the clockwise (negative) direction, causing the coefficient of the curl to be negative.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Figure 6.55 Vector field F(x, y) = (y, 0 ) consists of

vectors that are all parallel.

Note that if F= (P, Q) is a vector field in a plane, then curl F-k = (Q)C — Py)k~k = Oy — Py. Therefore, the

circulation form of Green’s theorem is sometimes written as

§£CF :dr = ] curl F-kda,

where C is a simple closed curve and D is the region enclosed by C. Therefore, the circulation form of Green’s theorem can
be written in terms of the curl. If we think of curl as a derivative of sorts, then Green’s theorem says that the “derivative” of F
on a region can be translated into a line integral of F along the boundary of the region. This is analogous to the Fundamental
Theorem of Calculus, in which the derivative of a function f on line segment [a, b] can be translated into a statement

about f on the boundary of [a, b]. Using curl, we can see the circulation form of Green’s theorem is a higher-dimensional
analog of the Fundamental Theorem of Calculus.

We can now use what we have learned about curl to show that gravitational fields have no “spin.” Suppose there is an object
at the origin with mass m at the origin and an object with mass m,. Recall that the gravitational force that object 1 exerts

on object 2 is given by field

F()C, y, Z) = —Gm2m2 < X s Y s > > .
(2 +y%+ 22)3/2 (¥ + 5%+ z2)3/2 (2 + 3%+ Z2)3/2

Example 6.54

Determining the Spin of a Gravitational Field

Show that a gravitational field has no spin.
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Solution

To show that F has no spin, we calculate its curl. Let P(x,y,2)= 373
(x2 + y2+Z2)

O, y,2) = ﬁ, and R(x, y, z) = +3/2 Then,
2 2 2 2 2 2
(x +y +z) (x +y +Z)

curl F = —=Gm m;|(Ry— Q)i+ (P, — Rj + (Qx — Py)k]

—3yz _ —3yz
(¥ + 3%+ z2)5/2 (F?+y*+ zz)S/2
—3xz —3xz
=—-Gm;m,|+ -
(x2 + y2 + 22)5/2 (x2 + y2 + Z2)5/2
+ —3xy _ —3xy
|\ 12)5/2 (?+y*+ 12)5/2 |

=0.

Since the curl of the gravitational field is zero, the field has no spin.

@ 6.44  Tield v(x, y) = ( 3 Y 5 =3 X 3 ) models the flow of a fluid. Show that if you drop a leaf into
X“+y” x4y

this fluid, as the leaf moves over time, the leaf does not rotate.

Using Divergence and Curl

Now that we understand the basic concepts of divergence and curl, we can discuss their properties and establish
relationships between them and conservative vector fields.
If F is a vector field in R> , then the curl of F is also a vector field in R3. Therefore, we can take the divergence of

a curl. The next theorem says that the result is always zero. This result is useful because it gives us a way to show that
some vector fields are not the curl of any other field. To give this result a physical interpretation, recall that divergence of a
velocity field v at point P measures the tendency of the corresponding fluid to flow out of P. Since div curl (v) =0, the

net rate of flow in vector field curl(v) at any point is zero. Taking the curl of vector field F eliminates whatever divergence
was present in F.

Theorem 6.16: Divergence of the Curl

Let F= (P, O, R) be avector field in R3 such that the component functions all have continuous second-order
partial derivatives. Then, divcurl (F) =V -(V X F) = 0.

Proof

By the definitions of divergence and curl, and by Clairaut’s theorem,

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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divcurl F = div[(Ry — Q)i + (P, — Ry)j + (Qx — Py)K|
= Ryy— Qxz+ Pyo — Ryg+ Qux — Py
=0.

O

Example 6.55

Showing That a Vector Field Is Not the Curl of Another

Show that F(x, y, ) = e*i+ yzj + xz2K is not the curl of another vector field. That is, show that there is no
other vector G with curl G = F.

Solution

Notice that the domain of F is all of R> and the second-order partials of F are all continuous. Therefore, we
can apply the previous theorem to F.

The divergence of F is e* + z + 2xz. If F were the curl of vector field G, then div F = div curl G = 0. But, the
divergence of F is not zero, and therefore F is not the curl of any other vector field.

@ 6.45 s it possible for G(x, y, z) = ( sinx, cosy, sin(xyz) ) to be the curl of a vector field?
With the next two theorems, we show that if F is a conservative vector field then its curl is zero, and if the domain of F is
simply connected then the converse is also true. This gives us another way to test whether a vector field is conservative.

Theorem 6.17: Curl of a Conservative Vector Field
If F= (P, Q, R) isconservative, then curl F = 0.

Proof
Since conservative vector fields satisfy the cross-partials property, all the cross-partials of F are equal. Therefore,

curl F = (Ry— Q)i+ (P, — Ryj + (Qx— Py)k

=0.

O
The same theorem is true for vector fields in a plane.
Since a conservative vector field is the gradient of a scalar function, the previous theorem says that curl (Vf) =0 for any
scalar function f. In terms of our curl notation, V X V(f) = 0. This equation makes sense because the cross product of a

vector with itself is always the zero vector. Sometimes equation V X V(f) =0 is simplifiedas V X V = 0.

Theorem 6.18: Curl Test for a Conservative Field

Let F= (P, O, R) beavector field in space on a simply connected domain. If curl F = 0, then F is conservative.
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Proof

Since curl F =0, we have that Ry = Q,, P, =R,, and Q.= Py. Therefore, F satisfies the cross-partials property on
a simply connected domain, and Cross-Partial Property of Conservative Fields implies that F is conservative.

O

The same theorem is also true in a plane. Therefore, if F is a vector field in a plane or in space and the domain is simply
connected, then F is conservative if and only if curl F = 0.

Example 6.56

Testing Whether a Vector Field Is Conservative

Use the curl to determine whether F(x, y, z) = ( yz, xz, xy ) is conservative.

Solution

Note that the domain of F is all of R3 , which is simply connected (Figure 6.56). Therefore, we can test

whether F is conservative by calculating its curl.

Figure 6.56 The curl of vector field
F(x, y, 2) = ( yz, xz, xy ) is zero.

The curl of F is
0 .,v_0 fif(d.,, 0 i[O, _0 = (v — i — V)i — Ak =
(ayx azxz)l + (ayyz azxy)j + (ayxz aZyz)k x—0i+OG-Nj+E—-2k=0.

Thus, F is conservative.

We have seen that the curl of a gradient is zero. What is the divergence of a gradient? If f is a function of two variables,

then div(Vf) =V -(Vf) = fyx + fyy- We abbreviate this “double dot product” as V2. This operator is called the

Laplace operator, and in this notation Laplace’s equation becomes v? f = 0. Therefore, a harmonic function is a function
that becomes zero after taking the divergence of a gradient.

Similarly, if f is a function of three variables then
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div(Vf) =V -(Vf) = fxx+fyy + [z
Using this notation we get Laplace’s equation for harmonic functions of three variables:
V2f=0.

Harmonic functions arise in many applications. For example, the potential function of an electrostatic field in a region of
space that has no static charge is harmonic.

Example 6.57

Analyzing a Function

Is it possible for f(x, y) = x4 x— y to be the potential function of an electrostatic field that is located in a

region of R? free of static charge?

Solution

If f were such a potential function, then f would be harmonic. Note that fy, =2 and f,, =0, and so

Sxx + fyy # 0. Therefore, f is not harmonic and f cannot represent an electrostatic potential.

@ 6.46  [s it possible for function f(x, y) = x? - y2 + x to be the potential function of an electrostatic field

located in a region of R? free of static charge?
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6.5 EXERCISES

For the following exercises, determine whether the
statement is true or false.

206. If the coordinate functions of F: R® — R? have
continuous second partial derivatives, then curl (div(F))

equals zero.

207. V- -(xi+yj+zk)=1.

208. All vector fields of the form
F(x, v, 2) = f(x)i+ g(»)j + h(z)k are conservative.

209. If curl F =0, then F is conservative.

210. If F is a constant vector field then divF = 0.
211. If Fis a constant vector field then curl F = 0.
For the following exercises, find the curl of F.

212. F(x,y,z2) = xy224i + (2x2y + z)j + y322k
213. F(x, y,2) = x2zi+ y>xj + (v + 27k

214. F(x, y, 2) = 3xyz2i+ y?sinzj + xe*k
215. F(x,y,2) = x2 vzi + )cy2 Zj+ xyz2 k

216. F(x, y, 2) = (xcosy)i+ xyzj

217. F(x, v, 20 =(x—-y)i+(y—-2j+Z—xk
218. F(x,y,2) = xyzi+x2y212j +yzz3k

219. F(x, y, 2) = xyi + yzj + xzk

220. F(x,y,2) = i+ yzj +2%k

221. F(x, y, z) = axi + byj + ck for constants a, b, ¢

For the following exercises, find the divergence of F.

222. F(x, y,2) = x2zi+y2xj+ (v + 22k

223. F(x, y, 2) = 3xyz2i + y2sinzj + xe*°k
224. F(x, y) = (sinx)i + (cosy)j

225. F(x,y,2) =x%i+y2j+z°k
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226. F(x,y,29)=@—-yi+(y—-2j+(@—-xk

227. Fx,y)=—% —j+—2L
\/)c2+y2 \/)62+y2

228. F(x,y) =xi—yj

229. F(x, y, z) = axi+ byj + ck for constants qa, b, ¢
230. F(x, y, 7) = xyzi+ xzyzzzj + y2z3 k

231. F(x, y, 2) = xyi + yzj + xzk

For the following exercises, determine whether each of the
given scalar functions is harmonic.

232. u(x, y, z7) = e “(cosy — siny)

-1/2
233. w(x, y,z) = (x2 + y2 + Z2)

234, If F(x, y, 2) = 2i + 2xj + 3yk and
G(x, y, z) = xi — yj + zk, find curl (F x G).

235. If F(x, y, z) = 2i + 2xj + 3yk and
G(x, y, 2) =xi —yj+zk, find div(F X G).

236. Find divF, given that F=Vf, where
f@y, 2 =xy22%

237. Find the divergence of F for vector field
F(x, y,2) = (y2 + zz)(x +yi+ (22 + xz)(y +2)j+ (x2 + yz)(z + x)k.
238. Find the divergence of F for vector field
F(x, y, 2) = f1(0, i + fo(x, 2] + f3(x, y)k.

For the following exercises, use r = Ir| and r = (x, y, 2).

239. Find the curlr.

240. Find the curl L.

241. Find the curl %
r

242, Let F(x, y) = ——)211+xz,]’ where F is defined on
X" +y
{(x, ) € R|(x, y) # (0, 0)}. Find curl F.

For the following exercises, use a computer algebra system
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to find the curl of the given vector fields.
243. [T] F(x, y, 2) = arctan(%)i +In\x% +y%j+k

244, [T]
F(x, vy, 2) = sin(x — y)i + sin(y — 2)j + sin(z — x)k

For the following exercises, find the divergence of F at the
given point.

245. F(x,y,z=i+j+k at (2, -1, 3)

246. F(x, y, 2) = xyzi+yj+zk at (1, 2, 3)

247. F(x,y,2)=¢ "i+e¥j+ek at (3,2, 0)
248. F(x, v, z) = xyzi + yj+ zk at (1,2, 1)

249. F(x, v, 7) = e*sinyi — e“cosyj at (0, 0, 3)

For the following exercises, find the curl of F at the given
point.

250. F(x,y,z)=i+j+k at (2, -1, 3)

251. F(x,y,z) =xyzd+yj+xk at (1, 2, 3)
252. F(x,y,2)=¢ "i+e“j+e "k at(3,2,0)
253. F(x,y,20)=xyzi+yj+zk at(1,2,1)

254. F(x, y, z) = e*sinyi — e“cosyj at (0, 0, 3)

255. Let
F(x, y,2) = (3x2y + az)i + x3j + (3x + 3zz)k. For what

value of a is F conservative?

256. Given vector field F(x, y) = 5 1 2(—y, X) on
X"ty

i D= R _ 2
domain D = .07 = {(x, yE R |(x, v) # (0, 0)},

is F conservative?

257. Given vector field F(x, y) = 21 2()c, y) on
x°+

y

domain D = is F conservative?

R2
{0, O}’

258. Find the
F(x, y)=e¢ ’i—xe ”’j in moving an object from P(0, 1)

work done by force field

to Q(2, 0). Is the force field conservative?
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259. Compute
F = (sinh x)i + (cosh y)j — xyzk.

divergence

260. Compute curl F = (sinh x)i + (cosh y)j — xyzk.

For the following exercises, consider a rigid body that is
rotating about the x-axis counterclockwise with constant
angular velocity @ = (a, b, ¢ ). If P is a point in the

body located at r = xi + yj + zK, the velocity at P is given
by vector field F = w X r.

261. Express F in terms of i, j, and k vectors.

262. Find divF.
263. Find curl F

In the following exercises, suppose that V -F =0 and
V-G=0.

264. Does F + G necessarily have zero divergence?

265. Does F X G necessarily have zero divergence?

In the following exercises, suppose a solid object in R3

has a temperature distribution given by T'(x, y, z). The
heat flow vector field in the object is F = —kVT, where
k > 0 is a property of the material. The heat flow vector

points in the direction opposite to that of the gradient,
which is the direction of greatest temperature decrease.
The divergence of the heat flow vector is

V-F=—kV-VT = —kV>T.
266. Compute the heat flow vector field.

267. Compute the divergence.
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268. [T] Consider rotational velocity field
v= (0, 10z, =10y ) . If a paddlewheel is placed in

plane x+y+z =1 with its axis normal to this plane,

using a computer algebra system, calculate how fast the
paddlewheel spins in revolutions per unit time.
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6.6 | Surface Integrals

Learning Objectives

6.6.1 Find the parametric representations of a cylinder, a cone, and a sphere.

6.6.2 Describe the surface integral of a scalar-valued function over a parametric surface.
6.6.3 Use a surface integral to calculate the area of a given surface.

6.6.4 Explain the meaning of an oriented surface, giving an example.

6.6.5 Describe the surface integral of a vector field.

6.6.6 Use surface integrals to solve applied problems.

We have seen that a line integral is an integral over a path in a plane or in space. However, if we wish to integrate over
a surface (a two-dimensional object) rather than a path (a one-dimensional object) in space, then we need a new kind of
integral that can handle integration over objects in higher dimensions. We can extend the concept of a line integral to a
surface integral to allow us to perform this integration.

Surface integrals are important for the same reasons that line integrals are important. They have many applications to
physics and engineering, and they allow us to develop higher dimensional versions of the Fundamental Theorem of
Calculus. In particular, surface integrals allow us to generalize Green’s theorem to higher dimensions, and they appear in
some important theorems we discuss in later sections.

Parametric Surfaces

A surface integral is similar to a line integral, except the integration is done over a surface rather than a path. In this sense,
surface integrals expand on our study of line integrals. Just as with line integrals, there are two kinds of surface integrals: a
surface integral of a scalar-valued function and a surface integral of a vector field.

However, before we can integrate over a surface, we need to consider the surface itself. Recall that to calculate a scalar
or vector line integral over curve C, we first need to parameterize C. In a similar way, to calculate a surface integral over
surface S, we need to parameterize S. That is, we need a working concept of a parameterized surface (or a parametric
surface), in the same way that we already have a concept of a parameterized curve.

A parameterized surface is given by a description of the form
r(u, v) = { x(u, v), y(u, v), z(u, v) ) .

Notice that this parameterization involves two parameters, u and v, because a surface is two-dimensional, and therefore two
variables are needed to trace out the surface. The parameters u and v vary over a region called the parameter domain, or
parameter space—the set of points in the uv-plane that can be substituted into r. Each choice of u and v in the parameter
domain gives a point on the surface, just as each choice of a parameter t gives a point on a parameterized curve. The entire
surface is created by making all possible choices of u and v over the parameter domain.

Definition

Given a parameterization of surface r(u, v) = ( x(u, v), y(u, v), z(u, v) ), the parameter domain of the

parameterization is the set of points in the uv-plane that can be substituted into r.

Example 6.58

Parameterizing a Cylinder

Describe surface S parameterized by

r(u, v) = {cosu, sinu, v), —oo <u < oo, —0o <v< 00.
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Solution

To get an idea of the shape of the surface, we first plot some points. Since the parameter domain is all
of R?, we can choose any value for u and v and plot the corresponding point. If u =v =0, then
r(0,0)= (1,0,0), so point (1, 0, 0) is on S. Similarly, points r(z, 2)=(-1,0,2) and

r(%, 4) =(0, 1, 4) areon S.

Although plotting points may give us an idea of the shape of the surface, we usually need quite a few points to see
the shape. Since it is time-consuming to plot dozens or hundreds of points, we use another strategy. To visualize
S, we visualize two families of curves that lie on S. In the first family of curves we hold u constant; in the second
family of curves we hold v constant. This allows us to build a “skeleton” of the surface, thereby getting an idea of
its shape.

First, suppose that u is a constant K. Then the curve traced out by the parameterization is ( cos K, sinK, v ),

which gives a vertical line that goes through point (cos K, sin K, v) in the xy-plane.

Now suppose that v is a constant K. Then the curve traced out by the parameterization is { cosu, sinu, K ),
which gives a circle in plane z = K with radius 1 and center (0, 0, K).

If u is held constant, then we get vertical lines; if v is held constant, then we get circles of radius 1 centered around
the vertical line that goes through the origin. Therefore the surface traced out by the parameterization is cylinder

x%+y* =1 (Figure 6.57).

z z) z)
- S8
-+ t L
e 4 T N .
7 _‘_‘_--_‘_‘_‘_'_'_‘—‘b _‘_‘_‘_H_'_'_“‘—'—--
L] y o y ;é__-__ y
Vi
X T X T
(@) (b) ()
Figure 6.57 (a) Lines ( cosK, sinkK, v) for K =0, %, 7, and 37” (b) Circles { cosu, sinu, K ) for

K =-2, -1, 1, and 2. (c) The lines and circles together. As u and v vary, they describe a cylinder.

Notice that if x =cosu and y =sinu, then X%+ y2 =1, so points from S do indeed lie on the cylinder.
Conversely, each point on the cylinder is contained in some circle { cosu, sinu, k) for some k, and therefore

each point on the cylinder is contained in the parameterized surface (Figure 6.58).
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Figure 6.58 Cylinder X+ y2 = r? has parameterization
r(u, v) = (rcosu, rsinu, v),

0<u<2r, —o0o <v<oo.

Analysis
Notice that if we change the parameter domain, we could get a different surface. For example, if we restricted the
domainto 0 <u <7z, 0 <v <6, then the surface would be a half-cylinder of height 6.

6.47 Describe the surface with parameterization
r(u, v) = (2cosu,2sinu, v),0<u<2m —oo <v<oo.

It follows from Example 6.58 that we can parameterize all cylinders of the form X+ y2 =R% IfSisa cylinder given

by equation X+ y2 =R?, thena parameterization of S is
r(u, v) = (Rcosu, Rsinu,v),0<u<2r —00 <v< 0.

We can also find different types of surfaces given their parameterization, or we can find a parameterization when we are
given a surface.

Example 6.59

Describing a Surface

Describe surface S parameterized by

r(u, v) = {ucosv, usinv, uz),0§u<oo,0§v<2ﬂ.

Solution
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Notice that if u is held constant, then the resulting curve is a circle of radius u in plane z = u. Therefore, as u

increases, the radius of the resulting circle increases. If v is held constant, then the resulting curve is a vertical
parabola. Therefore, we expect the surface to be an elliptic paraboloid. To confirm this, notice that

(ucos v)2 + (u sin v)2

uZcos?v + u?sin?vy

u?

Z.

x2+y2

Therefore, the surface is elliptic paraboloid X+ y2 = z (Figure 6.59).

(@) (b)
Figure 6.59 (a) Circles arise from holding u constant; the vertical parabolas
arise from holding v constant. (b) An elliptic paraboloid results from all choices of
u and v in the parameter domain.

@ 6.48 Describe the surface parameterized by r(u, v) = (ucosv, usinv, u ), —oo <u < 00, 0 <v < 2x.

Example 6.60

Finding a Parameterization
Give a parameterization of the cone X+ y2 =72 lying on or above the plane z = —2.

Solution
The horizontal cross-section of the cone at height z = u is circle X+ y2 =u’. Therefore, a point on the
cone at height u has coordinates (u cosv, usinv, u) for angle v. Hence, a parameterization of the cone is

r(u, v) = {(ucosv, usiny, u ). Since we are not interested in the entire cone, only the portion on or above
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plane z = —2, the parameter domain is givenby —2 < u < 00, 0 < v < 2z (Figure 6.60).

Figure 6.60 Cone X+ y2 = z2 has parameterization

r(u, v) = (ucosv, usinv, u ), —oo <u<oo,0<v<2nm.

@ 6.49  Give a parameterization for the portion of cone X%+ y2 =72 lying in the first octant.

We have discussed parameterizations of various surfaces, but two important types of surfaces need a separate discussion:
spheres and graphs of two-variable functions. To parameterize a sphere, it is easiest to use spherical coordinates. The sphere
of radius p centered at the origin is given by the parameterization

r(p, )= ( pcosBsing, psinfsing, pcosp ), 0<0<2x, 0< p < 7.
The idea of this parameterization is that as ¢ sweeps downward from the positive z-axis, a circle of radius p sin ¢ is traced
out by letting € run from 0 to 27z. To see this, let ¢ be fixed. Then
x> +y% = (pcosOsin @)+ (psin Osin )’
= p2 sin? qﬂ(cos2 6 + sin? 9)
= p2 sin? ¢
= (p sin qb)2.

This results in the desired circle (Figure 6.61).
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Figure 6.61 The sphere of radius p has parameterization

r(¢, 0)= ( pcos@singp, psin@sing, pcose ),
0<0<L27, 0L ¢p <.

Finally, to parameterize the graph of a two-variable function, we first let z = f(x, y) be a function of two variables. The

simplest parameterization of the graph of f is r(x, y) = (x, y, f(x, ¥) ), where x and y vary over the domain of f

(Figure 6.62). For example, the graph of f(x, y) = x2y can be parameterized by r(x, y) = ( x, y, x2y ), where the
parameters x and y vary over the domain of f. If we only care about a piece of the graph of f —say, the piece of the graph

over rectangle [1, 3] X [2, 5]—then we can restrict the parameter domain to give this piece of the surface:
r(x, y) = (x,y,xzy), 1<x<3,2<y<5s.
Similarly, if S is a surface given by equation x = g(y, z) or equation y = h(x, z), then a parameterization of S is

r(y,2)= (g, 2),y,z) or r(x,z)= (x, h(x,z),z), respectively. For example, the graph of paraboloid

X+ 22
2
to vary over the entire domain of y because x and z are squared.

2y = ¥+ z2 can be parameterized by r(x, z) = ( x, ,2),0<x<00,0<7z< 00. Notice that we do not need
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Figure 6.62 The simplest parameterization of the graph of a
functionis r(x, y) = (x,y, f(x,y) ).

Let’s now generalize the notions of smoothness and regularity to a parametric surface. Recall that curve parameterization
r(t), a <t < b isregularif r'(f) # 0 forall tin [a, b]. For a curve, this condition ensures that the image of r really is

a curve, and not just a point. For example, consider curve parameterization r(f) = (1, 2 ), 0 <7 < 5. The image of this
parameterization is simply point (1, 2), which is not a curve. Notice also that r’(f) = 0. The fact that the derivative is
zero indicates we are not actually looking at a curve.

Analogously, we would like a notion of regularity for surfaces so that a surface parameterization really does trace out a
surface. To motivate the definition of regularity of a surface parameterization, consider parameterization

r(u,v)= (0,cosv,1),0<u<1,0<v<n
Although this parameterization appears to be the parameterization of a surface, notice that the image is actually a line

(Figure 6.63). How could we avoid parameterizations such as this? Parameterizations that do not give an actual surface?
Notice that r, = (0,0,0) and r,= (0, —sinv, 0 ), and the corresponding cross product is zero. The analog

of the condition r'(f) =0 is that r, X r, is not zero for point (u, v) in the parameter domain, which is a regular

parameterization.
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Figure 6.63 The image of parameterization
r(u,v)= (0,cosv,1),0<u<1,0<v<risaline.

Definition

Parameterization r(u, v) = ( x(u, v), y(u, v), z(u, v) ) is a regular parameterization if r, X r, is not zero for

point (u#, v) in the parameter domain.

If parameterization r is regular, then the image of r is a two-dimensional object, as a surface should be. Throughout this
chapter, parameterizations r(u, v) = { x(u, v), y(u, v), z(u, v) ) are assumed to be regular.

Recall that curve parameterization r(z), a <t < b is smooth if r’(¢) is continuous and r'(f) # 0 for all t in [a, b].

Informally, a curve parameterization is smooth if the resulting curve has no sharp corners. The definition of a smooth surface
parameterization is similar. Informally, a surface parameterization is smooth if the resulting surface has no sharp corners.

Definition

A surface parameterization r(u, v) = {( x(u, v), y(u, v), z(u, v) ) is smooth if vector r, X r, is not zero for any

choice of u and v in the parameter domain.

A surface may also be piecewise smooth if it has smooth faces but also has locations where the directional derivatives do
not exist.

Example 6.61

Identifying Smooth and Nonsmooth Surfaces

Which of the figures in Figure 6.64 is smooth?
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(@) (b)

Figure 6.64 (a) This surface is smooth. (b) This surface is piecewise smooth.

Solution
The surface in Figure 6.64(a) can be parameterized by

r(u, v) = { (2+cosv)cosu, (2+cosv)sinu, sinv),0<u<2z, 0<v<2xn

(we can use technology to verify). Notice that vectors

r,= (—(2+cosv)sinu, (2+cosv)cosu, 0) andr, = ( —sinvcosu, —sinvsinu, cosv )

exist for any choice of u and v in the parameter domain, and
i j k

r, Xr, —(2+cosv)sinu (2+cosv)cosu 0

—sinvcosu —sinvsinu  cosv
[(2 4+ cos v)cos u cos vii +[(2 + cos v)sin u cos vj

+[(2 + cos v)sinv sin%u + (24 cosv)sinv cos? u]k

=[(2 + cos v)cos u cos vfi +[(2 + cos v)sin u cos v]j + [(2 + cos v)sin vIk.

The k component of this vector is zero only if v=0 or v=x. If v=0 or v =7, then the only choices for u
that make the j component zero are ¥ = 0 or u = 7. But, these choices of u do not make the i component zero.
Therefore, r, X r, is not zero for any choice of u and v in the parameter domain, and the parameterization is

smooth. Notice that the corresponding surface has no sharp corners.

In the pyramid in Figure 6.64(b), the sharpness of the corners ensures that directional derivatives do not exist at
those locations. Therefore, the pyramid has no smooth parameterization. However, the pyramid consists of four
smooth faces, and thus this surface is piecewise smooth.

@ 6.50 s the surface parameterization r(u, v) = (u?’, v+ 1,sinu),0<u<2,0<v <3 smooth?

Surface Area of a Parametric Surface

Our goal is to define a surface integral, and as a first step we have examined how to parameterize a surface. The second step
is to define the surface area of a parametric surface. The notation needed to develop this definition is used throughout the
rest of this chapter.
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Let S be a surface with parameterization r(u, v) = { x(&, v), y(u, v), z(u, v) ) over some parameter domain D. We
assume here and throughout that the surface parameterization r(u, v) = { x(u, v), y(u, v), z(u, v) ) is continuously

differentiable—meaning, each component function has continuous partial derivatives. Assume for the sake of simplicity
that D is a rectangle (although the following material can be extended to handle nonrectangular parameter domains). Divide
rectangle D into subrectangles D;; with horizontal width Ax and vertical length Av. Suppose that i ranges from 1 to

m and j ranges from 1 to n so that D is subdivided into mn rectangles. This division of D into subrectangles gives a
corresponding division of surface S into pieces S; - Choose point P;; in each piece S;;. Point P;; corresponds to point

(u;, v j) in the parameter domain.

Note that we can form a grid with lines that are parallel to the u-axis and the v-axis in the uv-plane. These grid lines
correspond to a set of grid curves on surface S that is parameterized by r(x, v). Without loss of generality, we assume

that P;; is located at the corner of two grid curves, as in Figure 6.65. If we think of r as a mapping from the uv-plane to

R3 , the grid curves are the image of the grid lines under r. To be precise, consider the grid lines that go through point
(u;, v j)- One line is given by x = u;, y = v; the other is given by x =u, y =v - In the first grid line, the horizontal
component is held constant, yielding a vertical line through (u;, v ). In the second grid line, the vertical component is held
constant, yielding a horizontal line through (u;, v;). The corresponding grid curves are r(u;, v) and r(x, v;), and these

curves intersect at point P; .

vy

D, %

Ay r
Au

/ 0

7
w ¥) 3 /

Figure 6.65 Grid lines on a parameter domain correspond to grid curves on a surface.

o

Now consider the vectors that are tangent to these grid curves. For grid curve r(u;, v), the tangent vector at P; j is
Py =roluisvy) = Cooluen vi) (i vh 2o fuiev))) -

For grid curve r(u, v;), the tangent vector at P;; is
tu(Pyj) = ru(i vj) = Cxulu v)) vulus vi) zu(us v)) -

If vector N = tu(Pl»j) X tv(Pl-j) exists and is not zero, then the tangent plane at P;; exists (Figure 6.66). If piece S;; is

small enough, then the tangent plane at point P; jisa good approximation of piece S; -
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o

Figure 6.66 If the cross product of vectors t, and t, exists, then there is a

tangent plane.

The tangent plane at P; ; contains vectors t, (P ) and t, (P ; j)’ and therefore the parallelogram spanned by t, (P ) and

ij ij

t, (P i J-) is in the tangent plane. Since the original rectangle in the uv-plane corresponding to §;; has width Au and length
Av, the parallelogram that we use to approximate §; j is the parallelogram spanned by Autu(Pi j) and Avt, (Pt- j)~ In

other words, we scale the tangent vectors by the constants Au and Av to match the scale of the original division of
rectangles in the parameter domain. Therefore, the area of the parallelogram used to approximate the area of §; j is

Varying point P;; over all pieces §; j and the previous approximation leads to the following definition of surface area of a

parametric surface (Figure 6.67).

tAv

Figure 6.67 The parallelogram spanned by t, and t,

approximates the piece of surface S; -

Definition

Let r(u, v) = ( x(u, v), y(u, v), z(u, v) ) with parameter domain D be a smooth parameterization of surface S.

Furthermore, assume that S is traced out only once as (u, v) varies over D. The surface area of S is

h _ (9x 9y 0 i dx 9y 0
where tu ( 014’ OZ’ ()li > tv < av’ 03))’ a\Z; > °

Example 6.62
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Calculating Surface Area

Calculate the lateral surface area (the area of the “side,” not including the base) of the right circular cone with
height h and radius r.

Solution

Before calculating the surface area of this cone using Equation 6.18, we need a parameterization. We assume
this cone isin R> with its vertex at the origin (Figure 6.68). To obtain a parameterization, let a be the angle
that is swept out by starting at the positive z-axis and ending at the cone, and let k = tan a. For a height value v
with 0 <v < h, the radius of the circle formed by intersecting the cone with plane z = v is kv. Therefore, a

parameterization of this cone is
s(u, v) = (kvcosu, kvsinu, v),0<u<2r,0<v<h.
The idea behind this parameterization is that for a fixed v value, the circle swept out by letting u vary is the circle

at height v and radius kv. As v increases, the parameterization sweeps out a “stack” of circles, resulting in the
desired cone.

X y
Figure 6.68 The right circular cone with radius r = kh and
height h has parameterization

s(u, v) = {(kvcosu, kvsinu,v),0<u<2x 0<v<h

With a parameterization in hand, we can calculate the surface area of the cone using Equation 6.18. The tangent
vectors are t, = ( —kvsinu, kvcosu, 0) and t, = ( kcosu, ksinu, 1 ). Therefore,

i ik
ty Xt, =|—kvsinu kvcosu 0

kcosu ksinu 1

2

( kv cos u, kv sin u, —k%vsinu — k*vcos®u )

( kv cos u, kv sin u, —k%y ).

The magnitude of this vector is
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I ( kvcosu, kvsinu, k2 Y= szvzcoszu +k2v2sin?u + k*v?
=Vk%v? + k*y?
= kv\1 + k%

By Equation 6.18, the surface area of the cone is

h .2«
— 2
Tyitexttaa = [ [ et + iCdudy
h
=2nk\/u7/0vdv

h

2
= 27k\1 + k2| %]o
= 7kh?\1 + k2.

Since k =tana = r/h,

2
akh?\1 + k%2 = nihﬂ/l +#

arhl1 +
h

2
= anﬂ + hz(’—z)
h
aVh? + 2,

Therefore, the lateral surface area of the cone is arVh? + 2.

~
NS I

Analysis
The surface area of a right circular cone with radius r and height h is usually given as xr? + nr'\h? + r%. The

reason for this is that the circular base is included as part of the cone, and therefore the area of the base ar? is

added to the lateral surface area Jrr\/h2 + 2 that we found.

6.51 Find the surface area of the surface with parameterization
r(u,v) = {(u+v, uz, 2v),0<u<3,0<v<2.

Example 6.63

Calculating Surface Area

Show that the surface area of the sphere X+ y2 +z22=r%is 4nr’.
Solution

The sphere has parameterization
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(rcos@sing, rsin@sing, rcos¢p ), 0<0<2n,0<¢p < x.

The tangent vectors are

tg= (—rsinfsing, rcosfsing, 0) andt, = (rcos@cos e, rsinfcos¢, —rsing ) .

Therefore,

( r2cos @ sin2¢, r? sin 6 sin? @, r?sin” 0 sin ¢ cos @+ r?cos?0sin ¢cosg)

ty Xty

( r*cos Osin® ¢, r’sin@sin’ ¢, risingcos e ) .

Now,

[ ty Xty = \/r4 sin4¢00529 +r4 sin4¢ sin?@ + r sin2¢ cos2¢

= \/r4 sin4(/> +r4 sin2¢ cos2¢
r? sin2¢
rsin ¢.

Notice that sin¢ >0 on the parameter domain because 0 < ¢ <z, and this justifies equation

sin? ¢ = sin ¢». The surface area of the sphere is

2n @ 2n
f / r?sin pdpdo = r? / 2d0 = 4nr?.
0 0 0

We have derived the familiar formula for the surface area of a sphere using surface integrals.

=7 6.52  Show that the surface area of cylinder X+ y2 =72, 0<z<h is 2zrh. Notice that this cylinder does

not include the top and bottom circles.

In addition to parameterizing surfaces given by equations or standard geometric shapes such as cones and spheres, we can
also parameterize surfaces of revolution. Therefore, we can calculate the surface area of a surface of revolution by using the
same techniques. Let y = f(x) > 0 be a positive single-variable function on the domain a < x < b and let S be the surface

obtained by rotating f about the x-axis (Figure 6.69). Let € be the angle of rotation. Then, S can be parameterized with

parameters x and 6 by

r(x, 0) = (x, f(x)cos @, f(x)sinf),a<x<b,0<x<2r.
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f(x)

(a) (b)
Figure 6.69 We can parameterize a surface of revolution by

r(x, 0) = {(x, f(x)cos 0, f(x)sin@), a<x<bh, 0<x<2n.

Example 6.64

Calculating Surface Area

Find the area of the surface of revolution obtained by rotating y = x%, 0 <x<b about the x-axis (Figure
6.70).
Yi

Figure 6.70 A surface integral can be used to calculate the
surface area of this solid of revolution.

Solution

This surface has parameterization

r(x, 0) = {x, x*cos @, x*sin@),0<x<h,0<x<2r.
The tangent vectors are t, = ( 1, 2xcos#, 2xsin# ) andty= (0, —x2sin 0, —x2cos @ ) . Therefore,

te Xty = ( 2x3cos26 + 2x3 sin2t9, —x2cos 0, —x%sin@ )

( 2x3, —x2cos 0, —x2sin @ )
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and

ty Xty = V4x6 +x*cos?0 + x*sin?0
= \4x6 + x*
= x> V4x? + 1.

The area of the surface of revolution is

b .m b
/0 /0 22 \4x? + 1dodx = 27[/0 x2V4x? + 1dx

_27z[ (Zm( )sinh_l(Zx))]b
_ 2,,[ (2W (8193 +b)s1nh 1(21?))]

6.53 Use Equation 6.18 to find the area of the surface of revolution obtained by rotating curve
y=sinx, 0 < x <z about the x-axis.

Surface Integral of a Scalar-Valued Function

Now that we can parameterize surfaces and we can calculate their surface areas, we are able to define surface integrals. First,
let’s look at the surface integral of a scalar-valued function. Informally, the surface integral of a scalar-valued function is an
analog of a scalar line integral in one higher dimension. The domain of integration of a scalar line integral is a parameterized
curve (a one-dimensional object); the domain of integration of a scalar surface integral is a parameterized surface (a two-
dimensional object). Therefore, the definition of a surface integral follows the definition of a line integral quite closely. For
scalar line integrals, we chopped the domain curve into tiny pieces, chose a point in each piece, computed the function at
that point, and took a limit of the corresponding Riemann sum. For scalar surface integrals, we chop the domain region (no
longer a curve) into tiny pieces and proceed in the same fashion.

Let S be a piecewise smooth surface with parameterization r(u, v) = {( x(u, v), y(u, v), z(u, v) ) with parameter domain
D and let f(x, y, z) be a function with a domain that contains S. For now, assume the parameter domain D is a rectangle,

but we can extend the basic logic of how we proceed to any parameter domain (the choice of a rectangle is simply to make
the notation more manageable). Divide rectangle D into subrectangles D;; with horizontal width Au and vertical length

Av. Suppose that i ranges from 1 to m and j ranges from 1 to n so that D is subdivided into mn rectangles. This division
of D into subrectangles gives a corresponding division of S into pieces §;;. Choose point P;; in each piece §;;, evaluate

; at f, and multiply by area AS;; to form the Riemann sum

To define a surface integral of a scalar-valued function, we let the areas of the pieces of S shrink to zero by taking a limit.

i M§

Definition

The surface integral of a scalar-valued function of f over a piecewise smooth surface S is

fff(x Vs Z)dS— hm Z Z f l]

1—1]—1
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Again, notice the similarities between this definition and the definition of a scalar line integral. In the definition of a line
integral we chop a curve into pieces, evaluate a function at a point in each piece, and let the length of the pieces shrink to
zero by taking the limit of the corresponding Riemann sum. In the definition of a surface integral, we chop a surface into
pieces, evaluate a function at a point in each piece, and let the area of the pieces shrink to zero by taking the limit of the
corresponding Riemann sum. Thus, a surface integral is similar to a line integral but in one higher dimension.

The definition of a scalar line integral can be extended to parameter domains that are not rectangles by using the same logic
used earlier. The basic idea is to chop the parameter domain into small pieces, choose a sample point in each piece, and so
on. The exact shape of each piece in the sample domain becomes irrelevant as the areas of the pieces shrink to zero.

Scalar surface integrals are difficult to compute from the definition, just as scalar line integrals are. To develop a method
that makes surface integrals easier to compute, we approximate surface areas AS;; with small pieces of a tangent plane,

just as we did in the previous subsection. Recall the definition of vectors t, and t,:

— (9x 9y 0z = (9x 9y 0z
tu = ( ou’ du’ du ) andt, = ¢ ov’ 0v’ dv )
From the material we have already studied, we know that

ASij ~ | tM(Pij)X tv(Pij) || AuAv.

Therefore,
nm n
J @y, 9dS ~  lim W_Zl -21 SP) I ta(Pyj)x tu(Pyy) 1| Audsy.
i=1j=
1 n
This approximation becomes arbitrarily close to m }lirg o '21 Z f(P i j)AS ij as we increase the number of pieces §; T by
=1 =
letting m and n go to infinity. Therefore, we have the following equation to calculate scalar surface integrals:
TSy, dS =[] f@x(, ) |l tu X t, || dA. (6.19)
D

Equation 6.19 allows us to calculate a surface integral by transforming it into a double integral. This equation for surface
integrals is analogous to Equation 6.20 for line integrals:

b
[y, ads = [ e v o |

In this case, vector t, X t,, is perpendicular to the surface, whereas vector r’(f) is tangent to the curve.

Example 6.65

Calculating a Surface Integral

Calculate surface integral //SSdS, where S is the surface with parameterization r(u, v) = ( u, uz, v ) for

O0<u<2and 0<v<u.

Solution

Notice that this parameter domain D is a triangle, and therefore the parameter domain is not rectangular. This
is not an issue though, because Equation 6.19 does not place any restrictions on the shape of the parameter
domain.

To use Equation 6.19 to calculate the surface integral, we first find vector t, and t,. Note that
t,= (1,2u,0) and t,= (0,0, 1) . Therefore,
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and

6, xt, || =V1+4u>

By Equation 6.19,

Jsds =5 [ ul1 +4u’dA
2 U 2
=5/ [ 1+ alavdu=5 [ w1 +audu
0“0 0

2
(1+ 4142)3/2 5(17°2 - 1)

B 3 0~ 3

~ 115.15.

Example 6.66

Calculating the Surface Integral of a Cylinder

Calculate surface integral ffs(x + yz)dS, where S is cylinder X%+ y2 =4,0<z<3 (Figure 6.71).

z

X

y
Figure 6.71 Integrating function f(x, y, 7) = x + y2 over a
cylinder.

Solution

To calculate the surface integral, we first need a parameterization of the cylinder. Following Example 6.58, a
parameterization is

r(u, v) = {(cosu,sinu, v),0<u<2z, 0<v<3.
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The tangent vectors are t, = (sinu, cosu, 0) and t, = (0,0, 1 ). Then,

i j ok
ty Xty =|—sinu cosu 0= (cosu,sinu, 0)
0 0 1

and | t, xt, || =Vcos?u+sin’u = 1. By Equation 6.19,

Jf e, v dS = [ e, v) Il tu x t, 1| dA
3 2r
_ 02
—/0/0 (cosu+s1n u)dudv
2r 3

3 .
_ . u  sin(2u) _ _
—fo[smu+—— 1 ]O dv—foﬂdv—?m.

2

@ 6.54 Calculate //S(xz—z)dS, where S is the surface with parameterization

r(u, v) = (v,u2+v2,1),0§u§2,0§v§3.

Example 6.67

Calculating the Surface Integral of a Piece of a Sphere

. 2 . . .
Calculate surface integral // Sf (x, ¥, 2)dS, where f(x, y, z) =z~ and S is the surface that consists of the piece

of sphere 2+ y2 + 2% =4 that lies on or above plane z =1 and the disk that is enclosed by intersection plane

z =1 and the given sphere (Figure 6.72).

Figure 6.72 Calculating a surface integral over surface S.

Solution
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Notice that S is not smooth but is piecewise smooth; S can be written as the union of its base §; and its

spherical top S,, andboth S, and S, are smooth. Therefore, to calculate /fszz dS, we write this integral as

/fS]ZZ as+ //S2Z2 dS and we calculate integrals //SIZZ dS and //SZZZ ds.

First, we calculate //S z2dS. To calculate this integral we need a parameterization of §;. This surface is a
1

disk in plane z =1 centered at (0, 0, 1). To parameterize this disk, we need to know its radius. Since the
disk is formed where plane z =1 intersects sphere X2+ y2 +2z2 =4, we can substitute z =1 into equation
Pyt =4
x2+y2+1 =4:>x2+y2=3.
Therefore, the radius of the disk is V3 and a parameterization of S, s
r(u, v) = (ucosv, usinv, 1 ),0<u<V3,0<v <2z The tangent vectors are t, = ( cosv, sinv, 0)
and t, = ( —usinv, ucosv, 0 ), and thus
i j Kk
t, Xt,=| cosy sinv 0= (0,0, ucoszv+usin2v) = (0,0, u).

—usinv ucosv 0

The magnitude of this vector is u. Therefore,

V3 2x
2 _
J; 2 as _fo /0 £, W) [l tu Xty || dvdu

= foﬁ/()z”udvdu
= 2ﬂ/()%udu

=27\3.

Now we calculate //S dS. To calculate this integral, we need a parameterization of S,. The parameterization
2

of full sphere )cz+y2+z2 =4 is
r(, 0)= (2cosfsin¢, 2sinfsing, 2cos¢p ), 0<0<27,0<¢p <.

Since we are only taking the piece of the sphere on or above plane z =1, we have to restrict the domain of ¢.

To see how far this angle sweeps, notice that the angle can be located in a right triangle, as shown in Figure 6.73
(the V3 comes from the fact that the base of S is a disk with radius V3). Therefore, the tangent of ¢ is V3,

which implies that ¢ is #/6. We now have a parameterization of S, :

r(, 0) = (2cos@sing, 2sinfsing, 2cos¢p ), 0<0 <2x, 0 < ¢p < x/3.
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z

(0,0,2) e

(0,0, 1) ]

Point on sphere

Figure 6.73 The maximum value of ¢ has a tangent value of

V3.

The tangent vectors are

and thus

i J k
2cosfcos¢ 2sinfcos¢p —2sing
—2sin@sin¢ 2 cosfsin ¢ 0

ty Xty

(4cosOsin®¢p, 4sinOsin’ ¢, 4 cos Ppsing ) .

The magnitude of this vector is

t¢= (2cos@cos¢, 2sinfcos¢, —2sing ) andty= ( —2sinfsin¢, ucosfsing, 0),

( 4cos93in2¢, 4sin0sin2¢, 4cos2900s¢ sin ¢ +4sin29005¢ sing )

= 4\/sin4 ¢+ cosqu sinzg/).

Therefore,

76 .21
Tozas = [ [ 1@ o, xtol avdg
76 .21
- fo /O 16 cos? g\sin® ¢ + cos? ¢ sin2 ¢d6 dep
/6
= 327[/0 cos2¢Vsin4¢ + coszzﬁ sin2¢ d¢

/6

= 327[/0 cos2¢ sin d)\/sinzqﬁ + cosqu d¢

/6

- 327sz cos? ¢ sin ¢ dp

/6

3
B _cos’p| l_ﬁ]_ﬂ_
_327r[ > ]o _32;{3 S|=322 413,

Since ffSZZdS = ffslzzdS + //SZZZdS’ we have //SzzdS =Qr—4\3+ 327”

Ity xtyll =116cos?dsin* ¢+ 16sin’Osin* § + 16 cos® ¢ sin’ ¢
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Analysis

In this example we broke a surface integral over a piecewise surface into the addition of surface integrals over
smooth subsurfaces. There were only two smooth subsurfaces in this example, but this technique extends to
finitely many smooth subsurfaces.

@ 6.55 Calculate line integral ffs(x —)dS, where S is cylinder x>+ y>=1,0<z<?2, including the

circular top and bottom.

Scalar surface integrals have several real-world applications. Recall that scalar line integrals can be used to compute the
mass of a wire given its density function. In a similar fashion, we can use scalar surface integrals to compute the mass of
a sheet given its density function. If a thin sheet of metal has the shape of surface S and the density of the sheet at point

(x, ¥, 2) is p(x, v, 2), then mass m of the sheet is m = ffSp(x, v, 2)dS.

Example 6.68

Calculating the Mass of a Sheet

A flat sheet of metal has the shape of surface z=1+ x+ 2y that lies above rectangle 0 < x <4 and

0 <y < 2. If the density of the sheet is given by p(x, y, 2) = x? ¥z, what is the mass of the sheet?

Solution

Let S be the surface that describes the sheet. Then, the mass of the sheet is given by m = //Sx2 yzdS.

To compute this surface integral, we first need a parameterization of S. Since S is given by the function
f(x, y) =1+ x+ 2y, aparameterizationof Sis r(x, y)= (x, y, 1 +x+2y),0<x<4,0<y<2.

The tangent vectors are t,= (1,0, 1) and ty= (1,0,2). Therefore, t, X ty, = (-1,-2,1) and
|l ty Xty || = V6. By Equation 6.5,
m = /fsxzyz ds

4 .2
=\/5/0/0x2y(1+x+2y)dydx

4., 2
—vg /[ 22x~ 3
= 6/0 3 + 2x7 dx

_ 2560V6
9

~ 696.74.

6.56 A piece of metal has a shape that is modeled by paraboloid z = X2+ y2, 0 <z <4, and the density of
the metal is given by p(x, y, z) = z+ 1. Find the mass of the piece of metal.

Orientation of a Surface

Recall that when we defined a scalar line integral, we did not need to worry about an orientation of the curve of integration.
The same was true for scalar surface integrals: we did not need to worry about an “orientation” of the surface of integration.
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On the other hand, when we defined vector line integrals, the curve of integration needed an orientation. That is, we
needed the notion of an oriented curve to define a vector line integral without ambiguity. Similarly, when we define a
surface integral of a vector field, we need the notion of an oriented surface. An oriented surface is given an “upward” or
“downward” orientation or, in the case of surfaces such as a sphere or cylinder, an “outward” or “inward” orientation.

Let S be a smooth surface. For any point (x, y, z) on S, we can identify two unit normal vectors N and —N. If it is
possible to choose a unit normal vector N at every point (x, ¥, z) on S so that N varies continuously over S, then S is

“orientable.” Such a choice of unit normal vector at each point gives the orientation of a surface S. If you think of the
normal field as describing water flow, then the side of the surface that water flows toward is the “negative” side and the side
of the surface at which the water flows away is the “positive” side. Informally, a choice of orientation gives S an “outer”
side and an “inner” side (or an “upward” side and a “downward” side), just as a choice of orientation of a curve gives the
curve “forward” and “backward” directions.

Closed surfaces such as spheres are orientable: if we choose the outward normal vector at each point on the surface of the
sphere, then the unit normal vectors vary continuously. This is called the positive orientation of the closed surface (Figure
6.74). We also could choose the inward normal vector at each point to give an “inward” orientation, which is the negative
orientation of the surface.

Figure 6.74 An oriented sphere with positive orientation.

A portion of the graph of any smooth function z = f(x, y) is also orientable. If we choose the unit normal vector that

points “above” the surface at each point, then the unit normal vectors vary continuously over the surface. We could also
choose the unit normal vector that points “below” the surface at each point. To get such an orientation, we parameterize
the graph of f in the standard way: r(x, y) = (x, y, f(x, y) ), where x and y vary over the domain of f. Then,

ty= (1,0, fr) and t,= (0, 1, f; ), and therefore the cross product t, x t, (which is normal to the surface at
any point on the surface) is ( —fy, —f), 1 ) . Since the z component of this vector is one, the corresponding unit normal
vector points “upward,” and the upward side of the surface is chosen to be the “positive” side.

Let S be a smooth orientable surface with parameterization r(u, v). For each point r(a, b) on the surface, vectors t, and
t, lie in the tangent plane at that point. Vector t, X t,, is normal to the tangent plane at r(a, b) and is therefore normal to
S at that point. Therefore, the choice of unit normal vector

t, X t,

N=—uXly
It Xt |l

gives an orientation of surface S.
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Example 6.69

Choosing an Orientation

Give an orientation of cylinder x?+ y2 =r2,0<z<h.

Solution
This surface has parameterization
r(u,v)= {(rcosu, rsinu,v),0<u<2r, 0<v<h
The tangent vectors are t, = ( —rsinu, rcosu, 0) and t,= (0,0, 1). To get an orientation of the
surface, we compute the unit normal vector

ty X t
N=— Xl
Ity xt |

In this case, t, Xt, = (rcosu, rsinu, 0 ) and therefore

| t, xt, | = \/rzcos2u+ rsinu =r.

An orientation of the cylinder is

{(rcosu, rsinu, 0)
r

N(u, v) = = (cosu,sinu, 0).

Notice that all vectors are parallel to the xy-plane, which should be the case with vectors that are normal to the
cylinder. Furthermore, all the vectors point outward, and therefore this is an outward orientation of the cylinder

(Figure 6.75).

Outward-pointing
normal

i ————_—
Figure 6.75 If all the vectors normal to a cylinder point
outward, then this is an outward orientation of the cylinder.

@ 6.57 Give the “upward” orientation of the graph of f(x, y) = xy.

Since every curve has a “forward” and “backward” direction (or, in the case of a closed curve, a clockwise and
counterclockwise direction), it is possible to give an orientation to any curve. Hence, it is possible to think of every curve
as an oriented curve. This is not the case with surfaces, however. Some surfaces cannot be oriented; such surfaces are called
nonorientable. Essentially, a surface can be oriented if the surface has an “inner” side and an “outer” side, or an “upward”
side and a “downward” side. Some surfaces are twisted in such a fashion that there is no well-defined notion of an “inner”
or “outer” side.

The classic example of a nonorientable surface is the Mabius strip. To create a Mobius strip, take a rectangular strip of paper,
give the piece of paper a half-twist, and the glue the ends together (Figure 6.76). Because of the half-twist in the strip, the
surface has no “outer” side or “inner” side. If you imagine placing a normal vector at a point on the strip and having the
vector travel all the way around the band, then (because of the half-twist) the vector points in the opposite direction when it
gets back to its original position. Therefore, the strip really only has one side.
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B D
o
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F TS 3 F > AR
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Figure 6.76 The construction of a Mgbius strip.

Since some surfaces are nonorientable, it is not possible to define a vector surface integral on all piecewise smooth surfaces.
This is in contrast to vector line integrals, which can be defined on any piecewise smooth curve.

Surface Integral of a Vector Field

With the idea of orientable surfaces in place, we are now ready to define a surface integral of a vector field. The definition
is analogous to the definition of the flux of a vector field along a plane curve. Recall that if F is a two-dimensional vector
field and C is a plane curve, then the definition of the flux of F along C involved chopping C into small pieces, choosing a
point inside each piece, and calculating F - N at the point (where N is the unit normal vector at the point). The definition of
a surface integral of a vector field proceeds in the same fashion, except now we chop surface S into small pieces, choose a
point in the small (two-dimensional) piece, and calculate F-N at the point.

To place this definition in a real-world setting, let S be an oriented surface with unit normal vector N. Let v be a velocity
field of a fluid flowing through S, and suppose the fluid has density p(x, y, z). Imagine the fluid flows through S, but S is

completely permeable so that it does not impede the fluid flow (Figure 6.77). The mass flux of the fluid is the rate of mass
flow per unit area. The mass flux is measured in mass per unit time per unit area. How could we calculate the mass flux of
the fluid across S?

Figure 6.77 Fluid flows across a completely permeable
surface S.

The rate of flow, measured in mass per unit time per unit area, is pN. To calculate the mass flux across S, chop S into

small pieces §; - If S; j is small enough, then it can be approximated by a tangent plane at some point P in §; - Therefore,
the unit normal vector at P can be used to approximate N(x, y, z) across the entire piece S;;, because the normal vector
to a plane does not change as we move across the plane. The component of the vector pv at P in the direction of N is

pv-N at P. Since S;; is small, the dot product pv-N changes very little as we vary across S;;, and therefore pv-N

ij
can be taken as approximately constant across S;;. To approximate the mass of fluid per unit time flowing across S;;

(and not just locally at point P), we need to multiply (pv-N)(P) by the area of §; - Therefore, the mass of fluid per unit



778 Chapter 6 | Vector Calculus

time flowing across §;; in the direction of N can be approximated by (pv-N)AS,;, where N, p, and v are all evaluated

ij
at P (Figure 6.78). This is analogous to the flux of two-dimensional vector field F across plane curve C, in which we
approximated flux across a small piece of C with the expression (F-N)As. To approximate the mass flux across S, form

m n 1 n
the sum Z Z (pv-NJAS;;. Aspieces S;; get smaller, the sum Z Z (pv-NJAS;; gets arbitrarily close to the mass
i=lj=1 i=1j=1

flux. Therefore, the mass flux is
n n
Jpv-Nds = lim OO'ZI Zl (pv-NIAS,;
i=1j=

This is a surface integral of a vector field. Letting the vector field pv be an arbitrary vector field F leads to the following

definition.
X
Figure 6.78 The mass of fluid per unit time flowing across S; i
in the direction of N can be approximated by (pv - N)AS; 1
Definition

Let F be a continuous vector field with a domain that contains oriented surface S with unit normal vector N. The
surface integral of F over S is

JJE-as =[] F-Nas. (6.20)

Notice the parallel between this definition and the definition of vector line integral f CF -Nds. A surface integral of a

vector field is defined in a similar way to a flux line integral across a curve, except the domain of integration is a surface (a
two-dimensional object) rather than a curve (a one-dimensional object). Integral ffSF -NdS is called the flux of F across

S, just as integral / CF -Nds is the flux of F across curve C. A surface integral over a vector field is also called a flux

integral.

Just as with vector line integrals, surface integral ffSF -NdS is easier to compute after surface S has been parameterized.

Let r(u, v) be a parameterization of S with parameter domain D. Then, the unit normal vector is given by

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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N = by Xty and, from Equation 6.20, we have
| t, xt, |
ffSF-NdS = //SF-NdS
t, Xt,
= —dS
// Il t, xt, |
= J (F(r(u v))~¢)t xt, || dA
D ’ Il t, Xty |l Y

J(E Qe v) - (t, X t,))dA.

Therefore, to compute a surface integral over a vector field we can use the equation

//SF -NdS = //D(F(r(u, V)« (t, X t,)dA. (6.22)
Example 6.70
Calculating a Surface Integral

Calculate the surface integral ffSF -NdS, where F= ( —y, x, 0) and S is the surface with parameterization

r(u, v) = (u,vz—u,u+v),0$u<3,0$v$4.

Solution
The tangent vectors are t, = (1, —1, 1) and t,= (0, 2v, 1 ). Therefore,

t, xXt,= (—=1-2v, —1,2v).

By Equation 6.21,
[F-as = [ ' / B, v) -ty X t)dudy
—ff (u=v2u,0) - (—1-2v, =1, 2v) dudv
- / f [( = v2)=1 = 2v) — ufdudy
_ff 23 4y —2uv—2u)dudv

—/ 23u+v u—vuz—uz]odv

= /;) (6\13 +3v2 -9y — 9)dv

4
_[3*, 3_92_
—[2 +v > 9v]0
= 340.

Therefore, the flux of F across S is 340.

@ 6.58 Calculate surface integral ffSF -dS, where F = (0, —z, y) andS is the portion of the unit sphere

in the first octant with outward orientation.
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Example 6.71

Calculating Mass Flow Rate

Let v(x, y,z) = (2x, 2y, z) represent a velocity field (with units of meters per second) of a fluid with

constant density 80 kg/m>. Let S be hemisphere X+ y2 +2z2=9 with z> 0 such that S is oriented outward.

Find the mass flow rate of the fluid across S.

Solution
A parameterization of the surface is
r(, 0)= (3 cosfsing, 3sinfsing, 3cos¢ ), 0<0 <27, 0< ¢ < n/2.

As in Example 6.64, the tangent vectors are
ty ( —3sinfsin¢, 3cosfsing, 0) and t (3cosfcos¢, 3sinfcosp, —3sing ),

and their cross product is

ty Xty= (9 cos @sin’¢p, 9sinOsin’ ¢, 9singcosg ) .

Notice that each component of the cross product is positive, and therefore this vector gives the outward
orientation. Therefore we use the orientation N = ( 9cos@ sin2¢, 9 sianinng, 9singpcos¢p ) for the

sphere.
By Equation 6.20,
71'/2

Jpv-ds _80/ f )- (£ X toldpdd

”/2 6 cos @ sin ¢, 6 sin & sin ¢, 3 cos
—80/ / ( b, ?, ¢)

- | 9cos051n2¢ 9s1n9s1n2¢ 9sin¢cos ¢ ) dppdo
/2

= 80/ / 54 sin ¢ +27 cos2¢ sin ¢pd¢pd0o

= 80/ f 54 1 — cos? ¢)sin ¢+27 cos2¢ sin ¢pdepdo

/2

- 80 f f 54 sin ¢ — 27 cos? ¢ sin dpd6)
¢=2n
- 80/0 [—54 cos ¢ +9cos b, _ do
2r
=80/ 4540 = 7200x.
0

Therefore, the mass flow rate is 72007z kg/sec/mz.

6.59  Let v(x, y,2) = ( X%+ yz, z, 4y ) m/sec represent a velocity field of a fluid with constant density
100 kg/m3. Let S be the half-cylinder r(u, v) = { cosu, sinu, v),0<u <z 0<v <2 oriented outward.

Calculate the mass flux of the fluid across S.
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In Example 6.70, we computed the mass flux, which is the rate of mass flow per unit area. If we want to find the flow

rate (measured in volume per time) instead, we can use flux integral / / Sv e NdS, which leaves out the density. Since

the flow rate of a fluid is measured in volume per unit time, flow rate does not take mass into account. Therefore, we have
the following characterization of the flow rate of a fluid with velocity v across a surface S:

Flow rate of fluid ac oss S = ffSV e dS.

To compute the flow rate of the fluid in Example 6.68, we simply remove the density constant, which gives a flow rate of
907 m* /sec.

Both mass flux and flow rate are important in physics and engineering. Mass flux measures how much mass is flowing
across a surface; flow rate measures how much volume of fluid is flowing across a surface.

In addition to modeling fluid flow, surface integrals can be used to model heat flow. Suppose that the temperature at point
(x, ¥, z) in an objectis T'(x, y, z). Then the heat flow is a vector field proportional to the negative temperature gradient

in the object. To be precise, the heat flow is defined as vector field F = —kV T, where the constant k is the thermal

conductivity of the substance from which the object is made (this constant is determined experimentally). The rate of heat
flow across surface S in the object is given by the flux integral

JE-dS= [[—kVT-as.

Example 6.72

Calculating Heat Flow

A cast-iron solid cylinder is given by inequalities 2+ y2 <1, 1<z<4. Thetemperature at point (x, y, z)
in a region containing the cylinder is T'(x, y, z) = (x2 + yz)z. Given that the thermal conductivity of cast iron is

55, find the heat flow across the boundary of the solid if this boundary is oriented outward.

Solution
Let S denote the boundary of the object. To find the heat flow, we need to calculate flux integral ffs—kV T-ds.

Notice that S is not a smooth surface but is piecewise smooth, since S is the union of three smooth surfaces
(the circular top and bottom, and the cylindrical side). Therefore, we calculate three separate integrals, one
for each smooth piece of S. Before calculating any integrals, note that the gradient of the temperature is

VT = (2xz, 2yz, x2+y2).

First we consider the circular bottom of the object, which we denote §;. We can see that §; is a circle
of radius 1 centered at point (0, 0, 1), sitting in plane z = 1. This surface has parameterization

r(u, v) = {(vcosu, vsinu, 1 ), 0 <u <2z, 0 <v < 1. Therefore,
t,= (—vsinu,vcosu, 0) andt, = (cosu, vsinu, 0),
and
t, xt,= (0,0, —vsinzu—vcoszu) =(0,0,—-v).

Since the surface is oriented outward and S is the bottom of the object, it makes sense that this vector points

downward. By Equation 6.21, the heat flow across S is
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2r .1
J, —kVT-dS =55 fo fo YV T(u, v)- (t, X t,)dvdu
1

2r .1

= —55/ / ( 2vcos u, 2vsinu, vZcosZu+vZsin®u) - (0,0, —v ) dvdu
0 0
2 .1

=—55f f (2vcosu, 2vsinu, v2) - (0,0, —v ) dvdu

= -55 / f —v3dvdu = —55 f —% =3z,

Now let’s consider the circular top of the object, which we denote S,. We see that §, is a circle of radius
1 centered at point (0,0, 4), sitting in plane z=4. This surface has parameterization

r(u, v) = (vcosu, vsinu,4),0 <u <2z, 0 <v < 1. Therefore,

t,= (—vsinu, vcosu, 0) andt,= {cosu, vsinu, 0),
and

t, xt,= (0,0, —vsinzu—vcoszu) =(0,0,—v).

Since the surface is oriented outward and S; is the top of the object, we instead take vector

t, xt,= (0,0, v). ByEquation 6.21, the heat flow across §; is
2r .1
/ [S2—kVT edS =-55 /0 [0 VT, v) e (t, X t,)dvdu
2
= —55/ / ( 8vcosu, 8vsinu, vZcos?u +vZsinu Yy © (0,0,v) dvdu
0 0
fZﬂfl )
=-55 8vcosu, 8vsinu, v e (0,0,v)dvdu
o /o ( ) @ ( )
/.271'/.1 3 55
=-55 vidvduy = — 2L
0 0

2

Last, let’s consider the cylindrical side of the object. This surface has parameterization
r(u, v)= {(cosu, sinu,v),0<u<2r1<v<4. By Example 6.66, we know that
t, Xt,= (cosu, sinu, 0). By Equation 6.21,
2z 4
[ VT eds =55 fo f1 VT v) e (t, X t,)dvdu
4
= —55/ / (2vcosu, 2vsinu, cosZu + sinZu ) e {cosu,sinu, 0)dvdu
0 1
2z 1
=—55/ / (2vcosu, 2vsinu, 1) o {cosu, sinu, 0) dvdu
0 0
f27r/1 ) )
=-55 2v cos“u + 2v sin“u)dvdu
A J
2z .1 2n
=-55 2vdvdu = —55 du = —-110x.
Jo J; J;

Therefore, the rate of heat flow across S is 2 g” S g” 110z = —110x.
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@ 6.60 A cast-iron solid ball is given by inequality X2+ y2 +2z2< 1. The temperature at a point in a region
containing the ball is T(x, y, z7) = %(xz + y2 + zz). Find the heat flow across the boundary of the solid if this

boundary is oriented outward.
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6.6 EXERCISES

For the following exercises, determine whether the
statements are true or false.

269. If surface S is given by
{(x,y9,20:0<x<1,0<y<1, z=10} then
1 .1
[/Sf(x’ y’ Z)ds=4/;)‘/;)f(xa ya IO)d.xdy
270. If surface S is given by
{(r, y,2):0<x<1,0<y<1,z=x then
1 .1
Jf G v, s = fo fo £, v, )dxdy.
271. Surface

r= (vcosu,vsinu,v2>, forO<u<n0<v<2,
is the same as surface r = ( vvcos2u, Vvsin2u, v ),

forOSus%,0$v$4.

272. Given the standard parameterization of a sphere,
normal vectors t, X t, are outward normal vectors.

For the following exercises, find parametric descriptions
for the following surfaces.

273. Plane 3x—2y+z=2

274. Paraboloid z = x% + yz, for 0 <z<09.

275. Plane 2x —4y +3z=16

276. The frustum of cone 7% = x2 + yz, for2<z<8
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277. The portion of cylinder X2+ y2 =9 in the first
octant, for 0 <z <3

3

278. A cone with base radius r and height h, where r and
h are positive constants

For the following exercises, use a computer algebra system
to approximate the area of the following surfaces using a
parametric description of the surface.

279. [T] Half cylinder
{(r,0,2):r=4,0<0<7n,0<z<7}

280. [T] Plane z=10—x—y above square
X <2, <2

For the following exercises, let S be the hemisphere
x2+y2+z2=4, with z >0,

surface integral, in the counterclockwise direction.

and evaluate each

281. [ zdS

282. [] (x=2y)dS

283, [[{x* + y*kds

For the followi i 1 F. f
or the following exercises, evaluate / / g Nds for

vector field F, where N is an outward normal vector to
surface S.
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284. F(x, y, z) = xi + 2yj — 37K,
plane 15x — 12y + 3z =6 that lies above unit square
0<x<1,0<y<L

and S is that part of

285.  F(x,y,z)=xi+yj, and S is

z= \/l—xz—yz.

286. F(x,y, z) = xZi+ y2j +2z2k, andSis the portion

hemisphere

of plane z =y + 1 that lies inside cylinder x*+ y2 =1

For the following exercises, approximate the mass of the
homogeneous lamina that has the shape of given surface S.
Round to four decimal places.

287. [T] S is surface

z=4—-x-2y, withz>0,x>0,y>0;&=nx

288. [T]Sis surface z = 2+ y2, withz < 1; =z

2809. [T] S is
x> +y2+x2=5, withz> 1;& =62

surface

290. Evaluate [/ S(yzzi +y35+ xzk) -dS, where S is the

surface of cube
—1<x<1,-1<y<1l,and0<z<2. in a
counterclockwise direction.

291.  Evaluate surface integral |, SgdS, where

g(x, y, 2) =xz+2x2—3xy and S is the portion of plane
2x—3y+z=06 that lies
0<x<1,0<y<1

over unit square R:

785

292. Evaluate (x 4+ y+ 2)dS, where S is the surface
S

defined parametrically by
R@u, v) = Qu+v)i+ wm—2v)j+ (u+3v)k for

0<u<l, and0<v<2.

293. [T] Evaluate (x— y2+z)dS, where S is the
S

surface defined by

R(u, v)=u?i+vj+uk,0<u<1,0<v<1.

294. [T] Evaluate where S is the surface defined by
R(u,v)=ui—u2j+vk,05u§2,0§v§1. for
0<u<l1,0<v<2.

295. Evaluate /fs(x2 + yz)dS, where S is the surface

bounded above hemisphere z =1 — X - yz, and below
by plane z = 0.
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296. Evaluate //S(x2+y2+z2)dS, where S is the

portion of plane z=x+1 that lies inside cylinder

x2+y2=1.

297. [T] Evaluate ffo2 zdS, where S is the portion of

cone 7 2

z=4.

=x2+ y2 that lies between planes z =1 and

y
-4 _o 0 5

298. [T] Evaluate //S(xz/y)dS , where S is the portion of

cylinder x = y2 that lies in the first octant between planes

z=0,z=5,y=1, and y=4.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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299. [T] Evaluate f/S(z + y)dS, where S is the part of

the graph of z="1 — x% in the first octant between the
xz-plane and plane y = 3.

1.0

300. Evaluate ffsxyzdS if S is the part of plane

z=x+Yy that lies over the triangular region in the
xy-plane with vertices (0, 0, 0), (1, 0, 0), and (0, 2, 0).

301. Find the mass of a lamina of density &(x, y, z) =z

172
in the shape of hemisphere z = (a2 —-x2- yz)

J ] F-nas.

F(x, y, z) = xi — 5yj + 4zk and N is an outward normal

vector S, where S is the union of two squares
§1:x=0,05y<1,0<z<1 and

§S,:z=1,0<x<1,0<y< 1
10

302. Compute where
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303. Compute where

//SF~NdS,

F(x,y,z7) =xyi+zj+ (x+yk and N is an outward

normal vector S, where S is the triangular region cut off
from plane x + y 4+ z =1 by the positive coordinate axes.

/ fSF NS,

F(x, y, 2) = 2yzi + (tan_1 xz)j +e¢”k and N is an

304. Compute where

outward normal vector S, where S is the surface of sphere
X+ y2 +2=1.

305. Compute where

/ fSF NS,

F(x, y, 2) = xyzi + xyzj + xyzk and N is an outward

normal vector S, where S is the surface of the five faces
of the unitcube 0 < x<1,0<y < 1,0 <z <1 missing

z=0.

For the following exercises, express the surface integral as
an iterated double integral by using a projection on S on the
yz-plane.

306. //Sxy2z3 dS; S is the first-octant portion of plane

2x+ 3y +4z = 12.

2 Lo .
307. ffS(x -2y + z)dS, S is the portion of the graph of
4x +y = 8 bounded by the coordinate planes and plane

z=06.

For the following exercises, express the surface integral as
an iterated double integral by using a projection on S on the
xz-plane

308. //Sxy2z3 dS; S is the first-octant portion of plane

2x+ 3y +4z = 12.

2 Lo .
309. ffS(x -2y + z)dS, S is the portion of the graph of
4x +y = 8 bounded by the coordinate planes and plane

z=06.

310. Evaluate surface integral ff SyzdS, where S is the

first-octant part of plane x+y+z= 24, where 1 is a

positive constant.

311. Evaluate surface integral ffS(x2 z+ yzz)dS,

where S is hemisphere X%+ y2 +z22=d%z>0.

787

312. Evaluate surface integral /szdA, where S is
surface z = \/x2 + yz, 0<zL2.

313. Evaluate surface integral /fsxzyzdS, where S is

the part of plane z = 1 + 2x + 3y that lies above rectangle
0<x<3and0<y<2.

314. Evaluate surface integral ff SyzdS, where S is plane

X+ y+z=1 thatlies in the first octant.

315. Evaluate surface integral ffsyzdS, where S is the

part of plane z=y+3 that lies inside cylinder

x2+y2= 1.

For the following exercises, use geometric reasoning to
evaluate the given surface integrals.

2 2 2 .
316. /fS x“+y“+z°dS, where S is surface
x2+y2+z2=4, 7220
where S is surface

317. j/S(xi +yj)-dS,
2+ y2 =4,1<z<3, oriented with unit normal
vectors pointing outward

318. ffs(zk)-dS, where S is disc xz+y2 <9 on

plane z =4, oriented with unit normal vectors pointing

upward
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319. A lamina has the shape of a portion of sphere
X+ y2 +2z2=d” that lies within cone z= \/x2 + y2.
Let S be the spherical shell centered at the origin with
radius a, and let C be the right circular cone with a vertex

at the origin and an axis of symmetry that coincides with
the z-axis. Determine the mass of the lamina if

ox, y,2) = xzyzz.

320. A lamina has the shape of a portion of sphere
X+ y2 +z> =4’ that lies within cone z= sz + y2.

Let S be the spherical shell centered at the origin with
radius a, and let C be the right circular cone with a vertex
at the origin and an axis of symmetry that coincides with
the z-axis. Suppose the vertex angle of the cone is

¢, with0 < ¢ < % Determine the mass of that portion

of the shape enclosed in the intersection of S and C.

Assume 5(x, y, 7) = xzyzz'

321. A paper cup has the shape of an inverted right
circular cone of height 6 in. and radius of top 3 in. If the cup

is full of water weighing 62.5 1b/fe, find the total force
exerted by the water on the inside surface of the cup.

For the following exercises, the heat flow vector field for
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conducting objects i F = —kV T, where T(x, y, z) is the
temperature in the object and k> 0 is a constant that

depends on the material. Find the outward flux of F across
the following surfaces S for the given temperature
distributions and assume k = 1.

322. T(x,y,z)=100¢ """, S consists of the faces of
cube x| <1,y <1, 1z < 1.

323. T(x,y,2)= —ln(x2 + y2 + 22); S is sphere
x2+y2+z2=a2.

For the following exercises, consider the radial fields
Fo_f(X%»2) _ r

N L

(x2 + y2 + 22)

where p is a real number.

Let S consist of spheres A and B centered at the origin with
radii 0 < a < b. The total outward flux across S consists
of the outward flux across the outer sphere B less the flux
into S across inner sphere A.

324. Find the total flux across S with p = 0.

325. Show that for p = 3 the flux across S is independent
of a and b.
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6.7 | Stokes’ Theorem

Learning Objectives

6.7.1 Explain the meaning of Stokes’ theorem.

6.7.2 Use Stokes’ theorem to evaluate a line integral.
6.7.3 Use Stokes’ theorem to calculate a surface integral.
6.7.4 Use Stokes’ theorem to calculate a curl.

In this section, we study Stokes’ theorem, a higher-dimensional generalization of Green’s theorem. This theorem, like the
Fundamental Theorem for Line Integrals and Green’s theorem, is a generalization of the Fundamental Theorem of Calculus
to higher dimensions. Stokes’ theorem relates a vector surface integral over surface S in space to a line integral around the
boundary of S. Therefore, just as the theorems before it, Stokes’ theorem can be used to reduce an integral over a geometric
object S to an integral over the boundary of S.

In addition to allowing us to translate between line integrals and surface integrals, Stokes’ theorem connects the concepts of
curl and circulation. Furthermore, the theorem has applications in fluid mechanics and electromagnetism. We use Stokes’
theorem to derive Faraday’s law, an important result involving electric fields.

Stokes’ Theorem

Stokes’ theorem says we can calculate the flux of curl F across surface S by knowing information only about the values of
F along the boundary of S. Conversely, we can calculate the line integral of vector field F along the boundary of surface S
by translating to a double integral of the curl of F over S.

Let S be an oriented smooth surface with unit normal vector N. Furthermore, suppose the boundary of S is a simple closed
curve C. The orientation of S induces the positive orientation of C if, as you walk in the positive direction around C with
your head pointing in the direction of N, the surface is always on your left. With this definition in place, we can state Stokes’
theorem.

Theorem 6.19: Stokes’ Theorem

Let S be a piecewise smooth oriented surface with a boundary that is a simple closed curve C with positive orientation
(Figure 6.79). If F is a vector field with component functions that have continuous partial derivatives on an open
region containing S, then

/CF dr= [ curlF-dS.
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x
Figure 6.79 Stokes’ theorem relates the flux integral over the
surface to a line integral around the boundary of the surface.
Note that the orientation of the curve is positive.

Suppose surface S is a flat region in the xy-plane with upward orientation. Then the unit normal vector is k and surface
integral ff curl F-dS is actually the double integral ff curl F-kdA. In this special case, Stokes’ theorem gives
N N

f F-dr = /fScurl F -kdA. However, this is the flux form of Green’s theorem, which shows us that Green’s theorem is
C

a special case of Stokes’ theorem. Green’s theorem can only handle surfaces in a plane, but Stokes’ theorem can handle
surfaces in a plane or in space.

The complete proof of Stokes’ theorem is beyond the scope of this text. We look at an intuitive explanation for the truth of
the theorem and then see proof of the theorem in the special case that surface S is a portion of a graph of a function, and S,
the boundary of S, and F are all fairly tame.

Proof

First, we look at an informal proof of the theorem. This proof is not rigorous, but it is meant to give a general feeling for
why the theorem is true. Let S be a surface and let D be a small piece of the surface so that D does not share any points with
the boundary of S. We choose D to be small enough so that it can be approximated by an oriented square E. Let D inherit its
orientation from S, and give E the same orientation. This square has four sides; denote them E;,, E,, E,, and E; for

the left, right, up, and down sides, respectively. On the square, we can use the flux form of Green’s theorem:

F-dr= 1F-NdS = 1F-dS.
/E1+Ed+Er+Eu dr //Ecur Nds /fECUY ds

To approximate the flux over the entire surface, we add the values of the flux on the small squares approximating small
pieces of the surface (Figure 6.80). By Green’s theorem, the flux across each approximating square is a line integral over
its boundary. Let F be an approximating square with an orientation inherited from S and with a right side E; (so F is to the

left of E). Let F', denote the right side of F'; then, E; = —F,. In other words, the right side of F is the same curve as the

left side of E, just oriented in the opposite direction. Therefore,

F-dr=—/ F-.dr.
£ r /Fr r

As we add up all the fluxes over all the squares approximating surface S, line integrals f . F.dr and / - F.dr cancel
l r

each other out. The same goes for the line integrals over the other three sides of E. These three line integrals cancel out with
the line integral of the lower side of the square above E, the line integral over the left side of the square to the right of E,
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and the line integral over the upper side of the square below E (Figure 6.81). After all this cancelation occurs over all the
approximating squares, the only line integrals that survive are the line integrals over sides approximating the boundary of
S. Therefore, the sum of all the fluxes (which, by Green’s theorem, is the sum of all the line integrals around the boundaries
of approximating squares) can be approximated by a line integral over the boundary of S. In the limit, as the areas of the
approximating squares go to zero, this approximation gets arbitrarily close to the flux.

Approximating square E

Surface S \Q
QO[O

Orientation of each
square is same as S
Figure 6.80 Chop the surface into small pieces. The pieces
should be small enough that they can be approximated by a

square.
k| G A
Gy
- ™ - £ -
F E, Fr E,
Y F Ay E A Y F Ay E Ay H A
E; E, H
Ey Ey
£
y I A
(a) (b)

Figure 6.81 (a) The line integral along E; cancels out the line integral along F'
because E; = —F,. (b) The line integral along any of the sides of E cancels out with the

line integral along a side of an adjacent approximating square.

Let’s now look at a rigorous proof of the theorem in the special case that S is the graph of function z = f(x, y), where
x and y vary over a bounded, simply connected region D of finite area (Figure 6.82). Furthermore, assume that f has

continuous second-order partial derivatives. Let C denote the boundary of S and let C' denote the boundary of D. Then, D
is the “shadow” of S in the plane and C' is the “shadow” of C. Suppose that S is oriented upward. The counterclockwise
orientation of C is positive, as is the counterclockwise orientation of C’. Let F(x, y, z) = ( P, O, R) be a vector field

with component functions that have continuous partial derivatives.
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Figure 6.82 D is the “shadow,” or projection, of S in the plane
and C’ is the projection of C.

We take the standard parameterization of S :x =x, y =y, z= g(x, y). The tangent vectors are t,= (1,0, g, ) and
t,= (0,1, g,), andtherefore, ty-ty,= ( —gy —gy, 1 ). By Equation 6.19,

/S[curlF.dS= J =Ry = Q)zx — (P, — Rizy + (0 — Py)lA,

where the partial derivatives are all evaluated at (x, y, g(x, y)), making the integrand depend on x and y only. Suppose
(x(®), y(t)),a<t<b is a parameterization of C'. Then, a parameterization of C s

{ x(®), y(t), glx(®), ¥(t))) , a <t < b. Armed with these parameterizations, the Chain rule, and Green’s theorem, and

keeping in mind that P, Q, and R are all functions of x and y, we can evaluate line integral f CF -dr:

JF-ar —/ PX (0 +Qy' (0 + R (0)dr
- [lreoserosiss 8
- /a b:(P+R%)x/ (t)+(Q+Rﬂ)y/ (;)]dr
g P+ RO x+(Q+R )d
[ [0+ 855)-Fi{e- )

(5Q+5Qaz+aRaz+aRaz02+R622)

—_

dx ' 0z 0x ' 0x 0y ' 0z 0x dy ' 0xdy
=

D (aP dP 0z , OR 02 ()z 02 )

9%z 0%z

By Clairaut’s theorem, 9xdy — dyox

with

which equals /' curl F - dS.
N
O

We have shown that Stokes’ theorem is true in the case of a function with a domain that is a simply connected region of
finite area. We can quickly confirm this theorem for another important case: when vector field F is conservative. If F is
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conservative, the curl of F is zero, so /f curl F-dS = 0. Since the boundary of S is a closed curve, / CF -dr is also zero.
S

Example 6.73

Verifying Stokes’ Theorem for a Specific Case

Verify that Stokes’ theorem is true for vector field F(x, y, z) = (y, 2z, x2 ) and surface S, where S is the

paravbolid z =4 - x2- y2 .

Figure 6.83 Verifying Stokes’ theorem for a hemisphere in a
vector field.

Solution

As a surface integral, you have g(x, y) =4-x2- y2, gx=—2y and
= (=2, —2x, —1).

By Equation 6.19,
JgulF-dS = [ curl Firig, 0)-(ty X toldA
T (=2, =2x, =1) - (2x,2y, 1) dA

2 Na—i2
(—4x—4xy—1)dydx
V4 - x2
2

= _2(—8x 4 - xZ—ZVAl-—ch)dx

=—4x

|
AN
.




794 Chapter 6 | Vector Calculus

As a line integral, you can parameterize C by r(f) = ( 2cost, 2sint, 0) 0 <t < 2x.By Equation 6.19,
[F.a /ZRZ' 0, 4cos? 2sint, 2cos1, 0) d ©22
-dr = sint, 0, 4cos“t ) - ( —2sint, 2cos t, t
. o ) - ¢ )
2n
= f —4sin’1dt = —4n
0

Therefore, we have verified Stokes' theorem for this example.

6.61 Verify that Stokes’ theorem is true for vector field F(x, y, z) = ( y, x, —z ) and surface S, where S is

the upwardly oriented portion of the graph of f(x, y) = xzy over a triangle in the xy-plane with vertices
0,0), (2,0), and (0, 2).

Applying Stokes’ Theorem

Stokes’ theorem translates between the flux integral of surface S to a line integral around the boundary of S. Therefore, the
theorem allows us to compute surface integrals or line integrals that would ordinarily be quite difficult by translating the
line integral into a surface integral or vice versa. We now study some examples of each kind of translation.

Example 6.74

Calculating a Surface Integral

Calculate surface integral ffscurlF-dS, where S is the surface, oriented outward, in Figure 6.84 and

F= (z,2xy, x+y).
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Figure 6.84 A complicated surface in a vector field.

Solution
Note that to calculate f/scurl F - dS without using Stokes’ theorem, we would need to use Equation 6.19. Use

of this equation requires a parameterization of S. Surface S is complicated enough that it would be extremely
difficult to find a parameterization. Therefore, the methods we have learned in previous sections are not useful
for this problem. Instead, we use Stokes’ theorem, noting that the boundary C of the surface is merely a single
circle with radius 1.

The curl of Fis (1, 1, 2y ) . By Stokes’ theorem,

Jurl F-dS = /CF-dr,

where C has parameterization r (f) = ( —sin#, 0, 1 —cost ), 0 <t < 2z. By Equation 6.9,
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JgulF-ds = /CF-dr
2
:/0 (1—=cost,0, —sint) - {( —cost, 0, sint ) dt

2r
= / (—cos t +cos? t — sin? t)dt
0

= [— sint + %sin(Zr)]éﬂ

= (—sinQ2x) + %sin(4 x)—(—sin 0 + %Sin 0)
=0.

An amazing consequence of Stokes’ theorem is that if S' is any other smooth surface with boundary C and the same

orientation as S, then ffscurl F.-dS = / CF -dr = 0 because Stokes’ theorem says the surface integral depends on the line

integral around the boundary only.

In Example 6.74, we calculated a surface integral simply by using information about the boundary of the surface. In
general, let §; and S, be smooth surfaces with the same boundary C and the same orientation. By Stokes’ theorem,

dS = .dr = ) (6.23)
[ curl ¥ -ds = /CF dr= [J, curl F-dS.

Therefore, if /fS curl F-dS is difficult to calculate but //S curl F-dS is easy to calculate, Stokes’ theorem allows
1 2

us to calculate the easier surface integral. In Example 6.74, we could have calculated ffscurl F-dS by calculating

ffS,curl F-dS, where S’ is the disk enclosed by boundary curve C (a much more simple surface with which to work).

Equation 6.23 shows that flux integrals of curl vector fields are surface independent in the same way that line integrals
of gradient fields are path independent. Recall that if F is a two-dimensional conservative vector field defined on a simply

connected domain, f is a potential function for F, and C is a curve in the domain of F, then / CF -dr depends only on the

endpoints of C. Therefore if C' is any other curve with the same starting point and endpoint as C (that is, C' has the same

orientation as C), then / CF -dr = f C’F -dr. In other words, the value of the integral depends on the boundary of the path

only; it does not really depend on the path itself.

Analogously, suppose that S and S’ are surfaces with the same boundary and same orientation, and suppose that G is a three-
dimensional vector field that can be written as the curl of another vector field F (so that F is like a “potential field” of G).
By Equation 6.23,

JG-dS= f[curlF-ds = /CF~dr = [eulF-dS= [ G-dS.
Therefore, the flux integral of G does not depend on the surface, only on the boundary of the surface. Flux integrals of

vector fields that can be written as the curl of a vector field are surface independent in the same way that line integrals of
vector fields that can be written as the gradient of a scalar function are path independent.
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@ 6.62 Use Stokes’ theorem to calculate surface integral f/Scurl F-dS, where F= (z,x, y) andSisthe

surface as shown in the following figure. The boundary curve, C, is oriented clockwise.

z

Example 6.75

Calculating a Line Integral

Calculate the line integral f CF-dr, where F = (xy, x+ y2 +22 yz) and C is the boundary of the

parallelogram with vertices (0, 0, 1), (0, 1, 0), (2, 0, —1), and (2, 1, =2).

Solution

To calculate the line integral directly, we need to parameterize each side of the parallelogram separately, calculate
four separate line integrals, and add the result. This is not overly complicated, but it is time-consuming.

By contrast, let’s calculate the line integral using Stokes’ theorem. Let S denote the surface of the parallelogram.
Note that S is the portion of the graph of z=1—-x—y for (x, y) varying over the rectangular region

with vertices (0, 0), (0, 1), (2,0), and (2, 1) in the xy-plane. Therefore, a parameterization of S is
(x,y,1—=x—y),0<x<2,0<y<1. The curl of Fis —(z 0,x), and Stokes’ theorem and
Equation 6.19 give

fCF-dl‘ = [/ curl F-dS

2 .1

= /;) /0 curl F(x, y)~(tx><ty)dydx
2 .1

:_/‘0_/;) <_(1_x_y)90’x> '((1303_1>X<0, 1,—1>)dydx
2 .1

=// (x+y=1,0,x) - (1,1, 1)dydx
0v0

/()2/()12x+y—1dydx

=3.

@ 6.63 Use Stokes’ theorem to calculate line integral f CF -dr, where F= (z,x, y) and C is oriented

clockwise and is the boundary of a triangle with vertices (0, 0, 1), (3, 0, —=2), and (0, 1, 2).
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Interpretation of Curl

In addition to translating between line integrals and flux integrals, Stokes’ theorem can be used to justify the physical
interpretation of curl that we have learned. Here we investigate the relationship between curl and circulation, and we use
Stokes’ theorem to state Faraday’s law—an important law in electricity and magnetism that relates the curl of an electric
field to the rate of change of a magnetic field.

Recall that if C is a closed curve and F is a vector field defined on C, then the circulation of F around C is line integral

f CF -dr. If F represents the velocity field of a fluid in space, then the circulation measures the tendency of the fluid to

move in the direction of C.
Let F be a continuous vector field and let D, be a small disk of radius r with center P (Figure 6.85). If D, is small
enough, then (curl F)(P) = (curl F)(P)) for all points P in D, because the curl is continuous. Let C, be the boundary

circle of D,. By Stokes’ theorem,

F-dr= [[ curlF-NdS~ [ (cutl F)Pg)-N(P)dS.
c, D, Dy

Figure 6.85 Disk D, isasmall disk in a continuous vector
field.

The quantity (curl F)(Pg)-N(P) is constant, and therefore
I, (curl F)(Py)-N(Po)dS = zr[(curl F)(Py)- N(Po)]
.

Thus

/ . F-dr ~ zr?[(curl F)(Po)- N(P)}

and the approximation gets arbitrarily close as the radius shrinks to zero. Therefore Stokes’ theorem implies that

(curl F)P,)-N(P) = lim -~/ F.dr.
(O) ( ) r—>0+7l'7'2 Cr

This equation relates the curl of a vector field to the circulation. Since the area of the disk is xr?, this equation says we

can view the curl (in the limit) as the circulation per unit area. Recall that if F is the velocity field of a fluid, then circulation
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F-dr = F-Tds is a measure of the tendency of the fluid to move around C,. The reason for this is that F-T
Cr cr

is a component of F in the direction of T, and the closer the direction of F is to T, the larger the value of F-T (remember
that if a and b are vectors and b is fixed, then the dot product a-b is maximal when a points in the same direction as b).
Therefore, if F is the velocity field of a fluid, then curl F-N is a measure of how the fluid rotates about axis N. The effect
of the curl is largest about the axis that points in the direction of N, because in this case curl F-N is as large as possible.

To see this effect in a more concrete fashion, imagine placing a tiny paddlewheel at point P, (Figure 6.86). The

paddlewheel achieves its maximum speed when the axis of the wheel points in the direction of curlF. This justifies the
interpretation of the curl we have learned: curl is a measure of the rotation in the vector field about the axis that points in
the direction of the normal vector N, and Stokes’ theorem justifies this interpretation.

Figure 6.86 To visualize curl at a point, imagine placing a
tiny paddlewheel at that point in the vector field.

Now that we have learned about Stokes’ theorem, we can discuss applications in the area of electromagnetism. In particular,
we examine how we can use Stokes’ theorem to translate between two equivalent forms of Faraday’s law. Before stating
the two forms of Faraday’s law, we need some background terminology.

Let C be a closed curve that models a thin wire. In the context of electric fields, the wire may be moving over time, so
we write C(f) to represent the wire. At a given time ¢t, curve C(f) may be different from original curve C because of the

movement of the wire, but we assume that C(¢) is a closed curve for all times t. Let D(¢) be a surface with C(¢) as its
boundary, and orient C(#) so that D(¢) has positive orientation. Suppose that C(#) is in a magnetic field B(#) that can

also change over time. In other words, B has the form
B(x, y,2) = (P(x, y,2), O(x, y, 2), R(x, . 2) ) ,

where P, Q, and R can all vary continuously over time. We can produce current along the wire by changing field B(#) (this

is a consequence of Ampere’s law). Flux ¢(f) = //D(z)B(t) -dS creates electric field E(¢) that does work. The integral

form of Faraday’s law states that

99
Work = E(@#)-dr= — 5%
/ cw @) ot

In other words, the work done by E is the line integral around the boundary, which is also equal to the rate of change of the
flux with respect to time. The differential form of Faraday’s law states that

_9B

curl E = o

Using Stokes’ theorem, we can show that the differential form of Faraday’s law is a consequence of the integral form. By
Stokes’ theorem, we can convert the line integral in the integral form into surface integral
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0(]) _ .
3= C(I)E(t)~dr— ffD(t)curl E®)-dS.

Since ¢(f) = //D(I)B(t) -dS, then as long as the integration of the surface does not vary with time we also have

_9B
// D@) Ot
Therefore,

//D(z) T ds = /fD(l)curlE-dS.

_0B

S5t In general, the equation

To derive the differential form of Faraday’s law, we would like to conclude that curl E =

//D(t) T ds = ffD()curlE ds

B

ot’

integrands. To see why the integral symbol does not just cancel out in general, consider the two single-variable integrals
1

1
_/ xdx and / f(x)dx, where
0 0

is not enough to conclude that curl E = — The integral symbols do not simply “cancel out,” leaving equality of the

0<x<12

I, 0<x<
f(x)={o, 12<x<1.

1 1
Both of these integrals equal o) / xdx = / f(x)dx. However, x # f(x). Analogously, with our equation
0 0

1
2’

— ) ; _9dB
//D(z) T as = // curl E-dS, we cannot simply conclude that curl E = S5t just because their integrals are
equal. However, in our context, equation //D( ) 0t = // curl E - dS is true for any region, however small (this

is in contrast to the single-variable integrals just discussed). If F and G are three-dimensional vector fields such that
fst -dS = ffSG -dS for any surface S, then it is possible to show that F = G by shrinking the area of S to zero by

taking a limit (the smaller the area of S, the closer the value of f/SF -dS to the value of F at a point inside S). Therefore,

we can let area D(f) shrink to zero by taking a limit and obtain the differential form of Faraday’s law:

_ _0B
curl E = o

In the context of electric fields, the curl of the electric field can be interpreted as the negative of the rate of change of the
corresponding magnetic field with respect to time.

Example 6.76

Using Faraday’s Law
Calculate the curl of electric field E if the corresponding magnetic field is constant field B(t) = (1, —4,2 ).

Solution

JB

Since the magnetic field does not change with respect to time, — o1

= 0. By Faraday’s law, the curl of the

electric field is therefore also zero.

Analysis
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A consequence of Faraday’s law is that the curl of the electric field corresponding to a constant magnetic field is
always zero.

6.64 Calculate the curl of electric field E if the corresponding magnetic field is
B(H)= (x, ty, -21z),0<1< o0.

Notice that the curl of the electric field does not change over time, although the magnetic field does change over time.
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6.7 EXERCISES

For the following exercises, without using Stokes’ theorem,
calculate directly both the flux of curl F-N over the given

surface and the circulation integral around its boundary,
assuming all boundaries are oriented clockwise as viewed
from above.

326. F(x, y,2)= y2i + sz + x2 k; S is the first-octant
portion of plane x +y+z = 1.

327. F(x,y,z)=zi+xj+yk; S is

L (a2 o y2)1/2

hemisphere

328. F(x,y,2) = yzi +2xj+5k; S is hemisphere
12

= (4-x2—y)
329. F(x,y, z) = zi + 2xj + 3yk; S is upper hemisphere
z=19-x%— yz.

330. F(x,y,2)=(x+2i+(y—-x)j+E&—yk; Sisa

triangular region with vertices (3, 0, 0), (0, 3/2, 0), and (0,
0, 3).

331. F(x,y,z)=2yi—6zj+3xk; S is a portion of
paraboloid z =4 — X% - y2 and is above the xy-plane.
For the following exercises, use Stokes’ theorem to

evaluate f/S(curlF-N)dS for the vector fields and

surface.

332. F(x,y,z)=xyi—zj and S is the surface of the
cube 0<x<1,0<y<1,0<z<1,

face where z=0,

except for the
and using the outward unit normal

vector.

333.  F(x,y, 2) =xyi+ x2j +z°k; and C is the
intersection of paraboloid z = X%+ y2 and plane z =y,
and using the outward normal vector.

334. F(x,y,2)=4yi+zj+2yk and C is the

intersection of sphere X+ y2 +z2=4 with plane

z =0, and using the outward normal vector
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335. Use Stokes’ theorem to evaluate

f [nyzzdx +2x2 vzdy + (x2 y2 - 2z)dz], where C is
C

the curve given by
x=cost,y=sint, z=sint, 0 <t <2z, traversed in

the direction of increasing t.
z |

336. [T] Use a computer algebraic system (CAS) and
Stokes’ theorem to approximate line integral

f (vdx + zdy + xdz), where C is the intersection of plane
C

x+y=2 and surface x2+y2+z2=2(x+y),

traversed counterclockwise viewed from the origin.

337. [T] Use a CAS and Stokes’ theorem to approximate
line integral _/ (3ydx + 2zdy — 5xdz), where C is the
C

intersection of the xy-plane and hemisphere

z=\1- x? - yz, traversed counterclockwise viewed
from the top—that is, from the positive z-axis toward the

xy-plane.
338. [T] Use a CAS and Stokes’ theorem to approximate

line integral /(1 + yledx + (1 + 2)xdy + (1 + x)ydz),
C

where C is a triangle with vertices (1, 0, 0), (0, 1, 0),

and (0, 0, 1) oriented counterclockwise.

339. Use Stokes’ theorem to evaluate /fScurlF-dS,

where F(x, y, z) = e cos zi + x2 zj + xyk, andSis half

of sphere x = l—yz—zz, oriented out toward the

positive x-axis.
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340. [T] Use a CAS and Stokes’ theorem to evaluate
ffs(curl F-N)dS, where

F(x, y, 2) = x2yi + xyzj +27°k and C is the curve of
the intersection of plane 3x+2y+z=06 and cylinder

)c2+y2 =4, oriented clockwise when viewed from

above.

341. [T] Use a CAS and Stokes’ theorem to evaluate
JJ curl F-dS, where
S

3
F(x, y, 2) = [sin(y +2)— yx2 - yT]] + x cos(y + 2)j + cos2yk

and S consists of the top and the four sides but not the
bottom of the cube with vertices (1, +1, +1), oriented

outward.

342. [T] Use a CAS and Stokes’ theorem to evaluate
J] curl F-dS, where
N

F(x,y, 2) = 2i- 3xyj + x3y3k and S is the top part of
z=5-x2- y2 above plane z=1, and S is oriented

upward.
343. Use Stokes’ theorem to evaluate ffS(curl F-N)ds,

where F(x, y, 7) = 22i +y2j +xk and S is a triangle
with vertices (1, 0, 0), (0, 1, 0) and (0, 0, 1) with
counterclockwise orientation.

344. Use Stokes’ theorem to evaluate line integral

f (zdx + xdy + ydz), where C is a triangle with vertices
C

(3,0,0), (0,0, 2), and (0, 6, 0) traversed in the given order.

803

345. Use Stokes’ theorem to evaluate

f (%yzdx+zdy+xdz), where C is the curve of
C

intersection of ©plane x+4+z=1 and ellipsoid

X%+ 2y2 +2z2=1, oriented clockwise from the origin.

z

346. Use Stokes’ theorem to evaluate ffs(curl F-N)dSs,

where F(x, y, z) = xi+ y2j +z¢”k and S is the part

of surface z=1- g 2y2 with z>0, oriented

counterclockwise.

347. Use Stokes’ theorem for vector field
F(x, y,z) =zi+3xj+2zk where S is surface

z=1- x2 - 2y2, z>0, C is boundary circle

X%+ y2 =1, and S is oriented in the positive z-direction.

348. Use Stokes’ theorem for vector field
3

F(x, y,2)= — Eyzi — 2xyj + yzk, where S is that part
of the surface of plane x+y+z=1 contained within
triangle C with vertices (1, 0, 0), (0, 1, 0), and (0, O, 1),

traversed counterclockwise as viewed from above.

349. A certain closed path C in plane 2x+2y+z=1

is known to project onto unit circle X2+ y2 =1 in the

constant and let
Stokes’ theorem to

xy-plane. Let ¢ be a
R(x, y, z) = xi+ yj+zk. Use

evaluate / C(ck X R) - dS.
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350. Use Stokes’ theorem and let C be the boundary of
surface z=x2+y2 with 0<x<2 and 0<y<1,
oriented with upward facing normal. Define

F(x, y,2) = [sin(x3) + xz]i +(x—y2j+ cos(z4)k and evaluate f CF -dS.

351. Let S be hemisphere X%+ y2 +z2=14 with 2> 0,

upward. Let

F(x, y, 2) = xZe’i +yzexzj +z22¢”k be a vector

oriented

field. Use Stokes’ theorem to evaluate ffScurl F-dS.

2
352. Let F(x, y, z) = xyi+ (eZ + y)i + (x+ y)k and

2 2
let S be the graph of function y=%+%—1 with

z <0 oriented so that the normal vector S has a positive

y component. Use Stokes’ theorem to compute integral
ffscurlF-dS.

353. Use Stokes’ theorem to evaluate ¢F-dS, where

F(x, y, z) = yi+ zj + xk and C is a triangle with vertices
(O’ O: 0)’ (2) O’ O) and (0’ _29 2)

counterclockwise when viewed from above.

oriented

354. Use the surface integral in Stokes’ theorem to
calculate the circulation of field F,
F(x, y, 2) = x? y3i +j+zk around C, which is the
intersection of cylinder X+ y2 =4 and hemisphere
X+ y2 +72=16,7z>0, oriented counterclockwise

when viewed from above.
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355. Use Stokes’ theorem to compute ffScurlF-dS,

where F(x, y, z) =i+xy2j +xy2k and S is a part of

plane y + z = 2 inside cylinder X%+ y2 =1 and oriented

counterclockwise.

356. Use Stokes’ theorem to evaluate /fScurlF-dS,

where F(x, y, ) = —yzi +xj+ z2k and S is the part of
plane x+y+z=1 in the positive octant and oriented

counterclockwise x > 0,y > 0,z > 0.

357. Let F(x, y, z) = xyi + 2zj — 2yk and let C be the

intersection of plane x+z=5 and cylinder

2+ y2 =9, which is oriented counterclockwise when

viewed from the top. Compute the line integral of F over C
using Stokes’ theorem.

358. [T] Use a CAS and let
F(x, y, z) = xyzi +Gz—x)j+ k. Use Stokes’
theorem to compute the surface integral of curl F over

surface S with inward orientation consisting of cube
[0, 1] x [0, 1] X [0, 1] with the right side missing.

2 2z,
359. Let S be ellipsoid XT+%+Z =1 oriented

counterclockwise and let F be a vector field with
component functions that have continuous partial
derivatives.

360. Let S be the part of paraboloid z=9 —x2- y2
with z>0. Verify Stokes’ theorem for vector field
F(x, y, z) = 3zi + 4xj + 2yk.
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361. [T] Use a CAS and Stokes’ theorem to evaluate

$ F-as, if
C

F(x, v, z2) = Bz —sinx)i + (x2 + ey)j + (y3 — cos z)k,

where C is the curve
x=cost,y=sint,z=1;0<1t < 2.

given by

362. [T] Use a CAS and Stokes’ theorem to evaluate
F(x, y, 7) = 2yi + ¢*j — arctan xk with S as a portion of

paraboloid z = 4—x>- y2 cut off by the xy-plane

oriented counterclockwise.

363. [T] Use a CAS to evaluate ffScurl(F)-dS, where

and S is the

parametrically by
r(r, 0) = rcos i+ rsin 0j + (4 - rz)k

0<60<27,0<7r<3).

F(x, y, z) = 2zi + 3xj + 5)k surface

364. Let S be paraboloid z=a(1—x2—y2), for

720,

F= (x—y,y+2z z—x). For what value(s) of a (if

where a>0 is a real number. Let

any) does //S(V X F)-ndS have its maximum value?

For the following application exercises, the goal is to
evaluate A= ffS(V X F)-ndS, where
F = (xz, —xz, xy ) and S is the upper half of ellipsoid
x> +y2+8z2=1, wherez > 0.

365. Evaluate a surface integral over a more convenient
surface to find the value of A.

366. Evaluate A using a line integral.

805

367. Take paraboloid z = X+ y2, for 0<z<4, and
slice it with plane y = 0. Let S be the surface that remains
for y >0, including the planar surface in the xz-plane.

Let C be the semicircle and line segment that bounded the
cap of Sin plane z = 4 with counterclockwise orientation.

Let F= (2z+y,2x+2 2y+x).
f/S(V X F)-ndS.

Evaluate

For the following exercises, let S be the disk enclosed by
curve

C:r(t)= (cosgcost, sint, singcost ), for

0<t<2x, where 0 <¢< % is a fixed angle.

368. What is the length of C in terms of ¢ ?

369. What is the circulation of C of vector field
F= (—y, —z, x) asafunctionof ¢?

370. For what value of ¢ is the circulation a maximum?

371. Circle C in plane x+y+z =8 has radius 4 and

center (2, 3, 3). Evaluate _75 F-dr for
C

F= (0,—2,2)’>,

orientation when viewed from above.

where C has a counterclockwise

field v=(0,1-x%0), for

represents a horizontal flow in the

372. Velocity
lxl <landlzl <1,

y-direction. Compute the curl of v in a clockwise rotation.

373. Evaluate integral ffS(V x F)-ndS, where

F = —xzi + yzj + xye*k and S is the cap of paraboloid
z=5-x— y2 above plane z =3, and n points in the

positive z-direction on S.
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For the following exercises, use Stokes’ theorem to find
the circulation of the following vector fields around any
smooth, simple closed curve C.

374. F = V(xsin ye?)

375. F= (y?23, 2023, 3xy%22)

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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6.8 | The Divergence Theorem

Learning Objectives

6.8.1 Explain the meaning of the divergence theorem.
6.8.2 Use the divergence theorem to calculate the flux of a vector field.
6.8.3 Apply the divergence theorem to an electrostatic field.

We have examined several versions of the Fundamental Theorem of Calculus in higher dimensions that relate the integral
around an oriented boundary of a domain to a “derivative” of that entity on the oriented domain. In this section, we state
the divergence theorem, which is the final theorem of this type that we will study. The divergence theorem has many uses
in physics; in particular, the divergence theorem is used in the field of partial differential equations to derive equations
modeling heat flow and conservation of mass. We use the theorem to calculate flux integrals and apply it to electrostatic
fields.

Overview of Theorems

Before examining the divergence theorem, it is helpful to begin with an overview of the versions of the Fundamental
Theorem of Calculus we have discussed:

1. The Fundamental Theorem of Calculus:
b
[ 1 @dx= 1) - f@.

This theorem relates the integral of derivative f’ over line segment [a, b] along the x-axis to a difference of f
evaluated on the boundary.

2. The Fundamental Theorem for Line Integrals:

J ¥ £-ax = 1Py) - 1Py

where Py, is the initial point of C and P is the terminal point of C. The Fundamental Theorem for Line Integrals

allows path C to be a path in a plane or in space, not just a line segment on the x-axis. If we think of the gradient as
a derivative, then this theorem relates an integral of derivative V f over path C to a difference of f evaluated on

the boundary of C.

3. Green’s theorem, circulation form:

[ (@~ PydA = /CF -dr.

Since Oy — Py = curl F-K and curl is a derivative of sorts, Green’s theorem relates the integral of derivative curlF
over planar region D to an integral of F over the boundary of D.

4. Green’s theorem, flux form:

J P+ Qy)dA = / F-Nds.

Since P+ Qy = div F and divergence is a derivative of sorts, the flux form of Green’s theorem relates the integral
of derivative divF over planar region D to an integral of F over the boundary of D.

5. Stokes’ theorem:

Jeurl F-dS = /CF-dr.

If we think of the curl as a derivative of sorts, then Stokes’ theorem relates the integral of derivative curlF over
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surface S (not necessarily planar) to an integral of F over the boundary of S.

Stating the Divergence Theorem

The divergence theorem follows the general pattern of these other theorems. If we think of divergence as a derivative of
sorts, then the divergence theorem relates a triple integral of derivative divF over a solid to a flux integral of F over the
boundary of the solid. More specifically, the divergence theorem relates a flux integral of vector field F over a closed surface
S to a triple integral of the divergence of F over the solid enclosed by S.

Theorem 6.20: The Divergence Theorem

Let S be a piecewise, smooth closed surface that encloses solid E in space. Assume that S is oriented outward, and let
F be a vector field with continuous partial derivatives on an open region containing E (Figure 6.87). Then

I divEav = [/ F-ds. (6.24)
S

Figure 6.87 The divergence theorem relates a flux integral
across a closed surface S to a triple integral over solid E
enclosed by the surface.

Recall that the flux form of Green’s theorem states that ffDdiV FdA = f CF - Nds. Therefore, the divergence theorem is a

version of Green’s theorem in one higher dimension.

The proof of the divergence theorem is beyond the scope of this text. However, we look at an informal proof that gives
a general feel for why the theorem is true, but does not prove the theorem with full rigor. This explanation follows the
informal explanation given for why Stokes’ theorem is true.

Proof

Let B be a small box with sides parallel to the coordinate planes inside E (Figure 6.88). Let the center of B have coordinates
(x, ¥, ) and suppose the edge lengths are Ax, Ay, and Az (Figure 6.88(b)). The normal vector out of the top of the

box is k and the normal vector out of the bottom of the box is —Kk. The dot product of F= ( P, O, R) withkis R and
the dot product with —k is —R. The area of the top of the box (and the bottom of the box) AS is AxAy.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Figure 6.88 (a) A small box B inside surface E has sides parallel to the coordinate planes. (b) Box B has
side lengths Ax, Ay, and Az (c) If we look at the side view of B, we see that, since (x, y, z) is the

center of the box, to get to the top of the box we must travel a vertical distance of Az/2 up from (x, y, z).

Similarly, to get to the bottom of the box we must travel a distance Az/2 down from (x, y, 2).

The flux out of the top of the box can be approximated by R(x, y, 2+ %)AxAy (Figure 6.88(c)) and the flux out of the
bottom of the box is —R(x, v, Z2— %)AxAy. If we denote the difference between these values as AR, then the net flux

in the vertical direction can be approximated by ARAxAy. However,

ARAxAy = (%—f)AxAyAz ~ (%)AV.

Therefore, the net flux in the vertical direction can be approximated by (%—I;)AV. Similarly, the net flux in the x-direction
can be approximated by (g—i)AV and the net flux in the y-direction can be approximated by (%)AV. Adding the fluxes

in all three directions gives an approximation of the total flux out of the box:

Total flu z(a—P+Q+5—R)Av=divFAV.
dx  dy 0z

This approximation becomes arbitrarily close to the value of the total flux as the volume of the box shrinks to zero.
The sum of divFAV over all the small boxes approximating E is approximately fffEdiv FdV. On the other hand, the

sum of div FAV over all the small boxes approximating E is the sum of the fluxes over all these boxes. Just as in the

informal proof of Stokes’ theorem, adding these fluxes over all the boxes results in the cancelation of a lot of the terms.
If an approximating box shares a face with another approximating box, then the flux over one face is the negative of the
flux over the shared face of the adjacent box. These two integrals cancel out. When adding up all the fluxes, the only flux
integrals that survive are the integrals over the faces approximating the boundary of E. As the volumes of the approximating
boxes shrink to zero, this approximation becomes arbitrarily close to the flux over S.

O

Example 6.77

Verifying the Divergence Theorem

Verify the divergence theorem for vector field F= ( x—y, x+2z,z—y ) and surface S that consists of cone

X%+ y2 = zz, 0 <z<1, and the circular top of the cone (see the following figure). Assume this surface is
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positively oriented.
field: F=(x —y,x+2z,z -y

cone: X2 + y? = 22 b

Solution
Let E be the solid cone enclosed by S. To verify the theorem for this example, we show that
fffEdiV FdVv = ff F -dS by calculating each integral separately.

N

To compute the triple integral, note that divF = Py + Q, + R; =2, and therefore the triple integral is
fffEdiv Fdv =2 //fEdV
= 2(volume of E).

The volume of a right circular cone is given by ﬂrZ% In this case, & = r = 1. Therefore,

; - -2z
[ffEdlv FdV = 2(volume of E) = 5.

To compute the flux integral, first note that S is piecewise smooth; S can be written as a union of smooth surfaces.
Therefore, we break the flux integral into two pieces: one flux integral across the circular top of the cone and one
flux integral across the remaining portion of the cone. Call the circular top §; and the portion under the top S,.

We start by calculating the flux across the circular top of the cone. Notice that S; has parameterization
r(u, v)= (ucosv,usinv,1),0<u<1,0<v <27

Then, the tangent vectors are t, = ( cosv, sinv, 0) and t,= ( —ucosv, usinv, 0 ). Therefore, the flux

across Sy is

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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1 2«
[ Fras = /O fo F(r(u, v)) - (t, X t,)dA
1 2=
=f/ (ucosv—usinv, ucosv+1, l —usinv) - (0,0, u ) dvdu
0“0
1 .2z
=f f u—u?sinvdvdu = r.
070

We now calculate the flux over §,. A parameterization of this surface is
r(u, v) = (ucosv,usinv,u),0<u<1,0<v <2z
The tangent vectors are t, = ( cosv, sinv, 1 ) and t,= ( —usinv, ucosv, 0 ), so the cross product is
t, Xt,= ( —ucosv, —usinv, u ).

Notice that the negative signs on the x and y components induce the negative (or inward) orientation of the cone.
Since the surface is positively oriented, we use vector t, X t, = (ucosv, usinv, —u ) in the flux integral.

The flux across S, is then

1 .2«
[ F-das = fo fo F(r(u, v)) - (t, X t,)dA

1 2=

=// (ucosv—usinv, ucosv+u, u—sinv) - {ucosv, usinv, —u )
0v0
1 .2«

=f f u?cos?v + 2u?sinv — u?dvdu = - Z.
070 3

The total flux across S is
[ F-dS= [J F-dS+ [ F-ds = 2L~ [ divFav,

and we have verified the divergence theorem for this example.

6.65 Verify the divergence theorem for vector field F(x, y,z)= (x+y+2z v, 2x—y ) and surface S

given by the cylinder X2+ y2 =1, 0 < z < 3 plus the circular top and bottom of the cylinder. Assume that S is

positively oriented.

Recall that the divergence of continuous field F at point P is a measure of the “outflowing-ness” of the field at P. If F
represents the velocity field of a fluid, then the divergence can be thought of as the rate per unit volume of the fluid flowing
out less the rate per unit volume flowing in. The divergence theorem confirms this interpretation. To see this, let P be a
point and let B, be a ball of small radius r centered at P (Figure 6.89). Let S, be the boundary sphere of B,. Since the

radius is small and F is continuous, div F(Q) ~ div F(P) for all other points Q in the ball. Therefore, the flux across S,

can be approximated using the divergence theorem:
f/ F-dS = //f divFdV ~ /// divF(P)dV.
Sy B, B,
Since div F(P) is a constant,

[, divE(P)aV = div F(P)V(B)).
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Therefore, flux ffS F-dS can be approximated by div F(P)V(B,). This approximation gets better as the radius shrinks
r

to zero, and therefore

divF(P) = lim o b V(B ) J F.ds.

This equation says that the divergence at P is the net rate of outward flux of the fluid per unit volume.

Figure 6.89 Ball B, of small radius r centered at P.

Using the Divergence Theorem

The divergence theorem translates between the flux integral of closed surface S and a triple integral over the solid enclosed
by S. Therefore, the theorem allows us to compute flux integrals or triple integrals that would ordinarily be difficult to
compute by translating the flux integral into a triple integral and vice versa.

Example 6.78

Applying the Divergence Theorem

Calculate the surface integral ffSF -dS, where S is cylinder X+ y2 =1,0<z<2, including the circular

3

3
top and bottom, and F = ( x? +yz, % —sin(xz), z—x—y ).

Solution

We could calculate this integral without the divergence theorem, but the calculation is not straightforward because
we would have to break the flux integral into three separate integrals: one for the top of the cylinder, one for the
bottom, and one for the side. Furthermore, each integral would require parameterizing the corresponding surface,
calculating tangent vectors and their cross product, and using Equation 6.19.

By contrast, the divergence theorem allows us to calculate the single triple integral ///EdiV FdV, where E is

the solid enclosed by the cylinder. Using the divergence theorem and converting to cylindrical coordinates, we
have

ffSF-dS = ff/EdideV
/f/E(xz + y2 + 1)dV

= /02,[_/01_/02(}’2+ l)rdzdrdﬁ
=%f02ﬂd9= 3z,

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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@ 6.66 Use the divergence theorem to calculate flux integral /fSF -dS, where S is the boundary of the box

given by 0<x<2,1<y<4,0<z<1, and F= (x2+yz, y-2,2x+2y+2z) (see the following
figure).

Example 6.79

Applying the Divergence Theorem

Let v= ( —%, %, 0) be the velocity field of a fluid. Let C be the solid cube given by
1<x<4,2<y<5,1<z<4, and let S be the boundary of this cube (see the following figure). Find the

flow rate of the fluid across S.

Solution
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The flow rate of the fluid across S is f/Sv -dS. Before calculating this flux integral, let’s discuss what the value

of the integral should be. Based on Figure 6.90, we see that if we place this cube in the fluid (as long as the
cube doesn’t encompass the origin), then the rate of fluid entering the cube is the same as the rate of fluid exiting
the cube. The field is rotational in nature and, for a given circle parallel to the xy-plane that has a center on the
z-axis, the vectors along that circle are all the same magnitude. That is how we can see that the flow rate is the
same entering and exiting the cube. The flow into the cube cancels with the flow out of the cube, and therefore
the flow rate of the fluid across the cube should be zero.

To verify this intuition, we need to calculate the flux integral. Calculating the flux integral directly requires
breaking the flux integral into six separate flux integrals, one for each face of the cube. We also need to find
tangent vectors, compute their cross product, and use Equation 6.19. However, using the divergence theorem
makes this calculation go much more quickly:

ffsv -dS

f/fcdiv(v)dV
J.0av=o.

Therefore the flux is zero, as expected.

@ 6.67 et v= (%, %, 0) be the velocity field of a fluid. Let C be the solid cube given by

1<x<4,2<y<5,1<z<4, and letS be the boundary of this cube (see the following figure). Find the

flow rate of the fluid across S.

Example 6.79 illustrates a remarkable consequence of the divergence theorem. Let S be a piecewise, smooth closed
surface and let F be a vector field defined on an open region containing the surface enclosed by S. If F has the form
F= ( f(y, 2), g(x, 2), h(x, y) ), then the divergence of F is zero. By the divergence theorem, the flux of F across S is

also zero. This makes certain flux integrals incredibly easy to calculate. For example, suppose we wanted to calculate the
flux integral /fSF -dS where S is a cube and
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F = (sin(y)e’", x2z% cos(xy)e®i"* ) .

Calculating the flux integral directly would be difficult, if not impossible, using techniques we studied previously. At the
very least, we would have to break the flux integral into six integrals, one for each face of the cube. But, because the
divergence of this field is zero, the divergence theorem immediately shows that the flux integral is zero.

We can now use the divergence theorem to justify the physical interpretation of divergence that we discussed earlier. Recall
that if F is a continuous three-dimensional vector field and P is a point in the domain of F, then the divergence of F at
P is a measure of the “outflowing-ness” of F at P. If F represents the velocity field of a fluid, then the divergence of F
at P is a measure of the net flow rate out of point P (the flow of fluid out of P less the flow of fluid in to P). To see
how the divergence theorem justifies this interpretation, let B, be a ball of very small radius r with center P, and assume

that B, is in the domain of F. Furthermore, assume that B, has a positive, outward orientation. Since the radius of B,
is small and F is continuous, the divergence of F is approximately constant on B,. That is, if P’ is any point in B,
then div F(P) = div F(P’). Let S, denote the boundary sphere of B,. We can approximate the flux across S, using the

divergence theorem as follows:

J F-dS = [, divEdv
T, divEPav

= divF(P)V(B,)).

Q

As we shrink the radius r to zero via a limit, the quantity div F(P)V(B,) gets arbitrarily close to the flux. Therefore,

divE(P) = lim g [

F-dS

,

and we can consider the divergence at P as measuring the net rate of outward flux per unit volume at P. Since “outflowing-
ness” is an informal term for the net rate of outward flux per unit volume, we have justified the physical interpretation of
divergence we discussed earlier, and we have used the divergence theorem to give this justification.

Application to Electrostatic Fields

The divergence theorem has many applications in physics and engineering. It allows us to write many physical laws in both
an integral form and a differential form (in much the same way that Stokes’ theorem allowed us to translate between an
integral and differential form of Faraday’s law). Areas of study such as fluid dynamics, electromagnetism, and quantum
mechanics have equations that describe the conservation of mass, momentum, or energy, and the divergence theorem allows
us to give these equations in both integral and differential forms.

One of the most common applications of the divergence theorem is to electrostatic fields. An important result in this subject
is Gauss’ law. This law states that if S is a closed surface in electrostatic field E, then the flux of E across S is the total
charge enclosed by S (divided by an electric constant). We now use the divergence theorem to justify the special case of this
law in which the electrostatic field is generated by a stationary point charge at the origin.

If (x,y,z) is a point in space, then the distance from the point to the origin is r = \/)c2 + y2 +22 Let F, denote

x Y z

radial vector field F, = %( > 7> 3 ) - The vector at a given position in space points in the direction of unit radial
r

x Y z

vector (3, %, %) and is scaled by the quantity 1/r2. Therefore, the magnitude of a vector at a given point is inversely

proportional to the square of the vector’s distance from the origin. Suppose we have a stationary charge of g Coulombs at
the origin, existing in a vacuum. The charge generates electrostatic field E given by

—_4
E= 47r£OFr’

where the approximation &( = 8.854 X 10712 farad (F)/m is an electric constant. (The constant &, is a measure of the

resistance encountered when forming an electric field in a vacuum.) Notice that E is a radial vector field similar to the
gravitational field described in Example 6.6. The difference is that this field points outward whereas the gravitational field
points inward. Because

__49 -9 (1 ,x Y z
E_4ﬂ80Fr_4ﬂ£0(r2<r’ r’r>)’
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we say that electrostatic fields obey an inverse-square law. That is, the electrostatic force at a given point is inversely
proportional to the square of the distance from the source of the charge (which in this case is at the origin). Given this vector
field, we show that the flux across closed surface S is zero if the charge is outside of S, and that the flux is g/e(y if the charge

is inside of S. In other words, the flux across S is the charge inside the surface divided by constant &(. This is a special case
of Gauss’ law, and here we use the divergence theorem to justify this special case.
To show that the flux across S is the charge inside the surface divided by constant ¢;, we need two intermediate steps.

First we show that the divergence of F, is zero and then we show that the flux of F, across any smooth surface S is either

zero or 4z. We can then justify this special case of Gauss’ law.

Example 6.80

The Divergence of F, Is Zero

Verify that the divergence of F, is zero where F, is defined (away from the origin).

Solution
Since r = \/x2 + y2 + zz, the quotient rule gives us
i(i) -9l x
ox\,3 ox 312
r (x2 + y2 + 22)
3/2 172
(x2 + y2 + 12) - x[%(xz + y2 + zz) Zx]
B 2 2 2 3
(x +y +z )
_r =3xr — r— 3x2'
I’6 r5
Similarly,
af(y\_r -3y and 22 ="2—312
ay\,3 & 2z\,3 3
Therefore,
2 2 2_ 3,2 2 2.2
divF, ==3x Lo o3
r r r
32— 3(x2 + y2 + zz)
= 3
_3r2-372 _
==——=—=0.

r

Notice that since the divergence of F, is zero and E is F, scaled by a constant, the divergence of electrostatic field E is

also zero (except at the origin).

Theorem 6.21: Flux across a Smooth Surface

Let S be a connected, piecewise smooth closed surface and let F, = Lz ( %, %, % ) . Then,
r
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if S does not encompass the origin

JgFr-as={,

w  if S encompasses the origin.

In other words, this theorem says that the flux of F, across any piecewise smooth closed surface S depends only on whether
the origin is inside of S.
Proof

The logic of this proof follows the logic of Example 6.46, only we use the divergence theorem rather than Green’s
theorem.

First, suppose that S does not encompass the origin. In this case, the solid enclosed by S is in the domain of F,, and since

the divergence of F, is zero, we can immediately apply the divergence theorem and find that ffSF -dS is zero.

Now suppose that S does encompass the origin. We cannot just use the divergence theorem to calculate the flux, because
the field is not defined at the origin. Let S, be a sphere of radius a inside of S centered at the origin. The outward normal

vector field on the sphere, in spherical coordinates, is
ty Xtg= ( a’cos @ sin2(/1, a’sin@ sin2(/), a’singcos g )
(see Example 6.64). Therefore, on the surface of the sphere, the dot product F,.- N (in spherical coordinates) is

sin g cos @ sin¢gsinf cos

F,-N = ( s R 2¢) : (a2cos6’sin2¢, azsinesinzg{), azsinqﬁcosg{))
a a a
= sin ¢)( { sin¢pcos b, sinpsiné, cos¢ ) - { sin¢cosH, sin¢sinb, cos¢ ))
= sin ¢.

The flux of F, across S is

2r .7
[T, Fr-Nds = fo fo sin pdpd0 = 4r.

Now, remember that we are interested in the flux across S, not necessarily the flux across S,. To calculate the flux across
S, let E be the solid between surfaces S, and S. Then, the boundary of E consists of S, and S. Denote this boundary
by S — S, to indicate that S is oriented outward but now S, is oriented inward. We would like to apply the divergence

theorem to solid E. Notice that the divergence theorem, as stated, can’t handle a solid such as E because E has a hole.
However, the divergence theorem can be extended to handle solids with holes, just as Green’s theorem can be extended to
handle regions with holes. This allows us to use the divergence theorem in the following way. By the divergence theorem,

Jy_g FrdS = [[Fr-dS~ [ F,ds
I divE, av

[, 0av =o.

Therefore,
f/SF,-dS = ffSaF,~dS =4,

and we have our desired result.
O
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Now we return to calculating the flux across a smooth surface in the context of electrostatic field E = Tne
0

F, of a point

charge at the origin. Let S be a piecewise smooth closed surface that encompasses the origin. Then
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_ 74 g
[JE-as = [t -ds

__4 .
"~ 4re ffSFr a8

_q
80'

If S does not encompass the origin, then
aS =-9 -dS =
/fSE dS—480ffSFr dS =0.

Therefore, we have justified the claim that we set out to justify: the flux across closed surface S is zero if the charge is
outside of S, and the flux is g/e if the charge is inside of S.

This analysis works only if there is a single point charge at the origin. In this case, Gauss’ law says that the flux of E across
S is the total charge enclosed by S. Gauss’ law can be extended to handle multiple charged solids in space, not just a single
point charge at the origin. The logic is similar to the previous analysis, but beyond the scope of this text. In full generality,
Gauss’ law states that if S is a piecewise smooth closed surface and Q is the total amount of charge inside of S, then the flux
of E across Sis Qle,.

Example 6.81

Using Gauss’ law

Suppose we have four stationary point charges in space, all with a charge of 0.002 Coulombs (C). The charges are
located at (0, 1, 1), (1, 1, 4), (-1, 0, 0), and (-2, —2, 2). Let E denote the electrostatic field generated by

these point charges. If S is the sphere of radius 2 oriented outward and centered at the origin, then find ffSE -dS.

Solution

According to Gauss’ law, the flux of E across S is the total charge inside of S divided by the electric constant.
Since S has radius 2, notice that only two of the charges are inside of S: the charge at (0, 1, 1) and the charge at

(=1, 0, 0). Therefore, the total charge encompassed by S is 0.004 and, by Gauss’ law,

JE-ds=—"0004 5 4518%10° v-m.
s 8.854 X 10~

6.68 Work the previous example for surface S that is a sphere of radius 4 centered at the origin, oriented
outward.
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6.8 EXERCISES

For the following exercises, use a computer algebraic
system (CAS) and the divergence theorem to evaluate

surface integral f F-nds for the given choice of F and
N

the boundary surface S. For each closed surface, assume N
is the outward unit normal vector.

376. [T] F(x, y, 2)
cube 0<x<1,0<y<1,0<z<L 1.

=xi+ yj+zk; S is the surface of

377. IT] F(x, v, z) = (cos y2)i + e j + 372 k; S is the

surface of hemisphere z =14 — x?- y2 together with

disk x>+ y2 <4 in the xy-plane.

378. [T] F(x, y, 2) = (x2 + y2 - xz)i + xzyj +3zk; S

is the surface of the five faces of wunit cube

0<x<1,0<y<I1,0<z<1
379. [T] F(x, y, 2) =xi+ yj+zk; S is the surface of

paraboloid z = X+ y2 for0<z<9.

380. [T] F(x, y, 2) = xZi+ y2j +z%k; S is the surface

of sphere X+ y2 +z2=4.

381. [T]1 F(x,y,z)=xi+yj+ (22 - l)k; S is the

surface of the solid bounded by cylinder x>+ y2 =4 and
planes z=0andz = 1.

382. [T] F(x,y,2)= xyzi + yzzj +x2 zk; S is the
surface bounded above by sphere p =2 and below by

cone ¢ = % in spherical coordinates. (Think of S as the

surface of an “ice cream cone.”)

383. [T]
F(x, y, 2) = Ci+ y3j +3a’zk (constanta > 0); S is
the surface bounded by cylinder X%+ y2 =a” and planes
z=0andz=1.

384. [T] Surface integral //SF-dS, where S is the solid

bounded by paraboloid z = X+ y2 and plane z =4,
and

F(x,y,z):(x+y222)i (y+z x)J (z+x y)

819

385. Use the divergence theorem to calculate surface
integral ff SF -ds,

F(x, y,2) = (eyz)i + (y + sin(zz))j +(z—-1Kk and S is

where

upper hemisphere X%+ y2 +z2=1,2>0, oriented

upward.

386. Use the divergence theorem to calculate surface
integral ffSF -dS,

F(x,y, 2) = - x3z2j + 4xyzzk and S is the surface

where

bounded by cylinder X%+ y2 =1 and planes z=x+2
and z=0.

387. Use the divergence theorem to calculate surface
integral I SF -dS

F(x, y, 2) = 220+ 2xyz3j + xz%k and S is the surface
+2, +3).

when

of the box with vertices (*1,

388. Use the divergence theorem to calculate surface
integral ff SF -dS

F(x, y,2) = ztan~! (yz)i + z3ln(x2 + l)j +zk and Sisa

when

part of paraboloid X%+ y2 + z =2 that lies above plane

z=1 and is oriented upward.

389. [T] Use a CAS and the divergence theorem to
calculate flux ff SF -dS,

F(x, y, 2) = (x3 + y3)i + (y3 + 23)j + (13 + x3)k and S is

where

a sphere with center (0, 0) and radius 2.
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390. Use the divergence theorem to compute the value
of flux integral ffSF -dS, where

F(x, y.2) = (y* +3x)i+ (a2 + y)j + [z + x* cos(x? y) k

and S is the area of the region bounded by

x2+y2=1,x>0,y>0, and0 <z < 1.

391. Use the divergence theorem to compute flux integral

ffSF -dS, where F(x, y, 7) = yj — zk and S consists of
the union of paraboloid y = x> +75,0< y <1, anddisk
w24 22 <1,y=1, oriented outward. What is the flux

through just the paraboloid?

392. Use the divergence theorem to compute flux integral
ffSF'dS, where F(x, y, z) = x+ yj +z*k and Sis a

part of cone z= \/xz+y2 beneath top plane z =1,
oriented downward.

393. Use the divergence theorem to calculate surface
integral I SF -dS for

Fx,y, 2) = -3 sz + 4xyzzk, where S is the
surface bounded by cylinder x2+y2 =1 and planes

z=x+2andz=0.

394. Consider F(x, y, z) = i+ xyj+ (z+ Dk. Let E

be the solid enclosed by paraboloid z =4 — x? - y2 and
plane z =0 with normal vectors pointing outside E.

Compute flux F across the boundary of E using the
divergence theorem.

For the following exercises, use a CAS along with the
divergence theorem to compute the net outward flux for the
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fields across the given surfaces S.

395. [TT F= (x,-2y,3z); S is sphere

{(x, v, 2) :x2+y2+z2 = 6}.

396. [T] F= (x, 2y,z); S is the boundary of the

tetrahedron in the first octant

x+y+z=1

formed by plane

397. [T] F= (y—2x,x3—y,y2—z); S is sphere
@y +y?+27 =4

398. [T] F= (x, v, z); Sis the surface of paraboloid

z=4—x2—y2, for z>0, plus its base in the

xy-plane.

For the following exercises, use a CAS and the divergence
theorem to compute the net outward flux for the vector
fields across the boundary of the given regions D.

399. [Tl F= (z—x,x—y,2y—2z); D is the region

between spheres of radius 2 and 4 centered at the origin.
400. [T] F=X=_{8¥2)

| 4/x2+y2+zz

between spheres of radius 1 and 2 centered at the origin.

D is the region

401. [T] F = (xz, —yz, 72 Y ; D is the region in the

first octant between planes z=4-x-y and

z=2—-x—Yy.

402. Let F(x,y, 7) = 2xi — 3xyj + xz’k. Use the

divergence theorem to calculate ffSF-dS, where S is

the surface of the cube with corners at

0, 0, 0), (1, 0, 0), (0, 1, 0,
(1, 1,0), (0,0, 1), (1,0, 1), (0, 1, 1), and (1, 1, 1),
oriented outward.

403. Use the divergence theorem to find the outward flux
of field F(x, y, z2)= (x3 - 3y)i + 2yz + 1)j + xyzk

through the cube bounded by
x==+l1,y=+1, andz = +1.

planes

404. Let F(x,y,z)=2xi—3yj+5zk and let S be

z=\9 - x? - y2 together with disk

X%+ y2 < 9 in the xy-plane. Use the divergence theorem.

hemisphere
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405. Evaluate where

JE -Nas,

F(x, y, z) = xZi+ xyj + x3y3k and S is the surface

consisting of all faces except the tetrahedron bounded by
plane x+y+z=1 and the coordinate planes, with

outward unit normal vector N.

406. Find the net outward flux of field
F= (bz—cy, cx—az, ay—bx) across any smooth

closed surface in R3, where a, b, and ¢ are constants.

407. Use the
J IR [ R-nds,
N
2

and S is sphere 2+ y2 + 2% =a?, with constant a > 0.

theorem to evaluate
R(x, y, z) = xi+ yj+zk

divergence
where

408. Use the divergence theorem to evaluate /]SF -dS,

where F(x, y, 2) = y?zi + y3j +xzk and S is the

boundary of the cube defined by
-1<x<1,-1<y<1, and0<z<2.

409. Let R be the region defined by x+ y2 +z2<1.

Use the divergence theorem to find f/ Rzde.

821

410. Let E be the solid bounded by the xy-plane and
paraboloid z =4 — x? - y2 so that S is the surface of

the paraboloid piece together with the disk in the xy-plane
that forms its bottom. If

2,2
F(x, y,2) = (xz sin(yz) + x3)i + cos(yz)j + (3zy2 —e Y )k,

find /fSF-dS using the divergence theorem.

411. Let E be the solid unit cube with diagonally opposite
corners at the origin and (1, 1, 1), and faces parallel to the
coordinate planes. Let S be the surface of E, oriented with

the outward-pointing normal. Use a CAS to find //SF -dS

using the divergence theorem if

F(x, y, 7) = 2xyi + 3ye® j + x sin zk.

412. Use the divergence theorem to calculate the flux

of F(x,y,2)= i+ y3j +2°K through  sphere

x2+y2+22=1.

413. Find ffSF-dS, where F(x, y, z) = xi + yj + 7k

and S is the outwardly oriented surface obtained by

removing cube [1,2]x[1,2]x[1,2] from cube
[0, 2] x [0, 2] % [0, 2].

414. Consider radial vector field
F=L= _{xyz) Compute the surface

Il — (xz N y2 N Z2)1/2'

integral, where S is the surface of a sphere of radius a
centered at the origin.
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415. Compute the flux of water through parabolic cylinder
S;y:xz, from 0 <x<2,0<z<3, if the velocity

vectoris F(x, y, ) = 37221 + 6j + 6xzk.

416. [T] Use a CAS to find the flux of vector field
F(x,y,z)=zi+zj+ 2+ yzk across the portion of

hyperboloid X2+ y2 =272+ 1 between planes z =0 and
V3

=3 oriented so the unit normal vector points away

from the z-axis.

417. [T] Use a CAS to find the flux of vector field
F(x, y, 2) = (¢ + x)i + (3 cos(xz) — y)j +zk  through

surface S, where S is given by z2:4)c2+4y2 from
0<z<4, oriented so the unit normal vector points

downward.

418. [T] Use a CAS to compute /fSF-dS, where
F(x, y,z) =xi+yj+2zk and S is a part of sphere
x2+y2+z2=2 with 0 <z < 1.

419. Evaluate yi SF -dS, where

F(x, y, 2) = bxyzi + bxzyj + (x2 + yz)zzk and S is a
closed surface bounding the region and consisting of solid

cylinder X2+ y2 <a®and 0 <z <b.

420. [T] Use a CAS to calculate the flux of
F(x, y, 2) = (x3 + ysin z)i + (y3 + zsin x)j + 3zKk across

surface S, where S is the boundary of the solid bounded by

hemispheres z =4 — X - y2 and z=11- x? - y2,

and plane z =0.

421. Use the divergence theorem to evaluate //SF -dS,
where F(x, y, z) = xyi — %yz j+zk and S is the surface

consisting of three pieces: z =4 — 3x% — 3y2, 1<z<4
on the top; x2 +y2 =1,0<z<1 on the sides; and

z = 0 on the bottom.

422. [T] Use a CAS and the divergence theorem to
evaluate ff F-ds, where
S

F(x, y, z) = 2x+ ycoszji+ (x2 - y)j +y2zk and S is

sphere X2+ y2 + 7% = 4 orientated outward.
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423. Use the divergence theorem to evaluate //SF -dS,

where F(x, y,z) =xi+yj+zk and S is the boundary
of the solid enclosed by paraboloid y = x> +72-2,
cylinder x>+z2=1, and plane x+y=2, and S is
oriented outward.

For the following exercises, Fourier’s law of heat transfer
states that the heat flow vector F at a point is proportional

to the negative gradient of the temperature; that is,
F =—-kVT, which means that heat energy flows hot

regions to cold regions. The constant k& > 0 is called the

conductivity, which has metric units of joules per meter
per second-kelvin or watts per meter-kelvin. A temperature
function for region D is given. Use the divergence theorem
to find net outward heat flux

F-NdS =—k /[ VT -NdS across the boundary S of
T J

D, where k = 1.

424, T(x,y,2)=100+ x4+ 2y +z;
D={xy2:05x<1,0<y<1,0<z<1}

425. T(x, y,2) =100 + e~ 5
D={x92:05x<1,0<y<1,0<z< 1}

2 y2 - 12 .
426. T(x,y, z) = 100e ; D is the sphere of

radius a centered at the origin.
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CHAPTER 6 REVIEW

KEY TERMS

circulation the tendency of a fluid to move in the direction of curve C. If C is a closed curve, then the circulation of F

along C is line integral f CF -Tds, which we also denote 525 F-Tds
C

closed curve a curve for which there exists a parameterization r(f), a <t <b, such that r(a) =r(b), and the

curve is traversed exactly once
closed curve a curve that begins and ends at the same point

connected region aregion in which any two points can be connected by a path with a trace contained entirely inside the
region

conservative field a vector field for which there exists a scalar function f suchthat Vf =F

curl i j k
the curl of vector field F = (P, O, R), denoted V X F, isthe “determinant” of the matrix % aa_y a% and is
P O R

given by the expression (Ry -0 Z)i +(P,—R,)j+ (Q x— Py)k; it measures the tendency of particles at a point to
rotate about the axis that points in the direction of the curl at the point

divergence the divergence of a vector field F= (P, O, R), denoted V XF, is P,+ Oy + R; it measures the
“outflowing-ness” of a vector field

divergence theorem a theorem used to transform a difficult flux integral into an easier triple integral and vice versa

flux the rate of a fluid flowing across a curve in a vector field; the flux of vector field F across plane curve C is line

. _n@®
integral fCF Tl ds

flux integral another name for a surface integral of a vector field; the preferred term in physics and engineering

Fundamental Theorem for Line Integrals the value of line integral f CV f -dr depends only on the value of f at

the endpoints of C: / CV f-dr = flr(b)) — f(r(a))

Gauss’ law if S is a piecewise, smooth closed surface in a vacuum and Q is the total stationary charge inside of S, then
the flux of electrostatic field E across Sis Q/e,

gradient field a vector field F for which there exists a scalar function f such that Vf = F; in other words, a vector

field that is the gradient of a function; such vector fields are also called conservative
Green’s theorem relates the integral over a connected region to an integral over the boundary of the region
grid curves curves on a surface that are parallel to grid lines in a coordinate plane

heat flow a vector field proportional to the negative temperature gradient in an object

independence of path .. .\ field F has path independence if /C F-dr = /C F-dr for any curves C| and C,
1 2

in the domain of F with the same initial points and terminal points

inverse-square law the electrostatic force at a given point is inversely proportional to the square of the distance from
the source of the charge

line integral the integral of a function along a curve in a plane or in space
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mass flux (e rate of mass flow of a fluid per unit area, measured in mass per unit time per unit area
orientation of a curve the orientation of a curve C is a specified direction of C

orientation of a surface if a surface has an “inner” side and an “outer” side, then an orientation is a choice of the inner
or the outer side; the surface could also have “upward” and “downward” orientations

parameter domain (parameter space) the region of the uv plane over which the parameters u and v vary for
parameterization r(u, v) = { x(u, v), y(u, v), z(u, v) )

parameterized surface (parametric surface) a surface given by a description of the form
r(u, v) = { x(u, v), y(u, v), z(u, v) ) , where the parameters u and v vary over a parameter domain in the
uv-plane

piecewise smooth curve an oriented curve that is not smooth, but can be written as the union of finitely many smooth
curves

potential function a scalar function f suchthat Vf =F

radial field a vector field in which all vectors either point directly toward or directly away from the origin; the magnitude
of any vector depends only on its distance from the origin

regular parameterization parameterization r(u, v) = { x(u, v), y(u, v), z(4, v) ) such that r, X r, is not zero for

point (u, v) in the parameter domain

rotational field a vector field in which the vector at point (x, y) is tangent to a circle with radius r = \/x2 + y2; in a

rotational field, all vectors flow either clockwise or counterclockwise, and the magnitude of a vector depends only on
its distance from the origin

scalar line integral the scalar line integral of a function f along a curve C with respect to arc length is the integral
_/ Cfds, it is the integral of a scalar function f along a curve in a plane or in space; such an integral is defined in

terms of a Riemann sum, as is a single-variable integral
simple curve a curve that does not cross itself

simply connected region aregion that is connected and has the property that any closed curve that lies entirely inside
the region encompasses points that are entirely inside the region

Stokes’ theorem relates the flux integral over a surface S to a line integral around the boundary C of the surface S
stream function if F= (P, Q) isa source-free vector field, then stream function g is a function such that P = g,
and Q = —g,

surface area the area of surface S given by the surface integral f /S das

surface independent flux integrals of curl vector fields are surface independent if their evaluation does not depend on
the surface but only on the boundary of the surface

surface integral an integral of a function over a surface

surface integral of a scalar-valued function a surface integral in which the integrand is a scalar function

surface integral of a vector field a surface integral in which the integrand is a vector field

unit vector field a vector field in which the magnitude of every vector is 1

vector field measured in R?, an assignment of a vector F(x, y) to each point (x, y) of a subset D of R?; in
R3 , an assignment of a vector F(x, y, z) to each point (x, y, z) of a subset D of R3

vector line integral the vector line integral of vector field F along curve C is the integral of the dot product of F with

unit tangent vector T of C with respect to arc length, f CF - Tds; such an integral is defined in terms of a Riemann

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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sum, similar to a single-variable integral

KEY EQUATIONS

Vector field in R2
F(x, y) = (P(x, y), O(x, ) )

or
F(x, y) = P(x, )i+ O(x, y)j

Vector fieldin R3
F(x,y, 2= (P(x, y, 2, Qx, ¥, 2), R(x, y, 2) )

or
F(x, y,2) = P(x, y, 2i+ O(x, y, 2j + R(x, y, 2k

Calculating a scalar line integral

b
Sty ads = [ e @ + @R + @ ol

Calculating a vector line integral

/CF~ds= /CF~Tds= fu bF(r(t))-r’(t)dt
or

b
/, Fdx+Qdy + Rdz = /a (P(r(t))% + Q(r(z))% + R Jar

Calculating flux
b

_n® o )
fCF TG fa F(r(t) - n(¢)dt

Fundamental Theorem for Line Integrals

J Vi -dr = fir) - fx(a)

Circulation of a conservative field over curve C that encloses a simply connected region

_9§CVf~dr:0

Green’s theorem, circulation form
‘9§de)€ + Qdy = //DQX — PydA, where C is the boundary of D

Green’s theorem, flux form
ngF -dr = //DQX — PydA, where C is the boundary of D

Green’s theorem, extended version
y§aDF dr= [ Q. PydA

Curl
VXF=(Ry—Q)i+(P,— RyJj+(Qx—Pyk

Divergence
V- F=P,+0,+R;

Divergence of curl is zero
V- (VxF)=0

Curl of a gradient is the zero vector

825
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Vx(Vf)=0
Scalar surface integral

/] Sy, 9dS = / fo<r<u, Wity X tilldA

Flux integral
JJF-NdS= [[F-dS= [ Fr(u,v)-(t, X t,)dA

Stokes’ theorem
fCF :dr =[] curl F-dS

Divergence theorem

[ divEav = [ F-ds

KEY CONCEPTS

6.1 Vector Fields

A vector field assigns a vector F(x, y) to each point (x, y) in a subset D of R% or R3. F(x, y, 2) to each point

(x, y, z) in a subset D of R3.
Vector fields can describe the distribution of vector quantities such as forces or velocities over a region of the plane
or of space. They are in common use in such areas as physics, engineering, meteorology, oceanography.

We can sketch a vector field by examining its defining equation to determine relative magnitudes in various
locations and then drawing enough vectors to determine a pattern.

A vector field F is called conservative if there exists a scalar function f suchthat Vf =F.

6.2 Line Integrals

Line integrals generalize the notion of a single-variable integral to higher dimensions. The domain of integration in
a single-variable integral is a line segment along the x-axis, but the domain of integration in a line integral is a curve
in a plane or in space.

If C is a curve, then the length of C is / Cds.

There are two kinds of line integral: scalar line integrals and vector line integrals. Scalar line integrals can be used
to calculate the mass of a wire; vector line integrals can be used to calculate the work done on a particle traveling
through a field.

Scalar line integrals can be calculated using Equation 6.8; vector line integrals can be calculated using Equation
6.9.

Two key concepts expressed in terms of line integrals are flux and circulation. Flux measures the rate that a field
crosses a given line; circulation measures the tendency of a field to move in the same direction as a given closed
curve.

6.3 Conservative Vector Fields

The theorems in this section require curves that are closed, simple, or both, and regions that are connected or simply
connected.

The line integral of a conservative vector field can be calculated using the Fundamental Theorem for Line Integrals.
This theorem is a generalization of the Fundamental Theorem of Calculus in higher dimensions. Using this theorem
usually makes the calculation of the line integral easier.

Conservative fields are independent of path. The line integral of a conservative field depends only on the value of
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the potential function at the endpoints of the domain curve.

¢ Given vector field F, we can test whether F is conservative by using the cross-partial property. If F has the cross-
partial property and the domain is simply connected, then F is conservative (and thus has a potential function). If F
is conservative, we can find a potential function by using the Problem-Solving Strategy.

¢ The circulation of a conservative vector field on a simply connected domain over a closed curve is zero.

6.4 Green’s Theorem
¢ Green’s theorem relates the integral over a connected region to an integral over the boundary of the region. Green’s
theorem is a version of the Fundamental Theorem of Calculus in one higher dimension.

¢ Green’s Theorem comes in two forms: a circulation form and a flux form. In the circulation form, the integrand is
F-T. In the flux form, the integrand is F - N.

¢ Green’s theorem can be used to transform a difficult line integral into an easier double integral, or to transform a
difficult double integral into an easier line integral.

e A vector field is source free if it has a stream function. The flux of a source-free vector field across a closed curve
is zero, just as the circulation of a conservative vector field across a closed curve is zero.

6.5 Divergence and Curl

* The divergence of a vector field is a scalar function. Divergence measures the “outflowing-ness” of a vector field.
If v is the velocity field of a fluid, then the divergence of v at a point is the outflow of the fluid less the inflow at the
point.

¢ The curl of a vector field is a vector field. The curl of a vector field at point P measures the tendency of particles at
P to rotate about the axis that points in the direction of the curl at P.

¢ A vector field with a simply connected domain is conservative if and only if its curl is zero.

6.6 Surface Integrals
¢ Surfaces can be parameterized, just as curves can be parameterized. In general, surfaces must be parameterized with
two parameters.

¢ Surfaces can sometimes be oriented, just as curves can be oriented. Some surfaces, such as a Mdbius strip, cannot
be oriented.

¢ A surface integral is like a line integral in one higher dimension. The domain of integration of a surface integral is
a surface in a plane or space, rather than a curve in a plane or space.

¢ The integrand of a surface integral can be a scalar function or a vector field. To calculate a surface integral with an
integrand that is a function, use Equation 6.19. To calculate a surface integral with an integrand that is a vector
field, use Equation 6.20.

e If Sis a surface, then the area of S is / / SdS.

6.7 Stokes’ Theorem

¢ Stokes’ theorem relates a flux integral over a surface to a line integral around the boundary of the surface. Stokes’
theorem is a higher dimensional version of Green’s theorem, and therefore is another version of the Fundamental
Theorem of Calculus in higher dimensions.

e Stokes’ theorem can be used to transform a difficult surface integral into an easier line integral, or a difficult line
integral into an easier surface integral.

¢ Through Stokes’ theorem, line integrals can be evaluated using the simplest surface with boundary C.

¢ Faraday’s law relates the curl of an electric field to the rate of change of the corresponding magnetic field. Stokes’
theorem can be used to derive Faraday’s law.
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¢ The divergence theorem relates a surface integral across closed surface S to a triple integral over the solid enclosed
by S. The divergence theorem is a higher dimensional version of the flux form of Green’s theorem, and is therefore
a higher dimensional version of the Fundamental Theorem of Calculus.

¢ The divergence theorem can be used to transform a difficult flux integral into an easier triple integral and vice versa.

¢ The divergence theorem can be used to derive Gauss’ law, a fundamental law in electrostatics.

CHAPTER 6 REVIEW EXERCISES

True or False? Justify your answer with a proof or a

counterexample.
427. Vector field F(x, y) = x? i+ yzxj is

conservative.

428. For vector field F(x, y) = P(x, )i+ Q(x, y)j, if
Py(x7 )’) = Qx(x’ )’) in

Pdx + Qdy = 0.
/[)D X+ QOdy

open region D, then

429. The divergence of a vector field is a vector field.

430. If curl F =0, then F is a conservative vector

field.

Draw the following vector fields.

431. F(x,y) = %i +2xj

432. F(x, y) = %
X“+y

Are the following the vector fields conservative? If so, find
the potential function f suchthat F =V f.
433. F(x, y) = yi+ (x — 2¢”)j

434. F(x, y) = (6xy)i + (3x2 —ye? )J

435.
F(x, y,2) = (2xy + zz)i + (x2 + 2yz)j + (2xz + yZ)k

436. F(x,y,2) = (e Y+ +2)j+ (" +y)k

Evaluate the following integrals.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

437. /x2 dy + (2x —3xy)dx, along C:y= %x from
C

(0,0)to (4, 2)

438. _/ ydx + xy2 dy, where
C
C:x=Vt,y=t—-1,0<1t<1
439. ffsxy2 ds, where S is surface

z=x>—y,0<x<1,0<y<4

Find the divergence and curl for the following vector fields.

440. F(x, y, z) = 3xyzi + xye*j — 3xyk

441. F(x, y,z)=€"i+ exyj +e7*k

Use Green’s theorem to evaluate the following integrals.

442, f 3xydx + 2xy2dy, where C is a square with
C

vertices (0, 0), (0, 2), (2, 2) and (2, 0)

443. yg 3ydx + (x + ¢¥)dy, where Cis a circle centered
C

at the origin with radius 3

Use Stokes’ theorem to evaluate / f curl F - dS.

S

444. F(x,y, z) =yi—xj+zk, where S is the upper
half of the unit sphere

445. F(x, y, z) = yi+xyzj —2zxk, where S is the
upward-facing paraboloid z = X+ y2 lying in cylinder

4+yr=1

Use the divergence theorem to evaluate / / SF -dS.
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446. F(x, y,z) = ()c3 y)i + @By —eY)j+ (z+x)k, over
cube § defined by —-1<x<1, 0<y<2,
0<z<g2

447. F(x, y,7) = (2xy)i+(—y2)j + (223)k, where S is

bounded by paraboloid z = X%+ y2 and plane z =2

448. Find the amount of work performed by a 50-kg
woman ascending a helical staircase with radius 2 m and
height 100 m. The woman completes five revolutions
during the climb.

449. Find the total mass of a thin wire in the shape of
a semicircle with radius \/f and a density function of

plx,y)=y+ x2.

450. Find the total mass of a thin sheet in the shape of a
hemisphere with radius 2 for z > 0 with a density function

plx,y, )=x+y+z.

451. Use the divergence theorem to compute the value
of the flux integral over the wunit sphere with
F(x, y, z) = 3zi + 2yj + 2xk.

829
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7| SECOND-ORDER
DIFFERENTIAL EQUATIONS

Figure 7.1 A motorcycle suspension system is an example of a damped spring-mass system. The spring absorbs bumps and
keeps the tire in contact with the road. The shock absorber damps the motion so the motorcycle does not continue to bounce after
going over each bump. (credit: nSeika, Flickr)

Chapter Outline

7.1 Second-Order Linear Equations
7.2 Nonhomogeneous Linear Equations
7.3 Applications

7.4 Series Solutions of Differential Equations

Introduction

We have already studied the basics of differential equations, including separable first-order equations. In this chapter, we
go a little further and look at second-order equations, which are equations containing second derivatives of the dependent
variable. The solution methods we examine are different from those discussed earlier, and the solutions tend to involve
trigonometric functions as well as exponential functions. Here we concentrate primarily on second-order equations with
constant coefficients.

Such equations have many practical applications. The operation of certain electrical circuits, known as
resistor—inductor—capacitor (RLC) circuits, can be described by second-order differential equations with constant
coefficients. These circuits are found in all kinds of modern electronic devices—from computers to smartphones to
televisions. Such circuits can be used to select a range of frequencies from the entire radio wave spectrum, and are they
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commonly used for tuning AM/FM radios. We look at these circuits more closely in Applications.

Spring-mass systems, such as motorcycle shock absorbers, are a second common application of second-order differential
equations. For motocross riders, the suspension systems on their motorcycles are very important. The off-road courses on
which they ride often include jumps, and losing control of the motorcycle when landing could cost them the race. The
movement of the shock absorber depends on the amount of damping in the system. In this chapter, we model forced and
unforced spring-mass systems with varying amounts of damping.

7.1 | Second-Order Linear Equations

Learning Objectives

7.1.1 Recognize homogeneous and nonhomogeneous linear differential equations.
7.1.2 Determine the characteristic equation of a homogeneous linear equation.

7.1.3 Use the roots of the characteristic equation to find the solution to a homogeneous linear
equation.

7.1.4 Solve initial-value and boundary-value problems involving linear differential equations.

When working with differential equations, usually the goal is to find a solution. In other words, we want to find a function
(or functions) that satisfies the differential equation. The technique we use to find these solutions varies, depending on the
form of the differential equation with which we are working. Second-order differential equations have several important
characteristics that can help us determine which solution method to use. In this section, we examine some of these
characteristics and the associated terminology.

Homogeneous Linear Equations

Consider the second-order differential equation
xy" + 2x2y/ + 5x3y =0.

Notice that y and its derivatives appear in a relatively simple form. They are multiplied by functions of x, but are not raised
to any powers themselves, nor are they multiplied together. As discussed in Introduction to Differential Equations
(http:/lcnx.org/lcontent/m53696/latest/) , first-order equations with similar characteristics are said to be linear. The
same is true of second-order equations. Also note that all the terms in this differential equation involve either y or one of its
derivatives. There are no terms involving only functions of x. Equations like this, in which every term contains y or one of
its derivatives, are called homogeneous.

Not all differential equations are homogeneous. Consider the differential equation

xy" + 2x2y/ + 5x3y =x%

The x2 term on the right side of the equal sign does not contain y or any of its derivatives. Therefore, this differential
equation is nonhomogeneous.

Definition

A second-order differential equation is linear if it can be written in the form
ar (0)y" +ay ()y +ag(x)y = r(x), (7.1)

where a,(x), a;(x), ay(x), and r(x) are real-valued functions and a,(x) is not identically zero. If r(x) = 0 —in
other words, if 7(x) = 0 for every value of x—the equation is said to be a homogeneous linear equation. If r(x) # 0

for some value of x, the equation is said to be a nonhomogeneous linear equation.

Visit this website (http://www.openstaxcollege.org/l/20_Secondord) to study more about second-order
linear differential equations.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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In linear differential equations, y and its derivatives can be raised only to the first power and they may not be multiplied

by one another. Terms involving y2 or \/y’ make the equation nonlinear. Functions of y and its derivatives, such as siny

’

or ¢’ are similarly prohibited in linear differential equations.

Note that equations may not always be given in standard form (the form shown in the definition). It can be helpful to rewrite
them in that form to decide whether they are linear, or whether a linear equation is homogeneous.

Example 7.1

Classifying Second-Order Equations

Classify each of the following equations as linear or nonlinear. If the equation is linear, determine further whether
it is homogeneous or nonhomogeneous.

a. y'+ 3x4y’ +x2 y2 =x
b. (sinx)y” + (cosx)y’+3y =0
c. 4t°x"+3txx’ +4x=0
d 5y +y= 4x°
e. (cosx)y” —siny’ + (sinx)y —cosx =0
. 8ty — 612y +4ty—3t>=0
. 2N ’ 2 —
g. sin(x“)y” — (cosx)y' +x“y=y" -3

h. y”"+5xy" —3y=rcosy

Solution

a. This equation is nonlinear because of the y2 term.

b. This equation is linear. There is no term involving a power or function of y, and the coefficients are
all functions of x. The equation is already written in standard form, and r(x) is identically zero, so the
equation is homogeneous.

c. This equation is nonlinear. Note that, in this case, x is the dependent variable and ¢ is the independent
variable. The second term involves the product of x and x’, so the equation is nonlinear.

d. This equation is linear. Since r(x) = 4x° , the equation is nonhomogeneous.
e. This equation is nonlinear, because of the siny’ term.
f. This equation is linear. Rewriting it in standard form gives

812y — 612y + 4ty = 312

With the equation in standard form, we can see that r(¢) = 3t2, so the equation is nonhomogeneous.
g. This equation looks like it’s linear, but we should rewrite it in standard form to be sure. We get

sin(xz)y” — (cosx+ 1)y + x2y = 3.
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This equation is, indeed, linear. With r(x) = —3, it is nonhomogeneous.

h. This equation is nonlinear because of the cosy term.

Visit this website (http://lwww.openstaxcollege.org/l/l20_Secondord?2) that discusses second-order
differential equations.

7.1 Classify each of the following equations as linear or nonlinear. If the equation is linear, determine further
whether it is homogeneous or nonhomogeneous.

a. (y”)2 -y + 8x3y =0

b. (sint)y” +cost—3ty’ =0

Later in this section, we will see some techniques for solving specific types of differential equations. Before we get to
that, however, let’s get a feel for how solutions to linear differential equations behave. In many cases, solving differential
equations depends on making educated guesses about what the solution might look like. Knowing how various types of
solutions behave will be helpful.

Example 7.2

Verifying a Solution

Consider the linear, homogeneous differential equation
xzy” —xy' —=3y=0.

Looking at this equation, notice that the coefficient functions are polynomials, with higher powers of x

associated with higher-order derivatives of y. Show that y = x> is a solution to this differential equation.

Solution
Let y = x3. Then y = 3x? and y” = 6x. Substituting into the differential equation, we see that
xzy” —xy =3y = x2 (6x) — x(3x2) — 3(x3)

= 6x° — 3% = 3x3
=0.

@ 7.2 Show that y = 2x? is a solution to the differential equation

%xzy” —xy'+y=0.

Although simply finding any solution to a differential equation is important, mathematicians and engineers often want to
go beyond finding one solution to a differential equation to finding all solutions to a differential equation. In other words,
we want to find a general solution. Just as with first-order differential equations, a general solution (or family of solutions)
gives the entire set of solutions to a differential equation. An important difference between first-order and second-order

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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equations is that, with second-order equations, we typically need to find two different solutions to the equation to find the
general solution. If we find two solutions, then any linear combination of these solutions is also a solution. We state this fact
as the following theorem.

Theorem 7.1: Superposition Principle

If y;(x) and y,(x) are solutions to a linear homogeneous differential equation, then the function

y(x) =c1y1(x) + cry(x),

where ¢ and c, are constants, is also a solution.

The proof of this superposition principle theorem is left as an exercise.

Example 7.3

Verifying the Superposition Principle

Consider the differential equation
y' —4y —5y=0.

X X

Given that e~ and e* are solutions to this differential equation, show that 4e ™ + e>* is a solution.

Solution
We have

Y(x) = de ™ + e, 50y (x) = —de ™ + 5¢° and y'(x) = de ™ + 25¢°.
Then
y' —4y —5y = (4e_x + 25€5x) - 4(—4e_x + Sesx) - 5(4e_x + esx)

=de ™ +25¢>* + 16e ™ — 20> — 20e ™ — 5¢*
=0.

5

Thus, y(x) = 4e™™ + ¥ is a solution.

@ 7.3 Consider the differential equation
Y +5y +6y=0.

2x —2x 3

Given that e 2* and e~>* are solutions to this differential equation, show that 3e + 6% is a solution.

Unfortunately, to find the general solution to a second-order differential equation, it is not enough to find any two solutions
and then combine them. Consider the differential equation

X"+ 7x' +12x = 0.
Both ¢~ and 2¢™> are solutions (check this). However, x(f) = c; e ¥+ 02(26_3 t) is not the general solution. This

expression does not account for all solutions to the differential equation. In particular, it fails to account for the function

e~ , which is also a solution to the differential equation.

It turns out that to find the general solution to a second-order differential equation, we must find two linearly independent
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solutions. We define that terminology here.

Definition

A set of functions f;(x), f5(x),...,fn(x) is said to be linearly dependent if there are constants ¢y, ¢5,...c;, notall
zero, such that ¢y f1(x) + ¢y fo(x) + -+ + ¢, fu(x) = 0 for all x over the interval of interest. A set of functions that is

not linearly dependent is said to be linearly independent.

In this chapter, we usually test sets of only two functions for linear independence, which allows us to simplify this definition.
From a practical perspective, we see that two functions are linearly dependent if either one of them is identically zero or if
they are constant multiples of each other.

First we show that if the functions meet the conditions given previously, then they are linearly dependent. If one of the
functions is identically zero—say, f5(x) = 0—then choose ¢; =0 and ¢, =1, and the condition for linear dependence

is satisfied. If, on the other hand, neither f;(x) nor f,(x) is identically zero, but f;(x) = Cf,(x) for some constant C,

then choose ¢ = % and ¢, = —1, and again, the condition is satisfied.

Next, we show that if two functions are linearly dependent, then either one is identically zero or they are constant multiples
of one another. Assume f(x) and f,(x) are linearly independent. Then, there are constants, ¢; and c¢,, not both zero,

such that
c1 f1x) +cy frolx) =0
for all x over the interval of interest. Then,

(&) f1(x) = —szz(x)-

Now, since we stated that ¢; and ¢, can’t both be zero, assume ¢, # 0. Then, there are two cases: either ¢; =0 or

c;#0.If ¢, =0, then

0=—cy/fr(x)
0= fr(0),

so one of the functions is identically zero. Now suppose ¢ # 0. Then,

[0 = (=)0

and we see that the functions are constant multiples of one another.

Theorem 7.2: Linear Dependence of Two Functions

Two functions, fj(x) and f,(x), are said to be linearly dependent if either one of them is identically zero or if
f1(x) = Cf5(x) for some constant C and for all x over the interval of interest. Functions that are not linearly dependent

are said to be linearly independent.

Example 7.4

Testing for Linear Dependence

Determine whether the following pairs of functions are linearly dependent or linearly independent.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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a. fix)= x2, frx) = 5x2

b.  fi(x) =sinx, f5(x) =cosx

¢ [l =e, fyny=e

d fix)=3x, fr(x)=3x+1

Solution
a. fo(x) =5f1(x), so the functions are linearly dependent.

b. There is no constant C such that f;(x) = Cf,(x), so the functions are linearly independent.

c. There is no constant C such that f;(x) = Cf,(x), so the functions are linearly independent. Don’t

get confused by the fact that the exponents are constant multiples of each other. With two exponential
functions, unless the exponents are equal, the functions are linearly independent.

d. There is no constant C such that f;(x) = Cf5(x), so the functions are linearly independent.

7.4 Determine whether the following pairs of functions are linearly dependent or linearly independent:
@ =et frl0)=3e™,

If we are able to find two linearly independent solutions to a second-order differential equation, then we can combine them
to find the general solution. This result is formally stated in the following theorem.

Theorem 7.3: General Solution to a Homogeneous Equation

If y;(x) and y,(x) are linearly independent solutions to a second-order, linear, homogeneous differential equation,
then the general solution is given by

Y(x) =c1y1(x) + cry(x),

where ¢ and ¢, are constants.

When we say a family of functions is the general solution to a differential equation, we mean that (1) every expression
of that form is a solution and (2) every solution to the differential equation can be written in that form, which makes
this theorem extremely powerful. If we can find two linearly independent solutions to a differential equation, we have,
effectively, found all solutions to the differential equation—quite a remarkable statement. The proof of this theorem is
beyond the scope of this text.

Example 7.5

Writing the General Solution
If y,0)= ¢! and yo(t) = ¢3! are solutions to y" —9y =0, what is the general solution?

Solution
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Note that y; and y, are not constant multiples of one another, so they are linearly independent. Then, the general

solution to the differential equation is y(¢) = ¢, e+ CH e 3,

@ 7.5 If y,(x) = e>* and yo(x) = xe>* are solutions to y” — 6y’ + 9y = 0, what is the general solution?

Second-Order Equations with Constant Coefficients

Now that we have a better feel for linear differential equations, we are going to concentrate on solving second-order
equations of the form

ay" +by +cy=0, (7.2)
where a, b, and c are constants.

Since all the coefficients are constants, the solutions are probably going to be functions with derivatives that are constant
multiples of themselves. We need all the terms to cancel out, and if taking a derivative introduces a term that is not a constant

multiple of the original function, it is difficult to see how that term cancels out. Exponential functions have derivatives that

are constant multiples of the original function, so let’s see what happens when we try a solution of the form y(x) = e™,

where A (the lowercase Greek letter lambda) is some constant.

A then y'(x) = 1e™ and y” = A% e*. Substituting these expressions into Equation 7.1, we get

If y(x) =e
ay’ +by +cy = a2 e™) + b(Ae™) + ce™™
= e™al® + bA+0).

Since e** is never zero, this expression can be equal to zero for all x only if

ar>+bl+c=0.

We call this the characteristic equation of the differential equation.

Definition

The characteristic equation of the differential equation ay” + by’ + cy = 0 is ar’> +bi+c=0.

The characteristic equation is very important in finding solutions to differential equations of this form. We can solve the
characteristic equation either by factoring or by using the quadratic formula

1= =bx b —dac

2a

This gives three cases. The characteristic equation has (1) distinct real roots; (2) a single, repeated real root; or (3) complex
conjugate roots. We consider each of these cases separately.

Distinct Real Roots

Arx Ay x
If the characteristic equation has distinct real roots 1; and A,, then e " and ¢"?" are linearly independent solutions to
Example 7.1, and the general solution is given by

A1 x Anx
YW =cpe ey

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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where ¢ and c, are constants.

For example, the differential equation y” + 9y’ 4+ 14y = 0 has the associated characteristic equation 22491414 =0.
This factors into (4 +2)(A +7) =0, which has roots 4; = -2 and A, = —7. Therefore, the general solution to this
differential equation is

X)) =cre ™ yepe

Single Repeated Real Root

Things are a little more complicated if the characteristic equation has a repeated real root, A. In this case, we know ™

is a solution to Equation 7.1, but it is only one solution and we need two linearly independent solutions to determine the
general solution. We might be tempted to try a function of the form ke™, where k is some constant, but it would not be

linearly independent of e Therefore, let’s try xe™ as the second solution. First, note that by the quadratic formula,

1= =b£Vb*— dac

2a

But, A is a repeated root, so b%>—4ac=0 and 1= 5—2. Thus, if y = xe’lx, we have

v =™ + Axe™ and y’ = 22e™ + 1% xe™.
Substituting these expressions into Equation 7.1, we see that

ay’ +by +cy = a22e™ + 22 xe™) + b(e™ + Axe™) + cxe™

xe™(al® + b+ ¢) + e*(2al + b)

xe™(0) + e (2a(5—5) + b)

=0+ ¢™(0)
=0.

A A

This shows that xe™* is a solution to Equation 7.1. Since ¢** and xe™ are linearly independent, when the characteristic

equation has a repeated root A, the general solution to Equation 7.1 is given by

¥(x) = ¢ e™ + cpxe™,

where ¢ and c, are constants.

For example, the differential equation y”+ 12y’ +36y=0 has the associated characteristic equation

2%+ 124 + 36 = 0. This factors into QA+ 6)2 =0, which has a repeated root 4 = —6. Therefore, the general solution
to this differential equation is

y(x) = ¢ e % 4 cyxe O,

Complex Conjugate Roots

The third case we must consider is when b2 — 4ac < 0. In this case, when we apply the quadratic formula, we are taking

the square root of a negative number. We must use the imaginary number i = V—1 to find the roots, which take the form
A1 =a+ pi and 1, = a — fi. The complex number a + fi is called the conjugate of a — fi. Thus, we see that when

b% —4ac < 0, the roots of our characteristic equation are always complex conjugates.

This creates a little bit of a problem for us. If we follow the same process we used for distinct real roots—using the roots

of the characteristic equation as the coefficients in the exponents of exponential functions—we get the functions e(a pix

and e(a ~pix as our solutions. However, there are problems with this approach. First, these functions take on complex
(imaginary) values, and a complete discussion of such functions is beyond the scope of this text. Second, even if we were

comfortable with complex-value functions, in this course we do not address the idea of a derivative for such functions. So,
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if possible, we’d like to find two linearly independent real-value solutions to the differential equation. For purposes of this

(a+ pi)x and e(a — pi)x

development, we are going to manipulate and differentiate the functions e as if they were real-value

functions. For these particular functions, this approach is valid mathematically, but be aware that there are other instances
when complex-value functions do not follow the same rules as real-value functions. Those of you interested in a more in-
depth discussion of complex-value functions should consult a complex analysis text.

; - . . + pi - pi
Based on the roots @ + fi of the characteristic equation, the functions e(a pix and e(a pix

are linearly independent
solutions to the differential equation. and the general solution is given by

y(x) =c e(a + pi)x +c, e(a - ﬁi)x‘

Using some smart choices for c¢; and c¢,, and a little bit of algebraic manipulation, we can find two linearly independent,

real-value solutions to Equation 7.1 and express our general solution in those terms.

We encountered exponential functions with complex exponents earlier. One of the key tools we used to express these
exponential functions in terms of sines and cosines was Euler’s formula, which tells us that

¢ = cos6 + isind
for all real numbers 6.
Going back to the general solution, we have
y(x) =c, e(a+[)’i)x +e e(a — pi)x
=c e P ¢y e P

. o
=eax(cle/lx+cze ﬁlx).

Applying Euler’s formula together with the identities cos(—x) = cosx and sin(—x) = —sinx, we get

y(x) = e*[c(cospfx + isinfx)+ c,(cos(—px) + isin(—px))]
= e™[(c; + cp)cos fx + (c| — cp)isin fx].
Now, if we choose ¢| =c, = %, the second term is zero and we get

y(x) = e*cos fx

as a real-value solution to Equation 7.1. Similarly, if we choose ¢ = —% and ¢, =L, the first term is zero and we get

ok
y(x) = e**sin fx
as a second, linearly independent, real-value solution to Equation 7.1.
Based on this, we see that if the characteristic equation has complex conjugate roots « + i, then the general solution to
Equation 7.1 is given by
y(x) =cje®cosfx+cye™ sinfx
= e™(c cos fx + ¢, sin fx),

where ¢ and c, are constants.

For example, the differential equation y” — 2y’ + 5y = 0 has the associated characteristic equation A2—21+5=0. By
the quadratic formula, the roots of the characteristic equation are 1 + 2i. Therefore, the general solution to this differential
equation is

y(x) = e*(c cos2x + ¢, sin2x).
Summary of Results

We can solve second-order, linear, homogeneous differential equations with constant coefficients by finding the roots of the
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associated characteristic equation. The form of the general solution varies, depending on whether the characteristic equation

has distinct, real roots; a single, repeated real root; or complex conjugate roots. The three cases are summarized in Table
7.1.

Characteristic Equation Roots General Solution to the Differential Equation

Distinct real roots, 4; and 1, A%

Arx
yx)=ce ! +cye

A repeated real root, A y(x) = ¢y e* + cpxet

Complex conjugate roots «a + fi y(x) = e®(c; cos fx + ¢, sin fx)

Table 7.1 Summary of Characteristic Equation Cases

Problem-Solving Strategy: Using the Characteristic Equation to Solve Second-Order
Differential Equations with Constant Coefficients

1. Write the differential equation in the form ay” + by’ + cy = 0.

2. Find the corresponding characteristic equation ar’>+bi+c=0.

Either factor the characteristic equation or use the quadratic formula to find the roots.

Determine the form of the general solution based on whether the characteristic equation has distinct, real roots;
a single, repeated real root; or complex conjugate roots.

Example 7.6

Solving Second-Order Equations with Constant Coefficients

Find the general solution to the following differential equations. Give your answers as functions of x.
a. y'+3y —4y=0

b. y"+6y +13y=0
c. YV+2y+y=0
d y"=-5y=0

e. y'—16y=0

£y +16y=0

Solution
Note that all these equations are already given in standard form (step 1).

a. The characteristic equation is A2+31-4=0 (step 2). This factors into (A +4)(A —1) =0, so the

roots of the characteristic equation are 41 = —4 and A, =1 (step 3). Then the general solution to the

differential equation is
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Y@ = ¢ e~y cpe” (step 4).

b. The characteristic equation is 22+61+13=0 (step 2). Applying the quadratic formula, we see this
equation has complex conjugate roots —3 + 2i (step 3). Then the general solution to the differential
equation is

¥(t) = e (c | cos2t + ¢, sin2t) (step 4).
c. The characteristic equation is 22+21+1=0 (step 2). This factors into (4 + 1)?=0, so the

characteristic equation has a repeated real root 1 = —1 (step 3). Then the general solution to the
differential equation is

¥(t) =c e '+ czte_’ (step 4).

d. The characteristic equation is yRIY) (step 2). This factors into A(4—35) =0, so the roots of the
characteristic equation are 4; =0 and 4, =35 (step 3). Note that e =¢%=1, so our first solution
is just a constant. Then the general solution to the differential equation is

yx)=cy+cy e>x (step 4).

e. The characteristic equation is 22-16=0 (step 2). This factors into (1 +4)(4 —4) =0, so the roots
of the characteristic equation are 1; =4 and A, = —4 (step 3). Then the general solution to the
differential equation is

(@) = ¢y My cy e~ (step 4).
f. The characteristic equation is 22+16=0 (step 2). This has complex conjugate roots +4i (step 3).
0_ 1,

Note that ¢% = ¢° = so the exponential term in our solution is just a constant. Then the general

solution to the differential equation is

¥(t) = ¢ cosdt + ¢, sindt (step 4).

@ 7.6 Find the general solution to the following differential equations:
a. y'=2y'+10y=0

b. v+ 14y’ +49y =0

Initial-Value Problems and Boundary-Value Problems

So far, we have been finding general solutions to differential equations. However, differential equations are often used to
describe physical systems, and the person studying that physical system usually knows something about the state of that
system at one or more points in time. For example, if a constant-coefficient differential equation is representing how far a
motorcycle shock absorber is compressed, we might know that the rider is sitting still on his motorcycle at the start of a
race, time ¢ = (. This means the system is at equilibrium, so y(#;) =0, and the compression of the shock absorber is

not changing, so y'(ty) = 0. With these two initial conditions and the general solution to the differential equation, we can

find the specific solution to the differential equation that satisfies both initial conditions. This process is known as solving
an initial-value problem. (Recall that we discussed initial-value problems in Introduction to Differential Equations
(http:/lcnx.org/content/m53696/latest/) .) Note that second-order equations have two arbitrary constants in the general
solution, and therefore we require two initial conditions to find the solution to the initial-value problem.

Sometimes we know the condition of the system at two different times. For example, we might know y(z;) =y, and
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¥(t1) = y;. These conditions are called boundary conditions, and finding the solution to the differential equation that
satisfies the boundary conditions is called solving a boundary-value problem.

Mathematicians, scientists, and engineers are interested in understanding the conditions under which an initial-value
problem or a boundary-value problem has a unique solution. Although a complete treatment of this topic is beyond the
scope of this text, it is useful to know that, within the context of constant-coefficient, second-order equations, initial-value
problems are guaranteed to have a unique solution as long as two initial conditions are provided. Boundary-value problems,
however, are not as well behaved. Even when two boundary conditions are known, we may encounter boundary-value
problems with unique solutions, many solutions, or no solution at all.

Example 7.7

Solving an Initial-Value Problem
Solve the following initial-value problem: y” 4+ 3y’ —4y =0, y0)=1, »(0)=-9.

Solution
We already solved this differential equation in Example 7.6a. and found the general solution to be

y() =cre ¥ 4 cyet.
Then
Y (x) = —dcie P+ cye.
When x =0, wehave y(0) =c; +c, and y'(0) = —4c{ + c,. Applying the initial conditions, we have

C1+C2 =1
—dei+ey = -9,

Then ¢y = 1 — c¢,. Substituting this expression into the second equation, we see that

41 -cy))+c, = -9
—4+4ch+cp = -9
5S¢y = =5

¢, = -1

So, ¢y =2 and the solution to the initial-value problem is

y(x) = Qe _ o,

@ 7.7 Solve the initial-value problem y” — 3y’ — 10y =0, y(0)=0, y'(0)=7.

Example 7.8

Solving an Initial-Value Problem and Graphing the Solution

Solve the following initial-value problem and graph the solution:
Yy +6y +13y=0, y0)=0, y'(0)=2




844 Chapter 7 | Second-Order Differential Equations

Solution

We already solved this differential equation in Example 7.6b. and found the general solution to be
y(x) = €73 (c{ cos2x + ¢ sin2x).

Then

3x( —3X(

—2c¢ sin2x + 2¢5c0s2x) — 3¢ ¥ (c | cos2x + ¢, sin2x).

yx)=e"
When x =0, wehave y(0) =c; and y'(0) = 2c, — 3c. Applying the initial conditions, we obtain

¢ = 0
—3C1+262 2.

Therefore, c; =0, ¢, =1, and the solution to the initial value problem is shown in the following graph.

y = e ¥sin2x.

Yi
0.81

0.6t
041 :
y(x) = e ¥ sin2x

—02-0.1 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 1.6%

7.8 Solve the following initial-value problem and graph the solution:
Y =2y"+10y =0, (0) = 2, y'(0) = =1

Example 7.9

Initial-Value Problem Representing a Spring-Mass System

The following initial-value problem models the position of an object with mass attached to a spring. Spring-mass
systems are examined in detail in Applications. The solution to the differential equation gives the position of
the mass with respect to a neutral (equilibrium) position (in meters) at any given time. (Note that for spring-mass
systems of this type, it is customary to define the downward direction as positive.)

Y +2y'+y=0,y0)=1,y(0)=0

Solve the initial-value problem and graph the solution. What is the position of the mass at time # = 2 sec? How
fast is the mass moving at time ¢ = 1 sec? In what direction?

Solution

In Example 7.6c. we found the general solution to this differential equation to be

yt)=cie " +cyte”.
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Then
Y =—cre+ cz(—te_t + e_t).
When ¢ =0, wehave y(0) =c; and y'(0) = —c| + c¢,. Applying the initial conditions, we obtain

C1=1
0.

—Cl+C2

Thus, ¢y =1, ¢, =1, and the solution to the initial value problem is

y(t) = e T te.

This solution is represented in the following graph. At time =2, the mass is at position
¥(2) = e 2 +2¢72 = 3¢72 ~ 0.406 m below equilibrium.
i

yit) =e ' +tet

—0.550 02040608 1 12141618 2 22242628 3 32343638 41t

_1__
-1.5+

To calculate the velocity at time ¢ = 1, we need to find the derivative. We have y(t) = e~ +te™’, so

y'(t) = —e Tre T —te = —te”.

Then y'(1) = —e '~ —03679. Attime # =1, the massis moving upward at 0.3679 m/sec.

7.9 Suppose the following initial-value problem models the position (in feet) of a mass in a spring-mass
system at any given time. Solve the initial-value problem and graph the solution. What is the position of the
mass at time ¢ = 0.3 sec? How fast is it moving at time 7 = 0.1 sec? In what direction?

V' + 14y +49y =0, y(0) =0, y'(0) = 1

Example 7.10

Solving a Boundary-Value Problem

In Example 7.6f. we solved the differential equation y” + 16y =0 and found the general solution to be
y(t) = ¢ cosdt + ¢, sindt. If possible, solve the boundary-value problem if the boundary conditions are the

following:

a. y(0)=0, y(

FNEY
N —
Il
o

b. y0) =1, y

—

ooy

~——
Il
o
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Solution
We have
¥(x) = ¢ cosdt + ¢, sindt.
a. Applying the first boundary condition given here, we get y(0) =c; =0. So the solution is of the

form y(f) = c,sin4t. When we apply the second boundary condition, though, we get

y(%) = c,sin (4(%)) = cpsinz = 0 for all values of c¢,. The boundary conditions are not sufficient

to determine a value for c¢,, so this boundary-value problem has infinitely many solutions. Thus,

¥(t) = c,sin4t is a solution for any value of c,.

b. Applying the first boundary condition given here, we get y(0) = ¢y = 1. Applying the second boundary

condition gives y(%) =c¢, =0, so ¢, =0. In this case, we have a unique solution: y(f) = cos4t.
c. Applying the first boundary condition given here, we get y(%) = ¢, = (. However, applying the second
boundary condition gives y(%’) =—cp=2, so ¢cp=—2. We cannot have ¢, =0 = -2, so this

boundary value problem has no solution.
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7.1 EXERCISES

Classify each of the following equations as linear or
nonlinear. If the equation is linear, determine whether it is
homogeneous or nonhomogeneous.

1. x3y”+(x—l)y/—8y=0

2. (1 + yz)y” + xy’ — 3y = cosx
3. xy'+e’y =x

4. y'+ %y’ —8xy = 5x%2+ 1

5. ¥+ (sinx)y’ —xy =4y

6. ¥+ (%)y’ =0

For each of the following problems, verify that the given
function is a solution to the differential equation. Use a
graphing utility to graph the particular solutions for several
values of c¢; and ¢,. What do the solutions have in common?

7. [Ty +2y =3y =0; y(x)=c e’ +cre ¥

8. [T] xzy” —2y—3x2+ 1=0;
_ 2 -1 2 1

yx)=cix“4crx +x ln(x)+§

9. [Tly + 14y +49y=0; y(x)=c e " +coxe™

10. [T16y” —49y' +8y=0; y(x)=c, o 4 ¢ ex

Find the general solution to the linear differential equation.

1. y" =3y —=10y=0
12. y"=Ty'+12y=0
13. y"+4y +4y=0
14. 4y" =12y +9y=0
15. 2y"=3y'—=5y=0
16. 3y"—14y'+8y =0
17. y"+y' +y=0

18. 5y"+2y'+4y=0

19. y" =121y =0

847

20. 8y"+ 14y’ —15y=0
21. y"+8ly=0

22, y' =y +11y=0
23. 2y" =0

24, y'—6y'+9y=0

25. 3y" =2y =T7y=0
26. 4y"—10y'=0

2
Cab ST, (O SN,

27. 36 12 i

d*y dy _
28. 25dx2 80~ +64y =0

2

29. 12 ar

dzy

Solve the initial-value problem.

3. y' 45y +6y=0,  y0)=0, y'(0)=-2

32. y'+2y-8y=0, y0)=5, y(0)=4
33. y"+4y=0, ¥(0) =3, y'(0)=10
34. y"—18y'+ 81y =0, yO0)=1, y0)=5
35. y"—y"' =30y =0, y0)=1, y'(0)=-16
36. 4y" +4y —8y =0, y0)=2, y0)=1
37. 25y" + 10y’ +y =0, y0)=2, y(0)=1
38. y"+y=0, yx)=1, y'(x)=-5
Solve the boundary-value problem, if possible.

39. y'+y —42y =0, y0)=0, y1)=2

40. 9y" +y=0, y(%’f) =6, y(0)=-8

41. y"+10y'+34y =0, y0)=6, y@&r)=2
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42, y"+7y'—60y=0, y0)=4, y2)=0
43. ' —4y' +4y =0, y0)=2, y(1)=-1

4.y =5=0, y0)=3, y-1)=2
4 p— —_— l —_—
5.y +9y=0, 0 =4 yZ)=-4

46. 4y" +25y=0, y(0) =2, yQ2r)=-2

47. Find a differential equation with a general solution that

x/5 4x

isy=cie"" +cpe”

48. Find a differential equation with a general solution that
—4x/3

isy=ciet+cye
For each of the following differential equations:

a. Solve the initial value problem.

b. [T] Use a graphing utility to graph the particular

solution.

49. ¥y +64y=0;  y0)=3, y(0) =16
50. y' =2y’ +10y=0 yO) =1, y(©0) =13
51 y' 45y +15y=0 y0)=-2, y(©0)=7

52. (Principle of superposition) Prove that if y(x) and
v5(x) are solutions to a linear homogeneous differential
equation, y" + p(x)y’ +g(x)y =0, then the function
y(x) =c1y(x) +cpy,(x), where c¢; and ¢, are
constants, is also a solution.

53. Prove that if a, b, and c are positive constants, then

all solutions to the second-order linear differential equation
ay”" + by +cy=0 approach zero as x — oo. (Hint:

Consider three cases: two distinct roots, repeated real roots,
and complex conjugate roots.)
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7.2 | Nonhomogeneous Linear Equations

Learning Objectives

7.2.1 Write the general solution to a nonhomogeneous differential equation.

7.2.2 Solve a nonhomogeneous differential equation by the method of undetermined
coefficients.

7.2.3 Solve a nonhomogeneous differential equation by the method of variation of parameters.

In this section, we examine how to solve nonhomogeneous differential equations. The terminology and methods are
different from those we used for homogeneous equations, so let’s start by defining some new terms.

General Solution to a Nonhomogeneous Linear Equation
Consider the nonhomogeneous linear differential equation
ay (Y" +ay (x)y" + ag )y = r(x).
The associated homogeneous equation
ay (X" +ay )y +ag(x)y =0 (7.3)

is called the complementary equation. We will see that solving the complementary equation is an important step in solving
a nonhomogeneous differential equation.

Definition

A solution y,(x) of a differential equation that contains no arbitrary constants is called a particular solution to the

equation.

Theorem 7.4: General Solution to a Nonhomogeneous Equation

Let y,(x) be any particular solution to the nonhomogeneous linear differential equation

ay(®)y" +ay(y" +ag )y = r().
Also, let ¢ y{(x)+ ¢, y,(x) denote the general solution to the complementary equation. Then, the general solution to
the nonhomogeneous equation is given by

Y = c1y1(%) + ¢ y2(0) + yp(x). (7.4)

Proof
To prove y(x) is the general solution, we must first show that it solves the differential equation and, second, that any

solution to the differential equation can be written in that form. Substituting y(x) into the differential equation, we have

ar(x)y" +a1(x)y’ +apx)y = az(x)(cl yit+tcyy, + yp)” + al(x)(cl yit+tcyy,+ yp)’
+ag(c1y1 +caya+p)
=[ay()(c1yy +cpy0)" +aj()(cyyy + a0 +agx)(cyyy +cpy))]
+ar)(x)y,” +a(x)y,’ +agx)y,
=0+ r(x)

= r(x).

So y(x) is a solution.
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Now, let z(x) be any solution to a, (x)y” + ay (x)y" + ag(x)y = r(x). Then

a0z —yp) +a1(0)z—yp) +aX)z -y, =(arx®)" +a; () +ap(x)z)

—(as)yp” +a )y, +agx)yp)
= 19— r(
=0,

so z(x) — yp(x) is a solution to the complementary equation. But, ¢y (x) + ¢, y,(x) is the general solution to the
complementary equation, so there are constants ¢ and c¢, such that

2(x) = yp(x) = ¢ y1(0) + ¢ yo(0).
Hence, we see that z(x) = ¢ y1(x) + ¢ yp(x) + ¥ p(x).

O

Example 7.11

Verifying the General Solution

Given that y,(x) = x is a particular solution to the differential equation y” +y = x, write the general solution

and check by verifying that the solution satisfies the equation.

Solution
The complementary equation is y” 4+ y = 0, which has the general solution ¢ cosx + c¢,sinx. So, the general
solution to the nonhomogeneous equation is

y(x) = cqcosx + cysinx + x.
To verify that this is a solution, substitute it into the differential equation. We have
y'(x) = —csinx + c,cosx + 1 and y”(x) = —c; cosx — ¢, Sinx.

Then
Y'(x) +y(x) = —cjcosx—cysinx+cqcosx+ c,psinx +x

= X.

So, y(x) isasolutionto y" +y = x.

7.10 Given that y,(x) = —2 is a particular solution to y” — 3y’ —4y =38, write the general solution and

verify that the general solution satisfies the equation.

In the preceding section, we learned how to solve homogeneous equations with constant coefficients. Therefore, for
nonhomogeneous equations of the form ay” + by’ + cy =r(x), we already know how to solve the complementary

equation, and the problem boils down to finding a particular solution for the nonhomogeneous equation. We now examine
two techniques for this: the method of undetermined coefficients and the method of variation of parameters.

Undetermined Coefficients

The method of undetermined coefficients involves making educated guesses about the form of the particular solution
based on the form of r(x). When we take derivatives of polynomials, exponential functions, sines, and cosines, we get

polynomials, exponential functions, sines, and cosines. So when r(x) has one of these forms, it is possible that the solution
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to the nonhomogeneous differential equation might take that same form. Let’s look at some examples to see how this works.

Example 7.12

Undetermined Coefficients When r(x) Is a Polynomial

Find the general solution to y” + 4y’ + 3y = 3x.

Solution

3 Since

The complementary equation is y”+4y +3y=0, with general solution c;e ™ +cye”
r(x) = 3x, the particular solution might have the form y,(x) = Ax + B. If this is the case, then we have
yp'(x)=A and y,"(x) = 0. For y, to be a solution to the differential equation, we must find values for A

and B such that

v + 4y + 3y 3x
0+4(A)+3(Ax+ B) 3x
3Ax+ (4A +3B) = 3x.

Setting coefficients of like terms equal, we have

3A = 3
4A+3B = 0.
Then, A=1 and B = —%, S0 yp(x) = x —% and the general solution is
Y =cre ™ +cpe 4 x —%.

In Example 7.12, notice that even though r(x) did not include a constant term, it was necessary for us to include the

constant term in our guess. If we had assumed a solution of the form y, = Ax (with no constant term), we would not have

been able to find a solution. (Verify this!) If the function r(x) is a polynomial, our guess for the particular solution should

be a polynomial of the same degree, and it must include all lower-order terms, regardless of whether they are present in

r(x).

Example 7.13

Undetermined Coefficients When r(x) Is an Exponential

Find the general solution to y” — y’ — 2y = 2¢3*,

Solution
The complementary equation is y” —y’ —2y =0, with the general solution c¢;e *+c, e?*. Since
r(x) = 2¢>*, the particular solution might have the form y p(0) = Ae>*. Then, we have y p(0)= 3Ae* and

yp ()= 9Ae>*. For yp to be asolution to the differential equation, we must find a value for A such that
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y// _ y/ _ Zy — 263)(
9Ae3 — 3Ae3 — 243 = 2%
4463 = 203

So, 4A =2 and A = 1/2. Then, y,(x) = (%)63’6, and the general solution is

yX) =cie ™ +cyeP + %63".

@ 7.11 Find the general solution to y” — 4y’ + 4y = 7sint — cost.

In the previous checkpoint, r(x) included both sine and cosine terms. However, even if r(x) included a sine term only

or a cosine term only, both terms must be present in the guess. The method of undetermined coefficients also works with
products of polynomials, exponentials, sines, and cosines. Some of the key forms of r(x) and the associated guesses for

yp(x) are summarized in Table 7.2.
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r(x)

Initial guess for y,(x)

k (a constant)

A (a constant)

ax+b

Ax + B (Note: The guess must include both terms even if b =0.)

ax2+bx+c

Ax>+Bx+C (Note: The guess must include all three terms even if b
or ¢ are zero.)

Higher-order polynomials

Polynomial of the same order as r(x)

aelx

Aeﬁx

acos fx + bsin fx

Acos fix + Bsinffx (Note: The guess must include both terms even if
either a=0 or b=0.)

ae™ cos fx + be™ sin fix

Ae™ cos fx + Be™ sin fx

(ax2 + bx + c)e/lx

(Ax2 + Bx + C)elx

(a2x2 +a;x+ ao)cosﬂx
+(byx* + by x + bo)sin fix

(A2x2 +A x+ Ao)cosﬂx
+(Bzx2 +Byx+ Bo)sin[)'x

(a2x2 +a;x+ ao)e“xcosﬁx
+(byx® + by x + bo)e™ sin fix

(A2 XA X+ Ao)eaxcosﬁx
+(B2x2 +Bix+ Bo)e“x sin fix

Table 7.2 Key Forms for the Method of Undetermined Coefficients

Keep in mind that there is a key pitfall to this method. Consider the differential equation y” + 5y’ + 6y = 3e~?*, Based on

the form of r(x), we guess a particular solution of the form y,(x) = Ae™%*. But when we substitute this expression into

the differential equation to find a value for A, we run into a problem. We have

and

SO we want

yp'(x) = —24¢7>

yp [ 4A€—2x’
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Y 45y +6y = 37
44e7> +5(-24¢7) + 6Ae™H = 3¢
4Ae7F —10AeF + 6Ae™H = 3¢
0 = 3¢ %,
which is not possible.

Looking closely, we see that, in this case, the general solution to the complementary equation is ¢ e Xy Cy e™3% The
exponential function in r(x) is actually a solution to the complementary equation, so, as we just saw, all the terms on the

left side of the equation cancel out. We can still use the method of undetermined coefficients in this case, but we have to
alter our guess by multiplying it by x. Using the new guess, y,(x) = Axe ~2*  we have

yp'(x) = A(e_zx - 2xe_2x)
and
yp'(x) = —4Ae™ > + 4Axe ™,
Substitution gives
Y 45y +6y = 3eH
(—4Ae_2x + 4Axe_2x) + S(Ae_zx - 2Axe_2x) +6Axe™ > = 3¢

—4Ae™ 2 4 4Axe ™ + 5Ae " — 10Axe 2 + 6Axe ™ = 3¢

Ae™X = 37,

So, A =3 and y,(x) = 3xe”>*. This gives us the following general solution

y() =cre X 4 cye ™ 4 3xe

2x

Note that if xe™ =" were also a solution to the complementary equation, we would have to multiply by x again, and we

would try y,(x) = Ax%e %,

Problem-Solving Strategy: Method of Undetermined Coefficients

Solve the complementary equation and write down the general solution.

2. Based on the form of r(x), make an initial guess for y,(x).

3. Check whether any term in the guess for y,(x) is a solution to the complementary equation. If so, multiply

the guess by x. Repeat this step until there are no terms in y,(x) that solve the complementary equation.

4. Substitute y,(x) into the differential equation and equate like terms to find values for the unknown

coefficients in y ,(x).

5. Add the general solution to the complementary equation and the particular solution you just found to obtain
the general solution to the nonhomogeneous equation.

Example 7.14
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Solving Nonhomogeneous Equations

Find the general solutions to the following differential equations.
a. y"—9y=—6co0s3x
b. X' +2x +x=4e”!
c. y”—2y’+5y=10x2—3x—3

d. y' =3y =—12t

Solution

a. The complementary equation is y” —9y =0, which has the general solution ¢ e 4 cy e 3 (step
1). Based on the form of r(x)=—6cos3x, our initial guess for the particular solution is
yp(x) = Acos3x + Bsin3x (step 2). None of the terms in y,(x) solve the complementary equation, so
this is a valid guess (step 3).

Now we want to find values for A and B, so substitute y, into the differential equation. We have

yp'(x) = =3Asin3x + 3Bcos3xand y, "(x) = —=9Acos3x — 9Bsin3x,

so we want to find values of A and B such that

y' =9y = —6cos3x
—9Acos3x —9Bsin3x — 9(Acos3x + Bsin3x) = —6cos3x
—18Acos3x — 18Bsin3x = —6cos3ux.
Therefore,
—184 = -6
—-18B = 0.

- _1 _ _(1
This gives A = 3 and B=0, so y,(x) = (3)cos3x (step 4).

Putting everything together, we have the general solution

y(X) =cpe¥ +cpe T %cos 3x.

b. The complementary equation is x” +2x’+x =0, which has the general solution c;e™ +c,te™

(step 1). Based on the form r(f) = 4e~"

, our initial guess for the particular solution is x,(7) = Ae -
(step 2). However, we see that this guess solves the complementary equation, so we must multiply by ¢,

which gives a new guess: x,(1) = Ate™" (step 3). Checking this new guess, we see that it, too, solves the
complementary equation, so we must multiply by ¢ again, which gives x,(t) = At?e™! (step 3 again).
Now, checking this guess, we see that x,(f) does not solve the complementary equation, so this is a valid

guess (step 3 yet again).
We now want to find a value for A, so we substitute x p into the differential equation. We have

x (1) At?e™! so

xp'(H) = 24t — Ar*e™

855
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and x,"(t) = 24e7 - 2Ate™! - (ZAte_t - Atze_’) =24e7" — 4Ate™ + A% e
Substituting into the differential equation, we want to find a value of A so that

x"+2x +x 4e!
24¢ —dAte™ + At2e! + 2(24re™" - Aﬂe") +A2e™ = 4ot

247! = 4e7.

This gives A =2, so x,(f) = 227! (step 4). Putting everything together, we have the general solution

x)=cre+ceyte + 2%,

The complementary equation is y”—2y' +5y=0, which has the general solution
cie’cos2x +cyersin2x (step 1). Based on the form r(x) = 10x2 —3x—3, our initial guess for
the particular solution is y,(x) = Ax>+Bx+C (step 2). None of the terms in y,(x) solve the

complementary equation, so this is a valid guess (step 3). We now want to find values for A, B, and

C, sowe substitute y,, into the differential equation. We have y,’(x) = 2Ax+ B and y, "(x) = 24,

so we want to find values of A, B, and C such that

Yy =2y +5y = 10x>=3x-3
24 - 22Ax + B) + 5(Ax* + Bx+ C) = 10x*—3x-3
5Ax%+ (5B —4A)x+ (5C = 2B +2A) = 10x%—3x-3.
Therefore,
54 = 10
SB—4A = -3
5C-2B+2A = -3.

This gives A=2, B=1, and C=-1, so y,x) = 22+ x—1 (step 4). Putting everything
together, we have the general solution

Y(X) = ¢qe¥cos2x + cpersin2x + 2x%F +x — 1.
The complementary equation is y” — 3y’ =0, which has the general solution c; e ¢, (step 1).
Based on the form r(¢) = —12¢, our initial guess for the particular solution is y,(f) = At + B (step

2). However, we see that the constant term in this guess solves the complementary equation, so we must
multiply by 7, which gives a new guess: y,(r) = At> + Bt (step 3). Checking this new guess, we see

that none of the terms in y,(7) solve the complementary equation, so this is a valid guess (step 3 again).
We now want to find values for A and B, so we substitute y,, into the differential equation. We have

yp'(t) =2At+ B and y,"(f) = 2A, so we want to find values of A and B such that
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y' =3y = —-12t
2A -3QR2At+B) = —12t
—6At+(2A—-3B) = -—12t.
Therefore,
—6A = -12
2A-3B = 0.

This gives A =2 and B =4/3, so y,(t) = 2% + (4/13)t (step 4). Putting everything together, we have
the general solution

¥(t) =cy ¥+ ¢y + 202 + %l.

@ 7.12  Find the general solution to the following differential equations.
a. y' =5y +4y=23¢e"

b. y"+y —6y=52cos2t

Variation of Parameters

Sometimes, r(x) is not a combination of polynomials, exponentials, or sines and cosines. When this is the case, the method

of undetermined coefficients does not work, and we have to use another approach to find a particular solution to the
differential equation. We use an approach called the method of variation of parameters.

To simplify our calculations a little, we are going to divide the differential equation through by a, so we have a leading
coefficient of 1. Then the differential equation has the form
'+ py +qy=r),

where p and g are constants.

If the general solution to the complementary equation is given by ¢y {(x) + c,y,(x), we are going to look for a particular
solution of the form y,(x) = u(x)y(x) + v(x)y,(x). In this case, we use the two linearly independent solutions to the
complementary equation to form our particular solution. However, we are assuming the coefficients are functions of x,

rather than constants. We want to find functions u(x) and v(x) such that y,(x) satisfies the differential equation. We have

Yp = uyptvy,

yp' = wy tuy +vy,+vyy’

Yp! = Wy yy) Uy Fuy vy vy
Substituting into the differential equation, we obtain
Yo" pyp tayp =[W yy+vyo) Huyy Huy v vy vy,
+plu' y  Fuy +V v+ vy, |+ gluy; + vy,l
=uy1"+pyr" a2+ pyy +aya
'y V' yo) + pl vV yo)+ Wy V)

Note that y; and y, are solutions to the complementary equation, so the first two terms are zero. Thus, we have
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(W yy+ vy + pl' yy +V yo) + Wy + vy, ) = r(x).
If we simplify this equation by imposing the additional condition u'y; +v'y, =0, the first two terms are zero, and this

reducesto u’'y; 4+ Vv'y,’ = r(x). So, with this additional condition, we have a system of two equations in two unknowns:

0
r(x).

u'y, +vy,
u/y1/+vly2/

Solving this system gives us #’ and v/, which we can integrate to find u and v.

Then, y,(x) = u(x)y(x) + v(x)y,(x) is a particular solution to the differential equation. Solving this system of equations

is sometimes challenging, so let’s take this opportunity to review Cramer’s rule, which allows us to solve the system of
equations using determinants.

Rule: Cramer’s Rule

The system of equations
ajz;+bizp = g

61221+b212 Ty

has a unique solution if and only if the determinant of the coefficients is not zero. In this case, the solution is given by

rl bl |a1 rl
ry b a, r
21 =22 and zz=—2 2
ap by ap by
a by a by

Example 7.15

Using Cramer’s Rule

Use Cramer’s rule to solve the following system of equations.

x211+2xz2 = O
zl—3x222 = 2)6
Solution
We have
a(x) = x?
a)(x) =1
bi(x) = 2x
by(x) = —3x2
rl(x) = 0
ry(x) = 2x.
Then,
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a, b 2
121 _ 2x — 34—y
a byl |1 —3x2
and
rp by 10 2x 2 2
ry by = e 32 =0—-4x° = —4x~.
Thus,
ry by
Zl=r2b2= —4x>  _ _ 4x _
ap by 3x*—2x 3x3+2
a by
In addition,
arr|_x% o 3 3
= =2x" -0 =2x".
dz Tl 1 2x * !
Thus,
ap
2y = ay rof __2xd 24 _
ay by 3x*—2x 3x3+2
a by

@’ 7.13 Use Cramer’s rule to solve the following system of equations.
ZXZI - 3Z2 =0

xzzl +4xzp = x+1

Problem-Solving Strategy: Method of Variation of Parameters

1. Solve the complementary equation and write down the general solution
c1y1(x) + cpy,(x).
2. Use Cramer’s rule or another suitable technique to find functions «’(x) and v'(x) satisfying
wy +vy, =0
Wy +v'iy, = r(x).
3. Integrate u’ and v’ to find u(x) and v(x). Then, y,(x) = u(x)y(x) + v(x)y,(x) is a particular solution to
the equation.

4. Add the general solution to the complementary equation and the particular solution found in step 3 to obtain
the general solution to the nonhomogeneous equation.

Example 7.16

Using the Method of Variation of Parameters
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Find the general solution to the following differential equations.

” ’ et

a. 'y —2y +y=t—2
" _ .2

b. y"+y=3sin“x

Solution

Chapter 7 | Second-Order Differential Equations

a. The complementary equation is y” —2y"+y =0 with associated general solution clet+cztet.
Therefore, y,(¥) =e' and yo(®) =te!. Calculating the derivatives, we get yl’(t)zet and

v (1) = e’ + te' (step 1). Then, we want to find functions u’(f) and v'(¢) so that

—e'Inlt] — e’ (step 4).

general solution explicitly. The general solution is

y(t) = ce' +cyte’ — e'Inltl (step 5).
b.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

wel+vie = 0
t
we' +v (e +te') = e_z.
t
Applying Cramer’s rule, we have
0 te!
L I el 2t
< e’ +te 0—te'|& e
P12 2 T 1
u = = = -4
el te! et(et + te’) —elte! e !
e' el +1e!
and
e’ 0
Vo= i I Ve =L (step2)
ef l‘el 621 t2
e’ el +1te!
Integrating, we get
u= —fldt = —Inl#|
= Fdt =
v=[Ldr= —L(step3)
l‘2 t '
Then we have
yp =—e'lnitl - %te’

The e’ term is a solution to the complementary equation, so we don’t need to carry that term into our

The complementary equation is y” +y = 0 with associated general solution c;cosx + c,sinx. So,

v1(x) = cosx and y,(x) = sinx (step 1). Then, we want to find functions u#’(x) and v’(x) such that
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u'cosx+v'sinx = 0
—u'sinx+v'cosx = 3sin x.
Applying Cramer’s rule, we have
0 sinx
. _ 13sin®x cosxl _ 0 —3sin’x — _3¢in3x
= y = > =
‘cosx s1nx‘ cos“x + sin“x
—sinx cosx
and
COSX 0
, _ |=sinx 3sin®xl _ 3sin®xcosx )
Vv = = = 3sin“xcosx (step 2).

|cosx sinx| 1
—sinx COSx

Integrating first to find u, we get

u= /—3 sin> xdx = —3[—%sin2xcosx + %/sinxdx] = sinZxcosx + 2COS X.

Now, we integrate to find v. Using substitution (with w = sinx ), we get

y= /3 sinZ xcosxdx = /3w2dw =w> =sin x.

Then,

Yp (sinzxcosx+ 2cosx)cosx+ (sin3x)sinx

sin xcos x + 2cos x + sin x

2cos x + sin x(coszx + sinzx) (step 4).

2cos x + sin x
=cosx+1

The general solution is

y(x) =cjcosx+cysinx + 1+ cos?x (step 5).

@ 7.14 Find the general solution to the following differential equations.

a. y'+y=secx

t
b. x”—2x’+x=e7
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7.2 EXERCISES

Solve the following equations using the method of
undetermined coefficients.

54. 2y" =5y - 12y =6
55. 3y"+y —4y=38
56. y' —6y +5y=e¢"

57. y"+ 16y = e

58. y”—4y=x2+1

59. y' =4y +4y= 8x2 + 4x
60. y" —2y —3y=sin2x

61. y"+2y +y=sinx+cosx
62. y"+9y=e"cosx

63. y” +y=3sin2x + xcos2x
64. " +3y —28y = 10e**

—5x

65. y' + 10y +25y=xe " +4

In each of the following problems,
a. Write the form for the particular solution y,(x) for
the method of undetermined coefficients.

b. [T] Use a computer algebra system to find a
particular solution to the given equation.

X

66. y'—y —y=x+e"
67. y”—3y=x2—4x+11
68. y' —y —4y=e cos3x
69. 2y —y +y= (x2 - Sx)e_x

70. 4y’ 45y —2y = e>* + xsinx

71. y' —y =2y =x%e sinx

Solve the differential equation using either the method of
undetermined coefficients or the variation of parameters.

72. ¥ +3y —4dy=2e"
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73. Y 42y = e
74, Y +6y +9y=¢""
75. ¥ 42y — 8y = 6e>*

Solve the differential equation using the method of
variation of parameters.

76. 4y" +y=2sinx
77. y" =9y =8x

78. y" +y=secx, 0<x<al2

79. y"+4y=3csc2x, O0<x<zm/2

Find the unique solution satisfying the differential equation
and the initial conditions given, where y,(x) is the

particular solution.
80. y” - 2y/ + y= 12€x, yp(-x) = 6x2 gx,

y0) =6, y'(0)=0

" o_ A Tx _;27x_i Tx
8l. y' =Ty =4dxe”, ypx)= Fx"e 20%¢"s
y0)=-1, y(©0)=0
82. y" +y = cosx — 4sinx,
yp(x) = 2xcosx + %xsinx, y(0) =38, y'(0)=-4
83. Y =5y =¥ + 8¢,

_ 1. 5x, 4 -5« - _ 0 =

yp) = Lae? 4 e y0) = =2, y(0)=0

In each of the following problems, two linearly
independent solutions—y; and y, —are given that satisfy

the corresponding homogeneous equation. Use the method
of variation of parameters to find a particular solution to
the given nonhomogeneous equation. Assume x > 0 in each
exercise.

84. xzy” + 2xy’ — 2y = 3x,
V@ =x  yx)=x"

85. xzy” -2y = 10x2 -1,
Vi@ =x% yy)=x7"
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7.3 | Applications

Learning Objectives

7.3.1 Solve a second-order differential equation representing simple harmonic motion.
7.3.2 Solve a second-order differential equation representing damped simple harmonic motion.
7.3.3 Solve a second-order differential equation representing forced simple harmonic motion.

7.3.4 Solve a second-order differential equation representing charge and current in an RLC
series circuit.

We saw in the chapter introduction that second-order linear differential equations are used to model many situations in
physics and engineering. In this section, we look at how this works for systems of an object with mass attached to a vertical
spring and an electric circuit containing a resistor, an inductor, and a capacitor connected in series. Models such as these
can be used to approximate other more complicated situations; for example, bonds between atoms or molecules are often
modeled as springs that vibrate, as described by these same differential equations.

Simple Harmonic Motion

Consider a mass suspended from a spring attached to a rigid support. (This is commonly called a spring-mass system.)
Gravity is pulling the mass downward and the restoring force of the spring is pulling the mass upward. As shown in Figure
7.2, when these two forces are equal, the mass is said to be at the equilibrium position. If the mass is displaced from
equilibrium, it oscillates up and down. This behavior can be modeled by a second-order constant-coefficient differential
equation.

"_'_'--i 1 - = ,
— R
= = < ||t
o Wi, (SERCRERCE - Y -
natural position =" s &
of spring e I T 7-.. = E ..... x=0
m <
< | |x
equilibrium: Pl | r
mg = ks T
m
in motion
(@) (b) (©)

Figure 7.2 A spring in its natural position (a), at equilibrium with a mass m attached (b), and
in oscillatory motion (c).

Let x(¢) denote the displacement of the mass from equilibrium. Note that for spring-mass systems of this type, it is

customary to adopt the convention that down is positive. Thus, a positive displacement indicates the mass is below the
equilibrium point, whereas a negative displacement indicates the mass is above equilibrium. Displacement is usually given
in feet in the English system or meters in the metric system.

Consider the forces acting on the mass. The force of gravity is given by mg. In the English system, mass is in slugs and

the acceleration resulting from gravity is in feet per second squared. The acceleration resulting from gravity is constant, so
in the English system, g = 32 ft/sec®. Recall that 1 slug-foot/sec? is a pound, so the expression mg can be expressed in

pounds. Metric system units are kilograms for mass and m/sec? for gravitational acceleration. In the metric system, we have
2
g = 9.8 m/sec”.

According to Hooke’s law, the restoring force of the spring is proportional to the displacement and acts in the opposite
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direction from the displacement, so the restoring force is given by —k(s + x). The spring constant is given in pounds per
foot in the English system and in newtons per meter in the metric system.

Now, by Newton’s second law, the sum of the forces on the system (gravity plus the restoring force) is equal to mass times
acceleration, so we have

mx" = —k(s + x) + mg

= —ks — kx + mg.
However, by the way we have defined our equilibrium position, mg = ks, the differential equation becomes
mx" + kx = 0.

It is convenient to rearrange this equation and introduce a new variable, called the angular frequency, @. Letting

w = Vk/m, we can write the equation as

x// + w2x — 0 (7'5)
This differential equation has the general solution

x(t) = ¢y coswt + ¢, sinwt, (7.6)

which gives the position of the mass at any point in time. The motion of the mass is called simple harmonic motion. The

period of this motion (the time it takes to complete one oscillation) is 7" = %7 and the frequency is f = % = % (Figure
7.3).
X4
ro
° T
f(t) = sin2t

Figure 7.3 A graph of vertical displacement versus time for simple harmonic motion.

Example 7.17

Simple Harmonic Motion

Assume an object weighing 2 1b stretches a spring 6 in. Find the equation of motion if the spring is released from
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the equilibrium position with an upward velocity of 16 ft/sec. What is the period of the motion?

Solution

We first need to find the spring constant. We have

mg = ks
2 = (Y
k = 4

We also know that weight W equals the product of mass m and the acceleration due to gravity g. In English units,
the acceleration due to gravity is 32 ft/sec?.

W = mg
= m(32)
= L

"= 16

Thus, the differential equation representing this system is

L// _
16x +4x=0.

Multiplying through by 16, we get x” 4+ 64x = 0, which can also be written in the form x” + (8%)x = 0. This
equation has the general solution

x(t) = ¢y cos(81) + ¢, sin(8¢).

The mass was released from the equilibrium position, so x(0) = 0, and it had an initial upward velocity of 16
ft/sec, so x'(0) = —16. Applying these initial conditions to solve for ¢; and c,. gives
x(t) = —2sin8t.

The period of this motion is 2Z = Z sec.

8 4

@ 7.15 A 200-g mass stretches a spring 5 cm. Find the equation of motion of the mass if it is released from rest
from a position 10 cm below the equilibrium position. What is the frequency of this motion?

Writing the general solution in the form x(#) = ¢ cos(wt) + ¢, sin(w?) has some advantages. It is easy to see the link

between the differential equation and the solution, and the period and frequency of motion are evident. This form of the
function tells us very little about the amplitude of the motion, however. In some situations, we may prefer to write the
solution in the form

x(t) = Asin(wt + ¢). (7.7)

Although the link to the differential equation is not as explicit in this case, the period and frequency of motion are still
evident. Furthermore, the amplitude of the motion, A, is obvious in this form of the function. The constant ¢ is called a

phase shift and has the effect of shifting the graph of the function to the left or right.
To convert the solution to this form, we want to find the values of A and ¢ such that

¢ cos(wt) + cysin(wt) = Asin(wt + ).

We first apply the trigonometric identity

sin(a + f) = sinacos ff + cosasin



866 Chapter 7 | Second-Order Differential Equations

to get
ccos(mt) + cysin(wt) = Alsin(wt)cosg + cos(wt)sing)

= Asing(cos(wt)) + Acos P(sin(wt)).

Thus,
¢y = Asing and ¢, = Acos¢.
If we square both of these equations and add them together, we get
c% + c% = A’sin ¢ + A%cos ¢

= Az(sin2¢ + cos2¢>)

=A%
Thus,

A= \/c% + c%.

Now, to find ¢, go back to the equations for ¢ and c¢,, but this time, divide the first equation by the second equation

to get
¢ _ Asing
€2 7 Acos¢
= tang.
Then,
‘1
tang = —.
P=1z,

We summarize this finding in the following theorem.

Theorem 7.5: Solution to the Equation for Simple Harmonic Motion

The function x(f) = ¢ cos(wt) + ¢, sin(wt) can be written in the form x(f) = Asin(wt + ¢), where A = \/c% + c%

c
and tang = c_é

. C . L. . .
Note that when using the formula tan¢g = C—; to find ¢, we must take care to ensure ¢ is in the right quadrant (Figure

7.4).
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Figure 7.4 A graph of vertical displacement versus time for simple harmonic
motion with a phase change.

Example 7.18
Expressing the Solution with a Phase Shift
Express the following functions in the form Asin(w? + ¢). What is the frequency of motion? The amplitude?

a. x(t) = 2cos(3¢) + sin(37)

b.  x(f) = 3cos(2r) — 2sin(21)

Solution

a. We have

A= d=12412=145

and

tan¢=%=%=2.

Note that both ¢ and ¢, are positive, so ¢ is in the first quadrant. Thus,

¢ ~ 1.107 rad,

so we have
x(t) = 2cos(37) + sin(31) = V5sin (37 + 1.107).
w3 . .
The frequency is i 0.477. The amplitude is V5.
b. We have

A=\ +c3=132422=v13
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and

tanqﬁ:g—é:i: —%.

Note that ¢ is positive but ¢, is negative, so ¢ is in the fourth quadrant. Thus,

¢~ —0.983rad,

so we have
x(t) = 3cos(2t) — 2sin(21)

= Y/13sin (27 — 0.983).

@ _

The frequency is =

LN . .
3% ===~ 0.318. The amplitude is V13.

7.16 Express the function x(¢) = cos(4f) + 4sin(4¢) in the form Asin(wt + ¢p). What is the frequency of

motion? The amplitude?

Damped Vibrations

With the model just described, the motion of the mass continues indefinitely. Clearly, this doesn’t happen in the real world.
In the real world, there is almost always some friction in the system, which causes the oscillations to die off slowly—an
effect called damping. So now let’s look at how to incorporate that damping force into our differential equation.

Physical spring-mass systems almost always have some damping as a result of friction, air resistance, or a physical damper,
called a dashpot (a pneumatic cylinder; see Figure 7.5).

R

Figure 7.5 A dashpot is a pneumatic cylinder that dampéns
the motion of an oscillating system.

Because damping is primarily a friction force, we assume it is proportional to the velocity of the mass and acts in the
opposite direction. So the damping force is given by —bx’ for some constant b > 0. Again applying Newton’s second law,

the differential equation becomes
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mx" + bx" + kx = 0.
Then the associated characteristic equation is
mA2+bi+k=0.

Applying the quadratic formula, we have

1= =bxVb® — dmk

2m

Just as in Second-Order Linear Equations we consider three cases, based on whether the characteristic equation has
distinct real roots, a repeated real root, or complex conjugate roots.

Case 1: b2 > dmk

In this case, we say the system is overdamped. The general solution has the form
At Art
x(t)=cje ! +cye 2,

where both 4 and A, are less than zero. Because the exponents are negative, the displacement decays to zero over time,

usually quite quickly. Overdamped systems do not oscillate (no more than one change of direction), but simply move back
toward the equilibrium position. Figure 7.6 shows what typical critically damped behavior looks like.

X\ X |

"‘F
~Y

@) (b)
Figure 7.6 Behavior of an overdamped spring-mass system, with no change in direction (a) and only one change
in direction (b).

Example 7.19

Overdamped Spring-Mass System

A 16-1b mass is attached to a 10-ft spring. When the mass comes to rest in the equilibrium position, the spring

measures 15 ft 4 in. The system is immersed in a medium that imparts a damping force equal to 2 times the

2

instantaneous velocity of the mass. Find the equation of motion if the mass is pushed upward from the equilibrium
position with an initial upward velocity of 5 ft/sec. What is the position of the mass after 10 sec? Its velocity?

Solution

The mass stretches the spring 5 ft 4 in., or 16 ft. Thus, 16 = (13—6)1(, so k = 3. We also have m = 16 _ %,

3 32
so the differential equation is
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1,7 S, —
X+ 3x +3x=0.

Multiplying through by 2 gives x” 4+ 5x’ 4+ 6x = 0, which has the general solution

x(t) = ¢y e+ Cy e,

Applying the initial conditions, x(0) =0 and x'(0) = =5, we get
x(t) = =S¢ + 5¢7 .
After 10 sec the mass is at position
x(10) = =570+ 5¢730 ~ —1.0305x 1078 ~ 0,

so it is, effectively, at the equilibrium position. We have x'(¢) = 1072 — 15¢™>, so after 10 sec the mass is

moving at a velocity of
'(10) = 106720 — 15¢730 ~ 2.061 x 1078 ~ 0.

After only 10 sec, the mass is barely moving.

@ 7.17 A 2-kg mass is attached to a spring with spring constant 24 N/m. The system is then immersed in a
medium imparting a damping force equal to 16 times the instantaneous velocity of the mass. Find the equation
of motion if it is released from rest at a point 40 cm below equilibrium.

Case 2: b2 =4mk

In this case, we say the system is critically damped. The general solution has the form

At

At
1 +cpte 1,

x(t)=c,e

where A, is less than zero. The motion of a critically damped system is very similar to that of an overdamped system. It

does not oscillate. However, with a critically damped system, if the damping is reduced even a little, oscillatory behavior
results. From a practical perspective, physical systems are almost always either overdamped or underdamped (case 3, which
we consider next). It is impossible to fine-tune the characteristics of a physical system so that b? and 4mk are exactly
equal. Figure 7.7 shows what typical critically damped behavior looks like.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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"‘F
~Y

@ (b)
Figure 7.7 Behavior of a critically damped spring-mass system. The system graphed in part (a) has more damping
than the system graphed in part (b).

Example 7.20

Critically Damped Spring-Mass System

A 1-kg mass stretches a spring 20 cm. The system is attached to a dashpot that imparts a damping force equal to 14
times the instantaneous velocity of the mass. Find the equation of motion if the mass is released from equilibrium
with an upward velocity of 3 m/sec.

Solution
We have mg = 1(9.8) = 0.2k, so k = 49. Then, the differential equation is
x" 4+ 14x" +49x =0,

which has general solution

x(1) = ¢y ey czte_7t.

Applying the initial conditions x(0) = 0 and x'(0) = —3 gives

x(t) = —=3te™ ",

7.18 A 1-lb weight stretches a spring 6 in., and the system is attached to a dashpot that imparts a damping
force equal to half the instantaneous velocity of the mass. Find the equation of motion if the mass is released
from rest at a point 6 in. below equilibrium.

Case 3: b2 < dmk
In this case, we say the system is underdamped. The general solution has the form
x(t) = e™(cy cos(Bt) + ¢, sin(Bt)),

where a is less than zero. Underdamped systems do oscillate because of the sine and cosine terms in the solution. However,

the exponential term dominates eventually, so the amplitude of the oscillations decreases over time. Figure 7.8 shows what
typical underdamped behavior looks like.
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Figure 7.8 Behavior of an underdamped spring-mass system.

Note that for all damped systems, . l_i)moox(t) = 0. The system always approaches the equilibrium position over time.

Example 7.21

Underdamped Spring-Mass System

A 16-1b weight stretches a spring 3.2 ft. Assume the damping force on the system is equal to the instantaneous
velocity of the mass. Find the equation of motion if the mass is released from rest at a point 9 in. below
equilibrium.

Solution

16 _ 16 _1 . . .
We have k = 35 = 5 and m = H =7 so the differential equation is

%x” +x' 4+5x=0, orx” +2x' + 10x = 0.

This equation has the general solution

x(t) = e '(cy cos (31) + ¢, sin(31)).

Applying the initial conditions, x(0) = % and x'(0) =0, we get

x(t)=e™! (%cos B+ %sin(3t)).

7.19 A 1-kg mass stretches a spring 49 cm. The system is immersed in a medium that imparts a damping
force equal to four times the instantaneous velocity of the mass. Find the equation of motion if the mass is
released from rest at a point 24 cm above equilibrium.

Chapter Opener: Modeling a Motorcycle Suspension System
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Figure 7.9 (credit: modification of work by nSeika, Flickr)

For motocross riders, the suspension systems on their motorcycles are very important. The off-road courses on
which they ride often include jumps, and losing control of the motorcycle when they land could cost them the
race.

This suspension system can be modeled as a damped spring-mass system. We define our frame of reference with
respect to the frame of the motorcycle. Assume the end of the shock absorber attached to the motorcycle frame is
fixed. Then, the “mass” in our spring-mass system is the motorcycle wheel. We measure the position of the wheel
with respect to the motorcycle frame. This may seem counterintuitive, since, in many cases, it is actually the
motorcycle frame that moves, but this frame of reference preserves the development of the differential equation
that was done earlier. As with earlier development, we define the downward direction to be positive.

When the motorcycle is lifted by its frame, the wheel hangs freely and the spring is uncompressed. This is the
spring’s natural position. When the motorcycle is placed on the ground and the rider mounts the motorcycle, the
spring compresses and the system is in the equilibrium position (Figure 7.10).

Natural position Equilibrium position

Uncompressed
spring

!

S

1

Figure 7.10 We can use a spring-mass system to model a motorcycle suspension.
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This system can be modeled using the same differential equation we used before:

mx" + bx' + kx =0.

A motocross motorcycle weighs 204 Ib, and we assume a rider weight of 180 Ib. When the rider mounts the
motorcycle, the suspension compresses 4 in., then comes to rest at equilibrium. The suspension system provides
damping equal to 240 times the instantaneous vertical velocity of the motorcycle (and rider).

a. Set up the differential equation that models the behavior of the motorcycle suspension system.

b. We are interested in what happens when the motorcycle lands after taking a jump. Let time ¢ = 0 denote

the time when the motorcycle first contacts the ground. If the motorcycle hits the ground with a velocity
of 10 ft/sec downward, find the equation of motion of the motorcycle after the jump.

c. Graph the equation of motion over the first second after the motorcycle hits the ground.

Solution

a. We have defined equilibrium to be the point where mg = ks, so we have

mg = ks
- L
384 = k(3)
k = 1152.
We also have
W = mg
384 = m(32)
m = 12.

Therefore, the differential equation that models the behavior of the motorcycle suspension is
12x" 4+ 240x" + 1152x = 0.

Dividing through by 12, we get
x"+20x" +96x = 0.
b. The differential equation found in part a. has the general solution

x(H) =c; e Sy cze_lzt.

Now, to determine our initial conditions, we consider the position and velocity of the motorcycle wheel
when the wheel first contacts the ground. Since the motorcycle was in the air prior to contacting the
ground, the wheel was hanging freely and the spring was uncompressed. Therefore the wheel is 4 in.
(% ft) below the equilibrium position (with respect to the motorcycle frame), and we have x(0) = %
According to the problem statement, the motorcycle has a velocity of 10 ft/sec downward when the

motorcycle contacts the ground, so x'(0) = 10. Applying these initial conditions, we get ¢ = % and

CH = —(%) so the equation of motion is

—8t_ﬁe—12t_

x(t) = %e 6

c. The graph is shown in Figure 7.11.
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Figure 7.11 Graph of the equation of motion over a time of one second.
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Student PROJECT

Landing Vehicle

NASA is planning a mission to Mars. To save money, engineers have decided to adapt one of the moon landing
vehicles for the new mission. However, they are concerned about how the different gravitational forces will affect the
suspension system that cushions the craft when it touches down. The acceleration resulting from gravity on the moon
is 1.6 m/secz, whereas on Mars it is 3.7 m/sec?.

The suspension system on the craft can be modeled as a damped spring-mass system. In this case, the spring is below
the moon lander, so the spring is slightly compressed at equilibrium, as shown in Figure 7.12.

Lander at touchdown Equilibrium position

Uncompressed L E
Spring

| Landing surface | | — |

Figure 7.12 The landing craft suspension can be represented as a damped spring-mass system. (credit “lander”:
NASA)

We retain the convention that down is positive. Despite the new orientation, an examination of the forces affecting
the lander shows that the same differential equation can be used to model the position of the landing craft relative to
equilibrium:

mx" + bx' + kx =0,

where m is the mass of the lander, b is the damping coefficient, and k is the spring constant.

1. The lander has a mass of 15,000 kg and the spring is 2 m long when uncompressed. The lander is designed
to compress the spring 0.5 m to reach the equilibrium position under lunar gravity. The dashpot imparts a
damping force equal to 48,000 times the instantaneous velocity of the lander. Set up the differential equation
that models the motion of the lander when the craft lands on the moon.

2. Lettime ¢t = 0 denote the instant the lander touches down. The rate of descent of the lander can be controlled
by the crew, so that it is descending at a rate of 2 m/sec when it touches down. Find the equation of motion of
the lander on the moon.

3. If the lander is traveling too fast when it touches down, it could fully compress the spring and “bottom out.”
Bottoming out could damage the landing craft and must be avoided at all costs. Graph the equation of motion
found in part 2. If the spring is 0.5 m long when fully compressed, will the lander be in danger of bottoming
out?

4. Assuming NASA engineers make no adjustments to the spring or the damper, how far does the lander compress
the spring to reach the equilibrium position under Martian gravity?

5. 1If the lander crew uses the same procedures on Mars as on the moon, and keeps the rate of descent to 2 m/sec,
will the lander bottom out when it lands on Mars?

6. What adjustments, if any, should the NASA engineers make to use the lander safely on Mars?

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Forced Vibrations

The last case we consider is when an external force acts on the system. In the case of the motorcycle suspension system, for
example, the bumps in the road act as an external force acting on the system. Another example is a spring hanging from a
support; if the support is set in motion, that motion would be considered an external force on the system. We model these
forced systems with the nonhomogeneous differential equation

mx" + bx" + kx = f(¥), (7.8)

where the external force is represented by the f(¢) term. As we saw in Nonhomogenous Linear Equations,

differential equations such as this have solutions of the form

x(1) = ¢y x (1) + e xp(0) + xp(D),
where ¢ x(f) + ¢y x,(¢) is the general solution to the complementary equation and x,(#) is a particular solution to the
nonhomogeneous equation. If the system is damped, , Emmcl x1(#) + ¢y x5(t) = 0. Since these terms do not affect the long-

term behavior of the system, we call this part of the solution the transient solution. The long-term behavior of the system is
determined by x,(#), so we call this part of the solution the steady-state solution.

@ This website (http://lwww.openstaxcollege.org/l/20_Oscillations) shows a simulation of forced
vibrations.

Example 7.23

Forced Vibrations

A mass of 1 slug stretches a spring 2 ft and comes to rest at equilibrium. The system is attached to a dashpot
that imparts a damping force equal to eight times the instantaneous velocity of the mass. Find the equation of
motion if an external force equal to f(¢) = 8sin(4¢) is applied to the system beginning at time # = 0. What is

the transient solution? What is the steady-state solution?

Solution
We have mg = 1(32) = 2k, so k = 16 and the differential equation is
x" + 8x’ 4+ 16x = 8sin(41).
The general solution to the complementary equation is
cy ey czte_4t.

Assuming a particular solution of the form x,(¢) = Acos(4¢) + Bsin(47) and using the method of undetermined

coefficients, we find x p(t) = — %cos (41), so

x(t)=cre M +cqte™ - %cos(4t).

At t =0, the mass is at rest in the equilibrium position, so x(0) = x’(0) = 0. Applying these initial conditions

to solve for ¢; and c,, we get

x(t) = %e‘”’f +re™ - %cos (47).

The transient solution is %e ~H 4 te™* The steady-state solution is —%cos (41).
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7.20 A mass of 2 kg is attached to a spring with constant 32 N/m and comes to rest in the equilibrium
position. Beginning at time ¢ = 0, an external force equal to f(¥) = 68¢ % cos(4t) is applied to the system.

Find the equation of motion if there is no damping. What is the transient solution? What is the steady-state
solution?

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Student PROJECT

Resonance

Consider an undamped system exhibiting simple harmonic motion. In the real world, we never truly have an undamped
system; —some damping always occurs. For theoretical purposes, however, we could imagine a spring-mass system
contained in a vacuum chamber. With no air resistance, the mass would continue to move up and down indefinitely.

The frequency of the resulting motion, given by f = L= L s called the natural frequency of the system. If an

T 2n
external force acting on the system has a frequency close to the natural frequency of the system, a phenomenon called
resonance results. The external force reinforces and amplifies the natural motion of the system.
1. Consider the differential equation x” + x = 0. Find the general solution. What is the natural frequency of the
system?
2. Now suppose this system is subjected to an external force given by f(¢f) = 5costz. Solve the initial-value

problem x” +x = S5cost, x(0)=0, x'(0)=1.

Graph the solution. What happens to the behavior of the system over time?

In the real world, there is always some damping. However, if the damping force is weak, and the external
force is strong enough, real-world systems can still exhibit resonance. One of the most famous examples of
resonance is the collapse of the Tacoma Narrows Bridge on November 7, 1940. The bridge had exhibited
strange behavior ever since it was built. The roadway had a strange “bounce” to it. On the day it collapsed, a
strong windstorm caused the roadway to twist and ripple violently. The bridge was unable to withstand these
forces and it ultimately collapsed. Experts believe the windstorm exerted forces on the bridge that were very
close to its natural frequency, and the resulting resonance ultimately shook the bridge apart.

. This website (http:/lwww.openstaxcollege.org/l/l20_TacomaNarrow) contains more
information about the collapse of the Tacoma Narrows Bridge.

’ During the short time the Tacoma Narrows Bridge stood, it became quite a tourist attraction. Several
people were on site the day the bridge collapsed, and one of them caught the collapse on film. Watch
the video (http://lwww.openstaxcollege.org/l/20_TacomaNarro2) to see the collapse.

5. Another real-world example of resonance is a singer shattering a crystal wineglass when she sings just the right
note. When someone taps a crystal wineglass or wets a finger and runs it around the rim, a tone can be heard.
That note is created by the wineglass vibrating at its natural frequency. If a singer then sings that same note at
a high enough volume, the glass shatters as a result of resonance.

. The TV show Mythbusters aired an episode on this phenomenon. Visit this website
(http:/lwww.openstaxcollege.org/l/20_glass) to learn more about it. Adam Savage also
described the experience. Watch this video (http://lwww.openstaxcollege.org/l/20_glass2) for
his account.

The RLC Series Circuit

Consider an electrical circuit containing a resistor, an inductor, and a capacitor, as shown in Figure 7.10. Such a circuit is
called an RLC series circuit. RLC circuits are used in many electronic systems, most notably as tuners in AM/FM radios.
The tuning knob varies the capacitance of the capacitor, which in turn tunes the radio. Such circuits can be modeled by
second-order, constant-coefficient differential equations.


http://www.openstaxcollege.org/l/20_TacomaNarrow
http://www.openstaxcollege.org/l/20_TacomaNarro2
http://www.openstaxcollege.org/l/20_glass
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http://www.openstaxcollege.org/l/20_glass2
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Let I(t) denote the current in the RLC circuit and g(¢) denote the charge on the capacitor. Furthermore, let L denote
inductance in henrys (H), R denote resistance in ohms (£2), and C denote capacitance in farads (F). Last, let E(¢) denote
electric potential in volts (V).

Kirchhoff’s voltage rule states that the sum of the voltage drops around any closed loop must be zero. So, we need to
consider the voltage drops across the inductor (denoted E; ), the resistor (denoted Eg ), and the capacitor (denoted E

). Because the RLC circuit shown in Figure 7.10 includes a voltage source, E(f), which adds voltage to the circuit, we

have E; + Ep + E- = E(2).

We present the formulas below without further development. Those of you interested in the derivation of these formulas
should consult a physics text. Using Faraday’s law and Lenz’s law, the voltage drop across an inductor can be shown to be
proportional to the instantaneous rate of change of current, with proportionality constant L. Thus,

— 14l
Ep=14L

Next, according to Ohm’s law, the voltage drop across a resistor is proportional to the current passing through the resistor,
with proportionality constant R. Therefore,

Eg=RI

Last, the voltage drop across a capacitor is proportional to the charge, g, on the capacitor, with proportionality constant
1/C. Thus,

F.=1
Cc— Cq-
Adding these terms together, we get

L4 4 rr+ Ly = Er).

dt C
Noting that I = (dg)/(dt), this becomes
d>q  .dqg 1 _ (7.9)
L? + RE + Fq = E(l)

Mathematically, this system is analogous to the spring-mass systems we have been examining in this section.
R

VVV

CDE .

c
| |
I

Figure 7.13 An RLC series circuit can be modeled by the
same differential equation as a mass-spring system.

Example 7.24

The RLC Series Circuit

Find the charge on the capacitor in an RLC series circuit where L =5/3 H, R=10Q, C =1/30 F, and
E(t) =300 V. Assume the initial charge on the capacitor is 0 C and the initial current is 9 A. What happens to

the charge on the capacitor over time?

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Solution
We have
1424 4 pdd Ly = E@
a2 ar e
%% + 10% +30g = 300
d’q | ¢da 18 = 180.
dr*  dt

The general solution to the complementary equation is
e3¢ cos(31) + ¢y sin(31)).
Assume a particular solution of the form g, = A, where A is a constant. Using the method of undetermined
coefficients, we find A = 10. So,
q(1) = e 73 (¢ cos (31) + ¢, sin(31)) + 10.
Applying the initial conditions g(0) =0 and i(0) = (dg)/(d0))(0) =9, we find ¢; = —10 and ¢, = —7. So
the charge on the capacitor is
q(t) = —10e > cos (31) — Te sin (37) + 10.

Looking closely at this function, we see the first two terms will decay over time (as a result of the negative
exponent in the exponential function). Therefore, the capacitor eventually approaches a steady-state charge of 10
C.

7.21 Find the charge on the capacitor in an RLC series circuit where L =1/5 H, R=2/5Q, C=1/2 F,

and E(r) = 50 V. Assume the initial charge on the capacitor is 0 C and the initial current is 4 A.
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7.3 EXERCISES

86. A mass weighing 4 b stretches a spring 8 in. Find
the equation of motion if the spring is released from the
equilibrium position with a downward velocity of 12 ft/sec.
What is the period and frequency of the motion?

87. A mass weighing 2 Ib stretches a spring 2 ft. Find the
equation of motion if the spring is released from 2 in. below
the equilibrium position with an upward velocity of 8 ft/sec.
What is the period and frequency of the motion?

88. A 100-g mass stretches a spring 0.1 m. Find the
equation of motion of the mass if it is released from rest
from a position 20 cm below the equilibrium position. What
is the frequency of this motion?

89. A 400-g mass stretches a spring 5 cm. Find the
equation of motion of the mass if it is released from rest
from a position 15 cm below the equilibrium position. What
is the frequency of this motion?

90. A block has a mass of 9 kg and is attached to a
vertical spring with a spring constant of 0.25 N/m. The
block is stretched 0.75 m below its equilibrium position and
released.

Find the position function x(¢) of the block.

b. Find the period and frequency of the vibration.
c. Sketch a graph of x(z).
d. At what time does the block first pass through the

equilibrium position?

91. A block has a mass of 5 kg and is attached to a
vertical spring with a spring constant of 20 N/m. The block
is released from the equilibrium position with a downward
velocity of 10 m/sec.

a. Find the position function x(¢) of the block.

b. Find the period and frequency of the vibration.
c. Sketch a graph of x(7).
d

At what time does the block first pass through the
equilibrium position?

92. A 1-kg mass is attached to a vertical spring with a
spring constant of 21 N/m. The resistance in the spring-
mass system is equal to 10 times the instantaneous velocity
of the mass.

a. Find the equation of motion if the mass is released
from a position 2 m below its equilibrium position
with a downward velocity of 2 m/sec.

b. Graph the solution and determine whether the
motion is overdamped, critically damped, or
underdamped.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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93. An 800-1b weight (25 slugs) is attached to a vertical
spring with a spring constant of 226 Ib/ft. The system is
immersed in a medium that imparts a damping force equal
to 10 times the instantaneous velocity of the mass.

a. Find the equation of motion if it is released from a
position 20 ft below its equilibrium position with a
downward velocity of 41 ft/sec.

b. Graph the solution and determine whether the
motion is overdamped, critically damped, or
underdamped.

94. A 9-kg mass is attached to a vertical spring with a
spring constant of 16 N/m. The system is immersed in a
medium that imparts a damping force equal to 24 times the
instantaneous velocity of the mass.

a. Find the equation of motion if it is released from its
equilibrium position with an upward velocity of 4
m/sec.

b. Graph the solution and determine whether the
motion is overdamped, critically damped, or
underdamped.

95. A 1-kg mass stretches a spring 6.25 cm. The resistance
in the spring-mass system is equal to eight times the
instantaneous velocity of the mass.

a. Find the equation of motion if the mass is released
from a position 5 m below its equilibrium position
with an upward velocity of 10 m/sec.

b. Determine whether the motion is overdamped,
critically damped, or underdamped.

96. A 32-1b weight (1 slug) stretches a vertical spring 4
in. The resistance in the spring-mass system is equal to four
times the instantaneous velocity of the mass.
a. Find the equation of motion if it is released from its
equilibrium position with a downward velocity of
12 ft/sec.
b. Determine whether the motion is overdamped,
critically damped, or underdamped.

97. A 64-1b weight is attached to a vertical spring with a
spring constant of 4.625 1b/ft. The resistance in the spring-
mass system is equal to the instantaneous velocity. The
weight is set in motion from a position 1 ft below its
equilibrium position with an upward velocity of 2 ft/sec. Is
the mass above or below the equation position at the end of
7 sec? By what distance?

98. A mass that weighs 8 Ib stretches a spring 6 inches.
The system is acted on by an external force of 8sin8t

Ib. If the mass is pulled down 3 inches and then released,
determine the position of the mass at any time.

99. A mass that weighs 6 1b stretches a spring 3 in. The
system is acted on by an external force of 8sin(4¢) lb. If

the mass is pulled down 1 inch and then released, determine
the position of the mass at any time.
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100. Find the charge on the capacitor in an RLC series
circuit where L =40 H, R =302, C =1/200 F, and

E(t) =200 V. Assume the initial charge on the capacitor
is 7 C and the initial current is 0 A.

101. Find the charge on the capacitor in an RLC series
circuit where L=2 H, R=24Q, C=0.005 F, and
E(t) = 12sin10z V. Assume the initial charge on the

capacitor is 0.001 C and the initial current is 0 A.

102. A series circuit consists of a device where L =1
H, R=20Q, C=0.002 F, and E(t) =12 V. If the

initial charge and current are both zero, find the charge and
current at time ¢.

103. A series circuit consists of a device where L = % H,

R=10Q, C= % F, and E(7) =250 V. If the initial

charge on the capacitor is 0 C and the initial current is 18
A, find the charge and current at time t.

883



884 Chapter 7 | Second-Order Differential Equations

7.4 | Series Solutions of Differential Equations

Learning Objectives

7.4.1 Use power series to solve first-order and second-order differential equations.

In Introduction to Power Series (http://lcnx.org/content/m53760/latest/) , we studied how functions can be
(o]

represented as power series, y(x) = z a,x". We also saw that we can find series representations of the derivatives
n=0
o0
of such functions by differentiating the power series term by term. This gives y'(x) = z nanx"_1 and
n=1
[©]
y'(x) = 2 n(n — l)anx"_z. In some cases, these power series representations can be used to find solutions to
n=2
differential equations.

Be aware that this subject is given only a very brief treatment in this text. Most introductory differential equations textbooks
include an entire chapter on power series solutions. This text has only a single section on the topic, so several important
issues are not addressed here, particularly issues related to existence of solutions. The examples and exercises in this section
were chosen for which power solutions exist. However, it is not always the case that power solutions exist. Those of you
interested in a more rigorous treatment of this topic should consult a differential equations text.

Problem-Solving Strategy: Finding Power Series Solutions to Differential Equations

(]

1. Assume the differential equation has a solution of the form y(x) = Z a,x".
n=0

o0
2. Differentiate the power series term by term to get y'(x)= z nan)c"_1 and
n=1
o0

y'(x) = Z nn — Da,x" 2.

n=2
Substitute the power series expressions into the differential equation.
Re-index sums as necessary to combine terms and simplify the expression.

Equate coefficients of like powers of x to determine values for the coefficients a, in the power series.

SR

Substitute the coefficients back into the power series and write the solution.

Example 7.25

Series Solutions to Differential Equations

Find a power series solution for the following differential equations.

a. y'—-y=0

b (2= 1)y +6xy +4y=—4

Solution

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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(o8] (e8]
a. Assume y(x) = Z a,x" (step 1). Then, y(x) = Z na,x" ! and
n=0 n=1
o0
y'(x) = Z n(n—Da,x"~ 2 (step 2). We want to find values for the coefficients a, such that
n=2
yi-y =0
o0 o0
Z nn — Da,x" % — Z ayx" = 0(step 3).
n=2 n=0

We want the indices on our sums to match so that we can express them using a single summation. That is,
we want to rewrite the first summation so that it starts with n = 0.

To re-index the first term, replace n with n + 2 inside the sum, and change the lower summation limit to

n=0. We get
(o8] (o8]
Z n(n—Day,x" "% = Z (n+2)(n+ Da, , ,x".
n=2 n=0
This gives
o0 0
(n+2)n+ Da, L ,x" - Z a,x" = 0
n=0 n=0
o0
D[4+ + Day 42— agh” = 0(step4).
n=20

Because power series expansions of functions are unique, this equation can be true only if the coefficients
of each power of x are zero. So we have

n+2)n+Na,,,—a,=0forn=0,1,2,....

This recurrence relationship allows us to express each coefficient a, in terms of the coefficient two

terms earlier. This yields one expression for even values of n and another expression for odd values of n.
Looking first at the equations involving even values of n, we see that

a“ =@
a = 757
46 = 6a-45 = %
Thus, in general, when n is even, a, = % (step 5).
For the equations involving odd values of n, we see that
43 = 3a~12 = %
4s = sa~34 = %
PR Ny

~
@)}
2
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. . a .
Therefore, in general, when n is odd, a,, = n_l' (step 5 continued).

Putting this together, we have
o0
Y = D an”
n=0
a1

a a a
=a0+a1x+70x2+yx3+4—(!’x4+5—1!x5+

Re-indexing the sums to account for the even and odd values of n separately, we obtain

(o] [oe]

) 1
= _— —+ —_—
) “0,;0 2T “1,20 Qk+ D1

2+ 1 (step 6).

Analysis for part a.

As expected for a second-order differential equation, this solution depends on two arbitrary constants.
However, note that our differential equation is a constant-coefficient differential equation, yet the power
series solution does not appear to have the familiar form (containing exponential functions) that we are
used to seeing. Furthermore, since y(x) = ¢y e* 4 ¢, e is the general solution to this equation, we must

be able to write any solution in this form, and it is not clear whether the power series solution we just
found can, in fact, be written in that form.
Fortunately, after writing the power series representations of ¢* and ¢™*, and doing some algebra, we

find that if we choose

(apg+ay) (apg—ay)
co = 02 Dooe = 02 D

we then have ay=cy+c¢; anda; = cy—cy, and

a a a a
= 0,2, %.3, “0,4 _15+...
y(x) a0+a1x+2x +3!.X +”.X +5!x

+ - + -
=(cO+c1)+(co—cl)x+(60261)x2+(CO3|Cl)x3+(CO4,cl)x4+(605,61)x5+---
[e]
n —x)"
=Cyp E _|+Cl E ( ')
n=0" n= n

=coet +cre.

So we have, in fact, found the same general solution. Note that this choice of ¢ and ¢, is not obvious.

This is a case when we know what the answer should be, and have essentially “reverse-engineered” our
choice of coefficients.

o0 [e]
b. Assume y(x) = Z a,x" (step 1). Then, y(x) = z na,x" 1 and
n=20 n=1
o0
y'(x) = Z n(n—Da,x"~ 2 (step 2). We want to find values for the coefficients a, such that
n=2

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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(2—1)y" +6xy +4y = —4
(o8] (o8] (o8]
(xz—l)z n(n—l)anx"_2+6xz nanx”_1+4z ax" = —4
n=2 n=1 n=0
o0 o0 o0 o0
x? Z n(n— Da,x"~% - z n(n—l)anx”_2+6xz nanx”_1+4z ax" = —4.
n=72 n=2 n=1 n=0

Taking the external factors inside the summations, we get

[e8] o0 o0 o0
Z n(n—a,x" - Z n(n—Da,x" ~ %+ Z 6na,x" + Z dax" = —4 (step 3).

n=72 n=2 n=1 n=0

Now, in the first summation, we see that when n =0 or n =1, the term evaluates to zero, so we can

add these terms back into our sum to get

i n(n—Da,x" = i n(n— Da,x".

n=2 n=0

Similarly, in the third term, we see that when n =0, the expression evaluates to zero, so we can add

that term back in as well. We have

(e8] o0
Z 6na,x" = Z 6na,x".
n=0

n=1
Then, we need only shift the indices in our second term. We get

2 = 1agx" "= Y 1+ 2+ Day 3"

n=2 n=0
Thus, we have
o0 o0 o0 o0
Z n(n—Da,x" — Z (n+2)n+ Da, . ,x" + Z 6na, x" + dax™ = —4(step 4).
n=0 n=0 n=0 n=0
o0
D [nn = Day— (1 +2)(n + Day, 4 5+ 6na, +da,i" = —4
=0
noo
Z [(n2—n)an+6nan+4an—(n+2)(n+ 1)an+2}x” = —4
=0
" o0
Z [nzan+5nan+4an—(n+2)(n+ 1)an+2}x” = —4
n=0
o0
Z [(n2+5n+4)an—(n+2)(n+1)an+2}x" = —4
=0
noo
Y [+ 4+ Day— (n+ 2+ Da, 4 )" = —4
n=0

Looking at the coefficients of each power of x, we see that the constant term must be equal to —4, and

the coefficients of all other powers of x must be zero. Then, looking first at the constant term,
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4610 — 2a2 = —4
2aq+ 2 (step 3).

a

For n > 1, we have

n+dHn+Da,—m+2)n+Da, ., = 0
(n+ 1)[(n+4)an— (n+2)an+2] = 0.

Since n>1, n+1#0, we see that

mn+da,—n+2a,,,=0

and thus

For even values of n, we have

ay = B2ag+2)=3a+3
ag = %(3a0+3)=4a0+4

In general, a,y = (k+ 1)(ag+ 1) (step 5).

For odd values of n, we have

5
a3 = 341
_ 1., _1
Cls = §a3—§al
a; = %a5=%al:3a1

In general, ay; | = 2k ;— 3 ay (step 5 continued).

Putting this together, we have

Y= D k+Dag+ Dx 4+ Y] (%)a T (step 6).
k=0 k=0

@ 7.22  Find a power series solution for the following differential equations.
a. y+2xy=0
b. (x+1)y' =3y
We close this section with a brief introduction to Bessel functions. Complete treatment of Bessel functions is well beyond

the scope of this course, but we get a little taste of the topic here so we can see how series solutions to differential equations
are used in real-world applications. The Bessel equation of order n is given by

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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xzy” +xy + % - nz)y =0.

This equation arises in many physical applications, particularly those involving cylindrical coordinates, such as the vibration
of a circular drum head and transient heating or cooling of a cylinder. In the next example, we find a power series solution
to the Bessel equation of order 0.

Example 7.26

Power Series Solution to the Bessel Equation

Find a power series solution to the Bessel equation of order 0 and graph the solution.

Solution

The Bessel equation of order 0 is given by

xzy” + xy’ +x2y =0.
o0 (o]
. _ n ’ _ n—1
We assume a solution of the form y= Z apx”. Then y'(x)= z na,x and
n=0 n=1
o0
y'(x) = Z n(n— Da,x"~ 2, Substituting this into the differential equation, we get
n=2
00 00 o0
x? Z n(n—Da,x" "% +x Z na,x" =1+ x? Z a,x" =0 Substitution.
n=2 n=1 n=0
(o] o0 (o]
Z n(n— Da,x" + Z na,x" + Z anx"T?2=0 Bring external factors within sums.
n=2 n=1 n=0
o0 o0 0
Z n(n—Da,x" + Z na,x" + Z a,_,x"=0 Re-index third sum.
n=2 n=1 n=2
o0 o0 o0
Z n(n—Da,x"+ax+ 2 na,x" + Z a,_,x"=0 Separate n = 1 term from second sum.
n=2 00 n=2 n=2
apx+ Z [n(n — Dan +nan+a, _,x"=0 Collect summation terms.
n=2
o0
ayx+ Z [(n2 —n)ay,+na,+a, _ Z}Y” =0 Multiply through in fir t term.
n=2
o0
apx+ Z [nzan+an_2]x"=0. Simplify.
n=2

Then, a; =0, andfor n > 2,

nzan+an_2:O
1

an= ——504, 2.
I’l2

Because a; = 0, all odd terms are zero. Then, for even values of n, we have
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1
a, = ——sa
2 22 0
1 1
a, = ——sa,=———d,.
4 42 2 42 .92 0
ag —la4= —+a0
62 62.42.22
In general,
; =D*
*T 2%
Thus, we have
_(=bF 2k (7.10)
y(x) = ag 2 (2)2k k')2 .

The graph appears below.

@' 7.23  Verify that the expression found in Example 7.26 is a solution to the Bessel equation of order 0.
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7.4 EXERCISES

Find a power series solution for the following differential
equations.

104. y"+6y' =0

105. 5y"+y' =0

106. y"+25y=0

107. y"—y=0

108. 2y'+y=0

109. y' —=2xy=0

110. (x—=7)y'+2y=0
111. y"—xy'=y=0

112. (1 + xz)y” —4xy' +6y=0

113. xzy” —xy' =3y=0
114. y" =8y’ =0, y(0)=-2, y(0)=10

115 y —=2xy=0,  y0)=1, y(0)=-3

116. The differential equation
x? yo+xy' + (x2 - 1)y = 0 is a Bessel equation of order
(e8]
1. Use a power series of the form y = Z anx" to find
n=0

the solution.

891
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CHAPTER 7 REVIEW

KEY TERMS

boundary conditions the conditions that give the state of a system at different times, such as the position of a spring-
mass system at two different times

boundary-value problem a differential equation with associated boundary conditions
characteristic equation (he equation aA? + bA + ¢ = 0 for the differential equation ay” + by’ + cy =0

complementary equation for the nonhomogeneous linear differential equation

a,(x)y" +ay(x)y +ag(x)y = r(x),

the associated homogeneous equation, called the complementary equation, is
a,(x)y" +a;(x)y +agx)y=0
homogeneous linear equation a second-order differential equation that can be written in the form
ar(x)y" +a;(x)y +ag(x)y=r(x), but r(x) =0 forevery value of x
linearly dependent a set of functions f}(x), f5(x),...,fn(x) for which there are constants cy, ¢5,...c,, not all zero,

such that ¢ f1(x) + ¢y fo(x) + - + ¢, fu(x) = 0 for all x in the interval of interest

linearly independent a set of functions f;(x), f5(x),...,fn(x) for which there are no constants cy, ¢,,...c,, such
that ¢ f1(x) + ¢y fo(x) + -+ + ¢, fu(x) = 0 for all x in the interval of interest

method of undetermined coefficients a method that involves making a guess about the form of the particular
solution, then solving for the coefficients in the guess

method of variation of parameters a method that involves looking for particular solutions in the form
Yp(x) = u(x)y (x) + v(x)y,(x), where y; and y, are linearly independent solutions to the complementary

equations, and then solving a system of equations to find u(x) and v(x)

nonhomogeneous linear equation a second-order differential equation that can be written in the form
ar(x)y" +a;(x)y’ +ag(x)y =r(x), but r(x)# 0 for some value of x

particular solution a solution y,(x) of a differential equation that contains no arbitrary constants

RLC series circuit a complete electrical path consisting of a resistor, an inductor, and a capacitor; a second-order,
constant-coefficient differential equation can be used to model the charge on the capacitor in an RLC series circuit
simple harmonic motion motion described by the equation x(¢) = c¢;cos(w?) + ¢, sin(wt), as exhibited by an

undamped spring-mass system in which the mass continues to oscillate indefinitely

steady-state solution a solution to a nonhomogeneous differential equation related to the forcing function; in the long
term, the solution approaches the steady-state solution

KEY EQUATIONS

¢ Linear second-order differential equation
az ()y" +a; )y’ +ag(x)y = rx)

¢ Second-order equation with constant coefficients
ay"+by +cy=0

e Complementary equation
ay(0)y" +a;(x)y +agx)y=0
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General solution to a nonhomogeneous linear differential equation
Yx) =c1y (%) + cpyo(x) + yp(x)

Equation of simple harmonic motion
X +w’x=0

Solution for simple harmonic motion
x(t) = ¢y cos(wt) + ¢, sin(w?)

Alternative form of solution for SHM
x(t) = Asin(wt + ¢)

Forced harmonic motion
mx" + bx" + kx = f(r)

Charge in a RLC series circuit
a’ a’q

KEY CONCEPTS

7.1 Second-Order Linear Equations

Second-order differential equations can be classified as linear or nonlinear, homogeneous or nonhomogeneous.

To find a general solution for a homogeneous second-order differential equation, we must find two linearly
independent solutions. If y;(x) and y,(x) are linearly independent solutions to a second-order, linear,

homogeneous differential equation, then the general solution is given by
Y(x) = ¢y () + cry2(x).

To solve homogeneous second-order differential equations with constant coefficients, find the roots of the
characteristic equation. The form of the general solution varies depending on whether the characteristic equation
has distinct, real roots; a single, repeated real root; or complex conjugate roots.

Initial conditions or boundary conditions can then be used to find the specific solution to a differential equation that
satisfies those conditions, except when there is no solution or infinitely many solutions.

7.2 Nonhomogeneous Linear Equations

¢ To solve a nonhomogeneous linear second-order differential equation, first find the general solution to the

complementary equation, then find a particular solution to the nonhomogeneous equation.

Let y,(x) be any particular solution to the nonhomogeneous linear differential equation

ay(x)y" +a;(X)y +ag(x)y = rx),

and let ¢y y(x) + c,y,(x) denote the general solution to the complementary equation. Then, the general solution
to the nonhomogeneous equation is given by

Y@ =1y 1(x) + e yo(x) + ¥ p(x).
When r(x) is a combination of polynomials, exponential functions, sines, and cosines, use the method of

undetermined coefficients to find the particular solution. To use this method, assume a solution in the same form as
r(x), multiplying by x as necessary until the assumed solution is linearly independent of the general solution to

the complementary equation. Then, substitute the assumed solution into the differential equation to find values for
the coefficients.

When r(x) is not a combination of polynomials, exponential functions, or sines and cosines, use the method of

variation of parameters to find the particular solution. This method involves using Cramer’s rule or another suitable
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technique to find functions u'(x) and v'(x) satisfying
wy +vy, =0
Wy +viyy' = rx).

Then, y,(x) = u(x)y(x) + v(x)y,(x) is a particular solution to the differential equation.

7.3 Applications

¢ Second-order constant-coefficient differential equations can be used to model spring-mass systems.
¢ An examination of the forces on a spring-mass system results in a differential equation of the form

mx" + bx" + kx = f(1),

where m represents the mass, b is the coefficient of the damping force, k is the spring constant, and f()
represents any net external forces on the system.

e If b=0, thereis no damping force acting on the system, and simple harmonic motion results. If b # 0, the

behavior of the system depends on whether b2 — 4mk > 0, b2 — 4mk = 0, or b2 — 4mk < 0.
o If b>—4dmk > 0, the system is overdamped and does not exhibit oscillatory behavior.

o If b2 —4mk =0, the system is critically damped. It does not exhibit oscillatory behavior, but any slight reduction

in the damping would result in oscillatory behavior.

o If b>—4mk <0, the system is underdamped. It exhibits oscillatory behavior, but the amplitude of the oscillations
decreases over time.

e If f(#) #0, the solution to the differential equation is the sum of a transient solution and a steady-state solution.
The steady-state solution governs the long-term behavior of the system.

¢ The charge on the capacitor in an RLC series circuit can also be modeled with a second-order constant-coefficient
differential equation of the form

d>q , odg 1 _
L? + RE +Eq = E(p),

where L is the inductance, R is the resistance, C is the capacitance, and E(f) is the voltage source.

7.4 Series Solutions of Differential Equations

¢ Power series representations of functions can sometimes be used to find solutions to differential equations.

¢ Differentiate the power series term by term and substitute into the differential equation to find relationships between
the power series coefficients.

CHAPTER 7 REVIEW EXERCISES

True or False? Justify your answer with a proof or a 118. The following system of algebraic equations has a

counterexample. unique solution:
117. If y and z are both solutions to y” + 2y +y =0, 621+ 32,=38
then y + z is also a solution. 471+ 220 =4.

119. y=e cos(3x) + e*sin(2x) is a solution to the

second-order differential equation y” + 2y’ + 10 = 0.
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120. To find the particular solution to a second-order
differential equation, you need one initial condition.

Classify the differential equation. Determine the order,
whether it is linear and, if linear, whether the differential
equation is homogeneous or nonhomogeneous. If the
equation is second-order homogeneous and linear, find the
characteristic equation.

121. y"—-2y=0
122. y" —3y+ 2y =cos(t)

dy 2
123. (E) +yy' =1

d’y o dy oo
124. ?-HE-" sin“(f)y =e

For the following problems, find the general solution.
125. y"+9y=0

126. y"+2y'+y=0

127. y" —=2y"+ 10y = 4x
128. y" =cos(x)+2y' +y
129. V' +5y+y=x+e>

130. y' =3y +xe
" 2 _ r 9
131. y" —x“= -3y —Zy+3x

132, y" =2cosx+y —y

For the following problems, find the solution to the initial-
value problem, if possible.

133. Y +4y +6y=0, y0)=0, y (0)=12

y0) =2

134. y”" =3y —cos(x), 4

y(©0)=0

For the following problems, find the solution to the
boundary-value problem.

135. 4y =-6y+2y’, y0)=0, y(1)=1

895

136. y"=3x—-y—-y, y0)=-3, y(1)=0

For the following problem, set up and solve the differential
equation.

137. The motion of a swinging pendulum for small angles

, d’0 ., 8,_ .
6 can be approximated by % + ZH =0, where @ is
t

the angle the pendulum makes with respect to a vertical
line, g is the acceleration resulting from gravity, and L is
the length of the pendulum. Find the equation describing
the angle of the pendulum at time #, assuming an initial

displacement of 6, and an initial velocity of zero.

The following problems consider the “beats” that occur
when the forcing term of a differential equation causes
“slow” and “fast” amplitudes. Consider the general
differential equation ay” + by = cos(wf) that governs

undamped motion. Assume that \/g # .

138. Find the general solution to this equation (Hint: call

o= Vl%)

139. Assuming the system starts from rest, show that the
particular solution can be written as
. (Wg— ot . (Wwy+ of
22 3 s1n( 02 )sm( 02 )
—w )

Y= Cl(a)o

140. [T] Using your solutions derived earlier, plot the
solution to the system 2y” 4+ 9y =cos(2f) over the
interval ¢ = [-50, 50]. Find, analytically, the period of

the fast and slow amplitudes.

For the following problem, set up and solve the differential
equations.

141. An opera singer is attempting to shatter a glass by
singing a particular note. The vibrations of the glass can
be modeled by y” + ay = cos(bt), where y" +ay =20

represents the natural frequency of the glass and the singer
is forcing the vibrations at cos(bf). For what value b

would the singer be able to break that glass? (Note: in order
for the glass to break, the oscillations would need to get
higher and higher.)
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APPENDIX A | TABLE OF
INTEGRALS

Basic Integrals

+1
1. /u"du=zn+1+c,naé—l

N
~
|Q.
<
|
5
=
+
a

5. /sinudu:—cosu+C

6. /cosudu= sinu+ C

~

fseczudu=tanu+C

8. fcsczudu=—cotu+C

9. /secutanudu=secu+C

10. fcscucotudu=—cscu+C
11. /tanudu=ln|secu|+C

12. /cotudu:lnlsinu|+C

13. fsecudu:lnlsecu+tanu|+C
14. /cscudu:lnlcscu—cotu|+C

15. fi= sin"!% 4 C

16. /% = %tan_ll+ C

a’+u a
du _1lea—lu
17. /T—ESCC E+C
uvu- —a

Trigonometric Integrals

18. fsinzudu = %u —%sin 2u+ C
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/coszudu =lu+lsin2u+C

1 24Ty

©

20. ftanzudu=tanu—u+C
21. fcotzudu=—c0tu—u+C

22. fsin3 udu= — %(2 + sin? u)cos u+C

23. fcos3 udu = %(2 + cos? u)sin u+C

24, ftan3 udu = %tanzu + Inlcosul + C

3 _ 1.2 .
25. fcot udu = 2cot u — Inlsinu| + C

26. /sec3udu=%secutanu+%lnlsecu+tanul+C
27. /cscSudu = —%cscucotu+%lnlcscu—cot ul+C
28. /sin"udu: —%Sinn_1ucosu+”T_1/sin”_2udu

29. /cos”uduz%cos"_lusinu+—”;1/005"_2udu

30. /tan"udu = 1 tan /tan udu

31. /cot"udu = n__llcot”_lu—fcot"_zudu

n _ 1 n—2 n—2 n—2
32. fsec udu—n_ltanusec u+n_1fsec udu

n _ =1 n—2 n—2 n—2
33. /csc udu—n_lcotucsc u+n_1/csc udu
sin(a — b)u  sin(a + b)u

2a—b)  2a+b T €

34, /sin au sin bu du =

sin(a — b)u | sin(a + b)u

35. fcosaucosbudu: 2a—b) 2a+b) +C
. _ _cos(a—bu cos(a+bu
36. /smaucosbudu— 2a—b) 2a+b) +C
37. fusinudu=sinu—ucosu+C
38. fucosudu=cosu+usinu+C
39. fu”sinudu=—u"cosu+nfu”_lcosudu
40. fu”cosudu=u”sinu—n/un_lsinudu
son—1
N m — _ S ucos u n m
/sm ucos udu = nEm + +m/sm ucosudu
4l. n+1 -1
_ sin ucos™ " ‘u 1 [an m=2
= nrm +n+m sin” u cos udu
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Exponential and Logarithmic Integrals

42. /uea“ du = ﬁ(au - De™+C

43. /u”e““ du=%u"ea”—%/u"_le“” du

44. [ e sin bu du = ;L"bz(a sin bu — b cos bu) + C

a” +

eau
a’ + b?

45. [ e cos budu = (a cos bu + b sin bu) + C

46. /1nudu=ulnu—u+C

un+1

47. [ u"lnudu =
f (n+1)?

[(n+ Dlnu—1]+C

48, [—L_du=nnfinu +C
Hyperbolic Integrals
49. fsinh udu =coshu+C

50. fcoshu du=sinhu+C

51. /tanh udu =1Incoshu+ C

52. [ cothudu = Infsinh u] + C

53. /sech udu = tan”! [sinh u| + C
54. /csch udu =1In |tanh%u’ +C

55. /sechZudu =tanhu+ C

56. fcschzu du = —cothu+C

57. fsech utanhudu = —sechu + C

58. /csch ucothudu = —cschu+ C

Inverse Trigonometric Integrals
59. /sin_ludu =usin"lu+V1-u?+cC

60. fcos_ludu=ucos_1u— V1 —u?+C

61. ftan_1 udu=utan"u —%ln(l + u2)+ C

2 A/ 2
62. /usin_ludu= 2u 4_ 1sin_1u+”1T_”+C
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Loos—ly— V1 —u? -

-1 _2u2—
63. fucos udu—Tcos u T

2
64. /utan_luduzu ;ltan_lu—ﬂ+c

2
ngn—1 __1 "t du _
65. /u sin udu—n+1[ /m]n;é 1
-1 _ 1 [ +1
66. fu”cos udu—m_u" cos” u+/m] -1

N —1 R TS " au _
67./u tan udu——n_i_l_u tan™ u /—1+u2 ,n#—1

Integrals Involving a’ + u2, a>0

68. f\/a2+u2du :%Va2+u2+%21n(u+ Va2+u2’+C

69. /u2 Va2 + u® du = %(az + 2142)\/612 +u? - a—41n(u +Va? + u2)+ C

8

2 2
a—+ c:l+u +C

A2 2
70. faT-"”du: Va2 +u®—aln

71. f—Vang"Zdu: ——Vaz;”2+1n(u+Va2+u2)+C
u
du 12 2)
72. =Inlu+Va“+u“|+C
f\/a2+u2 (

2 2
73, [ du_ :E(Va2+u2'—a—ln(u+ Va2+u2’+C
f“/a2+u2 2 2
du 1 a+u’+a
74, [—du__ - _Lpppa"+u"+al, ¢
/14\/612+u2 a "

d _ q/2+2
75.fzv%—“2“+c
u-Va“+u a-u

du _ u
76. | = +C

(a2+u2) a“Va“+u

Integrals Involving u? - a2, a>0

77. /Vu2—a2du=%\/u2—a2—a—21n|u+ Vu? —a? +C

2

78. / Vu? - a%du = (u —az) uz—az——ln|u+\/u —d+C

8

79. f“ du—Vu —a?—acos™'4 4 C

[ul

80. f”z—;aZdu: —#+ln|u+ Vu? —a?+C
u
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81. d” 1n|u+Vu —a|+C

2
82. f u? du :—u —a +a7ln|u+Vu2—a2+C

83. f Vi V“;Z—u‘12+c
84. i +C
fu —a ) a2 142—612

Integrals Involving a® - u?

2
85. /mduz% -yl ginlu 4 ¢

2 a

86. /u2 Va? - u*du = %(2u2 - a2) a’>—u+ a—4$in_11+ C

8 a

,a>0

A 2
87. fa —u’ du =\a% - u?—aln M+C

A2 2
88. /a—;”du= —%Va2—u2—sin_1%+C
u

2 2
g9, [—u_du _ -4 a2—u2+a—sin_1%+c
a2 — 2 2
du Ly la+Va? = u?
90. [ —&L—= — Hn|T— - —
2 Zin 7 +C
91. = ——Va —ut+C

fVa—u a’u

312

92. f(aQ—uz) du= — —(2u - 5a )V +—sm %+C
d —

93, f(az_Zz)”_ T

Integrals Involving 2au - u2, a>0

A\2aqu — u +%zcos_l(a_”)+c

94. 2au — u*du = 4
Ji

du -l(a—u
95. | —==—=cos +C
/ 2(11,[ _ 1,{2 ( a )

2 2 3
96. quZcm —uldu= w 2au — u2+a—cos_l(a —u

2

97, / du _ V2au—u2+c

u\2au — u? a

901
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Integrals Involving a + bu,a # 0

udu 1 _
98. fa+b = -Lfa-+ bu—alnla + b + C

u-du _ 2
9. /a+bu— [(a+bu)* — 4aa + bu) + 2a* Inja + bul |+ C

1 u
100. /u(a+bu) a ’a+bu‘+c

du 1 b 1. la+bu
o1, [—du - _ L by, +C
/uz(a + bu) ai " g2 | u |

102. udu _ _ d +Linja+bu+cC
f(a+bu)2 b%(a+bu) b?

udu 1 _ 1. Ia+bu|
105 fu(a+bu)2 aa+bny g2t |t

2 2
104, [—u—du__ ( +bu— — 2alnla + bul) +C
/ (a+buw? b3 + bu
105, fwla+ bu du = —25(3bu - 2a)(a + bwy* + C
15b

udu _
106. fm 2(bu—2a)Va+bu+C

2
107, [4du _ ﬁsaz +3b2u? — dabula + bu + C

Va + bu
du \/a+bu—«ﬁ .
—L2 = +C, ifa>0
108. fu a+bu \/a+bu+«ﬁ

— 1 +b 1
= ?alan—l\,a_a”+C, ifa<0
Va + bu du
109. [~ =Ldu=2Va+bu+a | —2—
/ u uNa + bu
Va + bu _Na+bu b
110. [ =L =du =
/ ) ./u

a+ bu

n _ 2 n 32 _ n—1
111. /u \/a+budu——b(2n+3)[u (a + bu) na/u Va+budu]

112, [ du _2u"Va+bu __ 2na u"~ ! du
Va+bu  bCn+1)  b@2n+ 1Y Va+bu

u" Na + bu an—u =1 2aln =17 yn=1g 4y py
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APPENDIX B | TABLE OF
DERIVATIVES

General Formulas

d _
2. d%(f(x) +g)=f () +g )

3. L (x)900) = f W) + g ()

=

&™) = nx" "~ ! for real numbers n

N
S

Ul
=

cf@)=cf' )

() —g) = f"(x) — g (x)

&
S

(f(x)) _ gWf (@) = fx)g’ ()
8 (gx)?

Sk

8.

&

(g = f"(8(x)-g" (x)
Trigonometric Functions
9. “L(sinx) = cosx

10. d%(tanx) = sec?x
1. L(secx) = secxtanx
12. L(cosx) = —sinx

2

d. - _
13. dx(cotx)— cscex

d - _
14. dx(cscx)— cscxcotx

Inverse Trigonometric Functions

15. i(sin_1 x) = 1

ax -2
d __1

16. d—(tan x) = T2
d _ 1

17. dr (sec x)— " m
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18. %(cos_lx)= - \/117
d _ 1

19. d—(cot )— - [+ 22
d _ 1

20. d—(CSC .X)— —m

Exponential and Logarithmic Functions

21. %(ex) =e*

2. %(m ) =1

23, d%(b]‘) =b*Inb
24. %(logbx) = m

Hyperbolic Functions

d (o —
25. dx(smhx) = coshx
26. 4 (tanhx) = sech? x

dx

d = _
27. dx(sechx) = —sechx tanhx
28. i(coshx) = sinhx

dx
29 i(coth)c) = —csch? x

T dx

d. - _
30. dx(CSChx) = —cschx cothx

Inverse Hyperbolic Functions

31. i(sinh_lx) = 1

dx Vx2 +1
d -1.)_
32. Ltanh™'x) = (< 1)
d -1 1
33. &(sech” 'x|]= ———— (O<x<1)
d.x( ) W1 = x2

d_ -1 __ 1
34. dx(COSh x)— = x>1)

d_ -1 __ 1
35. dx(coth x) =12 (Ixl > 1)

36. Lesch™la)= ——L—(@x#0)

dx V1 + 22
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APPENDIX C | REVIEW OF
PRE-CALCULUS

Formulas from Geometry

A =area, V = Volume, and S = lateral surface area

Parallelogram Triangle Trapezoid Circle Sector
] I
th in
H b i
= —bh (a + b)h A=mr2 A= ~r28

C=2mr s= rﬁ' (¢ in radians)

Cylinder Cone Sphere
m
\_/ 1

/
h

\_//J_

V = ar?h LT

S =2nrh

S = 4qr?
Formulas from Algebra
Laws of Exponents

XM = xm+n ))cc_n = ym—n (xm)" —
-n _ L _ in i x_”
Sl =) =5
Im _ n n o My _ nﬁ
o= Ty = Wy F =
i = = (fmym

Special Factorizations

xz—y2 = (x+y)(x—y)

By = @ -xy+y?)

x3_y3 = (x—y)(x2+xy+y2)

Quadratic Formula

2
If ax>+bx+c=0, then x=M'

2a
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Binomial Theorem
(a+b)"= a"+(’11)a"_ 1b+('21)a"‘zbz+ +(nf 1)ab"‘1 +b",

my _ nn—1)n=-2)--m—k+1) _ !
where (k)_ kk— D(k—2) - 3-2-1 _k!(nn—k)!

Formulas from Trigonometry
Right-Angle Trigonhometry

ing = OPP _hyp
sinf = hyp cscl = opp
_ adj _hyp
cosf = hyp secl = ad]
_ opp _ adj
tand = adi cotd = opp

opp

—

Trigonometric Functions of Imp::itant Angles
0 Radians sinf cos@ tan@
0° 0 0 1 0
30° /6 172 V372 \V3/3
450 | w4 V22 | Vanr 1
60° /3 V3/2 12 V3
90° /2 1 0 —

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Fundamental Identities

sin?0 + cos20 = 1 sin(-0) = —sind
1 +tan?0 = sec?0 cos(—0) = cosf
1+cot20 = csco tan(—0) = —tand
sin(%—&) = cos®  sin(@+27) = sind
cos(%—é) = sind cos(@+2x) = cosé
tan(%—&) = cotf tan(@ + ) = tand

Law of Sines

sinA _ sinB _ sinC
a ~p ~ ¢

A
Law of Cosines
a®> = b*+c%—2bccos A
b2 = a2+c2—2accosB
2 = a’+b*-2abcosC

Addition and Subtraction Formulas

sin(x+y) = sinxcosy+ cosxsiny

sin(x —y) = sinxcosy—cosxsiny

cos(x+y) = cosxcosy—sinxsiny

cos(x—y) = cosxcosy+sinxsiny
__ tanx + tany

tan(x+y) = 1 — tan x tany

tan(x —y) = tan x — tany

1 + tan x tany

Double-Angle Formulas

sin2x = 2sinxcosx

2

cos2x = cosZx — sin?

x=2cos2x—1=1-2sin%x
2tan x

tan2x = 5
1 —tan“x
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Half-Angle Formulas

sin2y = J1—cos2x
2
coslx = 1+02052x

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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ANSWER KEY

Chapter 1
Checkpoint
1.1.
X(t) = 3t + 2
o =€-1
-3=t=2
t=2
-8 1 2 3 475 6 7 8%
t=0
_2 +
1.2 x=2+ y-?-_l’ ory=-1+ x—% This equation describes a portion of a rectangular hyperbola centered at (2, —1).
Yi
6 i B
54 t=6
41 x(t)=2+ —?—
31 yit)y=t—-1
2=t=6
21
14 t=2
1 9 1 2 3 a4 sX
14
1.3. One possibility is xt) =t y@)= 1%+ 21. Another possibility is

x()=2t-3, y{)=Qt- 3)2 +22t-3) = 4t — 8¢ + 3. There are, in fact, an infinite number of possibilities.

2 2
4 X () =2—4 () = 612 — dy _6t°—6 _3t*-3
L4 X =2=9and y (O =67=6, s0 =P =""5"

This expression is undefined when ¢ = 2 and equal to zero when ¢ = +1.




910 Answer Key

x() =t2— 4t
20+ y(t) = 218 — 6t
—2=t=3

-6 -4 - 24681Nx
[:

—5+ _2

—-10+

1.5. The equation of the tangent line is y = 24x + 100.

d* 2 _
16. 2 = =12E3 crical points (5, 4), (=3, —4), and (~4, 6).

dx 2(t—2)
1.7. A = 37 (Note that the integral formula actually yields a negative answer. This is due to the fact that x(f) is a decreasing
function over the interval [0, 27]; that is, the curve is traced from right to left.)

1.8. 5 = 2(10%% - 2%?) ~ 57.589
(494113 + 128)

19. A=
1215
1.10. (8V2, 3%) and (-2, 213)
111
[
r

; i .

3.7 «(4.5)
112,

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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r =4+ 4cosf

The name of this shape is a cardioid, which we will study further later in this section.
113. y = xz, which is the equation of a parabola opening upward.

1.14. Symmetric with respect to the polar axis.

[

r= 2cos3f

=

1.15. A = 37/2
1.16. A= 43—” +4V3

117. s =3z
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1.18. x =2y +3)> -2

yi
-3 -2 -1 0 1 2 3 4 s5X
_1__

X =2(y + 3)2 2

\

-5+

2 2
119 G+ D" (=27 _
%6 T 9 1

gh
92+ 16y2 + 18x — 64y — 71 =0

7
432 ~/0x2 + 16y + 18x — 29 = 0

LA}
" (i

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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~ 1.229

R
~

121 e=<=

1.22. Here ¢ = (0.8 and p = 5. This conic section is an ellipse.

Y
22+

= 4
F 1 — 0.8sind

1.23. The conic is a hyperbola and the angle of rotation of the axes is 6 = 22.5°.
Section Exercises
1.

‘o
é T
N e

orientation: bottom to top

orientation: left to right
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25+
20+

15+

0 05 1.0 1.5 2.0 25 3.0%

¥

O
)
-

11.

13.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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15.

Asymptotes are Y =X and Y = —X
17.

Yi

0cx - t - + -
1.0 15 20 25 3.0%

19.

915
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2/

-5 0{ 5 10 15 20 25X

21. x = 4y2 — 1; domain: x € [1, o).

2
23, X2 1 Y _ . domain x € [4, 4].
6to =" :

25. y = 3x + 2; domain: all real numbers.

27. (x— )2+ (y = 3)? = 1; domain: x € [0, 2].
29. y = Yx2 _ 1; domain: x € [-1, 1].

31. y2 =1 Ex; domain: x € [2, o0) U (=00, —2].
33. y = Inx; domain: x € (0, o0).

35. y = Inx; domain: x € (0, o0).
37. X° + y2 = 4; domain: x € [-2, 2].

39. line

41. parabola

43. circle

45, ellipse

47. hyperbola

51. The equations represent a cycloid.

[
284

15+

10+

53.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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UEEA VRN

55. 22,092 meters at approximately 51 seconds.
57.

x = 2tan(t), y = 3sec(t)

Yi
20+

59.

61.
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x =cosht y=sinht

24

15 20 25 3.0 35%

=, 3

63.0
=3

65. 3

67. Slope =0; y=38.

69. Slope is undefined; x = 2.

71. t = arctan(-2); (i, —_8)
2 (35 Vs
73. No points possible; undefined expression.
75 y= (2 +3
77. y=2x-7
79 Z S5z 3z In

440404
dy__
81.E— tan(t)

Answer Key

2
83. % = % and % =0, so the curve is neither concave up nor concave down at ¢ = 3. Therefore the graph is linear and
x
has a constant slope but no concavity.
2
85. ﬂ =4, u = —6V3; the curve is concave down at 0= %
dx dx?

87. No horizontal tangents. Vertical tangents at (1, 0), (=1, 0).
89. —gec? (rt)
91. Horizontal (0, —9); vertical (2, —6).

93.1
95.0
97. 4
99. Concave up on ¢ > 0.

101.1
3z
103. D)
105. 677;a2
107. 2rzab
100. 222 1)
111. 7.075
113. 6a

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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115. 62

119
1215

121.59.101
123. 83—”(17W— 1)

125.

27(247V13 + 64)

ola

127.

129.
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INE]

131.

133.

135.

137.
139.
141.

143.

145.

147.

149.
151.
153.
155.

157.
159.

o) . 2)

—7T
3
Iz\p(_s5 =
o5 ZE)p(-5. )
(5, —0.927) (=5, —0.927 + )
(10, —0.927)(~10, —0.927 + x)

(213, —0.524)(=2V3, —0.524 + )

(-3, -1)
(4 3
0, 0

Symmetry with respect to the x-axis, y-axis, and origin.
Symmetric with respect to x-axis only.

Symmetry with respect to x-axis only.

Line Yy =X

y=1

Hyperbola; polar form rZcos(20) = 16 or ;2 = 16 sec 0.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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2

161. 7' = 3 550 —sin 0

YA
40t

30+
20+

10+

5 10 15X

163. x” +y> =4y

165. xtan\/)c2 + y2 =y
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167.

0.5 0 15 20

y-axis symmetry
169.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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y-axis symmetry
171.

x- and y-axis symmetry and symmetry about the pole
173.
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X-axis symmetry
175.

x- and y-axis symmetry and symmetry about the pole
177.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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no symmetry
179.

20 40 60 80

a line
181.



926 Answer Key

183.

120°

185.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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187.
189.

191.

193.

195.

197.

199.

201.
203.

205.

207.

209.

211.
213.

215.

217.

219.
221.

Answers vary. One possibility is the spiral lines become closer together and the total number of spirals increases.

n
9 [ n2
J fo sin20do
/2
32[  sin?(20)do
J, sin*a6)
2r
1 — <in 0)2
1 /7r (1 — sin 0)2d6

/2

(2 — 3sin 0)%do
sin~1 (2/3)
T /3
f (1 —=2cos0)%do — / (1 =2 cos 0)%d0
0 0
/3 /2
4/ do+16 cos26)do
/;) /ﬂ/3 ( )d
Or
9z
4
9z
3
18z — 27\3
2
404 _
§(4JT 3@
3
7(4” -313)
2r —4
2n
fo (1 + sin 6)2 + cos20d6
1
V2 [ e?do
/,
V10(,6
T(e - 1)
32

927
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223.
225.
227.

229.

231.

233.

235.

237.

239.
241.

243.

245.
247.

249.
251.

253.

255.
257.
259.
261.

263.

265.

267.

269.

271.

273.

275.

277.

279.

281.
283.

6.238
2
4.39

2 b4
_ ﬁ) —Zanal ~ _
A—n( —2and2/0(1+231n6’0039)d0—

2

C =2x(3)=3zand /0 "3d6 = 31

T
C = 22(5) = 10 and/O 1040 = 107

dy _ f'(©)sin 0+ f(6) cos 0
dx ~ f(0)cos @ — f(B)sinf

The slope is \/%

The slope is 0.

I

2

At (4, 0), the slope is undefined. At (—4, %), the slope is 0.

The slope is undefined at 0= 4

Slope = —1.

Slope is _72

Calculator answer: —0.836.

Horizontal tangent at (i\/i %), (i\/z - %)

Horizontal tangents at %, %, “T” Vertical tangents at %, %T
y2=16x

x2=2y

x% = —4(y-3)
(x+3)2=8(y-3)
2 2

X2 LY

6t~ 1

2 2

XD LY
3tg=!
b-1? x+3)?
T P
2 2

X2 LY

Gt =1
2o

25 11
2o

7 9

0+2° x+2*_,
4 32
2y

4 3

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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_ 4
285. "' =5 0s0
_ 4
287. 1= 1+2siné
289.
Y
24
1+
T\
-4 -3 -2 A1 1IN2 3 4%
_l__
—gd
_3__
291.
yi
1514
104
_20-15-10 -5 / 5 X
-10+
—154+
293.

16X

295.
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Yi
21
-3
=gl
297.
Yi
" 5
299.
= P
—54
301.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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303.

305.

y
2.0+

15+
1.0+
0.5+

~15-1.0-05 O
~054

-1.0+

—-151

—-2.0+1

307. Hyperbola
309. Ellipse
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311. Ellipse

313. At the point 2.25 feet above the vertex.

315. 0.5625 feet

317. Length is 96 feet and height is approximately 26.53 feet.

_ 2616
319. "' =7770.995 cos 0
321 r— 5.192

14+ 0.0484 cos 0
Review Exercises

323. True.
325. False. Imagine y=t+1, x=—r+1.
327.
y
5l
—05 0| 05 185 2 25 3X
-54
_10 4
—-154
_20 4
y=1- X3
329.

4 -3 2 -1 0

2

X —_1)2 =
16+(y 1) 1
331.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Symmetric about polar axis
2 4

sin26 — cos20

333. " =
335.

_3__
_32 1( ﬂ)
R )
2
e”
337. 5
339. 9/10

341 (y+ 57 = —8x+32
a3 U+ 1P @+2?

345. ¢ = %, ellipse
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-1\0 1 2 3 AX

val
\

Yi
24

_2 [
2 2
47, L 4=, ¢=02447
19.03  19.63
Chapter 2
Checkpoint
2.1,

L

T(-2,3)
3l
\- |

| 1i
-5 -4 -3 -2 -1 9 1 }\3 4 5%
SEEr P |

.

—3!
—a+

2.2

2w

2w — v

2.3. Vectors @, b, and € are equivalent.

24. (3,7)

25.a |lal| =5V2, b.b= (—4,-3), c. 3a—4b= (37,15)
2.7.v= (-5,5V3)

_45 _ 10
2.8. ¢ Vs @>

29 a=16i—11j, b= _%_gj

2.10. Approximately 516 mph

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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2.11.

Z)

2.12. 52
213 z=-4

214 (x+2)2+(y -4+ (z+5)%=52
215 24 (y-2 +(@+2)2=14
2.16. The set of points forms the two planes ¥ = —2 and z = 3.

2.17. A cylinder of radius 4 centered on the line with x = 0 and z = 2.
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x 8 -4 /y
-6 \_
_.8.
218 §T = (-1,-9,1) =—i—9j+k
2.19. (= > 8

3/10°  3V10 3v10

2.20. v= (16V2, 12V2, 20V2)

2.21.7

222.a (r-p)g= (12,-12,12);b. ||p| >=53
2.23. 0 ~ 0.22 rad

224 x=5

225 a. a ~ 1.04 rad; b. f~2.58 rad; c. y = 1.40 rad
2.26. Sales = $15,685.50; profit = $14,073.15

2.27. V=P +(q, where p=%i+%i and q=%’—%'

2.28. 21 knots
2.29. 150 ft-1b
2.30. i—9j+2k

2.31. Up (the positive z-direction)

2.32. —i
2.33. -k
2.34. 16
2.35. 40
2.36. 8i — 35j + 2k

-3 -13 _4
2.37. ¢ 0T Vit W>
2.38. 6V13
2.39. 17

2.40. 8 units®
2.41. No, the triple scalar product is —4 # 0, so the three vectors form the adjacent edges of a parallelepiped. They are not

coplanar.
2.42. 20 N

2.43. Possible set of parametric equations: X =1+44t, y=-3+4+1 z=2+6f; related set of symmetric equations:

x—1_ _Z=
7 TYtI=g
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244 x=-1-Tt,y=3—-1,z=6-21,0<r<1

10
2.45. ’\/7

2.46. These lines are skew because their direction vectors are not parallel and there is no point (%, y, z) that lies on both lines.
247. 2x—1D)+(y+1)+3(z—1)=00or 2x+y+3z=0

A5
2.48. 1
249. x=t,y=T7-3t,z=4-2¢
2.50. 1.44 rad

2
251 .55

2.52.

X y

2.53. The traces parallel to the xy-plane are ellipses and the traces parallel to the xz- and yz-planes are hyperbolas. Specifically, the

2 2 2
trace in the xy-plane is ellipse % + % =1, the trace in the xz-plane is hyperbola % - % =1, and the trace in the yz-plane

y2

2
is hyperbola ? - % =1 (see the following figure).
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© (@)

2.54. Hyperboloid of one sheet, centered at (0, 0, 1)

2.55. The rectangular coordinates of the point are (%, %, 4)-
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Zz)

TE—E
X 1

2.56. (8\5, 3z, —7)

2.57. This surface is a cylinder with radius 6.

z

2.58.

939
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Cartesian: (—g, —%, \/3), cylindrical: ( 5” \/7)

2.59. a. This is the set of all points 13 units from the origin. This set forms a sphere with radius 13. b. This set of points forms a

half plane. The angle between the half plane and the positive x-axis is & = 23—” c. Let P be a point on this surface. The position

vector of this point forms an angle of ¢ = 41 with the positive z-axis, which means that points closer to the origin are closer to

the axis. These points form a half-cone.

2.60. (4000, 151°, 124°)

2.61. Spherical coordinates with the origin located at the center of the earth, the z-axis aligned with the North Pole, and the x-axis
aligned with the prime meridian

Section Exercises
— —
la PO = (2,2);b PO =2i+2j
3.a QP = (-2,-2);b QP =-2i-2j
— — — —
5.a. PO+ PR = (0,6):b. PO+ PR =6j
— — — -
7.a 2PQ—2PR: (8, —4);b. 2P0 —2PR = 8i—4j

<1 > be‘wJ

11. ¢ % % )
13. 0(0, 2)

15. a. a+b=3i+4j, a+b=(3,4); b. a—b=i-2j, a—-b=(1,-2); c. Answers will vary; d.
2a=4i+2j, 2a= (4,2), —b=—-i-3j, —b= (—1,-3), 2a—b=3i—j, 2a—b= (3, —1)

17. 15

19. A=-3

21.a. a0)= (1,0), a(x)= (—1,0); b. Answers may vary; c. Answers may vary

23. Answers may vary

25 v= (2l 21 28 )
27.v=( 213?, _ 353434 )
29. u= (V3,1)
31.u=(0,5)
33. u= (-5V3,5)
_1
35 0= Tﬂ
37. Answers may vary
39, a. Z0= f(x0)+f/(x0); b. u =m< 1 f ()C())>
43. D(6, 1)

45. ( 60.62, 35)

47. The horizontal and vertical components are 750 ft/sec and 1299.04 ft/sec, respectively.
49. The magnitude of resultant force is 94.71 1b; the direction angle is 13.42°.

51. The magnitude of the third vector is 60.03 N; the direction angle is 259.38°.

53. The new ground speed of the airplane is 572.19 mph; the new direction is N41.82E.
55. || T, || =30.131b, | T,| =38351b

57. vy Il =750 b, vy Il =1299 1b

59. The two horizontal and vertical components of the force of tension are 28 1b and 42 1b, respectively.
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Answer Key

61.a. (2,0,5),(2,0,0), (2, 3,0), (0, 3,0), (0, 3,5), (0,0, 5); b. V38

63. A union of two planes: ¥ =5 (a plane parallel to the xz-plane) and z = 6 (a plane parallel to the xy-plane)

65. A cylinder of radius 1 centered ontheline y =1, z=1

67.
69.

71.
73.
75.
77.
79.

81.
83.
85.
87.
89.

91.

93.

95.

z)

z=1
z=-2
G+ D2+ -D*+z-4>=16
(x+3)2+(y—3.5)2+(z—8)2=%
Center C(0, 0, 2) and radius 1
— —
a. PO = (—-4,-1,2);b PO =—4i—j+2k

— —
a. PO = (6,-24,24): b. PO = 6i — 24j + 24k

05,2, 8)
at+b= (-6,4,-3), 4a= (—4,-8,16)
a+tb=(-1,0,-1), 4a=(0,0,-4),

lu-v] =V38, | —2u] =2v29
lu=v| =2, ||-2u]| =2VI3
_3:_4;
a=31-3
(L __1 L)

V62" V62 V62
(-2 L L,

V6 V6 V6

, —Sa+3b= (-10,28, —41)

—5a+3b= (-3,0,5)

941
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97. Equivalent vectors

70 10 30
u= = T T =~
99. u= (55 ~ 755" V50 /
4 . 4 2
u= ( ——tsint, ——=cost, —-=
tor u= (-~ V5 5

103, (——, .

V154” V154" V154
105. a = —V7, p=-V15
111.a. F= (30,40,0); b. 53°
113. D = 10k
115. F,= (20, -7, -3 )

15 60 )

117.a. F=-19.6k, |[F| =19.6 N;b. T = 19.6k,

IT| =196 N

Answer Key

119.a. F = —294k N;b. F, = <—%5, 49, -98), F,= <—%5, 49, -98), and F; = <%5, 0, —98 )

(each component is expressed in newtons)

121.a. v(1) = (—0.84, 0.54, 2 ) (each component is expressed in centimeters per second); || V(1) || = 2.24 (expressed

in centimeters per second); a(l) = ( —0.54, —0.84, 0 ) (each component expressed in centimeters per second squared); b.

123.6
125.0

127. (a-b)e= ( —11, =11, 11 ); (a-¢c)b = ( =20,
129. (a-b)e= (1,0, -2); (a-¢)b= (1,0, -1)

131.a. @ = 2.82 rad; b. @ is not acute.
133.a. 0= % rad; b. @ is acute.

-z
135. 0 =5
-z
137. 0=3
139. 0 =2 rad

141. Orthogonal
143. Not orthogonal

145. a= ( _4Ta’ a ), where a # 0 is areal number

147. u = —ai+ aj + Pk, where @ and f are real numbers such that a2 + ﬂ2 #0

149. a = -6

151.a. OP = 4i+5j, OQ = 5i— 7j; b. 105.8°

153. 68.33°

155. u and v are orthogonal; v and w are orthogonal.

161.a. cosa = % cos ff = % and Cosy = %; b. a=48°, p=48° and y=71°

-35,5)
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163.

167.

169.

171.

173.
175.
177.
179.
181.

183.

b.

X

185.

b.

1 5 2 .
Cosa = ————,COS p = —, COSy = —/—/—; = © = 240’ = °
a. a 730 B 730 and 14 @b.a 101°, pB and ¥ = 69
— (80 32. —_16
a. W= <297 29), b. Compllv @
_ /24 o 16 . -8
a. W= <13a O’ 13),}) Compuv m
_ (28 18y, o (51 68y y_waqe (24 _18y . (51 68
a W= (95 —25):b. 4= (55350, v=w+a= (55 —55) + (55 75
a. 2V2: b. 109.47°
17N -m
1175 ft-1b
4330.13 ft-1b

a. I Fi+F, || =529 1b;b. The direction angles are @ = 74.5°, f=36.7°, and y = 57.7°.
auxv= (0,0,4);

Z|

uxv

I
uy \v

auxv= (6, —-4,2);
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T2,
189. W= =306 376" 316
|

4. 2 .
W= ——i——~=
191 TR R
193. a = 10
197. —3i+ 11j+ 2k
199. w= (—1,¢/, ")
201. —26i + 17j + 9k

203. 72°
209. 7

., 5V6. . 506
211. a. 5\/6, b. o C. /59
213.a. 2;b. 2

215. v-(uxw)=-1, w-(uxv)=1

217.a= (1,2,3), b=(0,2,5), ¢=(89,2); a-(bxc)=-9

219.a. a=1;b. h=1,

z
C(0, 1, o)
0 1 2 -
1 v y
- B(1,2,0
2 '." ( )
X A(zs lr 0)

225.Yes, AD = aAB +ﬂA_)C, where ¢ = —1 and f=1.
227. -k
229. (0, +4V5, 2V5)

233. w= (w3—1, w3+ 1, w3 ), where W3 is any real number

235. 8.66 ft-1b
237.250 N

239. F=48x 10"PkN

2sint 2cost _1
B t = - = - = E—

)
b.
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N
L= e L L =]
T T T T T

243. a. r= (-3,59) +t(7,-12,-7), t€ R; b. x=-3+7t,y=5-12t,z=9-T7t, t€ R; «c.
X+3 _ Y= _2=9 4 y= 347, y=5-12t,2=9-T1, t€[0, 1]

7 -12 — -7~
245. a. r=(-1,0,5) +1(5,0,-2), teR; b x=-14+5,y=0,z=5-21, te R; v«
%:Z:;,y:o;d.x=—1+5t,y=o,z=5—2t, relo, 1]
247.a. x=1+t,y=-2+42t,z=3+3t, t€ R;b,x71=y'52=zg3;c, 0, -4, 0)

249.a. x=3+t,y=1,z=5, t€ R; b. y=1,2=35; c The line does not intersect the xy-plane.
251.a. P(1,3,5), v= (1, 1,4);b. 13

2V2
253. ==
=0
n V2
255. a. Parallel; b. V3

259. (—12, 6, —4)

261. The lines are skew.
263. The lines are equal.
265.a. x=1+t,y=1—t,z=1+2t, t€ R; b. For instance, the line passing through A with direction vector

J:x=1,z=1; c For instance, the line passing through A and point (2, 0, 0) that belongs to L is a line that intersects;
L:i=loy-1=2-1

267.a. 3x—2y+4z=0;b. 3x—2y+4z=0

269.a. (x—1)+2(y—2)+3(z—=3)=0; b. x+2y+3z—-14=0

271.a. n=4i+5j+ 10k; b. (5,0, 0), (0,4,0), and (0, 0, 2);

C.

Y
</
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273.a. n =3i—2j+4k; b. (0, 0, 0);

C.

275. (3,0, 0)
277. x=-2+2t,y=1-3t,z=3+1t, r€ R
281.a. —2y+3z—1=0;b. (0,-2,3) - (x—-1,y—-1,z—1) =0, c. x=0,y=-2t,z=31, re R

283. a. Answers may vary; b. % = Z__16, y=4

285. 2x—5y—3z+15=0
287. The line intersects the plane at point P(=3, 4, 0).

16
289. "7

291. a. The planes are neither parallel nor orthogonal; b. 62°
293. a. The planes are parallel.

295.

s

18 _51 130 62

299. 4x—3y =0
301.a. V(1) = (cosl, —sinl, 2 ); b. (cos 1)(x —sin1) — (sin 1)(y —cos 1) + 2(z — 2) = 0;

el Il 7,

303. The surface is a cylinder with the rulings parallel to the y-axis.
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_4..2 1
0
y 24, 05 0 05

305. The surface is a cylinder with rulings parallel to the y-axis.

309. a. Cylinder; b. The x-axis
311. a. Hyperboloid of two sheets; b. The x-axis

313.b.
315.d.
317. a.
x> )’2 22
319. gt T+T= L, hyperboloid of one sheet with the x-axis as its axis of symmetry
-
X Y : 2
321. ~g + 57107 L, hyperboloid of two sheets with the y-axis as its axis of symmetry

3
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323. y= — 4 x?’ hyperbolic paraboloid with the y-axis as its axis of symmetry

5
2
325. A 4 yT +%_ =1, ellipsoid

327. X_ 4 Y _zZ_ 0, elliptic cone with the z-axis as its axis of symmetry

329 =Y ;2 elliptic paraboloid with the x-axis as its axis of symmetry

2
331. Parabola y = — XT’

2 2
333. Ellipse yT +2 =1

100~

w +
<Y

_3__1_0_%

33 )’2 Zz
5. Elli PANN T G
L e T

w +
<Y

_3__1_0_%
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2 2
337. a. Ellipsoid; b. The third tion; x Yooz
a 1pSol1 e thirt equa 10n; C. 100 —+ 400 + =— 225 ]

2 2
339. a. (x TGS) + @ _82) = 1; b. Cylinder centered at (=3, 2) with rulings parallel to the y-axis

2
341. a. # +(y- 2)2 — (z+2)% = 1; b. Hyperboloid of one sheet centered at (3, 2, —2), with the z-axis as its axis of

symmetry
2 2
343.a. (x + 3)2 + yT - % = (; b. Elliptic cone centered at (=3, 0, 0), with the z-axis as its axis of symmetry
345. x > =
+ 16 + =1
_ 13 )
347. (1,-1,0) ana (&2, 4,3

349. 2+ 7%+ 4y =0, elliptic paraboloid
351. (0, 0, 100)

355.a.x=2—z7 = i%V 4 — 72, where z € [-2, 2];

b.

357.
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2 2
two ellipses of equations x? + y@ =1in planes 7 = +2V2
2

2 2
359.0 L 4L 4 L -
3963 3963 3950
b.
3000
2000
1000
z 0 .
—1000 !
—2000 i
—3000 A
~3000 .
y 3(?00:_,_|.|.I.I.I-I‘.&
x
2 2
c. The intersection curve is the ellipse of equation —X 7+ Y 7= (2950)(4350)
3963 3963 3950

2y* 22

+ =1
39632 39502

intersection curve is the ellipse of equation

361. a.

3
b. The intersection curve is (xz + ZZ - 1) - x2Z3 =0.

z,
1.5+

363. (213, 2, 3)

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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365. (—213, -2, 3)
367. (2, z, 2)
369. (3@, -z 7)

371. A cylinder of equation w2+ y2 = 16, with its center at the origin and rulings parallel to the z-axis,

=

373. Hyperboloid of two sheets of equation -x%+ y2 —72= 1, with the y-axis as the axis of symmetry,

375. Cylinder of equation x% — 2x + y2 =0, withacenterat (1, 0, 0) andradius 1, with rulings parallel to the z-axis,

377. Plane of equation x = 2,
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379. =3

38L 2472=9

383. r=16cos0, r=0
385. (0, 0, —3)

387. (6, —6, \2)

389. (4, 0, 90°)

391. (3, 90°, 90°)

393. Sphere of equation x4 y2 + 12 = 9 centered at the origin with radius 3,

397. The xy-plane of equation z = 0,
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399.
401.
403.

405.

407.

409.

411.
413.

415.

417.
419.
421.

@ = % or ¢ = 23—77; Elliptic cone
pcos@ =6; Planeat 7 =6
PR
(m z 0.3218)
T
peg
_Z
(2 -%09)
.
50
Cartesian system, {(x, y, 2|0 <x<a,0<y<q,0<z<4d}
Cylindrical system, {(r, 0, Z)|r2 +72<9,r>3c0s0,0<0< 27r}

The region is described by the set of points {(T, 0, Z)|0 <r<1,0<0<2z,r2<z< r}.

(4000, =77°, 51°)
43.17°W, 22091°S
ap=0, p+R>—r>—2Rsingp =0;

953
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Review Exercises

423. True
425. False
427.a. (24, =5); b. V85; c. Can’t dot a vector with a scalar; d. —29
429. a = +2
1 2 3
T T
433. 27

435. x=1-3t,y=34+3t,z=5-8,r(t) =(1 -30i+3(1 +j+ (5 - 8nk
437. —x+3y+8z=43

2

439. x = k trace: k% = y?+z% isacircle, y =k trace: x2 — z2 = k2 is a hyperbola (or a pair of lines if k =0), z=k

2

trace: x“ — y2 = k2 is a hyperbola (or a pair of lines if k¥ = 0). The surface is a cone.

y -2-2

X

441. Cylindrical: 7 = r2— 1, spherical: cos @ = p sin2g0 —%

443. x2 - 2x + y2 +7%2= 1, sphere

445, 331 N, and 244 N
447. 15]

449. More, 59.09 J
Chapter 3

Checkpoint

3.1 1(0) = j, r(1) = —2i+5j, r(=4) = 28i — 15 The domain of r(r) = (¢* = 3t)i+ (4 + 1) is all real numbers.
Yi
51

4l K =@ -1i+(@t—-23)j0o=t=3

3.2
33, lim r()=3i-5j-k

3.4, v'(1) = 41i +5j
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3.5 r'(t) = (1 +Inpi+ Se’ j— (sint + cosp)k

iu() x (1))

i -y _ 4 dt
3.6. 4 Ar() r'(] =8¢ _ _ (e* (cost + 2sinr) + cos2t)i + (e2t (2t + 1) — sin2t)j + (tcost + sint — cos 20k

2t . 2 . 1
T() = i+ j+ K
3.7.
Varr+5  Va2+5" Val+5

3.8. /13[(21‘ +4)i+ (3% — 41)jldt = 16i + 10

3.9. r'() = (4,41, 31%), so s= %(1133’2 - 323%) ~ 37.785

3.10. s = 5¢, or t=s/5. Substituting this into r(t) = (3cost, 3sint, 4t ) gives
= s in(<) 4s

r(s) = ( 3cos(5), 3sm(5), 5 Yy, s>0.

__6
3.11. kK= W ~ 00059
3.12. NQ2) = %i -j)

4
]3/ 2 Atthe point x = 1, the curvature is equal to 4. Therefore, the radius of the osculating circle is

K=———————
[1+@x—4)?

3.13.

%. A graph of this function appears next:

yi

-3 -2 -1 9 1 2 3 4 5%

The vertex of this parabola is located at the point (1, 3). Furthermore, the

center of the osculating circle is directly above the vertex. Therefore, the coordinates of the center are (1 s %) The equation of

2
th lating circle is (x — 1)2 _13y 1L
e osculating circle 1s ()C 1) +(y 4) 0 :
vit)=r'(t) = (2t —3)i+2j+k
a() =v'()=2i

3.14.
vy = | e@ | = V=32 +22+12= V42— 12+ 14

The units for velocity and speed are feet per second, and

the units for acceleration are feet per second squared.

3.15.
v(t) = r'(t)=4i+2tj
a(t) = v'(1) =2j
ap = 221‘ L an = 22

2+ 4 2 +4
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b, ap(=3)= 6“5, an(=3) = 2F
3.16.967.15m
317. g = 1.224x 10%m ~ 1,224,000 km

Section Exercises

1. f(r) = 3sect, g(t) = 2tant
3.

10 15 20 25X

Yi

(™ g n(Z)) b (e g n(Z)) : c. Yes

9. (e, 1,1n(Z))
2
2e2i4 2
11, 2e°1i + “J+2k
13. The limit does not exist because the limit of In(z — 1) as t approaches infinity does not exist.

15, t>0, 1 # 2k + 1)%: where k is an integer

17. t > 3, t # nm, where n is an integer
19.
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Cross Section

v

(@)
Side View
15
10
5
0
1.0
0.5
0.0
~-0.5
-1.0
-1.0
0.0 10
(b)

21. All t such that ¢ € (1, o0)

23. y= 2% a variation of the cube-root function

]

957



958 Answer Key

25. x2 4+ y2 =9, acircle centered at (0, 0) with radius 3, and a counterclockwise orientation

Yi
3
X +y2=9

—— %
—a1
27.
y
2.0
154
1.04
0'5_\'>
—05 O 10 15 2.0%
-054

29.
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15
1.0
@
View in the yt-plane
Yi
a5+

(b)

Find a vector-valued function that traces out the given curve in the indicated direction.
31. For left toright, y = x2, where t increases

33. (50, 0, 0)
35.
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(b)

39. One possibility is 7(¢) = costi + sintj + sin(4f)K. By increasing the coefficient of t in the third component, the number of

turning points will increase.
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41.

43.

45.

47.

49.

51.

53.

55.

57.

59.
61.

63.
65.

(362 61, 142

—e! S
(—e™, 3cos(3p), \/f>
(0,0,0)

—1 1 3
<(r+1)2’ 1421 )

(0, 12cos(31), cost — tsint )

L1, -1,0
@( s s )
1 (6, — i, 32)
v1060.5625 4
1 (0, =3sin(31), 12cos(4?) )

V9sin2(37) + 144 cos(41)

T() = —1_1325111(4r)i + %005(4,) i+ 15_3k

(21, 413, =817 )
sin(?) + 2te’ — 413 cos(r) + tcos(?) + 12 e’ + t*sin(?)
900:7 + 161

961
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b. Undefined or infinite

67. r'(t) = — bwsin(wt)i+ bwcos(wt) j. To show orthogonality, note that r'(¢) - r(¢) = 0

69. 0i+2j+4¢j
1(1032
71. 3(10 -1)

73.
vl = k
v(it)-v(t) = k
%(V(t)-v(t)) = %k=0
VO - V(@O + V(@) -v©E) = 0
2v(1)-v'(1) = 0
vi)-v'@®) = 0.

The last statement implies that the velocity and acceleration are perpendicular or orthogonal.
75. v(1) = (1 —sinz, 1 —cost ), speed = — v(1)|| = \/4 — 2(sint + cos?)

77. x—1=t,y—1= —-1,z—-0=0

79. r()= (18,9) atr=3

81. V593

83. v(f) = ( —sint, cost, 1)

85. a(f) = —costi—sinzj+0j

87. v(t) = ( —sint, 2cost, 0)

89. a(r) = (—— -12,0)

91. ||v(»)|| = \/sec t+sec’ttan’t = \/secZZ(seCZt + tanzt)
93.2

95. (0,2sint(t ) 2005t(1+ ) 2smt(1+ )+2cost( %))

97. Tt) = ( —

FW

99 T(t)=§<1,2,2>

3. . 1.
101, 3i+In@)j+(1 - L)
103. 85

1 3/2
105. 53777~ 1)

107. Length =2z

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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109. 6

11 ¢ -1

113. T(0)=j, N@O)= —i

115. T(¢) = ( 2e’, e’ cost — e'sint, e’ cost + e'sint )
17. NO) = (2.0, 2)

119. T(?) =+< 1, 2t, 1 >

Var? 42

1 . .
T(t) = —L—3i + 10¢j + 2k)
121.
V100£2 + 13

1 2 . .
T() = ————([3* - 4fi + 10/
123.
9r* + 761 + 16[ ]l )
125. N(¢) = ( —sint, 0, —cost )

127. Arc-length function: s(f) = 5¢; r as a parameter of s: I'(s) = (3 - %)l + %J

129. r(s) = (1 + \/S_E) Sin(ln(l + %))i + (1 + %) cos[ln(l + j—i):lj

131. The maximum value of the curvature occurs at , — %

1
133. 5
o 49.477
3/2
135. (17+ 144:2)
137. ==
T2V2

139. The curvature approaches zero.
141. y=6x+7 and x+ 6 = 671

143 Xx+22=7%

a*p*

145. (b4x2 4 a4y2)3/2

147. 10

w‘j
—
S

149.

[O8]
w32

151. The curvature is decreasing over this interval.

k=— 6
153. x2/5 (25 + 4x6/5)
155. v(¢) = (60)i + (2 — cos(?))j
157. v(1) = ( —3sinz, 3cost, 2t ), a(t) = ( —3cost, =3sint, 2), speed = m
159. v(r) = —2sintj+3costk, a(f) = —2costj—3sintk, speed = 4sinZ(r) + 9 °%(r)

161. v( =e'i—e7'j, a@®)=e'i+e”j, | v@) || Ve +e X
163. r =4
165. v(¢) = (w — wcos(wt))i + (wsin(wy))j,

a(t) = (0 sin(wn))i + (> cos(wn))J,

speed = \/wz —2w? cos(wt) + w? cosz(a)t) + w? sinz(a)t) = \/2502(1 — cos(wt))

167. || v(r) || =9 +4¢*
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169. v(r) = ( e_5t(cost — S5siny), —e_St(sint + 5cost), —20e! )
171. a(t) = (e ! (=sint — Scost) — Se ! (cost — 5sint),

—e ™ (cost — 5sin?) + 5e ™! (sint + 5cost), 100e ™)

173. 44.185 sec
175. t = 88.37 sec

177. 88.37 sec
179. The range is approximately 886.29 m.
181. v =42.16 m/sec

3
183. 1() = i + (17 + 45— 14)j + (t_ P l)k

185. ar =0, ay = am?
187. ap = V3e', ay = V2e!
189. ar =21, ay =4+ 2
6 + 121> (Lt 4r® 4ot
191 dyF7———, ay =60|—"FFF"5
+t+2 Y 1+12+ 14
193. ar =0, ay=2\V3z
195. (1) = (‘chost +c+ %)1 + (%nt + (vo + %)t)j
197. 10.94 km/sec
201. ap = 0.43 m/sec?,

ay =246 m/sec?

Review Exercises
203, False, %[u(t) xu()] =0

205. False, itis |r'(?)|
207. 1 <4, 1#5F

2009.
z
e
y X
2 2
211. r(t) = < t, 2—§, —2—§>

213 w'(r) = (21,2,206%), w'()= (2,0, 80°), jt v xu@)]= ( —480:> — 160r*, 24 + 75¢%, 12 + 4t ),

%[u(t) xu' ()] = (4807 + 160t%, —24 —75¢%, —12 — 4t ), %[u(t) (D)) = 72068 = 96001 + 67 +4,  unit

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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tangent vector: T@) = 2t i+ 2 j+ 20t K
V4008 + 42 +4 V4005 + 4. +4" 1400% + 412+ 4
2
215. 1n(4) i)+ 22 2412 V2),
@ L ginh-!
217. 5+ 12smh 6)
219. r(#(s)) = cos( 485 ; S5 j ( 2s )k
W V65 V65
o2
221. 2
(ezr + 1)

e _ 126* + 4¢¥ sintcost + 1

T YT e

COS(ﬂ'I) > m/sec, a(t) = ( 2 t _Sln(ﬂ't) > m/SeC speed = /\/4t2 + % + COSz(ﬂ't) m/sec; at
t

225 v(r)= (21,1 2
t=1, r()=(1,0,0) m, v(1)= (2, -1, 1) mssec, a(1)= (2, —=1,0) m/sec? and speed = V6 m/sec
227. r(t)=v0t—§t2j, () = ( vo(cosO)t, vo(sind)r, —%tz)

Chapter 4

Checkpoint

4.1. The domain is the shaded circle defined by the inequality 9x% + 9y2 < 36, which has a circle of radius 2 as its boundary.
The range is [0, 6].

4.2. The equation of the level curve can be written as (x — 3)2 +(y+ 1)2 = 25, which is a circle with radius 5 centered at

3, —1).
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43. 7=3-(x— 1)2, This function describes a parabola opening downward in the plane y = 3.
4.4, domain(h) = {(x, y, 1) € Ry > 4x* — 4}

45 (x—1)%+ (y+ 2)2 +(z=3)% = 16 describes a sphere of radius 4 centered at the point (1, =2, 3).

32
a6 lim |——Y-=3
@y =6 -2y 4x-1 2

: =2 -1
- k(x — ] - o o
4.7.1f y=k(x—=2)+1, then . y) n DG —22 40— 17 1+K2 Since the answer depends on k, the limit fails to
exist.
lim 29 — x> — y?
4.8. @ ) =5, -2) y
4.9.
1. The domain of f contains the ordered pair (2, —3) because f(q, b) = f(2, =3) = \/16 -22)2 = (=3)?=3

2 y)h_{n(a’ b)f (x,y)=3
)f(x, y) = f(a, b)=3

3 o Wb
4.10. The polynomials g(x) = 2x2 and h(y) = y3 are continuous at every real number; therefore, by the product of continuous
functions theorem, f(x, y) = 2x2 y3 is continuous at every point (x, ¥) inthe xy-plane. Furthermore, any constant function is
continuous everywhere, so (X, ¥) = 3 is continuous at every point (%, y) in the xy-plane. Therefore, f(x, y) = 2x2y3 +3

4

is continuous at every point (X, y) inthe xy-plane. Last, h(x) = x” is continuous at every real number X, so by the continuity

4
of composite functions theorem glx, y) = (2 %2 y3 + 3) is continuous at every point (¥, ¥) in the xy-plane.

li 13—x2—2y2472=2
A1y 2 3)V oo

of _ of _n 4
4.12. 5= 8x+2y+3, oy 2x =2y -2

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Answer Key 967

% = (3x2 - 6)cy2)sec2 (x3 - 3x2y2 + 2y4)

3 51 2 Newn2(+3 _ 2202 4 od

oy = (—6x y+8y‘)sec (x —3x“y“+2y )
4.14. Using the curves corresponding to c=-2andc = -3, we obtain
of fO.3)=f0.V2) L -3-(=D) V34v2 _ _ 5 :
== ~ = . =—-Y3-12~-3.146. The exact answer is
dy|»=(0.12) B-12 V-2 VB+2
af

Soln=(0.12)= By =0, = ~2/2 = -2.828.

of _, 2 _ of _ 4.2 of _
4.15. ax—4x 8xy+ 5z -6, y = 4x° + 4y, aZ_IOxz+3

d
a—i = 2xy sec(xzy)tan(xzy) - 3xzyz2 sec? (x3 yzz)
of _ 2 2 2 32..2(3. 2
4.16. 0_y =x Sec(x y)tan(x y) —x°z°sec (x vz )
of _ 5.3 2(3..2
97 —2x° yz sec (x vz )
2
% = —95sin(3x — 2y) — cos(x + 4y)
X
0’/ = 6sin(3x — 2y) — 4 cos(x + 4y)
dxdy
4.17.
az—f—ésin(3 —2y)—4cos(x + 4y)
0yox — rmy X
2
L — _45in(3x - 2y)— 16 coslx + 4y)
dy
419 z7=T7x+8y—3
4.20. L(x, y) = 6 — 2x + 3y, 50 L(4.1,0.9) = 6 — 2(4.1) + 3(0.9) = 0.5
f(4.1,09) = ¢~ 2EDF309 _ ,-05 4 6065.
4.21. f=1,2)=-19, fi(-1,2)=3, fy(-1, 2) = —16, E(x, y)=—4(y—2)2.

lim Elx. ) = lim 4y =2
@) =00 —x) 2+ (- yp)? V7LD )24y -2

—4(x+ 12+ (y =27
< tim (c+ D2+ (v = 2?)
(x, y)—»(—l, 2) /\/(x+ 1)2+(y_2)2
_ . _ 2 o2
= lim Ao+ D2+ -2)
=0.

dz = 0.18

422 A0 £(1.03, —1.02) — £(1, —1) = 0.180682

dz _90fdx  0fdy
dt ox dt 0y dt

4.23. = (2x — 3y)(6 cos 2t) + (—3x + 4y)(—8 sin 2¢)
= —92 sin 2¢ cos 2t — 72(cos2 2t — sin? 2t)
= —46sin4t — 72 cos 4t.

20 L=0. L= =2
% du 9V (3sin3v + cos 3v)?2
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4.25. _15-33sin3v+6cos3v

d
d
v (3 +2cos3v —sin3v)?
a

0t ~ dx ot T oy ot
dw _ dw dx |, dw 9y
4.26. 5, ~ 0x ou dy du
Ow _ dw dx | dw 9Y
v x dv y v
¢ W X
ax at
=X(r’urMu&_W&_X
\ ax du
v S X
ax av
w = f(x, y)
g W 9y
ay ot
o u W 3y
= ay adu
y y(r,u.NM_Wﬁ_y
ay  av
aoy D _2ty+7 _2D)+(=D+7_ _11
Chdx T 2y—x+3|G3 DT 2(=2)-(3)+3 4
Equation of the tangent line: y = — %x + %
_ 43— 3x2 — 12xy% + 6y)V3
Dufte, = O =4 DO i y)
4.28.

—256 -4, 27-576+24)V3
Duf(3, 4) =12 2256 4, ( 2+ ) =_94_52§w5

202+ 2xy + 6y, xZ+4 12xy + 3y2.
4.29. V f(x, y) = R 2=
2x+y) 2x+y)
4.30. The gradient of § at (=2, 3) is V g(—2, 3) =i+ 14j. The unit vector that points in the same direction as V g(—2, 3)

. Vg(=2, 3) 1 .. 14 ._ V197, 14V197; . .
= 1+ = 1+ s
s Il Vg(=2,3) || V197 \/197J 197 197 J which gives an angle of

0= arcsin((l4m 197) ~ 1.499 rad. The maximum value of the directional derivative is || V g(=2, 3) || = V197.
4.31. Vf(x, y) = (2x—2y + 3)i+ (—2x + 10y — 2)j

V£, 1) =3i+6j

Tangent vector: 6i — 3j or —6i + 3j

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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Yi
4_.

tangent 3T
vector

‘\
f(X ! %_

_ 2%+ 2xy + 6y2 — 8xz — 212= _ X2+ 12xy + 3y2 —24yz + 2.

Vi y 2)

432 Sy (2x+y—4z)2 (2)c+y—4z)2
o i4)52— 12y2—4zz+4xz+2yz,
2x+y-— 42)? .
Dyf(x,y,2) = —13—3(6)6 +y+2z)+ %(x —4y+4z) - 14—3(2x +4y —2z)

4.33.

Duf(0, -2.5) = 3%
4.34. (2, -5)

4.35. (%, %) is a saddle point, (—%, - %) is a local maximum.

4.36. The absolute minimum occurs at (1, 0): f(1, 0) = —1. The absolute maximum occurs at (0, 3): f(0, 3) = 63.

4.37. f has a maximum value of 976 at the point (8, 2).

4.38. A maximum production level of 13890 occurs with 5625 labor hours and $5500 of total capital input.

V3 A3 B _ B 3,13
888) = $+5+8=0

4.39.

(-G -8 -8) - BB

3733
4.40. (2, 1,2) =9 is a minimum.
Section Exercises
1. 17,72

3. 20z. This is the volume when the radius is 2 and the height is 5.

5. All points in the xy-plane

7. x < y2

9. All real ordered pairs in the xy-plane of the form (a, b)
11. {70 <z <4}

13. The set R

15. y2 —x*=4, a hyperbola

17. 4=x+Yy, aline; x+y =0, line through the origin
19. 2x—y =0, 2x—y=-2,2x—y=2; three lines

X _ _ X _ X _
21 Y +y = 1’)c+y_0’x+y_2
Xy

969
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25 xy—x=-2, xy—x=0,xy—x=2
27. 232 =y, y=x2 y=elx?
29. The level curves are parabolas of the form y = ex? =2,

31. =3+ y3, a curve in the zy-plane with rulings parallel to the x-axis

37. All points in XYz-space
39.

S

T ‘_‘\“
SRR,
N
N

43.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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47. The contour lines are circles.
49. x? + y2 +72= 9, a sphere of radius 3

51 x2 + y2 -2= 4, ahyperboloid of one sheet
53. 4x2 +y2 =1,
55. 1 = (x> +y?)

k
T(x,y)=
57. x2 n yz

-k 2,2 _k_

59. X%+ y2 =20 X" +y 100" The level curves represent circles of radii /10k/20 and Vk/10

61.2.0
63.
65.
67.

D= = W

69. —

71. 32

73. 11.0

75. 1.0

77. The limit does not exist because when X and Y both approach zero, the function approaches In0, which is undefined

(approaches negative infinity).
79. every open disk centered at (x0» ¥0) contains points inside R and outside R



972

81.
83.

85.
87.
89.
91.

93.
95.
97.

99.

is

glx,y) = arctan[ py

Answer Key

0.0
0.00

The limit does not exist.
The limit does not exist. The function approaches two different values along different paths.
The limit does not exist because the function approaches two different values along the paths.

The function f is continuous in the region Y > —X.
The function f is continuous at all points in the xy-plane except at (0, 0).
The function is continuous at (0, 0) since the limit of the function at (0, 0) is 0, the same value of f(0O, 0).

The function is discontinuous at (0, 0). The limit at (0, 0) fails to exist and g(0, 0) does not exist.

2
X
Since the function arctanx is continuous over (—oo0, 00), g(x, y) = arctan[x _);_ y] is continuous where 7 = xx-)l]- y
continuous. The inner function Z is continuous on all points of the xy-plane except where Y = —X. Thus,

xy2

is continuous on all points of the coordinate plane except at points at which Y = —X.

101. All points P(x, y, z) in space

103. The graph increases without bound as x and y both approach zero.

105. a.

b.

The level curves are circles centered at (0,0) with radius 9—c. ¢ x*2+y>=9—¢ d z=3 e

{(x, y) ER2|x2+y2£9} f. {710 <z <3}

107. 1.0
109. f(g(x, ¥)) is continuous at all points (X, y) that are not on the line 2x — 5y = 0.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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111.
113.

115.
117.

119.

121. -

123.

125.

127.

129.

131.

133.

135.

137.

139.

141.

143.

145.

147.

149. —>

151.

153.

155.

2.0

9z _ _

oy = 3x+2y

The sign is negative.

The partial derivative is zero at the origin.
Q A .

oy = 3 sin(3x)sin(3y)

0z _ _6x° . Jz _ 4y’

0x x6+y4 dy X6+y4

0z _ . Xy. 0z _ Xy

ox V¢ oy — xe

92 _ 9 gec?(2x — y), 9% = —sec?(2x —
ox = 2 sec”(2x — y), dy sec (2x —y)
f2 -2 == 2 -D)

% = —cos(1)

fx=0, fy=0’ f:=0

a. V(r7h)=7”'2h b%_‘;:2ﬂrh C.%zﬂ'rz
f)cy=—1
x-y?
ax2 0y2
nyy=fyxy=fyyx=0
dZZ —_ 1 y =M\ _.:
v —E(e —e¢ V)sinx
dZZ _ 1(y =Y\ .
W = E(e —e )smx
2 2
d_§+d_§ - 0
dx dy

Jayz = 6y2x_ ISYZZ

11
(-3 a
(0, 0), (0, 2), (V3, =1), (-V3, —1)

=% =¢%sin(y) —e*siny =0

159. 5, =

161.

163

8y

5x
. (%)(lﬁ —K

gf at (500, 1000) = 17236, 9L 4t (500, 1000) = 36.93

973
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165. Normal vector: i+ J, tangent vector: i —

167. Normal vector: 7i — 17}, tangent vector: 17i + 7]

169. —1.094i — 0.18238j

171. —36x— 6y —z = -39

173. z=0

175. Sx+4y+3z-22=0

177. 4x—5y+4z=0

179. 2x+2y—z=0

181. 2(x— 1D +2(y—-2)—-(z—1)=0

183. x =20t +2, y=—4r+1,z=—-1t+ 18

185. x=0,y=0,z=¢

187. x—1=2t; y—2=-2t; z— 1=t

189. The differential of the function 2(X, ¥) =dz = fydx + fydy
191. Using the definition of differentiability, we have ¢ x ~ x + y.

193. Az = 2xAx+ 3Ay + (A x)z_ (A x)2 — 0 forsmall Ax and Z satisfies the definition of differentiability.

195. Az =~ 1.185422 and dz = 1.108. They are relatively close.

197. 16 cm?®

199. Az = exact change = 0.6449, approximate change is dz = 0.65. The two values are close.
201. 13%o0r0.13

203. 0.025
205. 0.3%
207. 2x+%y -1
1 1__1
209. 2x+y+4ﬂ >
3..2,.6
211 Zx+ 5y + 52
213. z=0

dw Xy sin z
215. = ycosz+ xcosz(2t) —

dat -2
217. O = _30x +4y, 2 = 10x — 16y

ds or

of .
219. 9= 7 sin(20)
af _ 3
221. ar = 2t + 4t
af _
223. ar = 1

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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225. % =1
227. cfi_v;/ = 2¢?" in both cases
229, 2V2t + V27 = %
dy 3x2 4+ y2
231, =L = =~ "2
3 dx 2xy
dy y—Xx
233. ;.= — 7
dx  _x4 2y3
dy _ 3
235. =L = —\|Z
35 e 5%
xy
dx xe " +e’(1+y)
239. % = 42113
dz _ 10,73 11193
241. dr = 3 t X e
243, 92 — =2sinu dﬂz—Zcosucosv
"9u_ 3sinv ¢ v 3sin?y
9z _\3,V3 02 _ (5 _ V3
245. S% =13, 25 =(2-4V3)e
247. ()a_vtv = cos(xyz) X yz X (=3) — cos(xyz)xze1 T4 cos(xyz)xy X 4
0
209 fax, iy =22+ 27 = ' o, 5
251, 3%
253. (iz’_‘t/ = logﬂcnﬁ/mm
255. 44 = 12in2/min
257. 2°C/sec
ou =ﬂ(ﬂ0_w+ﬂﬂ)+ﬂ(a_y0_w
259 ar ox\dow dr = dt dr) ~ dy\ow or
' Qu(0z ow | 9z Ot
+az(aw or T or ar)
261. —3V3
263. —1
265. %
267. \3
269. —1.0
22
271. 5
2
273. 3
—V2(x + y)
275, ———-
2(x + 2y)
2717. w

—1/2
X2y =1f(x, y)

975
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1+203
219 3: % 2)
281. (5,4,3)
283. —320
3
285 T
31
287. 55z
y
A+
3+
24
— 4 /_1_—\
4 3 2 -1 O] 1 2 3 a4x
_1__
—21
_3__
—44
289.
i._ .
291 i 3j

293. V2i+1\2j +V2k
295. 1.6(10'%)

572
297. %55
299. V5, (1,2)
301. % (-3,-2)
303.a. x+y+z=3, b.x—1=y-1=z-1
305.a. x+y—z=1, b.x—-1=y=—z

32

307. a. 3 b. (38,6,12), c 2V406

309. (u,v) = (mcos(zx)sin2zy), 2z sin(zx)cos(2xy) )

311, (% 4)

313. 0,0) (& &)

315. Maximum at (4, —1, 8)

317. Relative minimum at (0, 0, 1)

319. The second derivative test fails. Since x2y2 > 0 for all x and y different from zero, and x2y2 = 0 when either x or y

equals zero (or both), then the absolute minimum occurs at (0, 0).

321 f(—2, - %) = —6 is a saddle point.

323. (0, 0)=0; (0, 0, 0) is a saddle point.
325. f(0, 0) =9 is alocal maximum.

327. Relative minimum located at (2, 6).

329. (1, —2) is a saddle point.
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331. (2, 1) and (-2, 1) are saddle points; (0, 0) is a relative minimum.

333. (-1, 0) is a relative maximum.
335. (0, 0) is a saddle point.
337. The relative maximum is at (40, 40).

339. (%, %) is a saddle point and (1, 1) is the relative minimum.

341. A saddle point is located at (0, 0).

3

343. There is a saddle point at (7, 7), local maxima at (%, %) and (7, >

3

n 3rm

), and local minima at (5, 3

345. (0, 1, 0) is the absolute minimum and (0, —2, 9) is the absolute maximum.

347. There is an absolute minimum at (0, 1, —1) and an absolute maximum at (0, —1, 1).

349. (V5, 0, 0), (-5, 0, 0)
351, 18 by 36 by 18 in.
353, (42, 47, 285

24° 127 24
355. x=3and y=6
357. v = 84000 50, 372 om?®
359. maximum: 2@, minimum: %ﬁ
361. maximum: (g, 0, \/E), minimum: (_T@’ 0, _Vj)

363. maximum: %, minimum = 1

Jand(

3z

2

977
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365. maxima: f| (3—?, 2\/5) =24, f (—%, —2\/5) = 24; minima: f(—¥, 2V§) =-24, f| (37@, —Zﬁ) =-24
s LL—_Z)..- . (—_2—_64)

367. maximum: 2V11 at f ( T i i minimum: —2V11 at f| AT Vit viI

369. 2.0

371. 1912

373. (3% ;—1]
V2 2
375. f(1,2) =5
11 1\_1
. f(3’ 3 3) 3
379. minimum: f(2, 3, 4) =29

381. The maximum volume is 4 ft3. The dimensions are 1 X 2 X 2 ft.
1 _

383. (1, 1, -3)

385.

387.

S5

389. (2, %)

391.

3
1
2

393. Roughly 3365 watches at the critical point (80, 60)

126}
1001 \
80+
60+
40{

20+

0l 20 40 60 80 100 120X

Review Exercises

395. True, by Clairaut’s theorem

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Answer Key

397. False
399. Answers may vary
401. Does not exist

403. Continuous at all points on the X, y-plane, except where 24 y2 > 4.

U — 3y, Ou_p Ou_3z2
ot

ou _ 4,3 _ ou =
405. 0x_4x 3y, Jy o1 ,

2y

2y 2
407. h)CX (X, yv Z) = 6x§ l hxy(xs y’ Z) = 6x+

2y

3,2 _ _2xX%
hyy(x, y, ) =€ hy(x 3, 9= = SR

3.2y
hzz x,y,2)= 2x 36
Z

-1,.2,.29
409.z—9x 9y+9

M11. dz = 4dx —dy, dz(0.1,0.01)=0.39, Az=0432
413. 385, (27,6)

2
415. Vf(x, y) = — Mi + (%_;2]1
2x%y VXY

16 16
417. maximum: 33’ minimum: 33
419. 2.3228 cm?

Chapter 5

Checkpoint

2 2
51 V=), 21 F@ L y5)AA =0

i=1j=
5.2. a. 26 b. Answers may vary.

1340
5.3. 3

4—1In5

5.4. 5

5.5. %

5.6. Answers to both parts a. and b. may vary.

Z

ou _ g3 _ ¢ _ 9.2
o1 8x” — 6y — 9xt
2
th(x’ y’ Z)= _3x 26
Z
2 2y
hZX(xs Y, Z): - 3x 28

k)

979

2 2y

hyx(X, Yy, Z)=6XZ€ s

3,2y

th(xv Y, Z): _2x 26 5
Z

5.7. Type 1 and Type II are expressed as {(x, N0 <L x<2, < y < 2x} and {(x, V0 <Ly<4, %y <x< W},

respectively.
5.8. 7/4

5.9. {(x,y)lOSySl,1Sx$ey}u{(x,y)|1$y§e,1SXSZ}U{(x,y)|e$y§ez,lny$x§2}

5.10. Same as in the example shown.

216
5.11. 53

49

+ 10e — == cubic units

5.12.
4

5.13. square units
5.14.

5.15.

sl& ENERENEN Alg "*lmw

Q

5.16. 0.7638
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14
5.17. 3

5.18. 8z
5.19. 7/8

<‘

IZ
5.20. f f 16 — 212 rdr dO = 645 cubic units
0

/6 3 —3sind

52.4=2 [ [ rdrdo=8z+973
—x/2 1+4sin@
T
5.22. 4

5.23. /// zsinxcosydV =8
B

v9—x2 z=\/9—x

524 [ 14V = 8/ fy__vg_ e

z=d4x=V4—zy=4-z
s25. o/ [ [ reyodvdrd,
z=0 x= -
y=x
= z=4-y

/ f(x, v, Ddzdx dy, (i)
y=0x=0 z=0

—4—
f f(x v, 2)dy dz dx
= yex?

5.26. fave =8
5.27. 8

I \n

X

=xgr=2sinfz=4-rsiné

/ 2la’z dydx = 36x.

y=4z=4—-yx=1y

(id) f f / f(x, y, 2dx dzdy,
y=0 z=0 x=0

x=2y=4z=4-y

/ / [ f(x, y, 2)dzdy dx,

5.28. [[ f(r, 0, Drdzdrdf = / / / f(@r, 0, 2)rdzdrdo.
E r=0

6=0 z=0

r=1z=2-r29=2x

520 E={(r,0,000<0<27,0<2<1,2<r<2-andy= [ [ frd&dzdr.

530 E;={0,0,900<0<27,0<r <1, r<z<V4-r2 and y _

0=2np=n3p=2
5.31. V(E) = / f /pzsingodpdgode
0=0 ¢=0 p=0

x=2 y=V4—x2 Z=\/4—x2—y2

5.32. Rectangular: / f / dzdydx —

x=_2y=—V4—x22=—\/4—x2—y2

0=2rr=2 z= 4—r2

Cylindrical: / / / rdzdrdo.
0=0 r=1Z:_4/4_r2
p=51l6 =27 p=2
Spherical: f f / pz sin g dp df de.
p=16 =0 p=csco

O
5.33. <3 kg

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

r=0 2I=r
=V4—

[ 7 rd dz dr.

0

[ \n

s=1 y=lix? =faoi?oy?

/ [ azdyax

y=—\/1—xzz=—'\/4—x2—y2

x=-1

Answer Key

(iii)

)
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64 64
-_My 8la/64 _ 9 - _M, _8lx/64 _9
535 X = =gy~ M Y= T Tom8 — %
M - M
y_1/20 _ 3 My _1/24 _ 1
536 x =G =Y =5 MY =W SR T2
M M
_ Yy _ 1/15 _ _ _1/12 _ 1
5.37.XC—W—W—§adeC—WX—T—E
x=2yY=X x=2yY=X
5.38 Iy = f fyZV)Tydydx=g—5 and I, = / /xZ\/JTydydx=%. Also,
x=0y=0 x=0y=0
x=2y=X
Iy = f f(x2+y2)\/)Tydydx=%.
x=0y=0
5.39. R, = %, Ry = %, and Ry = 47@.
54 _
5.40. 35 = 1.543
391
5.41. (2, 3 2)

5.42. The moments of inertia of the tetrahedron O about the yz-plane, the xz-plane, and the xy-plane are
99/35, 36/7, and 243/35, respectively.

5.43. T_l(x, y) = (u, v) where u = 3x3—y and Vv =%

dx Ox|
_0(x,y) _|0u av_|1 1|_
5'44'J(u’v)_a(u,v)_ﬂ Q_O 2—2
Ju Jv
n/2 1

5.45. f f r3drdo
0o 4 2

5.46. x = %(V +u) and y = %(V —u) and _/4_/2%(%}1% dv.

5.47. %(Sin 2-2)

5.48. 77}(%+%)dudvdw=2+ln8
0 0 1

Section Exercises

1.27.
3.0.
5.21.3.

7.a.28 ft3 b. 1.75 ft.

9. a 0112 b, fae=~0.175; here f(0.4,02)~0.1, f(0.2,0.6)~—-02, f(08,02)~0.6, and
(0.8, 0.6) ~ 0.2.

11. 2x.

13. 40.

15. % +392.

17. e — 1.
19. 15 —%.

21.0.
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23. (e—1)(1 +sinl —cos 1).

25, %m(%) +21n%2—1In2.

27. {23 -3 +61n2}
20 Lt (et - 1)
31 4e — (2 - ve).

_z S)_1
33. + ln( ) 2ln 2 + arctan 2.

RV

1
35. 5.
37. %(2 cosh 1 + cosh 2 — 3).

11
49 a. f(x, y) = %xy(XZ +y2) b. V= fff(x, y)dx dy =% c. fave = %;
00

f(x, y) = ﬁ(xs + yt)dsdt

1.0Ff

0.75¢[

0.25¢[

53.a.For m=n=2, [=4¢7955243b. foo =" ~06l;

C.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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fooy) = %%

092}
0.72 \
z . .
052} / ;
032 I[N
01_21% | ”\..‘ i
- 05
0.0 oz
y
2 1.1
55.a =T+ b g

59. 56.5° F;here f(x§ , y{ ) =71, f(x3§,y{)=72, f(x%,y{)=40, f(x%,y5)=43, where X and y}x?

are the midpoints of the subintervals of the partitions of [a, b] and [c, d], respectively.

27
61. 50

63. Type I but not Type II
65. 5

67. %(8 + 37)

1000
3
71. Type I and Type II
73. The region D is not of Type I: it does not lie between two vertical lines and the graphs of two continuous functions g {(*) and

69

g7(X). The region D is not of Type II: it does not lie between two horizontal lines and the graphs of two continuous functions
h1(y) and hy(y).

75.
77.

79.

81.

83.
85.

3

3| l\)l-lk W © PN
o O

87. a. Answers may vary; b.

89. a. Answers may vary; b.
8z
3
93. e —

— [98]\9)
N|°° !

91.

3
2
95.

O8] NS}
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1 1 1=y

_ +
o7. Zx[ dydx_}y{xdxdy+{ J xdndy="1

12 W2+t 2 Vx2 -1

99./ f ydxdy=/ / ydydx=0
12 (7 1 2,

y4

x —yz)dA f / x —yz)dxdy f06945

Tyd 1

1

10

L

103.

S
105. )

109.
111.

N = Wl s

=

1. 1
113. a. 3 b. 65 %%

(Y
3
117. 0 and 0.865474; A(D) = 0.621135

115. a. %; b. 27; c.

119. PIX+Y <6] =1+ e ﬁ ~ 0.45; there is a 45% chance that a customer will spend 6 minutes in the drive-thru

26‘2
line.
123. D = {(r OM<r<s,L<o<x }

125. D={(r, )0 < r<V2,0< 0 < 7}
127. D= {(r, D)0 <r<4sinf, 0 <0 <}

129. D = {(r 0)|3<r<5,Z<9<72T}

131. D {(r OB <r<5, 3”595%”
133. D {(r 0)|0 < r <tanfsec, OSGS%}
135. 0

6

137. =

139.

2
141, 337~

143, =L
145, %111(3 +212)

147. %(2 -12)

149. 77r5dr do = 3%—”
00

4
151. ”/frsm 2)dra’e—irsm 8
—n/2 0

153.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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155.

157.

159.

161.

163. a.

165.

167.

169.
171.

173.

175.

177.

181.
183.

185.

187.

191.
193.
195.
197.
199.

1 _
27re(e 1)

V3_Z

133>
864

N

(x2+lny+z)dzdxdy=%+21n2

201. 5~

203. 1 =n

205.

207.
209.

213.

(Pz+dzdxdy =64+ 1213

2
439
120
0
_64

105
11
26
113
450
1 _
160(6V§ 41)
3z
2
1250
5 3 9—y?
[ [ [ zazayax=90
0 -3 0
V=533

985



986 Answer Key

3.4 3 4
215.7//(y212+1)dzdxdy; 7//(x2y2+1)dydzdx
01 2 01 2
a a
219. V = / f / dydxdz

221. 2

223. 5

N

w

=
[\S)
O
S

Q

233. 0.313
235.

241.

o] DR Flr w

243.

N oo~

(SN
[ ]

245.

°

4sinf V16 — P2

249. a. E={(Ve 0, Z)|0S9SE,OSVS4Sin9,OSZS V16—72}; b.7 / / f(r, 6, 2)rdzdrdo
0O 0 0

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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251. a E={(r, 0, Z)|0595%9OS’”SV§,9—VZSZS10—r(cos€+sin6’)}; b.
72/2 V3 10 — r(cos 0 + sin )
f / / f(r, 0, D)rdzdrd
00 9,2
= z _ 1 .
253. a. E_{(r,9,2)|0SrS3,OSt9$2,0§z§rcosi9+3}, f(r, 0, 2) s 0T 3 b.
3 n/2rcos@+3
[/ dzdadr_‘{T”
0 0

255. a.

/]

{ rcos¢9+3
y=rcos#, z=rsinb, x =z, E={(r,c9,z)|15r53,0§952ﬂ’Ost1_r2}’f(r’9,z)=z; b.
2

—_

f erdzdo dr = 3362
0 0
257, 7

T
250. 5
261. 7
263, A%

3
265. V

0 1.0

1
267. |
0

269. 1807V10

8lx(n —2)
271. — 16
277. a. flp, 6, @) = psin p(cos 6 + sin ), E:{(p, 0, (p)|1§p52,0§9§ﬂ,()§¢§%}; b.

/2

3

o ~—n
o

2
/p3cosqosinq)dpd¢d9=15T”
1

279. a. flp, 8, @) = p cos ¢; ={(p 0(p|0<p<2c()s¢,()<9

/2 7t/4 2 cOs ¢
_/ _/ p sm(pcosqodpdgoda_—
0 0 24

3

o~



988

281.
283.

285. [ [ [

287.

289.

291.

293.

pa

4

97(V2 — 1)

72 7l2 4
pOsing dp dp do
0 0 0

% =4”3—‘/§ ~ 7255

-10 -05 00 05 10

b's
343x
32
2 4 V16— 12 S5al62r 4
ff / rdzdrdo, f / / pzsinpdpdedgo
02 16— 2 76 0 2csco
P—32P0 watts
3
Q—kr47r,uC
27
2
24V2
. 76
. 87
4
2
2

s11.a M= 21602y 4322,y 518

C.

18 5_9.
5 5 ) . 5,}’—5,

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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368, pr, = 1552,

313.a. My =

C.

315.a. M, = 16z, My=87[; b. x = 1,;=2;

C.

Yi
4+

[

—

-1-05 0 05 1 15 2 25 3%

317.a. Mx=0,My=0;b. x=0, y=0;

C.

989



990 Answer Key

15+

le

05+

-1 -05 0 0.5 1%

321. a. I)C_ 43 I 86, and10_233,b R /\_/g’ Ry=6,\_/§, andR0=3

10° 5 5
323.a. I, 25972wf 1, 648«F and I, 3240\F b. R, = 67F R, 3F and Ry = #
325.a. 1, =88,1,=1560, and I, = 1648; p. R, V‘g Ry = V7f491  and Ro=—v%35
327.0. 1= 1, = 3% and 1y = 1802, g =40 R, =121 apg gy =18

T _ I S5x. _1 V5
329.a I_x—327 Iy—S’ and]0—327b R 4, Ry—2, andRo—T
331.a Ix=%7ly=%aandlo=%;b Rx:\/giz,Ry_\gg,andRo_zvi

337.a. m= %Tﬂ; b. Myy = %, My, = %7 My, = %; c x= %, y= %, 7= %; d. the solid Q and its center of mass

0.75 °

z 0.5—:

0.25

32-12) «F)

339.a. x = m, y = > = (; b. thesolid Q and its center of mass are shown in the following figure.
b4

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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343.

349.a. p(x, y, 2) = X%+ y2; b. %

351. My, = 2(f(0) — f(a) + af’ (a))
355 [ =1,=1;~0384

357. a. T(u, v) = (g(u, v), h(u, v)), x = g(u, v) =% and ¥ = h(u, v) = % The functions & and A are continuous and

differentiable, and the partial derivatives gy (u, v) = %, gy, v)=0, h,(u, v) =0and h, (u, v) = % are continuous on

S; b. T(0,0)=(0,0), T(1,0)= (%, 0), O, 1) = (0, %), and 7(1, 1) = (%, %), c. R is the rectangle of vertices

0, 0), (%, 0), (%, %), and (O, %) in the xy-plane; the following figure.

Yi
0.4+

03¢

0.2+

01+

0O o1 02 03 04 05X

359. a. T(u, v) =(g(u, v), h(u, v)), x =g, v) =2u—v, and y=h(u, v)=u+2v. The functions & and h are
continuous and differentiable, and the partial derivatives g, (u, v) =2, g,(u, v)=-1, h,(u,v)=1, and h,(u, v) =2
are continuous on S; b. 7(0,0)=(0,0), T(1,0=2,1), T0O,1)=(-1,2), and T(1, 1)=(1, 3); c. R is the
parallelogram of vertices (0, 0), (2, 1), (1, 3), and (—1, 2) in the xy-plane; see the following figure.



992

wg

2 -1 6 1 2

Answer Key

361. a. T(u, v) = (g(u, v), h(u, v)), x = g(u, v) = u3, and y = h(u, v) = 3. The functions & and h are continuous

and differentiable, and the partial derivatives g, (u, v) = 3u2, g, v)=0, h,(, v)=0, and h,(u, v) = 3y2 are

continuous on S; b. T(0,0)=(0,0), T(1,0)=(1,0), T7T(,1)=(0, 1),
square in the xy-plane; see the figure in the answer to the previous exercise.

363. T is not one-to-one: two points of S have the same image. Indeed, 7(=2, 0) = T(2, 0) = (16, 4).

and 7(1, 1) =(1, 1); c. R is the unit

365. T is one-to-one: We argue by contradiction. T(#1, v{) = T(u5, v5) implies 2u1 — V1 = 2up — V5 and 41 = ¥2- Thus,

Up=1Uuy and V1 = V2
367. T is not one-to-one: T(1, v, w) = (-1, v, w)

o x=2y x4y
369. u——3 ,v——3

—x+
37l y=¢5, v=c¢ Y

_Xx—y+z _x+y—-z _ —x+y+z
=T VT WET

373. u

375. S = {(u, v)Iu2 +v2< 1}

S
377. R= {(u, v, w)|u2— View?i<l,w> O}
3
379. )

381. -1
383. 2uv

385. >

u
387. 2
389.a. T(u, v) = Qu+v, 3v); b. The area of R is
3 (6-y3

aw=[ [ dxdy=71]u’3% zi‘dvdu=lfl]u6dvdu=3.
0 0 ’ 0 0

0 3

-1
391 —4

393. —1+cos2
T
395. 75

31
397. 5

399. T(r, 0, z) = (rcos @, rsind, z); S = [0, 3] X [O, %]x [0, 1] inthe rfz-space

403. The area of R is 10 — 4V6; the boundary curves of R are graphed in the following figure.

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Answer Key 993

y4
_ 3
s, JT¥
44
31 S mmmedmecsccsccea——— y=3
2 y=2
2
1t y=x=
OJ\/ofa 09 1.0 11 12 1.3 14X
405. 8

409.a. R = {(X, y)|y2 +x% - 2y—4x+1< 0}; b. R is graphed in the following figure;

Yi

c. 3.16
411. a. Tg T3 o, v)=(m+3v,2u+7v); b. The image S is the quadrilateral of vertices
0, 0), 3, 7), (2, 4), and (4, 9); c. S is graphed in the following figure;

) 4.9)

84
71 (C))

44 (2,4)
3

413, 2062 - 282 45 in3
3
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415. A(R) ~ 83,999.2
Review Exercises

417. True.

419. False.

421.0

a23. 1

425.1.475

427. %zx

429. ¢

431.93.291
8 8

433. (E’ E)

8

a35. (0, 0, 3)

437. 14527 x 101 ft-Ib

439. y = —1.238 x 1077 %3 + 0.001196x% — 3.666x + 7208; average temperature approximately 2800°C

a41. %5

Chapter 6

Checkpoint

6.1 12i—j

6.2.
SONNANNN\NA\VV rr b rprt s
SONNNNNNNNNNNGN VIS
SsNNNNNNNNNSN VNNV VS
SNNNNNANNNNNNGF F S
SWNMNMNMNNNANANANNNNGF S
SNNNNNNNNNNYNF PSS S
i e e T U W T T I Y Y R e
e N R N I I I i R P e e B
:i-.-——v.-'_jr.r.r_%f w 7l Pl P__\ » \1\ » \g‘.mihﬁi
S O S G G A A A L T T S W R A N
S PP B B & Y Y S S
e A A R R S A A R AL
D AT A A B B B B YL N T U O O U O N N6 N
N A A S B AR T T S S U S N N N NN N
A28 0T NNNNN
AEAALLLEL T P P AN RNVNRNS

6.3. Rotational

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

Answer Key
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x

P et o S NS N N NN

Answer Key

S o= NN\

—wwwNuNNN

PV AV 2V et S N N N VAN
IV AV 3V R el Vi SR R S
[ AN A AV A ey A S T U O U
F P Pz re~>NNNN\ NN
F P AP 2 r=TS %N NN Ny
FF PP g2 g el N X
MEEENEREYILEEEREEEY
ol § Ry v v b i e
VAN NN Nm s A S S
VNN A A S g
VNNNNNSN SN+ T A A gL
NVNNNNSNNSNTT A a 44
NNNNNNN T r s g g4 S
NNNN NN N r s r g g [ N

A

NNNNN S s o o e 7 1S

NN NN sl o o ¥ 7 A S g

NN NS S A E

///r/rryrr:rr:rrl.““.»{\!\\i\\ 7 @ s
< M..ﬁ
© © ©

6.7. 1.49063 x 10718, 496876 x 10712, 9.93752 x 10" 1°N

6.8.
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yi
NN O R s
RN IRt R} S
~\ N A A O & ‘\\\\‘{;/"<<
s ZESNNANNVA Y VS
\\..‘....-v/////w..__.._.\\\\\\\h..,’/.;
NN ol ramaaN Tl
RNV F s AT
bbb AL L EREXND /Y,
st BN SOHAE L ENANNN
//J._ﬁ\\\\\.,_.._...x/////;.—r.ﬁ_\\
//.»'....\\\\\\.‘..:.'f/////.l..-.h_\\
(5 s/l IN
0 T T U U U N <<
P YRR et A AR A

6.9. No

6.10. Vf=v

6.11. Py=x# Q= —2xy
6.12. No

6.13. \2

1,2, 3z
6.04. 3+ +

6.15. Both line integrals equal _H)()?’ﬂ.

6.16. 4V17
17. [ F-Td
6.17 fc s

6.18. —26
6.19.0
6.20. 18V272 kg

6.21. 3/2
6.22. 21

6.23.0

6.24. Yes

6.25. The region in the figure is connected. The region in the figure is not simply connected.
6.26. 2

6.27.1f C{ and C, represent the two curves, then /CIF o dr # '/CZF o dr.

6.28. f(x, y) ="y’ +xy

6.29. f(x,y,7) = 4x3 + sinycosz+z
G
630, f6 9 =———F—
x2 + y2 + Z2
6.31. It is conservative.
6.32. —10x

6.33. Negative

45
6.34. 5
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6.35.

6.36.

6.37.

6.38.
6.39.

6.40.

6.41.
6.42.

6.43.
6.44.

6.45.
6.46.

6.47.
6.48.

6.49.

6.50.
6.51.

6.52.
6.53.

6.54.
6.55.
6.56.

6.57.

6.58.
6.59.

6.60.

6.61.
6.62.
6.63.

6.64.

6.65.
6.66.

6.67

6.68.

D W

2
glx, y) = —xcosy
No

1057

y-22

Yes

All points on line y = 1.
—i

curlv=0

No
Yes

Cylinder X2+ y2 =4

Cone )c2 + y2 = zz

r(u, v) = (ucosv, usinv, u), 0<u<oo,0§v<%

Yes

~ 43.02
With the standard parameterization of a cylinder, Equation 6.201 shows that the surface area is 27zrh.
27(V2 + sinh~'(1))

24

0

38.4017 ~ 120.640
N(x, y) — -y —X 1 >

<\/1+x2+y27 \/1+x2+y2’ \/1+x2+y2

0
400 kg/sec/m
_440z

3

Both integrals give —%56.

-

3

2
curlE = (x, y, —2z)

Both integrals equal 67.

30
. 9In(16)

~ 6.777 x 10°

Section Exercises

1. Vectors
3. False

5.
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yYi
44
A A Y » b [ 4 4 ' «
gt
hJ A » » 8 [ 4 4 ‘ . L4
24
™ b > » 1 4 o« « Ld v
~ - - - L l" d - L - -
5 -4 -3 2 -1 9 1 2 3 4 5X
- - - - I'_l__ 1 - -~ - -~
F - rd » I‘_2_- 1 . - - Es
rd > » r r 1 A} LY LY LS
_3__
> * » r r L 1 1 L LY a
—44
7.
y
4
V S AR N B 3 YN N
VY S t 5 LI U U N
s r -~ I r 1 u LY . S
o e - - » l 4 - - - -
5 4 -3 -2 -10 1 2 3 a4 5%
e - - - \_1 4 - - - -
- w ~ A 1 2 4 ” - - -
A U N ! ] AR A 4
~ N N s o
—4
9.
N X f £ 22 E
“w~ NN f A A

. v - A

-5 -4 -3 -2
" - -

£ S S
£ T LA A

11.
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yi
34
- - - A - L -
21
v - - - - - L4 L4 -
- ¢ = - N 1r v -

»

- ~ el - . - ~ - -
-3+
13.
Z)
' \ \ Yy
N TR
A 7 TS
\\ w I
/ / . A /’-’
<L / T /\
p — &5 2
L T g T
AT | hg
EOR =K \
k) N -
15. F(x, y) = sin(y)i + (xcos y — sin y)j
17. F(x, y, 2) = Qxy + Vi + (% + 1+ 2y2)j + y°k
2x . 4y .
19. F(x, y)=( }+[
T+x2+2y2) 1422 +2y2
1 —x)i—yj
21 Fx, y) ===
V1 -x)"+y
i—Xxj
23, Flx, yy = =2
X“+y
25. F(x, y) =yi—xj
,7 Fr ) = —=10 00 + yj)
’ (x2 + y2
E=-Cy—CT
29. |r|2 17 |7
31 ¢/(t) = (cost, —sint, e™') = Fle(?))
33.H
35.d. -F+G
37.a. F+ G
39. True
41. False

43.

False

999



1000

45.

47.

49.
51.
53.
55.

57.

59.

61.

63.

65.
67.
69.
71.
73.

75.

77.

79.

81.

83.

85.

87.

89.
91.
93.
95.

97.

99
10

10

10

10

109. Conservative, f(x, y) = 32+ Sxy + 2y2

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

/xydx+ydy=lg—0
C
/%ds=\/§ln5
C2x“—y

W = -66

W = —1072
W=2

W=2n

25541
fCF dr = 23154

fxeyds ~ 7.157
¥

2 — N, —
/y(y xy)dx~ 1.379

fCF.dm ~1.133
fCF-dm 22.857

flu = —%
flu =-20
flu =0
m = dzp\5
wW=0
v-t

. True

1. True

3. fCF-dr —24

5. fCF~dr=e—37”

7. Not conservative

/Cyzdx + xzdy + xydz = —1

/C(yz)dx + (x)dy = %

a. W=11; b. W=11; c. Yes

fcyzdx + (xy - xz)dy =6.15
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111

113

115

117
119

121
123

125

127

129.

131.

133.

135.

137.

139

141

143.

147

149.

151

153.

155

157.

159.

161

163.

165.

167.

169.

171.

. Conservative, f(x, y) = ye™ + xsin(y)
, 95 (2ydx + 2xdy) = 32
C

. F(x, y) = (10x 4+ 3y)i + 3x + 10y)j
. F is not conservative.
. F is conservative and a potential function is f(x, y, z) = xye~.

. F is conservative and a potential function is S, y,20=1z

. F is conservative and a potential functionis f(x, y,z) = x2 y+ y2 Z.

. . . - 2
. F is conservative and a potential function is flx, y) = et Y
)

[ Far=é*+1
C
fF-dr=41
C
G -dr = -8z
Cq
F-dr=7
%)
[ F-ar=150
C
[Far=-1
C
.4><103lerg

. [ F-ds=04687
C

circulation = 742 and flu = 0
. f 2xydx + (x + y)dy = 32
C 3

L

f sin x cos ydx + (xy + cos x sin y)dy = B
C

. ﬁc(—ydx +xdy)=nx
/Cxe_zx dx + (x4 + 2x2y2)dy =0

. 55 y3dx—x3dy = 24z
C

¢C—x2ydx+xy2dy= 8z
2 2 —
Sgc(x +y )dx+2xydy—0
.A=197
-3
kY4
fc+(y2+x3)dx+x4dy:0
_83
4=

C(xzy —2xy + yz)ds =3
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173

175

177
179

181

183

185.

187

189

191.

193

195.

197

199

201

203

205

207
209
211

213.

215.

217.
219.
221.
223.

225.

2217.

229.
231.

233.
235.

237.
239.

This

xdx +ydy _
-fcﬁ—%f
X“+y

=225
W= 5

. W=12x
. W=2r

55 yzdx+x2dy=%
C

.fcmdx+2xydy=3

f C(3y—eSi“x)dx+(7x+my= 36

 fFear=2
C

. _¢C(y+x)dx+(x+siny)dy=0

yg xydx + x3y3 dy = 22
C

21

, §£CF-dr=1;5t—”

/Csin(x + y)dx + cos(x + y)dy = 4
[ Fdr=x
C
A
.§£F-nds:4
C

, 5£CF ‘nds = 327

: f C[—y3 + sin(xy) + xy cos(xy)]dx + [x3 +x? COS(xy)]dy =4.7124

. ygc(y + eﬁ)dx + (Zx + COS(yz))dy = %

. False
. True
. True

curl F =i+x2j+y2k

curl F = (xz2 —xyz)i + (xzy —yzz)j " (yzz _ xzz)k
curlF=i+j+k

curl F = —yi — zj — xk

curl F=0

div F = 3yz? + 2y sinz + 2xe
divF =2(x+y+2)

divF=—1
x2+y2

divF=a+b
diVF=x+y+Z

2z

Harmonic

div (F x G) = 2z + 3x

divF = 22
curlr =0

OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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241.

243.

245,
247.
249.
251.
253.

255.
257.
259.

261.

263.
265.

267.

269.
271.

273.
275.

277.
279.
281.

283.

285.

287.
289.

291

293.

295.

297.

299.
301.

303.

305.

307.

3009.

curlr—r3=0

curl F = —2X_k
X" +y

divF =0

divF =2 -2¢76

divF =0

curl F = j — 3k

curl F =2j -k

a=3

F is conservative.

divF = cosh x + sinh y — xy

(bz — cy)i(cx — az)j + (ay — bx)k
curl F = 2w

F X G does not have zero divergence.
V- F = 20041 +2(x? + y* + %)}
True

True

ru,v)= {u,v,2—=3u+2v) for —c0o <u< o0 and —0 < v < 0.

v, v) = {u, v, %(16 —2u+4v))

r(u, v) = (3cosu, 3sinu, v) for
A = 87.9646
fszdS =8r
ffS(x2 + yz)zdS =16z

. —4n
ffSF NdS = 3

m =~ 13.0639
m = 228.5313

Jgds =3v4

J{o* +y = 2)as =~ 0.9617
f[S(x2 + yz)dS = 43—”

J o 2ds = 1022«/%

ffs(z + y)dS ~ 10.1

m=rta3

. _13
JF-NdS =53

.NdS =3
/fSF dS—4

22(4 -3y+ 11—6)12 + z)(%\ﬁ zdy

26
[ [I¥* - 28 = 4x) + 2V T7dzdx
00

—)C2+y2+22

for lul < co and IVl < oo.

03u5§,05v§3
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31

[

5
2 2
: ffS(x Z+y z)dS:%
313. ffozyzdS=171V14
_ 2z
315. [ yzdS =4

317. [[(xi+yj)-dS =16z

~

319. m = %

321. F ~ 4.57b.

323. 8za

325. The net flux is zero.

327. ffS(curl F-N)dS = 7[@2
329, [[(curl F-N)dS = 18z
331, [[(curl F-N)dS = —8z
333, [/ (curl F-N)dS =0
F.dS =
335, f JFrds=0
F-dS = -9.4248
337. f c
339 ffcurlF-dS:O
s

311, ffScurl F-dS = 2.6667

343. ffs(curlF-N)dS = _%

345. {(%yzdx +zdy + xdz) = - %
347 ffS(curl F-N)dS = -3z
349. [ (ckx R)-dS = 2rc
C
351 ffscurl F-dS=0
353, fF-dS =4

355, ffscurl F-dS=0
357. //Scurl F-dS = -36x

359. /fscurlF-N =0
F-dr=0

361. 55C r

363. /. curl(F) - dS = 84.8230

365. A= [[(V xF)-ndS =0

367. [/ (V xF)-ndS =2z

369. C = n(cos ¢ — sin ¢)
F.-dr =48z

371. ¢C

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2



Answer Key

373.
375.
377.

379.

381.

383.

385.

387.

389.

391.

393.

395.

397. —

399.
401.

403.

405.

407.

4009.

411.

413.

415.

417.

419.

421.

423.

425.

JV xF)-n=0
0
fSF-nds = 75.3982
/SF ‘nds = 127.2345
/SF-nds — 37.6991
fF-nds =9za_
S
JF-as=%
JJE-ds=0
JIE-ds = 241.2743
f/DF -dS = -1
JJF-ds=2F
16V6x
—703.7168
20
JJE-ds=38
. 1
JJF-Nas =1
J IR IR nds = dza*
// ZZdV _ 471'
JIE-dS = 6.5759
JE-as=21
JJE-ds=12
JE-ds = -335103
JF-dS =zna*b?
JF-as=3
S = 21m
JE-as =24
1-e)

Review Exercises

427.
429.
431.

False
False

1005
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_2_.,ffff
SEREOARS
\\&‘_1_-41')"
SRR N
o
SRR R
SERSSAER
RENSREE

433. Conservative, f(x, y) = xy — 2e”

435. Conservative, f(x, y, z7) = x2y + yzz +2%x

_16
3

439, %5(3«5 —1)

437.

441. Divergence: ¢ + xe™ + xyexy ° curl: xze™i— yzexy ¢ i+ yexy k

443. 27
a45. —r

447. 31x/2
449. \2(2 + 1)
451. 27/3

Chapter 7

Checkpoint

7.1.

a. Nonlinear

b. Linear, nonhomogeneous
7.4. Linearly independent
7.5. y(x) = ¢ > + coxe>*
7.6.

a. y(x) =e*(c;cos3x + c,sin3x)

b. yx)=cje M+ cyxe™ ™
7.7. y(x) = —e ¥ + &>F

7.8. y(x) = e*(2cos3x — sin3x)

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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e
120+
100+
80+
60 1
40+
201
0

1007

y(x) = e¥(2cos3x — sin3x)

—204
_a0l
—60 4+
_godl

-100 1

-120 4

~140 1

7.9. y()=te” "

Yi
0.357

0.3+
0.25+
0.2+
0.15+

0.1+

02 04 06 0.

2 14 16 18 2 22 24

y(t) = te™ ™

Attime t = 0.3,

01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16!

9(0.3) = 03¢ 7% = 0.3¢721 % 0.0367. The mass is 0.0367 ft below equilibrium. At time ¢ = 0.1,

y'(0.1) = 0.3¢79%7 ~ 0.1490. The mass is moving downward at a speed of 0.1490 ft/sec.

7.10. y(x) =cje 4y e* -2
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7.11. y(t) = ¢4 e+ c2t62’ + sint + cost
7.12.
a y(0) =c e +cyet — xe
b y(t) = cre > + cye® — 5c0s2t + sin2r

_3x+3 _2x+2
7.13. 21 1.2 =15

7.14.
a. Y(x) =cjcosx+ c,sinx + cosxInlcosx| + xsinx

b. x(f) =c e’ +cyte’ + te’Inlt

7.15. x(¢) = 0.1cos(14¢) (in meters); frequency is 14 Hz.

2
7.16. x() = VI7sin(d1 + 0.245), frequency = 5~ 0.637, 4 =17
7.17. x(r) = 0.6e "> = 0.2¢ %
7.18. x(t) = %e_gt + 4t 8
7.19. x(1) = —0.24e > cos (41) — 0.12¢ " sin (41)
7.20. x(1) = — Lcos(4n + %sin(4t) +Le™ cos (41) - 2¢ ™ sin(41)

Transient solution: % 2 cos (4r) — 2¢ ™% sin (4r)

Steady-state solution: — Leos 4 + %sin 41)

2
7.21. q(t) = —25¢ ' cos(31) — Te 'sin(3t) + 25
7.22.
[e0]
1" 2
a. y(x) =a Z %xz” =age ™
n=0 :
b y(x¥) =agx+1)3
Section Exercises
1. linear, homogenous
3. nonlinear
5. linear, homogeneous
11 y=c; e +cpe™™
13 —_ —2x —2x
.y=cye +cyxe
15. y=c,; e 4 cpe™*
17. y=e " (cl cos% +cy sin%)
1x

19. y = cle_llx+czel
21. y = c;cos9x + ¢, sin9x
23. y=cptcox

14+V22)/3 1-v22)3
25~y=cle(( V_)/)x+cze(( V22)3)x
27. y=c e+ cyxe™®

29 y=c;+cye’*

31. y= —2e™ 2 4 0e
33. y = 3cos(2x) + 5sin(2x)

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2
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35. y = _e6x+26—5x

37. y= ze—x/S +%xe—x/5

2 6x 2 ~7x
39. y= ( )e — (—)e
O o7 O o7

41. No solutions exist.

2
_2e°+ 1xe2x

62

43 y=2¢*

45. y = 4cos3x + ¢, sin3x, infinite y many solutions
47. 5" + 19y =4y =0

49.a. y = 3cos(8x) + 2sin(8x)

b.

2 2
b.
yi
a1
3__
4+
AL\
8 |4 L4 12 3{\‘5\5\6\3"
L 41
_6__
gl
55 y: Cle—4x/3+czex_2

57. y = ¢ cosdx + ¢, sindx + %e‘zx
59. y = ¢, e® + cpyxe® + 2x2 + 5x

61. y=cje " +cyxe 4+ %Sinx — %cosx

1009
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63. y = cosx + cysinx — %xcos2x - %sinzx
65. Yy =cC| e 4 Cz_xg_Sx +%x3€—5x +%
67.a. y,(x) = Ax* + Bx+ C

b. ypx) = — %xz +%x —39—5

69.a. yp(x) = (Ax2 + Bx + C)e_x

b, () = (ha? = 3 - 3

71.a. yp(x) = (Ax2 + Bx + C)excosx +(D)c2 + Ex+ F)ex sinx

(L, 2_11,._ 27 \,x _3.2,2 0 39 ) xg
b. yp(x)—( 0% 25x 250)e COSX +( 0~ +25x+250)e sinx
73. y=cl+cze_2x+%e3x

75. y = Cle2x+cze—4x+x62x

77. y=cle3x+cze_3x—%

79. y = ¢ cos2x + c,sin2x — %xcos 2x + %sin 2xIn(sin2x)
_ 347, 4 Ix 22, 7x_ 4 x

8l y= 343,+343€ +7x e 49xe
_ 57,3 5¢,1. 5¢, 4 -5«

83. y= 23 + 258 + Sxe + 256‘

85. yp= %+13—0x21nx

87. x"+16x=0, x(?)= %COS (41) — 2sin(41), period = %SGC, frequency = %HZ

89. x" +196x =0, x(¢) =0.15cos(14¢), period = %sec, frequency = %HZ

91. a. x(¢) = 5sin(2r)

b. period = 7 S€C, frequency =1y,

7T
c.
Yi
6__
34
2 4 6t
—64
d. t=Zsec

2

93.a. x(t) = e > (20cos (37) + 15sin(37))
b. underdamped
95.a. x(1) = 5e™4 4 101e™*
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b. critically damped
7 —77.'/4
97. x(r) = ET ft below
99. x(t) = sm(4t) + cos(V1281) — 91V6,sin(\/128t)
101. q(¢) = e_6t (0.051 cos(8f) + 0.03825sin(87)) — cos(lOt)
103. g(r) = ¢~ (=32t = 5) + 5, I(t) = 2e—1°’(160z +9)

X n
105. y = ¢+ 5¢; 2 %zc0+5cleﬂd5
_ (x)2n+1
107. y=co Z (2n)’ €1 Z @+ D!
& 2n 2
Co Z );l—'zcoex
n=0 """
o0

111. y = Z

n=0

c
113. y=clx3+72

109. y

x2n+l
T-3.5-7—@n+ 1)

l\.)

3 4 6 7

3! 41 6! 7!
Review Exercises
117. True
119. False

121. second order, linear, homogeneous, 12-2=0

123. first order, nonlinear, nonhomogeneous
125. y = ¢ sin(3x) + ¢, cos(3x)

127. y = c;e*sin(3x) + ¢, e* cos (3x) + —x + 5=

25
129 =cie ¥ +cHre” + + € @2 5
Y=a 2 4118 716
131. y=¢; Py czxe(_3/2)x+%x2 +24—7x - %

133. y=e" s1n(\/§x)
1-
135. y = i—j(e‘*x -1)
et —
= g
137. 6(t) = fycos (\/;t)

141. b=va
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INDEX

Symbols
5 ball, 364, 472

6 disk, 352, 472
A

acceleration vector, 305, 327
angular coordinate, 44, 96
angular frequency, 864
arc-length function, 285, 327
arc-length parameterization,
286, 327

Archimedean spiral, 56

B

Bessel functions, 888
binormal vector, 292, 327
boundary conditions, 843, 892
boundary point, 358, 471
boundary-value problem, 843,
892

Brahe, 315

C

cardioid, 54, 96

chain rule, 272

chambered nautilus, 8, 56
characteristic equation, 838,
892

circulation, 683, 823

cissoid of Diocles, 72
Clairaut’s theorem, 658
closed curve, 670, 689, 823,
823

closed set, 359, 471
Cobb-Douglas function, 464
Cobb-Douglas production
function, 388
complementary equation, 849,
892

complex conjugates, 839
complex number, 839
component, 249
component functions, 260, 327
components, 109

conic section, 73, 96
connected region, 690, 823
connected set, 359, 471
conservative field, 654, 823
constant multiple rule, 272
constraint, 471

constraints, 458

contour map, 342, 373, 471
coordinate plane, 249
coordinate planes, 125

critical point of a function of two
variables, 438, 471

cross product, 165, 249
cross-partial property, 657
curl, 743, 823

curtate cycloid, 22

curvature, 288, 327

cusp, 96

cusps, 18

cycloid, 17, 96

cylinder, 211, 249

cylindrical coordinate system,
228, 249

D

definite integral of a vector-
valued function, 276, 327
derivative, 270

derivative of a vector-valued
function, 270, 327
determinant, 171, 249
differentiable, 396, 471
direction angles, 153, 249
direction cosines, 153, 249
direction vector, 186, 249
directional cosines, 434
directional derivative, 423, 471
directrix, 74, 96

discriminant, 90, 96, 443, 471
divergence, 737, 823
divergence theorem, 808, 823
domain, 643

dot product, 146

dot product or scalar product,
249

double integral, 480, 633
double Riemann sum, 480, 633

E

Earth’s orbit, 9

eccentricity, 87, 96
electrical potential, 437
Electrical power, 405
electrical resistance, 404
electrostatic fields, 815
ellipsoid, 215, 249

Elliptic Cone, 222

elliptic cone, 249

elliptic paraboloid, 217, 249
Elliptic Paraboloid, 222
epitrochoid, 26

equivalent vectors, 102, 249
Ernest Rutherford, 385
error term, 396

Euler’s formula, 840
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expected values, 518

=
Faraday's law, 799

flow line, 661

flux, 681, 823

flux integral, 778, 823

focal parameter, 88, 96

focus, 74, 96

force, 116

Fourier’s law of heat transfer,
822

Frenet frame of reference, 297,
327

Fubini’s theorem, 484, 633
Fubini's thereom, 548

function of two variables, 334,
471

Fundamental Theorem for Line
Integrals, 807, 823
Fundamental Theorem for Line
Integrals., 693

Fundamental Theorem of
Calculus, 807

G

Gauss' law, 815, 823

Gauss's law for magnetism, 739
general bounded region, 550
general form, 76, 96

general form of the equation of
a plane, 195, 249

general solution to a differential
equation, 837

generalized chain rule, 412, 471
gradient, 427, 471

gradient field, 654, 823

graph of a function of two
variables, 344, 471

gravitational force, 702

Green’s theorem, 711, 807, 823
grid curves, 762, 823

H

harmonic function, 724

heat equation, 379

heat flow, 781, 823

helix, 264, 265, 327
higher-order partial derivatives,
377,471

homogeneous functions, 420
homogeneous linear equation,
832, 892

Hooke’s law, 863

hurricanes, 648
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Hyperboloid of One Sheet, 221
hyperboloid of one sheet, 249
Hyperboloid of Two Sheets, 221
hyperboloid of two sheets, 249
hypocycloid, 18

|

implicit differentiation, 415
improper double integral, 514,
633

indefinite integral of a vector-
valued function, 276, 327
independence of path, 823
independent of path, 696
independent random variables,
517

independent variables, 410
initial point, 102, 249, 261
initial-value problems, 842
interior point, 358, 471
intermediate variable, 471
intermediate variables, 407
inverse-square law, 816, 823
iterated integral, 484, 633

J
Jacobian, 614, 633
joint density function, 517

K

Kepler, 315

Kepler’s laws of planetary
motion, 315, 327

L

Lagrange multiplier, 459, 471
Laplace operator, 748
Laplace’s equation, 379, 724
level curve of a function of two
variables, 341, 471

level surface of a function of
three variables, 348, 472
limacon, 54, 96

limit of a function of two
variables, 353

limit of a vector-valued function,
265, 327

line integral, 663, 823

linear approximation, 394, 472
linearly dependent, 836, 892
linearly independent, 836, 892
local extremum, 441

lunes of Alhazen, 525

M
magnitude, 102, 110, 249
major axis, 79, 96

mass flux, 777, 824

mass of a wire, 678

method of Lagrange multipliers,
459, 472

method of undetermined
coefficients, 850, 892

method of variation of
parameters, 857, 892

minor axis, 79, 96

mixed partial derivatives, 378,
472

N
nappe, 96
nappes, 73

nonhomogeneous linear
equation, 832, 892
normal, 151

normal component of
acceleration, 308, 327
normal form of Green’s
theorem, 719

normal plane, 297, 327
normal vector, 195, 249
normalization, 114, 249

o)

objective function, 458, 472
octants, 125, 249

one-to-one transformation, 611,
633

open set, 359, 472
optimization problem, 458, 472
orientation, 10, 96

orientation of a curve, 670, 824
orientation of a surface, 775,
824

orthogonal, 151

orthogonal vectors, 151, 250
osculating circle, 298, 327
osculating plane, 327
overdamped, 869

P
parallelepiped, 177, 250
parallelogram method, 104, 250
parameter, 9, 96

parameter domain, 753
parameter domain (parameter
space), 824

parameter space, 753
parameterization of a curve, 16,
96

parameterized surface, 753
parameterized surface
(parametric surface), 824
parametric curve, 10, 96

This OpenStax book is available for free at http://cnx.org/content/col11966/1.2

Index

parametric equations, 9, 96
parametric equations of a line,
187, 250

parametric surface, 753

partial derivative, 369, 472
partial differential equation, 379,
472

particular solution, 849, 892
path independent, 696
perpendicular, 151

piecewise smooth curve, 675,
824

planar transformation, 610, 633
plane curve, 262, 327

polar axis, 47, 96

polar coordinate system, 44, 96
polar equation, 96

polar equations, 52

polar rectangle, 526, 633

pole, 47, 96

potential function, 655, 824
power series, 884

principal unit normal vector, 292,
327

principal unit tangent vector,
275, 327

product rule, 272

projectile motion, 311, 327
prolate cycloid, 23

Q

Quadric surfaces, 215
guadric surfaces, 250

R

radial coordinate, 44, 97
radial field, 644, 824

radius of curvature, 298, 327
radius of gyration, 600, 633
region, 359, 472

regular parameterization, 760,
824

reparameterization, 265, 327
resolution of a vector into
components, 157
resonance, 879

Reuleaux triangle, 525
right-hand rule, 123, 250
RLC series circuit, 879, 892
rose, 54, 97

rotational field, 647, 824
rulings, 211, 250

S

saddle point, 442, 472

scalar, 104, 250

scalar equation of a plane, 195,
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250

scalar line integral, 664, 824
scalar multiplication, 104, 250
scalar projection, 156, 250
simple curve, 689, 824

simple harmonic motion, 864,
892

simple pendulum, 404

simply connected region, 690,
824

skew lines, 192, 250

smooth, 292, 327

space curve, 262, 328
space-filling curve, 55, 97
space-filling curves, 18

speed, 121

sphere, 130, 250

spherical coordinate system,
235, 250

spring-mass system, 863
standard equation of a sphere,
131, 250

standard form, 75, 97
standard position, 262
standard unit vectors, 115, 250
standard-position vector, 109,
250

steady-state solution, 877, 892
Stokes’ theorem, 789, 807, 824
stream function, 723, 824
sum and difference rules, 272
superposition principle, 835
surface, 337, 472

surface area, 763, 824
surface independent, 796, 824
surface integral, 778, 824
surface integral of a scalar-
valued function, 768, 824
surface integral of a vector field,
777, 824

symmetric equations of a line,

250

symmetric equations of a line,
187

symmetry, 57, 537

T
Tacoma Narrows Bridge, 879
tangent plane, 389, 472
tangent vector, 275, 328
tangential component of
acceleration, 308, 328
tangential form of Green’s
theorem, 712

terminal point, 102, 250, 261
three-dimensional rectangular

coordinate system, 123, 250
topographical map, 340
Torque, 180

torque, 250

total differential, 400, 472
trace, 250

traces, 214

transformation, 610, 634
transient solution, 877

tree diagram, 410, 472
triangle inequality, 105, 250
triangle method, 104, 250
triple integral, 547, 634
triple integral in cylindrical
coordinates, 568, 634

triple integral in spherical
coordinates, 575, 634

triple scalar product, 175, 251
Type |, 502, 634

Type Il, 502, 634

0
unit vector, 114, 251
unit vector field, 651, 824

\"/

vector, 102, 251

vector addition, 105, 251
vector difference, 105, 251
vector equation of a line, 187,
251

vector equation of a plane, 195,
251

vector field, 643, 824

vector line integral, 671, 824
vector parameterization, 262,
328

vector product, 169, 251
vector projection, 156, 251
vector sum, 104, 251
vector-valued function, 260, 328
vector-valued functions, 305
velocity vector, 305, 328
vertex, 74, 97

vertical trace, 344, 472

W

wave equation, 379

William Thomson (Lord Kelvin),
383

witch of Agnesi, 20

work done by a force, 251

work done by a vector field, 679
work done by the force, 160

Z
zero vector, 102, 251
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